On Conditional BeliefFunction Independence

B. Ben Yaghlane^1 Ph. Smets^2 K. Mellouli^1

1 AMID, University of Tunisia {boutheina.yaghlane, khaled.mellouli}@ihec.rnu.tn 2 IRIDIA, Université Libre de Bruxelles psmets@ulb.ac.be

Extended Abstract.

The concept of conditional independence has been extensiv ely studied in probabilit y theory (see, for instance, [2], [3], [6], ...). Pearl and Paz [7] have introduced some basic properties of the conditional independence relation, called ”graphoid axioms ”. These axioms are satisfied not only by probabilistic conditional independence, but also by embedded multi-valued dependency models in relational databases [8], by conditional independence in Spohn’s theory of ordinal conditional functions [11], [4], by qualitativ e conditional independence in Dempster-Shafer theory of belief functions partitions [9], and by conditional independence in valuation-based systems (VBS) [10] capable of represen ting many different uncertain ty calculi.

The aim of this paper is to propose the new definitions of conditional independence when uncertain ty is expressed under the form of belief functions and then to discuss the relationships between these definitions. The notion ofconditional independence is given with the conditional independence relations [6], [2], [3], which successfully depict our intuition about how dependencies should update in response to new pieces of information.

This paper is organized as follows: we first recall the definition of probabilistic conditional independence. Then, after extending the definition of evidential and cognitive independence to the conditional case, we present our definitions of conditional non-interactivit y (section 1.3), conditional irrelevance (section 1.4) and conditional doxastic independence (section 1.5) for belief functions. Finally, we present an axiomatic characterization for conditional belief functions independence relations.

1 Conditional Belief Function Indep endence Concepts

The definitions of marginal independence for belief functions presented in Ben Yaghlane et al. [1] can be extended to the case of conditional independence.

1.1 Probabilistic Conditional Indep endence

First, we present a meaning of the conditional independence concept in the probabilit y theory. For random variables X,Y,Z, and P a distribution on the space Θ_X × Θ_Y × Θ_Z (or simply XYZ), we may write X ∐_P Y | Z to denote that, X and Y are conditional ly independent given Z, with respect to P .

The usual definition of X ∐_P Y | Z is in terms of the factorization of the conditional joint probabilit y distribution of (X,Y) given Z.

There is another equivalent definition, which is more intuitiv e. This definition can be interpreted as conditional irrelevance and it means that once the value of Z is specified, any further information about Y is irrelevant to the uncertain ty about X.

1.2 Eviden tial and Cognitiv e Conditional Indep endence

Following Kong [5], we define the notion of strong conditional independence of belief functions as follows :

Definition 1 Given three variables X, Y, and Z. We say that X and Y are conditional ly independent given Z if and only if for all x ⊆ X, all y ⊆ Y,z ∈ Z:

pl^{X YZ} (x, y) = pl^{X YZ↓X Z} (x)pl^{X YZ↓YZ} (y) (1) bel^{X YZ} (x, y) = bel^{X YZ↓X Z} (x)bel^{X YZ↓YZ} (y) (2)

where pl^{X YZ↓X Z} (resp. bel^{X YZ↓X Z} ) and pl^{X YZ↓YZ} (resp. bel^{X YZ↓YZ} ) are carried by XZ and YZ, respectively.

The weak (”cognitive”) conditional independence is derived straigh tforwardly if we only consider the equation (1).

1.3 Conditional Non-In teractivit y

For the definition of conditional non-interactivit y for belief functions, we start from computing the belief of joint product XYZ. We marginalize on XZ and also on YZ. We combine these two marginals XZ and YZ, and we want it to be equal to the initial one (on XYZ) combined with the marginal on Z. The formal definition is given as follows:

Definition 2 Given three variables X, Y and Z, and m on XYZ. X and Y are noninteractive given Z with respect to m, denoted by X ⊥_m Y | Z, if and only if

m^{X YZ} ⊕ m^{X YZ↓Z} = m^{X YZ↓X Z} ⊕ m^{X YZ↓YZ} (3)

The equation (3) corresp onds to Shenoy’ factorization (see [10], lemma 3.1 (5) page 215). Note that Shenoy’ definition considers that the terms m^{X YZ↓X Z} and m^{X YZ↓YZ} are arbitrary and not necessarily the marginals of XYZ on XZ and YZ, respectively. As a consequence, with Shenoy’ definition, we loose the connection with the ”common sense meaningful”.

In addition, Studen y [12] notice that the definition of conditional belief function noninteractivit y^1 is not consistent with marginalization . This means that it may happ en for two bba’s m_1 and m_2 on XZ and YZ, respectively, which are consonan t (i.e. m^Z_1 =m^Z_2 ) there exists no bba m on XYZ such that m^{X YZ↓X Z} =m_1, m^{X YZ↓YZ} =m_2 and X ⊥_m Y | Z. We explain this objection by an example.

1Studen y uses the term ”conditional indep endence” rather than ”conditional non-in teractivit y”

1.4 Conditional Irrelev ance

In order to present the definition of conditional irrelevance for belief functions, we first introduce a concept of the set of m^{YZ} indistinguishable on Z under m^{X YZ} . Building the set

Given m on XYZ and any m^{YZ} on YZ Let m^∗ = (m ⊕ m^{YZ} )^{↓Z} Find all m’ on YZ so that (m ⊕ m^′)^{↓Z} = m^∗ Denote this set as R^Z (m^{YZ} ).

