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Abstra
t: Iterated Lo
al Sear
h (ILS) is 
urrently the most su

essful meta-heuristi
 for solving large Travelling Salesman Problems (TSPs). In this paperwe study the behaviour of ILS algorithms by measuring and analysing run-timedistributions. Our analysis shows that 
urrently available ILS algorithms suf-fer from stagnation behaviour when sear
hing for very high quality solutions.Based on this observation we propose two enhan
ed ILS algorithms for theTSP whi
h avoid this stagnation behaviour and a
hieve signi�
antly improvedperforman
e. More generally, our study demonstrates how the analysis of run-time distributions 
an provide the basis for 
hara
terising and improving theperforman
e of state-of-the-art metaheuristi
s, su
h as Iterated Lo
al Sear
h.2.1 INTRODUCTIONMetaheuristi
s strongly involve random de
isions during the sear
h pro
ess.Su
h random de
isions are due to random initial solutions, randomised tiebreaking 
riteria, randomised sampling of neighbourhoods, probabilisti
 a
-
eptan
e 
riteria, et
. Be
ause of their nondeterministi
 nature, the run-timerequired by su
h an algorithm to a
hieve a spe
i�
 goal|like �nding an optimal21



22 ESSAYS AND SURVEYS IN METAHEURISTICSsolution to a given problem instan
e|is a random variable. Obviously, knowl-edge on the distribution of this random variable (the run-time distribution,RTD) 
an give valuable information for the analysis and the 
hara
terisationof an algorithm's behaviour, provide a basis for the 
omparison of algorithms,and give hints on possible improvements of an algorithm's performan
e [13℄. Toobtain empiri
al knowledge on an algorithm's RTD when applied to a spe
i�
problem instan
e, one 
an run the algorithm several times, estimate a poste-riori the RTD and possibly approximate the empiri
al RTD by a distributionfun
tion known from probability theory. Analysing the RTDs for all instan
esfrom a parti
ular problem 
lass, su
h as a spe
i�
 type of symmetri
 TSPs, 
anreveal 
hara
teristi
s that 
orrespond to the typi
al run-time behaviour of thegiven algorithm.In this work we investigate the run-time behaviour of Iterated Lo
al Sear
h(ILS) for the well known Travelling Salesman Problem (TSP). ILS [5, 16, 22, 28℄is a simple and powerful metaheuristi
 whi
h has proven to be among the bestperforming approximation algorithms for the TSP [3, 16, 21℄. By means of anRTD-based analysis, we show that several basi
 ILS algorithms for the TSPsu�er from a type of stagnation behaviour whi
h severely 
ompromises ILSperforman
e for large run times. Based on this observation we derive improvedILS variants and give 
omputational results whi
h demonstrate their stronglyimproved performan
e. More generally, our study exempli�es how an RTD-based analysis 
an be used to 
hara
terise the behaviour of algorithms andoften fa
ilitates improvements of their performan
e.The remainder of this arti
le is stru
tured as follows. In Se
tion 2.2 weintrodu
e the TSP; Se
tion 2.3 gives details on the ILS algorithms used in ourstudy and Se
tion 2.4 des
ribes the RTD-based analysis of these algorithms'run-time behaviour. We then present 
omputational results with two improvedILS variants in Se
tion 2.5 and 
omplete our presentation with some 
on
ludingremarks in Se
tion 2.6.2.2 THE TRAVELLING SALESMAN PROBLEMThe TSP is an NP-hard optimisation problem whi
h is extensively studied inthe literature [16, 18, 26℄. It has be
ome a standard test-bed for new algorith-mi
 ideas and a good performan
e on the TSP is often taken as a proof forthe usefulness of an algorithmi
 approa
h. Intuitively, the TSP is the prob-lem of a salesman who wants to �nd a shortest possible round-trip that willallow him to visit a given set of 
ustomer 
ities ea
h exa
tly on
e, startingfrom and ending in his home town. The TSP 
an be represented by a 
om-plete, weighted graph G = (N;E; d) where N is the set of n = jN j nodes(
ities), E is the set of edges fully 
onne
ting the nodes, and d is a weightfun
tion whi
h assigns to ea
h edge (i; j) 2 E a number dij representing thedistan
e between 
ities i and j. The TSP is the problem of �nding a mini-mal length Hamiltonian 
ir
uit of the graph, where a Hamiltonian 
ir
uit isa 
losed tour visiting ea
h node of G exa
tly on
e. For symmetri
 TSPs, thedistan
es between the 
ities are independent of the dire
tion of traversing the
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edure Iterated Lo
al Sear
hs0 = GenerateInitialSolutions� = Lo
alSear
h(s0)repeats0 = Perturbation(s�; history)s�0 = Lo
alSear
h(s0)s� = A

eptan
eCriterion(s�; s�0; history)until termination 
ondition metendFigure 2.1 Pseudo
ode of Iterated Lo
al Sear
h (ILS). The history 
omponent indi
atesa possible dependen
e of the pro
edures on the sear
h history.edges, that is, dij = dji for every pair of nodes. In the asymmetri
 TSP(ATSP) at least for one pair of nodes i; j we have dij 6= dji. All TSP instan
esused in this empiri
al study are from TSPLIB, a ben
hmark library for theTSP a

essible at http://www.iwr.uni-heidelberg.de/iwr/
omopt/soft/-TSPLIB95/TSPLIB.html. These instan
es have been used in many other algo-rithmi
 studies and partly stem from appli
ations.2.3 ITERATED LOCAL SEARCHIterated Lo
al Sear
h is a simple yet powerful metaheuristi
. The essen
e ofILS [4, 21, 22, 28℄ is to build a biased random walk in the spa
e of the lo
aloptima (with respe
t to some lo
al sear
h algorithm). This walk is built byiteratively perturbing a lo
ally optimal solution, then applying a lo
al sear
halgorithm to obtain a new lo
ally optimal solution, and �nally using an a
-
eptan
e 
riterion for de
iding from whi
h of these solutions to 
ontinue thesear
h. (In prin
iple, any pro
edure that given a 
andidate solution 
omputespotentially improved solutions 
an be used. The 
entral idea behind ILS is theiterative appli
ation of the improvement pro
edure by means of some { possiblyrather 
omplex { perturbation me
hanism.) The general idea of ILS has beenredis
overed by many authors and has lead to many di�erent names for ILS likeiterated des
ent [4℄, large-step Markov 
hains [22℄, iterated Lin-Kernighan [15℄,
hained lo
al optimisation [21℄. To implement an ILS algorithm, the follow-ing four sub-pro
edures have to be de�ned: GenerateInitialSolution generates astarting point for the sear
h, Lo
alSear
h implements a (possibly 
omplex) im-provement pro
edure, Perturbation 
omputes a perturbation of a given lo
allyoptimal solution, and A

eptan
eCriterion 
hooses from whi
h of two 
andidatesolutions the sear
h is 
ontinued. Given these pro
edures, Figure 2.1 shows thegeneral algorithmi
 outline of ILS.One of the �rst detailed des
riptions of the ideas underlying ILS is given in[22℄, although earlier des
riptions of the basi
 ideas underlying the approa
h ex-ist [5, 6℄. Some of the �rst ILS implementations have shown that the approa
his very promising and espe
ially on the TSP, some of the best performing ap-proximation algorithms are based on ILS [2, 3, 16, 21℄.



