
Proceedings of 2005 NSF DMII Grantees Conference, Scottsdale, Arizona Grant #0400155

NSF GRANT #0400155
NSF PROGRAM NAME: Operations Research

 Hybrid ARQ Symbol Mapping in Digital Wireless Communication Systems
Based on the Quadratic 3-dimensional Assignment Problem (Q3AP)

Lead P.I. Monique Guignard
University of Pennsylvania

Co-P.I. Peter M. Hahn
University of Pennsylvania

Co-P.I. Zhi Ding
University of California, Davis

Graduate Student Bum-Jin Kim
University of Pennsylvania

Graduate Student Harvind Samra
University of California, Davis

Collaborator Thomas Stützle
Darmstadt University of Technology

Graduate Student Sebastian Kanthak
Darmstadt University of Technology

Abstract: We report on the development of algorithms
for solving the Quadratic 3-dimensional Assignment
Problem (Q3AP). The application is a hybrid ARQ
scheme for enriching diversity among multiple packet
transmissions by optimizing the mapping of
transmission symbols to data.  Our current exact
algorithm, based on a reformulation linearization
technique, solves Q3AP instances of size 13 or smaller.
Our four approximation techniques, which work well on
large and difficult QAP instances, provide optimum or
near optimum solutions for Q3AP instances of size 8, 9,
12, 15 and 16.  The goal of future work is to extend the
range of our techniques to symbol-data mapping
problems as large as size 64 and 128.

1.  Introduction: The efficiency of a digital wireless
communication system depends on low packet (frame)
error rates (FER) and high data throughputs.  The
effective handling and reduction of packet
retransmissions is vital to meeting these needs.  If errors
remain in a received packet, after forward error
correction, a request for retransmission is made.  As a
result, the development and exploitation of Automatic

Repeat reQuest (ARQ) protocols has been the subject of
much research. For better quality, hybrid ARQ allows
retransmission to re-code and re-map bits in the packet,
unlike the simple repetition in the traditional ARQ.
This project is motivated, in part, by the works of
investigators at the University of California, Davis.
They developed a symbol-mapping diversity scheme for
wireless communication systems that employ higher-
order modulations such as phase-shift keying (PSK) or
quadrature amplitude modulation (QAM).  By varying
the bit-to-symbol mapping in hybrid ARQ packet
(re)transmission, the diversity is enhanced among M
transmissions. By employing symbol-mapping diversity,
the FER and the average number of packet
retransmissions are dramatically reduced, thereby
enhancing the capabilities of a communication network.
To achieve effective symbol-mapping diversity in
different mobile wireless fading environment, the UC-
Davis team introduced a general framework,
independent of symbol constellation and channel
characteristics, for finding optimal symbol mappings
that minimize FER.  This framework involves solving
an M+1-dimensional quadratic assignment problem
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(QAP), something that no one has ever attempted. The
practicality of this framework becomes evident as the
optimal mapping only needs to be found for various
signal to noise ratio (SNR) under a few common fading
scenarios. Once determined, any practical system can
implement the resulting optimal mapping through a
simple lookup table.

As a first step in optimizing multiple symbol-mappings,
investigators at UC-Davis, in close collaboration with
the PIs at the University of Pennsylvania, developed an
iterative scheme for determining the required mappings
for the very next retransmission.  This scheme provides
a sub-optimum assignment and requires the solution of
M  instances of the QAP.  Better frame error rates are
achievable if several future multiple symbol-mappings
can be determined a priori.  The simplest extension is
for two future optimal symbol-mappings, which gives
rise to a newly formulated problem, the quadratic 3-
dimensional assignment problem (Q3AP).

Our preliminary results illustrate just how difficult it is
to solve the Q3AP.  We are just starting a three year
study that will make use of all the best approaches to
solving this problem and its higher order variants,
Q4AP, Q5AP, etc.  We plan to pursue research on
enumerative, heuristic and parallelization techniques for
solving these problems.  The three PIs and two research
consultants have complementary interests and expertise
in the practical, theoretical and computational aspects of
the project.

2.  Q3AP: In 1967, William P. Pierskalla introduced the
quadratic 3-dimensional assignment problem (Q3AP) in
a technical memorandum [16].  The work was never
published in the open literature.  Since then, nothing on
the subject has been found in the publication databases.
The problem formulation is:
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where I,J,P are disjoint sets with I = J = P = N
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The problem is so named because the object is to
optimize a quadratic function over the 3-dimensional

assignment polytope 

† 

I¥ J ¥ P .  The quadratic
expression in the objective function need not include
any 

† 

xijp xknq  terms for which i=k or j=n or p=q unless all

three equalities hold.  If i=k and j=n and p =q then
xijp xknq = xijp , otherwise 

† 

xijp xknq = 0 .  We include such

terms for notational convenience.

