What is Dempster-Shafer’s model?150 av. F. Roosevelt, CP194/6,1050 Brussels, Belgium.: Several mathematical models have been proposed for the modelling ofsomeone’s degrees of belief. The oldest is the Bayesian model that uses probabilityfunctions. The upper and lower probabilities (ULP) model, Dempster’s model, theevidentiary value model (EVM) and the probability of modal propositions somehowpremises and uses belief functions. None of these models is THE best: each has its owndomain of application. We spell out through examples what are the underlyingindications on how to choose the appropriate model. The major discriminating criterionis: if there exists a probability measure with known values, use the Bayesian model, ifthere exists a probability measure but with some unknown values, use the ULP models,if the existence of a probability measure is not known, use the TBM. Dempster’s modelis essentially a special case of ULP model. The EVM and the probability of modalpropositions (provability, necessity...) corresponds to a special use of the Bayesianmodel.: belief functions, Dempster-Shafer theory, belief modelling, upper and1. Introduction1.1. Modelling beliefsI do not know what is Dempster-Shafer’s model, except that it is a model that uses themathematical object called ’belief function’. Usually its aim is in the modelling of

1 The following text presents research results of the Belgian National incentive-program for fundamentalresearch in artificial intelligence initiated by the Belgian State, Prime Minister’s Office, Science PolicyProgramming. Scientific responsibility is assumed by its author. By model, we simply mean a mathematical representation (idealization) of some process, thesubjective, personal beliefs here. It should not be confused with the concept of model encountered in someone’s degrees of belief. But there are so many interpretations of Dempster-Shafer’stheory in the literature that it seems useful to present the various contenders in order toBeliefs results from and the interpretations we present correspond toquantified by probability functions. We do not tackle the problem of vagueness andambiguity studied in fuzzy sets theory and possibility theory. Here, the uncertaintysometimes results from a random process (the objective probability case), it sometimesresults only from the lack of information that induces some ’belief’ (instead of someas the one studied by the Bayesian, but in some cases like the transferable belief modelprobabilities (ULP) model, Dempster’s model, the transferable belief model (TBM), theevidentiary value model (EVM), the provability˚/˚necessity model. Each modelcorresponds to a different form of uncertainty or to the introduction of some particularNone of these models receive the qualification of ’Dempster-Shafer’ and I do notthink any model deserves it. This qualification has an historical origin (Gordon andShortliffe 1984) but is misleading. Some people qualify any model that uses belief- and in fact often inappropriate - use of these two rules explains most of the errorsBoth Dempster and Shafer introduced models but I do not think they wouldrecognise their model as a ’Dempster-Shafer’ model. Dempster’s seminal work was notorientated toward the modelization of someone’s beliefs. The idea of Shafer was to usethe mathematics introduced by Dempster in order to modelize someone’s belief (Shaferupper and lower probabilities - all approaches open to criticism, as shown in this paper.So we introduced the concept of the transferable belief model (TBM) in order to justifythe use of belief functions (including Dempster’s rule of conditioning and Dempster’srule of combination) to modelize someone’s belief (Smets 1988). This papers focusesthe use of belief functions is in Smets and Kennes (1990). Justification of Dempster’srule of conditioning is in Smets (1991a). Justification of Dempster’s rule of combinationis in Smets (1990a), Klawonn and Schwecke (1990).