24 ESSAYS AND SURVEYS IN METAHEURISTICSIt is worth noting that there are other algorithms whi
h show similaritiesto ILS. In [9℄ proposals similar to the use of perturbations were put forwardunder the name random shakeup [9℄. Furthermore, Basi
 Variable Neighbor-hood Sear
h (Basi
 VNS) [10, 11℄ 
an be seen as an ILS algorithm that alwaysapplies a spe
i�
 type of perturbation to the best solution found so far. In Ba-si
 VNS, the perturbation steps are essentially random moves in dynami
ally
hanging neighborhoods. Although some ILS and VNS implementations mayshare 
ommon features, they are based on two fundamentally di�erent ideas:While VNS is based on the notion of dynami
ally 
hanging the neighborhoodduring sear
h, ILS is based on generating a randomized walk in a subspa
ede�ned by the lo
ally optimal solutions of a given problem.2.3.1 ILS for the symmetri
 TSPIn the following we dis
uss the parti
ular implementation 
hoi
es for the fourpro
edures GenerateInitialSolution, Lo
alSear
h, Perturbation, and A

eptan
eCrite-rion for the ILS algorithms we applied to the TSP.2.3.1.1 Choi
e of Lo
alSear
h. In prin
iple, any lo
al sear
h algorithmmay be applied, but the �nal performan
e of ILS will be strongly determinedby this parti
ular 
hoi
e. We 
onsider three possible lo
al sear
h algorithms forthe TSP: (i) 2-opt, (ii) 3-opt, and the Lin-Kernighan heuristi
 (LK) [19℄. 2-optand 3-opt try to �nd an improved tour by ex
hanging two or at most threeedges, respe
tively. They are mu
h simpler to implement than LK and thereforepra
titioners might favor 2-opt and 3-opt over LK when a fast implementationis required. However, typi
ally the best performan
e with respe
t to solutionquality (i.e., length of tours) is obtained using LK [16℄. In the following, we willrefer to the ILS algorithms using 2-opt, 3-opt, and LK lo
al sear
h as Iterated2-opt (I2opt), Iterated 3-opt (I3opt), and Iterated LK (ILK), respe
tively.In the experiments we used our own 2-opt and 3-opt implementations, whilethe LK implementation was kindly provided by Martin, see e.g. [21℄). (The run-time of this LK implementation in
reased very strongly when applied to highly
lustered TSP instan
es. Therefore, we did not apply it to su
h instan
es.) Our2-opt and 3-opt implementations use standard speed-up te
hniques whi
h aredes
ribed in [7, 16, 22℄. In parti
ular, we perform a �xed radius nearest neighborsear
h within 
andidate lists of the 40 nearest neighbors for ea
h 
ity and usedon't look bits. Initially, all don't look bits are turned o� (set to 0). If for anode no improving move 
an be found, its don't look bit is turned on (set to1) and the node is not 
onsidered as a starting node for �nding an improvingmove in the next iteration. When an edge in
ident to a node is 
hanged by amove, the node's don't look bit is turned o� again. These speed-up te
hniquestogether a
hieve that 2-opt's and 3-opt's run-time grows subquadrati
allywith instan
e size.2.3.1.2 Choi
e of Perturbation. For Perturbation we use the so 
alled double-bridge move that is the standard 
hoi
e for ILS appli
ations to the TSP [16,
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utting it at four appropriately 
hosenedges into four subtours s1 � s2 � s3 � s4 (whi
h o

ur in this order in s) andre
onne
ting them in the order s4� s3� s2 � s1. This double-bridge move is aspe
i�
 4-opt move that 
annot be reversed dire
tly by none of the three lo
alsear
h algorithms.In preliminary experiments we found that best performan
e is obtained ifthe edges 
ut by the double-bridge move are not 
hosen 
ompletely at random.Instead, we pro
eed as follows: in I2opt and I3opt we �rst 
hoose an edge (i; j)at random. The other three 
ut-points are then sele
ted su
h that they are allwithin a 
andidate set of the maxfn=2; 500g nearest neighbours of 
ity i. A verysimilar approa
h has been shown to be e�e
tive on large TSP instan
es [3, 27℄.Alternatively, length restri
tions on the newly introdu
ed edges are imposed inthe original ILK 
ode of [22℄. In our experiments with ILK, a newly introdu
ededge has to be shorter than 25 times the average edge length of the 
urrentsolution.Additionally, the intera
tion between the double-bridge move and the settingof the don't look bits after Perturbation is important to a
hieve a good tradeo�between solution quality and run-time [16℄. For ILK we follow [16℄ and resetonly the don't look bits of the 
ities dire
tly a�e
ted by the double-bridgemove to zero. Yet, for I2opt and I3opt the performan
e with su
h a resettingstrategy was found to perform not very well with respe
t to solution quality[28℄. A good 
ompromise between run-time and solution quality was foundby resetting all the don't look bits of a number of 
ities (here 
hosen as 20)pre
eding and following ea
h single 
ut-point.2.3.1.3 Choi
e of A

eptan
eCriterion. Common knowledge in ILS appli-
ations to the TSP and to many other 
ombinatorial optimization problemsappears to be that the best performan
e is a
hieved by a

epting better qual-ity solutions only [15, 16, 20, 21℄. Consequently, we will use this a

eptan
e
riterion as the basis of our analysis; denoted Better(s�; s�0), it returns s�0 iftour s�0 is shorter than s�, and s� otherwise (see Figure 2.1 for the de�nition ofs� and s�0). If side-moves are allowed, that is, a new solution is also a