3. Recent Progress on Solving the Q3AP: Our prior
computational experience solving the QAP is the basis
for this project.  We enjoyed marked success by solving
difficult QAPLIB [5] instances that previously were
unsolved, including the Krarup 30a [11] and the Nugent
et al. [15] problem of size N=25.   To solve both, we
implemented a bound computation based on a dual
ascent procedure that efficiently solves the level-1 RLT
[3,4] formulation.

The general Lawler [14] formulation of the QAP is
given by:
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The dual ascent procedure of Hahn et al. [8-10] is well
suited to solve the Lawler formulation.  This capability
is essential to solving the Q3AP, as the objective
coefficients 

† 

Cijpknq[ ]  of (1) or (3) cannot be written as

products of square matrices.  Other solution methods for
the QAP (exact or heuristic) require that 

† 

Cijkl = fikd jl .

QAP instances having this last property are referred to
as Koopmans-Beckmann [13].

The Q3AP is NP-hard, not only because the QAP is so,
but also because it is a generalization of the 3AP, which
itself is NP-hard [7]. A Q3AP of size N has N ! x N !
feasible solutions.  Whereas one solves the QAP by
calculating lower bounds using a sequence of linear
assignment problems (LAPs), one solves the Q3AP by
calculating lower bounds using a sequence of 3APs.
Fortunately, the 3APs don't have to be solved exactly
since we are only interested in achieving a lower bound.
Our 3AP solution methods, using techniques similar to
those we developed for the level-1 RLT bound
calculations for the QAP, work well enough.  These
techniques are basic, however, and we plan further
improvements.

We conducted experimental tests to determine the utility
of level-1 RLT bounds on solving the Q3AP.  We
designed and implemented a basic branch-and-bound
algorithm, and applied it to a set of benchmark instances
created from QAP instances posed over 30 years ago by
Nugent et al. [15].  These academic problem instances
are noted for their difficulty.  We also solved a size 8
Q3AP corresponding to the dual mappings required for
two 8-PSK transmissions.  Due to the numerous
symmetries involved, this realistic problem solved in



Proceedings of 2005 NSF DMII Grantees Conference, Scottsdale, Arizona Grant #0400155

less time than required to solve the Nug8 derived
instance, which has four symmetries.

So far, we have experimental exact solution results for
Q3AP problems of sizes N = 8, 9, 12 and 13. However,
the computation times are substantial and therefore we
also studied the application of stochastic local search
(SLS) methods [12]. In fact, computational experience
with SLS methods like Simulated Annealing or Ant
Colony Optimization on the QAP has shown that they
typically reach high quality or optimal solutions much
quicker than exact algorithms. Here, we adapted
previously proposed SLS algorithms for the QAP to
solve the Q3AP, including the SA algorithm of
Connolly [6], the Robust Tabu Search algorithm and the
fast ant system (FANT) by Taillard [18,19], and an
iterated local search algorithm by Stützle [17]. As
shown by an experimental analysis of these algorithms,
they can reach high quality solutions in reasonable
computation times and the best performing of these
methods could improve the best-known solution for a
signal-mapping Q3AP instance of dimension N=16 by
about 15%.

4. Level-1 RLT Branch-and-Bound Preliminary
Results: We coded a prototype branch-and-bound
algorithm that uses the level-1 RLT bounds.  Our
branch-and-bound algorithm follows the same strategies
as those utilized for the level-1 RLT branch-and-bound
algorithm for solving large QAP instances [10].

Table 1 summarizes our experimental results on four
problem instances of size 8, 12, and 13.  Three of these
instances were created from the now famous Nugent
problem instances found in QAPLIB [5].  All QAPLIB
instances are Koopmans-Beckmann, which means that
their four-dimensional cost matrices are generated from
a pair of NxN  matrices, F and D .  In the QAP, the
relationship is   

† 

Cijkn = Fik ⋅ Djn;   (i, j,k,n = 1,L,N).  For

generating a six-dimensional cost matrix for one of our
Q3AP test instances, we used the following relationship

  

† 

Cijpknq = Fik ⋅ Djn ⋅ Fik ⋅ Dpq;   (i, j, p,k,n,q = 1,L,N) . The

size 8 and 12 problems were run on a Sun Ultra 10
workstation with a single 360 MHz CPU.  The size 13
problem, derived from the Nug15 instance, is currently
being run on a single 733 MHz CPU of a Dell 7150
server.  The runtimes in Table 1 are all normalized for
the Dell server.