The problem with Dempster’s model lies in the fact that it sets out to assess’beliefs’ on some space Y on which the existence of a probability measure isacknowledged, but not precisely known in that the probability is known for some of itssubsets, not for all of them. The updating of this ’partially defined’ probability measureon Y by conditionalisation cannot always be performed, but the solution proposed inDempster’s model (the D-conditioning in section 5) has been criticized for violating theIn the TBM, such probability measure on Y is not claimed. If there is such acan be described without assuming such a probability measure on Y. And if such aprobability measure on Y is not assumed, the constraints of the probability theory -because of its irrelevance - can no longer be brought into play to criticize the updatedThis explains why we described the TBM as a ’purified’ model, ’purified’the available information but no more. We do not assume the existence of a probabilitymeasure on every space as do the Bayesians. We keep only those probabilities that areevery probability concept is absent. And when probabilities are defined everywhere, theWe study a paradigm, the unreliable sensor. We apply each model to it and showwhat the underlying hypotheses are that justify the use of each model. For each model,we successively present a short summary of the underlying theory followed by ananalysis of the paradigm. For a real problem, the user will have to select the appropriatemodel, and that selection should be governed by the explicit acknowledgment of theunderlying hypothesis. So in each context, there will be only one satisfactory analysis.There is no satisfactory general method. Each case requires its own method. What that1.2. The static and dynamic componentsinformation. We insist on the fact that both components must be considered in order tocompare these models. Unfortunately, too many publications are restricted to the staticThe difference between the various models we have˚studied can be described a finite set with its power set denoted by 2. Given a function F: 2[0, 1], itsM�bius transform m: 2[0, 1] is:�A�Awhere |X| is the number of elements in X. When F is a probability function P, m(A) is*�2. The breakable sensorI have a sensor that can check the temperature of the process - a temperature that can beonly hot or cold. If the temperature is hot (TH), the sensor light is red (R) and if thetemperature is cold (TC), the sensor light is blue (B). The sensor is made of athermometer and a device that turns on the blue-red light according to the temperatureThe only known information is what is written on the box containing the sensor.is broken is 20%. When the thermometer is not broken, the sensor is a perfectly reliabledetector of the temperature situation. When the thermometer is not broken, red lightmeans the temperature is hot, blue light means the temperature is cold. When theit except the warning written on the box. I use it and the blue light goes on. How do Iassess the temperature status? What is my opinion (belief) that the temperature status is

Under open world assumption, m(fl) may be positivie, and bel(A) = \i\su(flX\S\UP1(�)A;; m(X)), inSmets (1988)

Q,- S = {B, R}, the sensor status, Blue or Red,- QTable 1. The labels of the eight elements of . B R

THTH abcd efgh3. The probability model3.1. The modelIn probability theory, the static component consists of the assessment of a probability�w˛WDegrees of belief on subsets of are quantified by a probability distribution P: 2Wfi[0,1] such that , P({) = p() and A, B with A=fl, P(AB) = P(A) +�AThe only dynamic component is the conditioning rule: when you learn that B� is true(and if P(B)0), P is updated into the conditional probability distribution P(.|B) defined

.3.2 The probabilist analysisA probabilist will build a probability distribution P on 2. The information on the box= P({a, b, c, d}) = p(a) + p(b) + p(c) + p(d)= 0.8P(ThB) = P({e, f, g, h}) = p(e) + p(f) + p(g) + p(h)= 0.2When the sensor is working (ThW), the sensor is red (R) when the temperature is hotp(a) = p(d) = 0

When the sensor is broken (ThB), the sensor status (B or R) is unrelated to the

= p(f)

.Let x = P(B|ThB) = denotes the probability that thesensor is blue when the thermometer is broken and = P(TC) = p(b) + p(f) + p(h)denotes the a priori probability that the temperature is cold i.e. before we perform ourmeasurement. Finally the status of the thermometer (ThB or ThW) is unrelated to the

= 0.8.Table 2: Probability distribution on = SxTxQ B R

THTH

0.8 p.8 (1-)0

.2 (1-) x.2 x.2 (1-) (1-x).2 (1-x)

Table 2 presents the probability distribution p on . The set of constraints is notsufficient to define uniquely and x. There are several ways to describe the missinginformation, those used simplifies the discussion as and x have natural connotations.

= pEven if we knew , what value should be given to x, the probability that the sensorwhat value to give to x. A probabilist facing such a problem can follow severalapproaches.-He can try to collect data about x � If he could, then his results would be thesame as those obtained with the various alternative models analysed hereafter. The--the principle of insufficient reason: when the thermometer is broken, thesensor can only be blue or red. Knowing nothing more, I postulate that both-