eptedif it has the same length as the 
urrent one, we 
all the a

eptan
e 
riterionBetterEqual(s�; s�0). Only o

asionally an improved performan
e has been re-ported when using a

eptan
e 
riteria that a

ept worse solutions with a smallprobability [12, 22, 27℄.2.3.1.4 Choi
e of GenerateInitialSolution. The initial solutions for all theILS algorithms studied here are generated by the nearest neighbour heuristi
.Compared to random initial tours, this 
hoi
e redu
es the run-time for the �rstlo
al sear
h appli
ation.2.3.2 ILS for the ATSPWhen applying ILS to the ATSP, the ILS algorithm is very mu
h the same asfor symmetri
 TSPs, ex
ept that for Lo
alSear
h we apply a parti
ular 3-opt
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h we 
alled redu
ed 3-opt. Note that in 2-opt and some 3-optmoves subtours have to be traversed in the opposite dire
tion, in whi
h 
asefor the ATSP the length of that subtour would have to be re-
omputed froms
rat
h. To avoid this, redu
ed 3-opt only applies one spe
i�
 3-opt movewhi
h does not lead to a reversal of any subtour. For Perturbation, again thedouble-bridge move 
an be applied be
ause it does not reverse any subtour.The a

eptan
e 
riterion and the 
hoi
e of the initial solution are the same asfor the symmetri
 TSP.Surprisingly, there are no results for the appli
ation of ILS to the ATSPreported in the literature, ex
ept for [31℄, where a spe
i�
 
ode optimisationproblem is formulated as an ATSP and subsequently solved by transformingthe resulting ATSP instan
es to the symmetri
 TSP and applying an iterated3-opt algorithm for symmetri
 TSPs.2.4 RTD-BASED EMPIRICAL ANALYSIS OF ILSIn this se
tion we analyse the run-time behaviour of ILS algorithms for the TSP,in parti
ular, of I2opt, I3opt, and ILK for the symmetri
 TSP and Ired3-optfor the ATSP. Measuring run-time distributions (RTDs) is potentially very help-ful for analysing the performan
e of ILS, be
ause ILS algorithms make heavilyuse of random 
hoi
es in the sear
h (su
h as random solution perturbations,randomised generation of initial solutions, et
.).2.4.1 Measuring run-time distributionsTo empiri
ally measure the RTD for an algorithm applied to a given probleminstan
e, we run the algorithm multiple times on that same problem instan
eand 
olle
t some elementary data: in ea
h run it suÆ
es to re
ord the solutionquality (for the TSP: length of the 
urrent tour) whenever a new best solution isfound and the 
omputation time needed to obtain it. Based on these data it iseasy to a posteriori estimate the empiri
al, 
umulative probability distributionof the run-time required for rea
hing di�erent solution quality bounds in thefollowing way: Given a desired solution quality 
b, we determine from the datare
orded during the experiments for ea
h single trial j the time rt(j) requiredto rea
h a solution of quality better or equal to 
b. By sorting the rt(j) innon-de
reasing order, the empiri
al 
umulative RTD 
an be derived. Formally,if k is the total number of trials, and l is the number of su

essful trials (i.e.,the number of trials in whi
h the desired solution quality 
b was rea
hed), theempiri
al 
umulative RTD 
an be de�ned as:dRTb(t) = � j=k for rtj�1 � t < rtj and j 2 f1; : : : ; lgl=k for rtl � twhere rt1; rt2; : : : ; rtl are the sorted run-times rt(j) and rt0 = 0. It should benoted that the empiri
al RTD rea
hes one if and only if all trials were su

essful.Using this pro
edure, we 
an determine a posteriori empiri
al RTDs forseveral bounds 
b. For the TSP instan
es used here we are in the fortunate
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ase it is best to �x thesolution quality bound 
b relative to the optimal solution quality, that is, torequire the algorithm to get within a 
ertain per
entage deviation from theoptimum. Of 
ourse, it is also possible to apply the RTD-based methodology toproblems for whi
h no optimal solutions are available. In that 
ase, one wouldlook at solution quality bounds de�ned as a per
entage ex
ess over (tight) lowerbounds, over best-known solutions, or the best solution found in a number oftrials.Ideally, we would like to run the algorithm for very large CPU times toobserve limiting behaviour, where an additional improvement in solution qual-ity by allowing still 
onsiderably longer 
omputation times be
omes negligible.(Obviously, one 
an stop a trial if a known optimum is found.) In pra
ti
e, wehave to limit the 
omputation time of the single trials to some reasonable upperbound, be
ause of the possibility that some runs may never rea
h the desiredsolution quality. To limit the overall 
omputation time in our RTD analysis weonly tested (with one ex
eption) instan
es with less than 1000 
ities, runningour algorithms 100 times on ea
h instan
e, and then determined the RTDs withwith respe
t to various bounds on the solution quality. These RTDs are givenin Figures 2.2 to 2.6 and are dis
ussed in the next few se
tions.2.4.2 Stagnation behaviour and e�e
tivity of restartIntuitively, a sto
hasti
 sear
h algorithm shows stagnation behaviour if for longruns, the probability of �nding a solution at least as good as a given bound 
b
an be improved by restarting the algorithm at some appropriately 
hosen 
ut-o� time tr. Interestingly, it is quite easy to dete
t su
h stagnation behaviourfrom an empiri
al RTD. Based on a well-known result from probability the-ory, the probability of �nding a solution (of the desired quality) by running asto
hasti
 sear
h algorithm k times for time t is the same as when running thealgorithm on
e for time k � t if and only if this algorithm has an exponentialRTD. Hen
e, to dete
t stagnation behaviour, we just have to 
ompare the em-piri
al RTD against an exponential distribution. Therefore, in our RTD plots,we also show the 
umulative distribution fun
tion of an exponential distribu-tion (indi
ated by f(x) in the plots and de�ned as f(x) = 1 � e��x; x � 0)whi
h approximates the empiri
al RTDs measured with respe
t to very highquality 
b.As we have argued, 
omparing an empiri
al RTD against an exponentialdistribution 
an help to visually as well as analyti
ally dete
t stagnation be-haviour of sto
hasti
 sear
h algorithms. Furthermore, if su
h stagnation be-haviour is present, this approa
h 
an also be used to determine optimal 
uto�sfor restarting the algorithm. In fa
t, a 
uto� t�r is optimal if the solution prob-ability obtained by restart, given by P �(t) = 1� (1�dRTb(t))(t=t�r ) is maximalfor all t. (For te
hni
al reasons, we assume here that t is a multiple of t�r |if this does not hold, a slightly more 
ompli
ated formula has to be used, butthe basi
 result is the same.) Interestingly, using this de�nition, all the pointsof P �(t) lie on an 
urve that 
an be graphi
ally determined as the leftmost