The Nugent derived Q3AP test problems required
significantly more time to solve than the QAP instances
from which they were created, with the size 8 taking
longer than it would to exhaustively enumerate the
8!x8! feasible solutions (at 10 nanoseconds per
solution). However, the 14.8 hours it takes to solve the
size 12 problem is more reasonable, considering that
exhaustive enumeration would take over 70 years.  We
are sure performance of our current algorithm will
improve with additional effort.

Table 1: Experimental results on Level-1 RLT branch-and-bound algorithm

8-PSK Nug8 derived Tai9 derived Nug12
derived

Nug13*
derived

Root lower bound 5,909,755,156 91.5 55,250,527,200,558 229.8 899.7

Optimum value 15,328,457,328 134.0 74,755,545,715,200 580.0 1,912.0

No. of optima 6,144 2 32 3 2 found

Starting upper bound 9.E+18 9.E+18 9.E+18 9.E+18 9.E+18

Dell 7150 runtime 155.8 secs 48.5 secs 10.3 mins 14.8 hours To be
determined

Number of nodes 267,264 621 12,666 65,597 To be
determined

*Cutting down the flow and distance matrices of the Nug15 problem created the Nug13 instance.

We plan to refine the basic algorithm, and then begin
experimentation with the size N =16 and larger
problems.  Many considerations must be addressed,
including, computational strategies, choice of branching
rules, frequency of bound computations, and the
methods for data storage and retrieval.  While we expect
considerable improvement in bounds currently being
investigated, other techniques for lower bound
computation will be explored.  One promising method,
discussed in the next section, is the level-2 RLT, which

has had success in dramatically improving QAP lower
bounds [2]. Since level-2 RLT involves moving the
problem to a higher dimensional space, memory
requirements can exceed available resources.

5. Stochastic Local Search Method Results:
Stochastic local search methods belong to the most
successful techniques for the approximate solution of
hard optimization problems [1,12]. Although it cannot
be proved that solutions found by these methods are
optimal, the quality of the solutions found is generally
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very good and often optimal. These methods are also the
best way to provide feasible solutions in large industrial
problems with tight constraints.  If one wants to solve
Q3AP and its higher order formulations (i.e., QXAP) up
to size N=64 or 128, these methods are probably the
only means to get good quality solutions.  Moreover,
such solutions become starting upper bounds for exact
methods.

In this work, we adapted four successful SLS algorithms
for the QAP to the Q3AP: the Simulated Annealing
algorithm by Connolly [6], the Robust Tabu Search
(RoTS) algorithm and the fast ant system (FANT) by
Taillard [18,19], and an iterated local search (ILS)
algorithm by Stützle [17]. Computational experience
has shown that these algorithms can find optimal
solutions to a wide variety of QAP instances much
faster than the best performing exact algorithms. For
example, the ILS algorithm finds the best known
solution to the above mentioned Nugent 30 instance in

about 1.3 CPU seconds, on average (measured on a 1.2
GHz MP Athlon CPU). However, these methods cannot
prove optimality of the solutions they find and, hence,
may not identify provably optimal solutions.

We tested these four SLS methods on six Q3AP
instances, two of size 8 and one each of size 9, 12, 13,
and 15.  One of these instances is a size 8 symbol-
mapping problem, the rest were derived from various
QAP instances. For each of the four algorithms, 8 runs
were performed on a single 440MHz CPU of an
HPJ5000 machine, which has almost exactly the same
speed for our codes as the Dell 7150 machine on which
the branch-and-bound algorithm was run. On the QAP
derived instance of size 8, all the algorithms found the
optimal solution within a few seconds of computation
time. The results are not shown explicitly here. The
experimental results on the instances of size 12 to 15 are
summarized in Tables 2 to 4.