-a meta-probability that describes his belief about the possible values of xSo to perform a strict probability analysis, you must introduce some extraneousassumption. The value of your results will only reflect the value of this assumption. Theclassical probability approach therefore fails in such states of ignorance. This failure4. Upper and lower probabilities models4.1. The modelsacknowledges that some probabilities might be unknown. Let the set of all thosemeta-probability distribution on as strict bayesians would recommend, one considerscritical values - usually the extremes - of the various probabilities one is interested in.Various forms of partly known probability models can be described. Sometime P *WP*(A) = sup P P(A)P*(A) = inf P˛P P(A)In other cases, P is a convex set of probability distributions (Kyburg 1987). SometimesPdouble tail coin, but we do not know which, hence P(Head) is either 0 or 1 and hasonly two elements. When contains only one element, the model is reduced to thethe upper probability distribution P* or the lower probability distribution P, both from2 to [0, 1]. For each P in , one has:"A�, P*(A) P(A) P*(A)*(, and conditioning them on B. Let be the resulting set of conditional probability

, P˛P }

, P*|PBBBPP*(A|B) = supPB˛PB PB(A) = supP˛P P(A|B)4.2. The upper and lower probabilities analysis.In the probability approach, the missing information is p and x. They are only known tobe in [0, 1]. For each pair (, x) corresponds an element P of . We will also considerthe case where p is known, in which case the set of compatible probability distributionsis ’ where each value of x in [0,1] defines an element P of ’. (The ’ notation willp*= infP˛P P(TC|B) = inf(p, x)˛[0, 1]x[0, 1] P(TC|B) = 0P P(TC|B) = sup(, x)[0, 1]x[0, 1] P(TC|B) = 1Should p be known, then= infP’ P(TC|B) x˛= p

P’*(TC|B) ’ P(TC|B) = supx˛[0, 1] P(TC|B)= 1So if the technician is ignorant of , he is left in a state of total ignorance even afterobserving B. If he knows , he can compute informative limits and try to make a5. Dempster’s model.5.1. The model.Dempster (1967) introduced a special form of upper and lower probabilities model. Forthe static part of the model, he considers a space X endowed with a probability measurefor xX. He defines upper and lower probabilities measures P* and P on Y such thatM*(A) = {x: x˛X, M(x)�A, M(x)fl}M*(A) = {x: xX, M(x)

The functions P* and P* are a belief function and plausibility function respectively (seesection 6).Y�Xwhere the inf is taken over all possible values of the P(A|x). Index of the P functionsindicate the domain of P. One has P(A|x) = 1 if M(x)A and anything in [0,1]�A(x) = P(A)) = PThe M�bius transform m of the lower probability distribution P is non negative: for˛XY �X�X

=where the inf is taken over all possible values of the P(A|x). This conditioning, calledhereafter the G-conditioning, corresponds to the solution described in the upper andInstead he considers that conditioning on B�Y means that the mapping M:Xfi2Yof each xX is M(x)B. Dempster postulates also that the knowledge of theconditioning event B does not modify P, i.e. P(x|B) = P(x), a requirement open to�X�X

¨((what we call the D-conditioning. Dempster’s model is defined as the one endowed withApart from the D-conditioning, Dempster also defines the so-called Dempster’s rule of5.2. Dempster’s analysisThe static part of Dempster’s model is perfectly acceptable by any probabilist. Theanalysis in section 4. The X and Y spaces correspond to the and the spacesrespectively. The mapping M is such that M(ThW) = {a, b, c ,d} and M(ThB) = {e, f, g,:m({b, c}) = 0.8 m({e, f, g, h}) = 0.2Suppose is unknown. Once B is known to have occurred (i.e. {c, d, g, h} is= {e, f}. Then*({b, d, f, h}|{a, b, e, f}) ==

= = 0.8=

= 11

= 1Suppose is known. The X domain is now the space Tx and the Y domain is still .(TC|B) =

= pP’*(TC|B) =

= pThe fact P’* = P’ reflects the Bayesian nature of the solution. As shown in Shafer

.QX({x})

0.8 (1-)

0.8 p

{e, g}0.2 (1-)

{f, h}0.2 p

5.3. Remarks.The adaptation of the mapping is perfectly acceptable. Disagreement appears in thedynamic part when the D-conditioning is used (Levi 1983, Good 1982, Williams 1982,Shafer, 1986). Why does one keep the same probability distribution on once B hasbeen learned. Bona fide probability analysis would require that PQ also be updated onceP(ThB|B) =