28 ESSAYS AND SURVEYS IN METAHEURISTICSexponential distribution that 
oin
ides with one of the points (rtj ; j=k) wherej 2 f1; : : : ;minfl; k � 1glg. (For te
hni
al reasons, if k = l, the point (rtk ; 1),
an not be 
onsidered.) In our RTD plots, stagnation behaviour 
an easily bevisually dete
ted by observing that an empiri
al RTD falls below this \ideal"exponential RTD.2.4.3 Operation 
ountsRTDs 
an be obtained by measuring dire
tly CPU-time or by using representa-tive operation 
ounts as a more ma
hine independent measure of an algorithm'sperforman
e [1℄. A natural 
hoi
e for a \high-level" operation 
ount for the ILSalgorithms applied here is the number of lo
al sear
hes in a given amount oftime. To establish the relation between CPU-time and lo
al sear
h iterations,in Table 2.1 we give the average CPU-time measured on a single 266MHz Pen-tium II CPU and 320MB RAM under Redhat Linux 5.2 (programs are 
oded inC and were 
ompiled using g

, version eg
s-2.91.66, with the 
ag -O2) whenrunning I2opt, I3opt, and Ired3-opt for 25,000 iterations and ILK for 1,000iterations on the instan
es used in this study. The a
tual times are averagedover 5 independent ILS runs on ea
h instan
e.For most of our experiments, we report a
tual CPU-times measured eitheron a single 167MHz UltraSpar
 I pro
essor and 192MB RAM (using g

 version2.7.2 with the same 
ompiler 
ags,) or the 266MHz Pentium II pro
essor onwhi
h the timings in Table 2.1 are based.I2opteil51 3.07 kroA100 5.39 lin105 5.43 u159 7.07d198 9.10 lin318 13.25 p
b442 16.59 rat783 27.94pr1002 34.66 p
b1173 39.42 d1291 41.17 fl1577 46.96I3optd198 68.0 lin318 97.2 p
b442 64.4 rat783 118.5pr1002 145.2 p
b1173 140.0 d1291 113.9 fl1577 124.8pr2392 180.1 p
b3038 209.7 fl3795 208.3ILKlin318 714.7 p
b442 577.9 att532 433.42rat783 163.5 p
b1173 337.8 pr2392 482.44redu
ed 3-optry48p 27.8 ft70 53.8 kro124p 50.4ftv170 58.1 rbg443 285.6Table 2.1 CPU-time taken for running I2opt, I3opt, and Ired3-opt on a 266MHzPentium II CPU for 25,000 iterations.2.4.4 RTDs for symmetri
 TSPs2.4.4.1 Iterated 2-opt. Figure 2.2 shows the empiri
ally observed RTDsfor the I2opt algorithm on the four TSPLIB instan
es d198, lin318, p
b442,and rat783. Ex
ept for instan
e d198, I2opt 
ould only very rarely �nd the
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Figure 2.2 Run-time distributions of I2opt on four symmetri
 TSP instan
es. RTDsare identi�ed by the desired solution quality (e.g., `opt' means optimal solution is re-quired). Given are the distributions for d198 (upper left side), lin318 (upper rightside), p
b442 (lower left side), and rat783 (lower right side). f(x) indi
ates an expo-nential distribution. See the text for more details.optimal solutions for these instan
es within reasonable run-time. Thus, wereport mainly RTDs whi
h are obtained by imposing some weaker bounds onthe solutions quality. In the plots, an exponential distribution is �tted tothe lower part of the RTDs for high quality solutions (where high quality ishere meant as high relative to I2opt). As 
an be observed in the plots, theexponential mat
hes the lower part of the RTDs well, yet, for larger run-timesthe RTDs fall strongly below the indi
ated exponential. Hen
e, the I2optalgorithm is severely a�e
ted by stagnation behaviour and by using restarts,the solution probability 
an be signi�
antly improved.2.4.4.2 Iterated 3-opt. Figure 2.3 shows the empiri
al run-time distribu-tions for the four TSPLIB instan
es d198, lin318, p
b442, and rat783. Ad-ditionally, exponential distributions, whi
h may indi
ate stagnation behaviour,are �tted to RTDs for high-quality solutions.The RTDs for high quality solutions indi
ate that I3opt also su�ers fromstagnation behaviour. Consider, for example, instan
e p
b442: After 25 se
-onds, an optimal solution is found with probability 0.41, but in 33 of the 100trials the algorithm fails to �nd an optimal solution even after 1000 se
onds. A
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Figure 2.3 Run-time distributions of iterated 3-opt on four symmetri
 TSP in-stan
es. RTDs are identi�ed by the desired solution quality (e.g., `opt' means optimalsolution is required). Given are the distributions for d198 (upper left side), lin318(upper right side), p
b442 (lower left side), and rat783 (lower right side).simple 
al
ulation shows that if we restart I3opt on this instan
e after 25 se
-onds, with 40 restarts (that is, after 1000 se
onds) one would estimate to obtaina probability larger than 0:9999 for �nding an optimal solution|a mu
h largerprobability than obtained by using I3opt without restarts. (As dis
ussed inSe
tion 2.4, the exponential distribution shown in Figure 2.3 gives an indi
ationof how the solution probability would develop when using restarts with an op-timal 
uto�-time.) Similar observations also apply to the other instan
es. Thisstagnation behaviour is espe
ially striking on the instan
es lin318, p
b442,and rat783. On instan
e d198, the run-time distribution for �nding the opti-mal solution is mu
h 
loser to an exponential distribution, although for largerrun-times it is slightly less steep. Be
ause I2opt shows strong stagnation be-haviour on this latter instan
e, we may 
on
lude that the more powerful 3-optlo
al sear
h is responsible for the better behaviour on that instan
e.With I3optwe also tested the in
uen
e of the initial solution on the run-timedistributions for very high quality solutions, in parti
ular, optimal solutionsusing the same four instan
es as in Figure 2.3. We found that the in
uen
eof the initial solution was not signi�
ant. The only ex
eption was instan
ep
b442, where after a time limit of 1000 se
onds in 55 of 100 trials an optimal