*Optimum objective function value

*Optimum objective function value

Table 4: Average objective function values for SA-Q3AP, FANT-Q3AP, TS-Q3AP, and ILS-Q3AP for
8 runs on Nug15 using different time limits from 1 minute to 10 hours

1 minute run 10 minute run 1 hour run 10 hour run

FANT-Q3AP 3172 3019 2943 2703

RoTS-Q3AP 2843 2642 2547 2324
SA-Q3AP 2752 2631 2504 2400
ILS-Q3AP 2751 2568 2399 2230*
*Optimum objective function value

In each of these tables is given the average (over 8 runs)
objective function value found by the four SLS
algorithms after 1 minute, 10 minutes, 1 hour and 10
hours of computation time. The best average objective
value for each time limit is shaded. (Average objective

function value is used as a performance measure, since
an individual run is a random process.  A lucky good
result on an individual run would not be a good
measure of algorithm performance.) For the derived
Nug12 and Nug13, several of the SLS algorithms can

Table 2: Average objective function values for SA-Q3AP, FANT-Q3AP, TS-Q3AP, and ILS-Q3AP for
8 runs on Nug12 using different time limits from 1 minute to 10 hours

1 minute run 10 minute run 1 hour run 10 hour run

FANT-Q3AP 878 857 808 750

RoTS-Q3AP 779 748 607 580*
SA-Q3AP 771 705 626 583
ILS-Q3AP 796 634 589 580*

Table 3: Average objective function values for SA-Q3AP, FANT-Q3AP, TS-Q3AP, and ILS-Q3AP for
8 runs on Nug13 using different time limits from 1 minute to 10 hours

1 minute run 10 minute run 1 hour run 10 hour run

FANT-Q3AP 2322 2130 2107 2054
RoTS-Q3AP 2118 1995 1918 1912*

SA-Q3AP 2102 2024 1967 1912*
ILS-Q3AP 2120 2014 1962 1912*
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reach the optimal solution. Overall, iterated local search
(ILS-Q3AP) appears to be the overall best-performing
algorithm, since it is the only one to find for all
instances the proven optimal or best-known solution (in
the Nug15 derived case), in every single run.
Additionally, for two of the instances ILS-Q3AP gives
the best tradeoff between solution quality and run time.

It is also interesting to compare the performance of the
four SLS algorithms to the branch-and-bound algorithm.
Although SLS algorithms cannot prove optimality of the
solutions they find, one can compare the computation
times the different algorithms need to reach the first
optimal solution. To do so, we ran ILS-Q3AP and
RoTS-Q3AP 25 times and measured the average time,
as well as standard deviation (SD) each algorithm took
to reach the optimal solution. We ran one run of the
branch-and-bound algorithm, with the upper bound set

to an extremely large value and reported the time it took
to reach the first optimum. From the computational
results in Table 5, one can observe that all four SLS
algorithms reach optimal solutions about one to two
orders of magnitude faster than the branch-and-bound
algorithm for the instance sizes tested. We conjecture
that a simple combination of the two, where an SLS
algorithm is used to determine good upper bounds for
the branch-and-bound, is highly desirable. In this
context, it is interesting to note that time-to-completion
of the branch-and-bound algorithm was between a
factor of 2 (Nug12 derived instance), to a factor of 12
(Tail9 derived instance) larger than the time to find the
first occurrence of an optimal solution. Hence, if this
factor is small, then such a combination can also speed
up significantly the time to prove optimality.

Table 5: Runtime to reach optimum for ILS-Q3AP, RoTS-Q3AP and b-and-b algorithms for four Q3AP instances
(Run-times of ILS-Q3AP and RoTS-Q3AP are across 25 independent runs)

REAL Size 8 Tai9 derived NUG12 derived NUG13 derived

Average time 0.043 sec 1.65 sec 2162.2 sec (36.03 mins) 7519.2 sec (2.09 hours)
SD time 0.023 sec 1.31 sec 2138.07 sec 6801.27 sec
Best time 0.01 sec 0.2 sec 53 sec 69.44 sec

ILS-
Q3AP

Worst time 0.09 sec 5.13 sec 8404.57 sec 27194.4 sec
Average time 0.44 sec 4.06 sec 9104.3 sec (2.53 hours) 3002.0 sec (50.03 mins)

SD time 0.58 sec 2.86 sec 8107.64 sec 2752.14 sec
Best time 0.01 sec 0.04 sec 169.58 sec 128.24 sec

RoTS
-

Q3AP

Worst time 2.57 sec 14.64 sec 35733.93 sec 9719.47 sec
B&B Time to 1st Opt 19.2 sec 50.6 sec 10.6 hours 165.35 hours