= pppTo be allowed to use P(ThB|B) = P(ThB) = 0.2, one must have x = p - a constraintunjustified in the context and one that can usually not be justified in more elaborateexamples. Of course, to answer Levi’s criticisms will take us straight back to the upperAn important point in Dempster’s model is that one recognizes the existence of a(A) exists, even though its exact value is unknown. The so-called Dempster-Shafer’smodel usually corresponds to this interpretation. It is not the case with the transferablerequired.The important point in the Dempster’s model is that one starts with a probabilityquestionable. But if you do not assume a probability distribution on Y, the criticismbecomes unfounded. This explains why we try to describe the TBM without assuming aprobability distribution on Y, even though there may exist one on X. We reject the

but how? Shafer’s answer (see Shafer, 1986) is hardly convincing.6. The transferable belief model6.1. The modelsomeone’s beliefs. For such a representation, it uses belief function where bel(A) is myThe transferable belief model is based on a two-level model:--Latin, cf. Smith, 1961).At the credal level, each piece of evidence leads to the allocation of parts of someinitial finite amount of belief to subsets of the universe of discourse , also called theframe of discernment. If all these parts were allocated only to the singletons of , theresulting model would correspond to the Bayesian model. But, in general, parts may beallocated to subsets. They represent that part of our belief that supports some subset ofSuppose a mass m(A) (called a basic belief mass) supports a set A of , andnow supports A˙X. So the basic belief mass m(A) is transferred to A˙X, hence theThe degree of belief bel(A) given to the set A of is defined as the sum of all�AThe degree of plausibility function pl(A) quantifies the total amount of belief�X˙(bel). In that, it differs from Kyburg’s (1987) models that considers that states of beliefare described by sets of probability distributions, and therefore do not require that

The transferable belief model is not a particular case or a generalization ofprobability models, nor of any meta-model based on probability distributions. We neverassume the existence of a probability distribution on (a contrario, it is assumed inDempster’s model). Nevertheless, one must be careful to avoid the treachorous pitfall.can always build an ’artificial’ space endowed with a probability measure and with aone-to-many mapping between Q and , just as in the Dempster’s model. But, here, thisis just a mathematical property without any practical meaning. This probability measureon does not correspond to a measure of some subjective belief on . It is merely aThe existence of an underlying probability measure reflecting some beliefs isirrelevant to our approach. We only postulate the existence of basic belief massesassigned to subsets A of , each expressing the support given specifically to A andinduced by the evidence, and that could be transferred to more specific subsets of Wa tool for decision making. Our solution is detailed in (Smets 1990b, Smets and Kennes1990).Suppose one must bet on the elements of . One must build on a probabilitydistribution (the pignistic probability distribution BetP) derived from the belief function�W˚˚˚˚m(A)˚/˚|A|˚ = �W6.2. The transferable belief model analysism({b, c}) = 0.8 m({e, f, g, h}) = 0.2.Conditioning on B implies the transfer of all basic belief masses within the set {a,({b}) = 0.8 ({e, f}) = 0.2So bel(TC|B) = belB({b, f}) = 0.8, and pl(TC|B) = plB({b, f}) = 1.m’({b}) = 0.8 m’({c}) = 0.8 (1-) m’({e, g}) = 0.2 (1-) m’({f, h}) = 0.2 p

Conditioning on B implies the transfer of all basic belief masses within the set {a,B are({b}) = 0.8 m’({e}) = 0.2 (1-) m’({f}) = 0.2 pSo bel’(TC|B) = bel’({b, f}) = p

,and pl’(TC|B) = pl’({b, f}) = p

.6.3. RemarksThese solutions are numerically the same as those obtained by Dempster’s analysis. Thedifference does not reside in the numerical results, but in their interpretation. Nowherehave we postulated a probability distribution on . But one might argue that theinformation used to build the initial basic belief masses is probability related. Thoughalgebra ´´0 on which our belief happensto be quantified by a probability distribution P, whatever the origin of this probabilitydistribution, then , bel(A) = P(A). This is a requirement to be compared withis known , then bel(A) = P´1 and ´2by probability distribution P and P, and such that 2 then use P2 to define yourthe information included in P1 (and even more in general). The case when neither of thetwo algebras is a subalgebra of the other is not studied here as being not fundamental toour discussion.00 Wthe absence of any further information, build the vacuous extension bel of bel on 2,

m(A) � m_0(A),� A � �

0, otherwise � �

m({b, c}) = 0.8 m({e, f, g, h}) = 0.2.