ANALYSING THE RUN-TIME BEHAVIOUR OF ILS FOR THE TSP 31solution was found from random starts, while with nearest neighbour starts anoptimal solution was found in 67 of 100 trials.2.4.4.3 ILK. One 
ould obje
t that the observation of stagnation behaviourin the previous two se
tions may be due to the 
hoi
e of the 2-opt or 3-optlo
al sear
h algorithms whi
h show worse performan
e than LK. To test thishypothesis we have ran ILK on the same instan
es ex
ept the smallest one,whi
h was easily solved.Be
ause ILK is known to be one of the best performing approximate algo-rithms for symmetri
 TSP instan
es, we expe
t higher quality solutions to beobtained more frequently than with either 2-opt or 3-opt. This expe
tation is
on�rmed by the empiri
al RTDs given in Figure 2.4. (Instan
e lin318 is notshown here, be
ause it was solved to optimality in all runs. On att532, I3optshows a similarly strong stagnation behaviour like ILK, yet the maximal proba-bility of �nding the optimum was signi�
antly lower.) For instan
es p
b442 andrat783, the empiri
al probability of �nding an optimal solution is signi�
antlyhigher than for I3opt. Instan
es p
b442 and rat783 are solved in every trial tooptimality by the ILK algorithm. The run-length distribution of p
b442 
an be
losely �tted by a modi�ed exponential distribution with distribution fun
tionRT (x) = maxf0; 1� e��(x��x)g, where �x adjusts for the fa
t that a 
ertainminimal number of iterations have to be to performed to obtain a reasonable
han
e of �nding the optimal solution. (The 
urve in that plot has been �ttedwith the C. Grammes implementation of the Marquart-Levenberg algorithmavailable in gnuplot. The �tted parameters are �x = 51:26 and � = 0:00524.)It appears that this instan
e is easily solved using the LK heuristi
, but it is\relatively hard" to solve when using 2-opt or 3-opt (
ompare the run-timedistribution of ILK to that of iterated 3-opt in Figure 2.3). On instan
e rat783,the RTD for ILK again falls slightly below the exponential distribution, whi
hindi
ates stagnation behaviour and suggests that the algorithm's performan
e
ould possibly be further improved. On the other two instan
es att532 andpr2392 stagnation behaviour is also 
learly visible.2.4.5 RTDs for asymmetri
 TSPsThe run-time distributions for the ATSP instan
es shown in Figure 2.5 indi
ate�ndings resembling those for the symmetri
 instan
es. Here, the stagnationbehaviour of iterated redu
ed 3-opt appears to be even more severe. Often,the optimal solution is obtained very early in a run or, with a few ex
eptions, isnot found at all within the given 
omputation time. Surprisingly, even on thesmallest instan
e ry48p with only 48 nodes, the algorithm shows stagnationbehaviour; however, it appears that for very large run-times one might be ableto �nd optimal solutions in all runs.Interestingly, instan
e rbg443, with 443 
ities the largest ATSP instan
eof TSPLIB, is easily solved with the a

eptan
e 
riterion BetterEqual(s�; s�0).In this 
ase an optimal solution is found, on average, in 35 se
onds (on anUltraSpar
 167MHz pro
essor and using 
andidate lists of length 20) or 5200
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Figure 2.4 Run-time distributions of ILK on four symmetri
 TSP instan
es. RTDsare identi�ed by the desired solution quality (e.g., `opt' means optimal solution isrequired). Given are the distributions for p
b442 (upper left side), att532 (upperright side), rat783 (lower left side), and pr2392 (lower right side).lo
al sear
hes, with the maximally required run-time to solve this instan
e beingroughly 150 se
onds. The same instan
e 
ould only be solved in 90% of the runswithin 1000 se
onds with the a

eptan
e 
riterion Better(s�; s�0). In Figure 2.6we have plotted the run-time distributions for these two a

eptan
e 
riteria.Su
h signi�
ant di�eren
es between these two a

eptan
e 
riteria 
ould onlybe observed on the four ATSP instan
es rbg323, rbg358, rbg403, and rbg443.Considering this fa
t, we used the a

eptan
e 
riterion BetterEqual(s�; s�0) forall other ATSP experiments.2.4.6 Dis
ussionWhile it is known that ILS algorithms yield very good quality solutions to theTSP very qui
kly, the RTD-based analysis revealed unambiguously that forlarge run-times the standard ILS algorithms su�er from stagnation behaviourwhi
h severely 
ompromises their performan
e if very high quality solutionsor optimal solutions are required. In fa
t, the 
omparison with an exponen-tial distribution shows that, in the simplest 
ase, the long term behaviour ofILS algorithms 
an be signi�
antly improved by o

asional restarts after a �xednumber of iterations (
uto� time). For optimal 
uto�-times, the ILS algorithm's
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Figure 2.5 Run-time distributions of iterated redu
ed 3-opt on four ATSP in-stan
es. RTDs are identi�ed by the desired solution quality (e.g., `opt' means optimalsolution is required). Given are the run-time distributions for ry48p (upper left side),ft70 (upper right side), kro124p (lower left side) and ftv170 (lower right side).
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Figure 2.6 Run-time distributions for instan
e rbg443 using iterated redu
ed3-opt. Given are two run-time distribution, one using a

eptan
e 
riterionBetterEqual (s�; s�0), the other using Better (s�; s�0).solution probability will develop analogously to the indi
ated exponential dis-tributions. This fa
t is exempli�ed in Figure 2.7 for an I3opt algorithm appliedto instan
e att532.
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Figure 2.7 Example of improvements by using restart. Given is the run-time distri-bution for rea
hing a solution within 0.25% of the optimum on instan
e att532 forI3opt (indi
ated by ILS-standard) and an ILS algorithm using restart after an appro-priately 
hosen 
uto� time (indi
ated by ILS-restart). The improved ILS algorithmis able to follow the exponential distribution (indi
ated by f(x)) whi
h approximatesILS-standard's RTD in the left part. See text for more details.Our RTD-based analysis indi
ates that for more e�e
tive lo
al sear
h algo-rithms, the problem size at whi
h ILS begins to show strong stagnation be-haviour appears to be mu
h higher. For example, the I2opt algorithm showedvery strong stagnation behaviour on instan
e d198 if optimal solutions arerequired, while I3opt's RTD showed a mu
h better behaviour. Yet, on thelarger p
b442 instan
e both, I2opt and I3opt, were severely a�e
ted by thestagnation behaviour, while ILK 
ould solve this instan
e rather easily. Yet,when applied to even larger TSP instan
es, ILK showed stagnation behaviouras well. Hen
e, one possible 
on
lusion from these observations is that theILS algorithms will|when applied to non-trivial instan
es|show stagnationbehaviour when applied to medium-sized to large instan
es. The 
riti
al in-stan
e size at whi
h severe stagnation begins to o

ur seems to depend on thee�e
tiveness of the lo
al sear
h algorithm.In summary, the run-time distributions arising from the appli
ation of ILSalgorithms to the TSP suggest that these algorithms 
an be further improved.In the following we will present several possibilities how su
h improvements 
anbe a
hieved, followed by an empiri
al investigation of these new ILS variants.2.5 IMPROVEMENTS OF ILS ALGORITHMS FOR THE TSPIn this se
tion we will present two improved ILS algorithms for the TSP andthen give results from an extensive experimental 
omparison of these algo-rithms.