The excellent performance of SLS algorithms is
confirmed on a Q3AP symbol-mapping instance
(REAL16) of size 16. For REAL16, the matrix entries
were originally given as double precision floating-point
numbers but then scaled to truncated integers for
running the SLS algorithms. The results for REAL16
are given in Table 6, again measured on a single
440MHz CPU of an HPJ5000 machine. Best solutions
are shown in grey shaded entries.  Second best solutions
are shown in bold characters.  As can be seen, the ILS
algorithm gives the best performance, if 10 minutes or

more are allowed. In fact, for the largest allowed
computation time of 10 hours, the worst solution
identified by ILS-Q3AP across eight runs was even
better than the best solution found by either SA-Q3AP
or RoTS-Q3AP. The computational results are further
illustrated in Figure 1. It is noteworthy to mention that,
after only 1 hour, the best result found by ILS-Q3AP is
15% better than the second best solution.  The same best
solution was found in the 10-hour runs.  We conjecture
that this solution to the REAL16 instance may be
optimal.

Table 6: Average objective function values and standard deviation for SA-Q3AP, TS-Q3AP, and ILS-Q3AP for 8
runs on REAL16 for different time limits from 1 minute to 10 hours.

1 min run 10 min run 30 min run 1 hour run 10 hours run
AVE 4.13730E+15 2.88551E+15 2.66533E+15 2.46528E+15 2.20841E+15ILS-

Q3AP SD 4.65885E+14 6.07584E+14 4.16076E+14 4.08002E+14 6.81110E+13
AVE 3.61907E+15 3.17127E+15 2.92033E+15 2.86702E+15 2.73298E+15RoTS-

Q3AP SD 5.13961E+14 2.84639E+14 6.75849E+13 6.01477E+13 8.41498E+13
AVE 3.40559E+15 3.04805E+15 2.82990E+15 2.73253E+15 2.58397E+15SA-

Q3AP SD 1.08742E+14 1.44465E+14 3.49652E+14 3.04737E+14 1.47923E+14
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Figure 1: Development of the average objective function value for ILS-Q3AP, SA-Q3AP, and RoTS-Q3AP applied
to the hard, symbol-mapping Q3AP instance of size N=16.

6. Conclusions and Future Directions: We have
reported on the development of solution algorithms for
solving the Q3AP. Our preliminary results illustrate just
how difficult it is to solve this problem. Our exact
solution method, which is based upon the best
techniques available for solving the QAP, is useful only
for Q3AP instances of size 13 or smaller. Heuristic
techniques, which provide optimum or near optimum
solutions for even large and difficult QAP instances are
essential for reaching high quality solutions to Q3AP
instances size 16 and larger. However, even the best
performing heuristic methods implemented so far, incur
substantially higher computation times for reaching
optimal or best-known solutions, when compared to
QAP instances of similar sizes. Clearly, much more
work is needed on this challenging and yet very
important new combinatorial optimization problem.

The current application is the practical implementation
of a hybrid ARQ for enriching diversity among multiple
packet transmissions by adapting symbol mappings.
Military wireless systems would immediately benefit
from optimum symbol-mapping diversity, since there
would be fewer bit errors when the signal is subjected to
noise, interference or jamming and fewer (less
vulnerable) retransmissions.  Commercial systems
would benefit from optimum symbol-mapping diversity,

as more data throughput could be achieved in the same
bandwidth.

By employing symbol-mapping diversity, the FER and
the average number of packet retransmissions are
dramatically reduced, thereby enhancing the capabilities
of a communication network.  These results are
achieved through a scheme that requires the solution of
M  instances of the QAP.  While the gains in these
results are substantial, greater reductions in FER and
packet retransmissions are likely to be achieved through
solutions of the Q3AP and its higher order forms.
Efficient Q3AP, Q4AP, Q5AP, etc. algorithms would
lead to the ability to optimally design multiple symbol
mappings simultaneously. The ability to solve larger
Q3AP problems lends mapping diversity to a wider
array of communication systems, which use large
constellation sets.  Moreover, the development of
efficient Q3AP algorithms would enable the extension
of mapping diversity to other communication scenarios.
A prime example of such a scenario is the design of
space-time codes for multi-antenna transceivers.
Another example is the design of low-complexity error
correcting codes. Again, each optimal mapping can be
pre-computed for several common fading channels such
that the transceivers need only a simple lookup table
without massive QXAP optimization.
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We hope these preliminary results will engender interest
in the Q3AP by the research community and its funding
agencies. This is turn should help to find new and better
ways to solve combinatorial optimization problems in
such areas as facilities planning, layout of
communication and transportation networks and
efficient layout of microcircuits.  The same benefits
should accrue to various 0-1 mixed integer problems as
those found in airline scheduling, organization of
manufacturing operations and supply chain
management.
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