our beliefs, we can nevertheless assess basic belief masses using betting behaviours and7. The Evidentiary Value ModelGardenf�rs et al. 1983 for a survey of the topic). The model is very close to Dempster----This model fits inperfectly with the breakable sensor paradigm. The evidentiaryIdentically, EV(TH|B) = 0 as a blue light B is not caused by a hot temperature. It can ofThus EV(TC|B) = bel(TC|B) and 1-EV(TH|B) = pl(TC|B). This equality has ledsome authors to consider that Dempster’s model might find its justification in theevidentiary value model. But the problem with this approach is the same as withDempster’s model. Why do we keep P(ThW) = 0.8 once B is learned, and why don’t weAnother problem appears once the prior probability is known. What is then theprobability that the fact B is caused by TC. In the context ThWTC (probability 0.8,see table 3), B is caused by TC. But what about context ThBT C ( w i t h p r o b a b i l i t y can we say that B is caused by TC? Hicks (1979, p. 13) requires four elements to

status is kept identical) and in that context, B can not occur. Hence P(ThW˙TC) = 0.8pIn the context ThBTC, the causality requirements are not satisfied: TC and Be x i s t e d , t h e h y p o t h e t i c a l c o n t e x t i s T h B T H a n d i n t h a t c o n t e x t , B c a n o c c u r . S o pH e n c e w h e n is considered, Dempster’s and the transferable belief solutions are8. Probability of modal propositionsRuspini (1986) interprets Dempster-Shafer’s model as a model to quantify not theprobability that a proposition is true, but the probability that a proposition is necessary.Pearl (1988) interprets Dempster-Shafer’s model as a model to quantify not theprobability that a proposition is true, but the probability that a proposition is provable.modal operator . So both interpretations of bel is that bel(A) is the probability of I f b e l ( A ) = P ( A ) , t h e n b e l = P . In that case it is easy to show that P is acapacity of order infinite (i.e. it satisfies all the inequalities that characterize a belieff u n c t i o n ) . B u t d i f f i c u l t y a p p e a r s i n d e f i n i n g t h e c o n c e p t o f u p d a t i n g a n d j u s t i f y i n g D e m p s t e r ’ s r u l e o f c o n d i t i o n i n g . W h a t i s b e l ( A | B ) ? I s i t P ( A | B ) , P ( ( A | B ) ) o r B)? The problem is still open. If one defines it as P(B) (probably the most:

P(t�.This conditioning rule is called the geometrical rule of conditioning (see Suppes andZ a n o t t i , 1 9 7 7 , S h a f e r , 1 9 7 6 b , S m e t s , 1 9 9 1 a ) . I t i s e n c o u n t e r e d a l s o i n r a n d o m s e t s theory (Hestir in Nguyen, 1991).If one takes Nguyen’s interpretation of A|B as a conditional object (Goodman, 1 The context being propositional logic, we use the conjunction operator � instead of the set operator. Intt

=by Shafer and the TBM. Ruspini (1986) uses Dempster’s rule of conditioning to defineOne could be tempted to claim that the TBM and other models based on belieff u n c t i o n s a r e n o t h i n g b u t m o d e l s f o r p r o b a b i l i t y o f m o d a l p r o p o s i t i o n s . T h i s c l a i m , of Dempster’s rule of conditioning. In the TBM, it is an integral part of the model: itcorresponds to the ability for each mass m(A), A, to move freely among the subsetsof A if further information justifies it. In Dempster’s model, it is deduced in the D-9. The coin experiment or ’Do we need the TBM?’Suppose there are four men: Mr. Truth, Mr. False, Mr. Head and Mr. Tail. TheyMr. Head will always say H.One of the four men is selected by a random process. The selection is independent from0.25. I do not know who the randomly selected man is. I hear he says H. I wish toLet be the space {H, T} and the collected information be denoted SH (for theB o t h t h e T B M a n d t h e D e m p s t e r i a n a n a l y s i s o f t h e s c e n a r i o l e a d t o a f i r s t options therefore are proportionally rescaled into 0.33 (the closed world assumption is