ANALYSING THE RUN-TIME BEHAVIOUR OF ILS FOR THE TSP 352.5.1 Improved ILS algorithmsOne 
on
lusion from the stagnation behaviour we observed for ILS is thatadditional diversi�
ation features are needed to in
rease its performan
e. Thereare two parti
ular ways to in
rease the diversi�
ation in ILS algorithms: Onepossibility is to use a

eptan
e 
riteria whi
h a

ept worse solutions or evenintrodu
e o

asional restarts. A se
ond possibility is to in
rease the strengthof the solution modi�
ations implemented by Perturbation; for the TSP this 
anbe done by 
utting the 
urrent tour at more than four points than done in thedoublebridge move.We note that yet another way of exploring more distant solutions is used inBasi
 VNS [11℄, where the number of edges modi�ed in ea
h perturbation isvaried systemati
ally. In general, Basi
 VNS a

epts only improving solutionsand varies solely the perturbation size. Worse solutions are a

epted by there
ently introdu
ed skewed VNS (SVNS) [10℄: a solution s�0 whi
h is worsethan the in
umbent solution, is a

epted if 
(s�0) � ��(s�; s�0) < 
(s�), where
(s�) is the 
ost of solution s�, � is some parameter and � a distan
e measure.Here, we follow a di�erent approa
h by proposing and experimentally inves-tigating two improved ILS variants that are based on the idea of an extendeda

eptan
e 
riteria.2.5.1.1 Soft restarts. As argued before, the simplest strategy to avoidstagnation behaviour is to restart the algorithm from new initial solutions aftersome prede�ned 
uto� value. Yet, optimal 
uto� values may depend stronglyon the parti
ular TSP instan
e. Hen
e, it appears to be a better idea to makethe de
ision to restart depending on sear
h progress by applying so-
alled \softrestart 
riteria". In parti
ular, we restart the ILS algorithm if no improved so-lution 
ould be found for ir iterations, where ir is a parameter. This soft restart
riterion assumes that after ir iterations without improvement the sear
h hasbe
ome stu
k and that additional diversi�
ation, here implement as the ex-treme 
ase of restarting an algorithm from s
rat
h, is needed to es
ape fromthere. The restart of the algorithm 
an easily be modelled by the a

eptan
e
riterion Restart(s�; s�0; history), where the history 
omponent 
aptures, e.g.,the very simple use of sear
h history underlying the soft restart 
riterion. Letilast be the last iteration in whi
h a better solution has been found sin
e the lastrestart and i be the iteration 
ounter. Then Restart(s�; s�0; history) is de�nedasRestart(s�; s�0; history) =8><>:s�0 if 
(s�0) < 
(s�)s0 if 
(s�0) � 
(s�) and i� ilast > irs� otherwise; (2.1)where s0 is a new initial solution.2.5.1.2 Fitness-distan
e diversi�
ation-based ILS. A disadvantage ofrestarting ILS from new initial solutions is that previously obtained high qual-