This family corresp onds to the set of pairs of belief functions indistinguishable on Z under m^{X YZ} . The formal definition of this set is:

Definition 3 For any m^{X YZ} , and any bba m_1,m_2, we have (m_1,m_2) ∈ R^Z (m^{X YZ} ) iff (m^{X YZ} ⊕ m_1)^{↓Z} = (m^{X YZ} ⊕ m_2)^{↓Z}

Once the set R^Z (m^{X YZ} ) is built, we define the notion of conditional irrelevance as follows :

Definition 4 Given three variables X, Y and Z, and m on XYZ. Y is irrelevant to X given Z with respect to m, denoted by IR_m (X,Y | Z), if and only if ∀m^{YZ} ,∀m^′ ∈ R^Z (m^{X YZ} )

(m ⊕ m^′)^{↓X Z} ∝ (m ⊕ m^{YZ} )^{↓X Z} (4)

1.5 Conditional Doxastic Indep endence

The notion of doxastic independence in conditional case can be defined as follows :

Definition 5 Given three variables X, Y and Z, and m on XYZ. X and Y are doxastically independent given Z with respect to m, denoted by X ∐_m Y | Z, if and only if m satisfies

• IR_m (X,Y | Z)

• ∀m_0 on XYZ : IR_{m 0} (X,Y | Z) ⇒ IR_{m⊕ m 0} (X,Y | Z)

Theorem 1 Given three variables X, Y and Z, and m on XYZ. X and Y are doxastically independent given Z with respect to m (X ∐_m Y | Z) if and only if X and Y are noninteractive given Z with respect to m (X ⊥_m Y | Z).

2 Conditional Belief Function Indep endence Relations

The intuitiv e meaning of conditional independence is when we say that a random variable X is independent to Y given Z, denoted by X ∐ Y | Z, we mean that once the value of Z has been specified, any further information about Y is irrelevant to uncertain ty about X.

The properties of conditional independence can be considered as a rules’ set useful to infer new independence relations from an initial set. They are also importan t when we need a graphical representation of dependencies [6].

In this section, we present the conditional independence properties for belief functions. For the proofs, we use the definition of conditional non-interactivit y.

Definition 6 Let X, Y, Z and W be disjoint subsets of U, and a mass m over the product space. Then we define the following properties:

Symmetr y X ⊥_m Y | Z ⇔ Y ⊥_m X | Z Decomposition X ⊥_m Y ∪ W | Z ⇒ X ⊥_m Y | Z

WeakUnion X ⊥_m Y ∪ W | Z ⇒ X ⊥_m Y | W ∪ Z Contr action X ⊥_m Y | Z and X ⊥_m W | Y ∪ Z ⇒ X ⊥_m Y ∪ W | Z Inter section X ⊥_m Y | Z and X ⊥_m Z | Y ⇒ X ⊥_m Y ∪ Z

The conditional non-interactivit y relation satisfies symmetry , decomposition, weak union, contraction, and intersection. So it is a graphoid.

References

[1] B. Ben Yaghlane, Ph. Smets and K. Mellouli, Independence Concepts for Belief Functions , 8^{th} International Conference on Information Pro cessing and Managemen t of Uncertain ty in Knowledge Based Systems IPMU’2000, Madrid, 2000 (to appear).

[2] A.P. Dawid, Conditional Independence in Statistic al Theory, Journal of the Royal Statistical Society, Series B, Vol. 41, 1-31, 1979.

[3] A.P. Dawid, Conditional Independence, In Encyclop edia of Statistical Science (Update) Volume 3, Wiley, New York, 1999.

[4] D. Hunter, Graphoids and Natur al Conditional Functions , International Journal of Approximate Reasoning, 5, 489-504, 1991.

[5] C.T.A. Kong, A Belief Function Generalization of Gibbs Ensemble, Joint Technical Report, S-122 Harvard University and N239 University of Chicago, Departmen ts of Statistics, 1988.

[6] J. Pearl, Probabilistic Reasoning in Intel ligent Systems: Networks of Plausible Inference, Morgan Kaufmman, Los Altos, CA, 1988.

[7] J. Pearl and A. Paz, Graphoids: Graph-Base d Logic for Reasoning about Relevance Relations , in Boulay, B.D., D. Hogg, and L. Steele (eds.), Advances in Artificial Intelligence - II, North- Holland, Amsterdam, 357-363, 1987.

[8] Y. Sagiv an S.F. Walecka, Subset Dependencies and Completeness result for a subclass of Embedded Multivalued Dependencies , Journal of the Asssociation for Computing Machinery, 29, 103-117, 1982.

[9] G. Shafer, P.P. Shenoy, and K. Mellouli, Propagating Belief Functions in Qualitative Markov Trees, International Journal of Approximate Reasoning, 1(4), 349- 400, 1987.

[10] P.P. Shenoy, Conditional Independence in Valuation-Base d Systems, International Journal of Approximate Reasoning, 10, 203- 234, 1994.

[11] W. Spohn, Ordinal Conditional Functions : A Dynamic Theory of Epistemic States , Causation in decision, belief changes and statistics, W. Harp er and B. Skyrms (Eds), 105-134, 1988.

[12] M. Studen y, Formal Properties of Conditional Independence in Differ ent Calculi of Artificial Intel ligence, ECSQAR U’93, K. Clarke K., R. Kruse and S. Moral (Eds), Springer-Verlag, 341- 348, 1993.