36 ESSAYS AND SURVEYS IN METAHEURISTICSity solutions are lost. Additionally, ILS algorithms need some initial time tinitto rea
h very high quality solutions (that is to dig deep enough in the sear
hspa
e), whi
h is \wasted" with ea
h restart; furthermore, tinit typi
ally in-
reases with instan
e size. To avoid these disadvantages, it might be better touse a less radi
al and more dire
ted diversi�
ation when the ILS algorithm isdeemed to be stu
k. Based on this intuition, we propose a new diversi�
ationmethod for ILS that attempts to �nd a good quality solution beyond a 
ertainminimal distan
e from the 
urrent sear
h point without using restart .We implemented this idea as follows. Let s�
 be the 
urrent 
andidate solutionfrom whi
h the sear
h should es
ape, and let d(s; s0) be the distan
e betweentwo tours s and s0 measured as the number of edges that di�er between s ands0. Then the following steps are repeated until we obtain a solution beyond aminimal distan
e dmin from s�
 :(1) Generate p 
opies of s�
 .(2) To ea
h of the p solutions, apply Perturbation followed by Lo
alSear
h.(3) Choose the best q solutions, 1 � q � p, as 
andidate solutions.(4) Let s be the 
andidate solution with maximal distan
e to s�
 .If d(s; s�
) � dmin, then goto (2); otherwise return s.The goal of step (3) is to obtain good quality solutions, while the goal of step(4) is to 
hoose a 
andidate solution at a maximal distan
e from the 
urrentsolution. The steps (2) to (4) are then iterated until a solution s� is found forwhi
h the requirement in step (4) is satis�ed. In fa
t, to avoid getting stu
k inin�nite loops we stop this iterative pro
ess if we have not found a solution s�beyond dmin after a maximal number of iterations (here 30).The parameter dmin is 
riti
al for the performan
e of ILS-FDD. We estimatedmin as the average distan
e davg between an number of lo
al optima (100 lo
aloptima when applying 2-opt or 3-opt, 50 when applying LK) w.r.t. the lo
alsear
h algorithm applied in the ILS. Then we set alternatingly dmin = 1=4 �davgand dmin = 1=2 � davg. A se
ond 
hoi
e is whi
h solution to take as s�
 . Here, s�
is always taken as the best solution found sin
e the start of the algorithm (onlywhen using LK this is done every se
ond diversi�
ation). In fa
t, these twolatter 
hoi
es are inspired by the results on the �tness lands
ape analysis of theTSP, where it was shown that (i) lo
al optima 
luster together in a small partof the sear
h spa
e (measuring the average distan
e between lo
al optima), andthat (ii) the better the solution quality the 
loser they are|on average|to aglobally optimal solution [8℄ (
hoi
e of s�
).2.5.2 Experimental resultsThis se
tion presents the results of an experimental 
omparison of three ILSalgorithms, the standard ILS algorithm used for the run-time analysis, the ILSalgorithm using soft restarts (referred to as ILS-restart), and the ILS algorithm
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e based diversi�
ation (referred to as ILS-FDD). In ILS-restart and ILS-FDD, a restart (diversi�
ation) is initiated if for ir iterationsno improved solution is found, where ir = 3 � n for I2opt, ir = n for I3opt,and �nally ir = 1=3n for ILK; n is the number of 
ities of a TSP instan
e. ForILS-FDD we use p = 20, q = 15 (parameters were 
hosen in an ad ho
 mannerwithout �ne-tuning).In Tables 2.4 to 2.6 we report 
omputational results for the ILS algorithmsbased on 2-opt, 3-opt, and LK, respe
tively, Table 2.7 shows the results for ILSapplied to the ATSP; the optimal tour lengths for the instan
es 
onsidered hereare shown in Table 2.2. In ea
h table we report the frequen
y of �nding optimalsolutions, the average per
entage deviation from the optimum and the averagerun-time to �nd the best solution in ea
h trial. For instan
es with n � 1000,the results are based on 100 independent trials, for 1000 < n � 2000 on 25trials, and for n > 2000 on 10 independent trials for symmetri
 TSPs whenrunning I2opt or I3opt; when running ILK the results are based on 25 trialsfor n � 1000 and 10 trials, otherwise. The maximal CPU-time tmax allowedfor the algorithms on the single instan
es when running I2opt and I3opt areindi
ated in Table 2.3. tmax was 
hosen in roughly su
h a way that largerinstan
es are given more run-time. When running ILK, we stopped after 5000LK appli
ations on instan
es lin318 and p
b442, after 10000 LK appli
ationson att532 and rat783, after 20000 on p
b1173, and after 25000 on pr2392.eil51 426 kroA100 21282 lin105 14379 u159 42080d198 15780 lin318 42029 p
b442 50778 att532 27686rat783 8806 pr1002 259045 p
b1173 56892 d1291 50801fl1577 22249 pr2392 378032 p
b3038 137694 fl3795 28772Table 2.2 Optimal tour lengths for symmetri
 TSP ben
hmark instan
es used in theexperiments.eil51 20 kroA100 60 lin105 60 u159 60d198 120 lin318 120 p
b442 300 att532 600rat783 900 pr1002 1200 p
b1173 1200 d1291 1200fl1577 2400 pr2392 3600 p
b3038 7200 fl3795 7200Table 2.3 CPU-time limits for symmetri
 TSPs when running I2opt or I3opt.Generally, these experimental results show that our improved ILS algorithmsindeed obtain signi�
antly better solution qualities. With both ILS extensionsthe frequen
y of �nding optimal solutions is strongly in
reased and the averagesolution quality improves 
onsiderably. The only ex
eption are the resultsobtained with ILS-restart using 2-opt on the instan
es rat783 and pr1002,although instan
e rat783 has shown apparent stagnation behaviour when usingI2opt. Most probably this result is due to the fa
t that the parameter ir
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e ILS 2-optfopt �avg tavg ILS-Restartfopt �avg tavg ILS-FDDfopt �avg tavgeil51 0.20 0.19 < 0:1 1.0 0.0 0.4 1.0 0.0 0.2kroA100 1.0 0.0 < 0:1 1.0 0.0 < 0:1 1.0 0.0 0.2lin105 1.0 0.0 < 0:1 1.0 0.0 < 0:1 1.0 0.0 0.2u159 1.0 0.0 7.3 1.0 0.0 0.4 1.0 0.0 0.3d198 0.59 0.032 18.5 1.0 0.0 18.8 1.0 0.0 9.4lin318 0.03 0.30 15.9 0.21 0.11 51.8 0.94 0.008 37.8p
b442 0.01 0.62 118.6 0.0 0.31 131.2 0.05 0.15 185.2rat783 0.0 0.49 536.2 0.0 0.60 415.0 0.0 0.29 613.9pr1002 0.0 0.55 922.7 0.0 0.81 750.2 0.0 0.25 974.6p
b1173 0.0 1.10 787.3 0.0 0.90 693.5 0.0 0.54 918.3d1291 0.0 0.68 523.4 0.0 0.27 712.4 0.0 0.12 789.8fl577 0.0 0.82 996.6 0.0 0.11 1262.0 0.0 0.05 1463.1Table 2.4 Comparison of I2opt, ILS-restart, and ILS-FDD on symmetri
 TSPs. For ea
hinstan
e (the number in the instan
e identi�er is the problem size), we report the frequen
yof �nding the known optimal solution (fopt), the average per
entage deviation from theoptimum, the average CPU-time tavg to �nd the best solution in a run, and the maximallyallowed 
omputation time tmax. The algorithms were run on a 266MHz Pentium II CPU.Instan
e ILS 3-optfopt �avg tavg ILS-Restartfopt �avg tavg ILS-FDDfopt �avg tavgd198 1.0 0.0 1.1 1.0 0.0 0.8 1.0 0.0 1.5lin318 0.65 0.10 13.9 1.0 0.0 7.1 1.0 0.0 13.7p
b442 0.56 0.12 34.9 1.0 0.0 46.5 1.0 0.0 30.8att532 0.22 0.055 91.6 0.74 0.0096 214.6 0.96 0.002 202.3rat783 0.71 0.029 238.8 0.51 0.018 384.9 1.0 0.0 159.5pr1002 0.56 0.11 389.7 1.0 0.0 578.2 1.0 0.0 207.2p
b1173 0.0 0.26 461.4 0.0 0.040 680.2 0.56 0.011 652.9d1291 0.08 0.29 191.2 0.68 0.012 410.8 1.0 0.0 245.4fl577 0.12 0.52 494.6 0.92 0.00008 477.6 1.0 0.0 294.1pr2392 0.0 0.23 1538.5 0.0 0.22 2008.5 0.3 0.027 2909.1p
b3038 0.0 0.22 3687.6 0.0 0.20 4824.3 0.0 0.099 5535.9fl3795 0.2 0.36 3601.9 0.2 0.0035 3080.9 0.9 0.0003 3506.7Table 2.5 Comparison of I3opt, ILS-restart, and ILS-FDD on symmetri
 TSPs. For ea
hinstan
e (the number in the instan
e identi�er is the problem size), we report the frequen
yof �nding the known optimal solution (fopt), the average per
entage deviation from theoptimum, the average CPU-time tavg to �nd the best solution in a run, and the maximallyallowed 
omputation time tmax. The algorithms were run on a 266MHz Pentium II CPU.was 
hosen too low. Yet, noti
e that even for these two instan
es ILS-FDDsigni�
antly improves over standard I2opt. Similarly, when applying I3opt,for rat783 the frequen
y of �nding the optimum is lower with ILS-restart thanwith I3opt. For the ATSP, all instan
es are well solved by using ILS-restart(see Table 2.7) and therefore we did not apply ILS-FDD on these instan
essin
e apparently they do not provide a real 
hallenge.
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e ILKfopt �avg iavg ILS-Restartfopt �avg iavg ILS-FDDfopt �avg iavglin318 1.0 0.0 299.8 1.0 0.0 165.8 1.0 0.0 300.5p
b442 1.0 0.0 325.1 1.0 0.0 289.8 1.0 0.0 297.3att532 0.68 0.029 1834.6 1.0 0.0 3767.5 1.0 0.0 2194.1rat783 0.96 0.01 2087.9 1.0 0.0 3577.2 1.0 0.0 2596.5p
b1173 0.1 0.0065 2071.3 0.2 0.0018 8403.0 0.8 0.0004 5629.9pr2392 0.1 0.11 10924.3 0.0 0.049 9843.8 0.4 0.014 13028.4Table 2.6 Comparison of ILK, ILS-restart, and ILS-FDD on symmetri
 TSPs. For ea
hinstan
e, we report the frequen
y of �nding the known optimal solution (fopt), the averageper
entage deviation from the optimum, the average number of LK appli
ations iavg to �ndthe best solution in a run, and the maximally allowed number of LK appli
ations.The improvement in solution quality a
hieved by the two enhan
ed ILSalgorithms depends strongly on instan
e size. In parti
ular, for small problemsILS-restart and ILS-FDD perform similar to standard ILS if the latter does notshow any or only very weak stagnation behaviour (noti
e that I2opt shows verystrong stagnation behaviour on instan
e eil51 whi
h is the smallest instan
ewe tested). Yet, with in
reasing instan
e size the performan
e improvementobtained with ILS-restart and ILS-FDD be
omes more signi�
ant.Similarly, the improvement of ILS-FDD over ILS-restart be
omes more markedfor larger instan
es. On all instan
es with more than 400 
ities, ILS-FDD showseither better average performan
e and a higher frequen
y of �nding the optimalsolution or, if both algorithms �nd the optimal solution in all runs, a mu
h loweraverage run-time. It should also be noted that the performan
e of ILS-FDDusing 3-opt lo
al sear
h is parti
ularly good on instan
es whi
h are known tobe hard for other algorithms. This is the 
ase for fl1577 and fl3795 whi
hshow a pathologi
al 
lustering of 
ities. On these instan
es, ILS-restart alsoperforms surprisingly well; this is probably due to the fa
t that they 
ontaindeep lo
al minima from whi
h the standard ILS algorithm has strong diÆ
ul-ties to es
ape. Also note that on these instan
es it appears preferable to run3-opt, be
ause the run-time of LK is very high on strongly 
lustered instan
es(see also the dis
ussion in [16℄).2.5.3 Related workRe
ently, several high performing new approa
hes and improved implemen-tations of known approa
hes have been presented for the TSP. Among thesealgorithms we �nd the geneti
 lo
al sear
h approa
h of Merz and Freisleben[23, 24℄, a new geneti
 lo
al sear
h approa
h using a repair-based 
rossoveroperator and brood sele
tion by Walters [30℄, a spe
ialized lo
al sear
h al-gorithm for the TSP 
alled Iterative Partial Trans
ription (ITP) by M�obiuset.al. [25℄, and the ILS approa
h by Katayama and Narisha [17℄ whi
h usesa newly designed solution modi�
ation me
hanism inspired by geneti
 algo-
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e opt ILS 3-optfopt �avg tavg ILS-Restartfopt �avg tavg tmaxry48p 14422 0.95 0.03 24.7 1.0 0.0 9.2 120ft70 38673 0.56 0.056 2.2 1.0 0.0 7.4 300kro124p 36230 0.68 0.056 22.8 1.0 0.0 11.3 300ftv170 2755 0.92 0.10 35.3 1.0 0.0 45.3 300rbg443 2720 1.0 0.0 31.7 1.0 0.0 36.3 900Table 2.7 Comparison of Ired3-opt and ILS-restart on ATSPs. For ea
h instan
e, wereport how often the known optimal solution is found in a given number of trials (fopt/no.trials), the average per
entage deviation from the optimum, the average CPU-time tavg to�nd the best solution in a run, and the maximally allowed 
omputation time tmax. Thealgorithms were run on a 167MHz UltraSpar
 I CPU.rithms. The improved ILS algorithms and, in parti
ular, ILS-FDD 
omparevery well to these approa
hes [29℄. ILS-FDD with 3-opt also 
ompares wellwith the so far best performan
e results obtained by Merz and Freisleben withtheir geneti
 lo
al sear
h approa
h. In [24℄ they report average times for �nd-ing optimal solutions on instan
es lin318,p
b442,att532,rat783 in 25, 35,131, and 61 se
onds, respe
tively on a 300MHz Pentium II CPU running So-laris (averages are taken over 30 runs). We obtained the same solution qual-ity (ex
ept att532 on whi
h 4 of 100 runs did not yield the optimum) atslightly larger run-times on the two larger instan
es. Yet, the very good perfor-man
e of our ILK-FDD variant suggests that ILS-FDD, when 
ombined witha mu
h faster LK implementation like Johnson's, Merz's or the 
ode by Apple-gate, Cook, Bixby and Chvatal, (the Con
orde 
ode is publi
ally available viahttp://www.ke
k.
aam.ri
e.edu/
on
orde.html) 
an a
hieve still a mu
himproved performan
e over the 3-opt version. Also, note that only the ITPalgorithm appears to 
ome 
lose to the results with ILS-FDD on the two in-stan
es fl1577 and fl3795. Overall, our 
omputational results show that ILSand, in parti
ular, the proposed ILS extensions are highly 
ompetitive withmore 
omplex algorithms for the TSP.2.6 CONCLUSIONSIn this paper, we presented a novel method for the systemati
 empiri
al analysisof metaheuristi
s based on run-time distributions. While this methodologyhas been previously applied to 
ombinatorial de
ision problems, su
h as SAT[14℄, here, we use it for investigating the behaviour of Iterated Lo
al Sear
halgorithms for the well-known Traveling Salesman Problem.Our RTD-based analysis revealed that standard ILS implementations whi
ha

ept only shorter tours often show stagnation behaviour for the TSP. Thisstagnation behaviour 
an be noted in the fa
t that from some point on in thesear
h pro
ess, relatively little progress is made with respe
t to �nding higherquality solutions. This phenomenon is observed not only for relatively simple
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