Hence bel(H|SH) = 0.33, bel(T|SH) = 0.33 and bel(HT|SH) = 1.Levi’s criticism i s t h a t t h e u p d a t i n g o f t h e t h r e e p r o b a b i l i t i e s i s u n j u s t i f i e d . F o r a H e a d , T a i l ) w e r e i n d e e d s e l e c t e d g i v e n I k n o w n o w t h a t t h e s e l e c t e d p e r s o n s a i d H . O f c o u r s e , t h e a v a i l a b l e d a t a d o n o t e n a b l e u s t o u n a m b i g u o u s l y d e f i n e t h e s e p r o b a b i l i t i e s , S h o u l d y o u h a v e t o s s e d t h e c o i n , t h a t p r o b a b i l i t y w o u l d h a v e b e e n . 5 , a n d t h e b a y e s i a n - a s w e l l a s a n y o t h e r a p p r o a c h i n f a c t - w o u l d h a v e l e d t o u p d a t i n g t h e i n i t i a l P(Mr. Truth | SH)= P ( S H | M r . T r u t h ) P ( M r . T r u t h ) / P ( S H ) = 0 . 5 = 0 . 2 5 P ( M r . F a l s e | S H ) = P ( S H | M r . F a l s e ) P ( M r . F a l s e ) / P ( S H ) = 0 . 5 = 0 . 2 5 P ( M r . H e a d | S H ) = P ( S H | M r . H e a d ) P ( M r . H e a d ) / P ( S H ) = 1 . = 0 . 5 = 0 . 0 = 0 . 0 w h e r e t h e d e n o m i n a t o r 0 . 5 i s t h e n o r m a l i z a t i o n f a c t o r s u c h t h a t t h e p r o b a b i l i t i e s a d d t o o n e a s t h e y s h o u l d . O f c o u r s e o n e d o e s n o t f i n d t h e 0 . 3 3 o f t h e p r e v i o u s a n a l y s i s . I t For a Dempsterian analysis , o n e d e f i n e s t h e s p a c e s = { H , T } , = { M r . Truth, Mr. False, Mr. Head, Mr. Tail}, = { S H , ´ S H } ( t h e p o s s i b l e o b s e r v a t i o n s ) . The X and Y spaces and the M mappings of section 5.1. correspond here to the spaces, and the mapping defined by the four pieces of information on how eachperson answers once he has seen the face of the coin (e.g. M(Mr.Truth) = {(Mr. Truth,H , S H ) ( M r . T r u t h , T , ´ S H ) } , M ( M r . H e a d ) = { ( M r . H e a d , H , S H ) ( M r . H e a d , T , SH)},...). Given the independence assumptions between the selection process on andthe value of , the knowledge of a probability distribution on would be sufficient tobuild the probability measure on . One would then derive the probabilities on WBut such a probability on is unknown, let alone the probability distribution one x i s t s s o m e p r o b a b i l i t y m e a s u r e P o n , that one can speak of P(A) for A in. Of course, the value of P(A) can only be claimed to be in some interval, theinterval [P*(A), P*(A)]. Once SH is learned, according to the model, one should update

the mapping (by deleting all elements with ´SH in the space PS) . B u t w h y w a s t h e In the TBM, we do not postulate the existence of a probability measure on , noron . We acknowledge an initial probability measure on . We build a belieffunction on by vacuously extending the initial information (according to theminimal commitment principle, see Smets, 1991a). The important point is that we neverPSn o t ’ m e a s u r a b l e ’ o n , where ’non measurable on ’ means that the set of elements ofS t h a t b e c o m e i m p o s s i b l e a f t e r w e l e a r n S H i s n o t a c y l i n d r i c a l e x t e n s i o n o f a subset of on (is not a subset of S t h a t c a n b e w r i t t e n a s whereP). In fact the knowledge of SH leave us ignorant as to what should become thep r o b a b i l i t y o n ( e x c e p t t h a t w e k n o w t h a t M r . T a i l w a s n o t s e l e c t e d ) . W e c a n nevertheless update our belief on (by transfering the basic belief masses asA harsh critic could say: you had a probability on , and it induces your basicb e l i e f m a s s e s o n . O n c e y o u l e a r n S H , y o u s h o u l d h a v e u p d a t e d y o u r PPSp r o v i d e a m e t h o d t o u p d a t e p r o b a b i l i t i e s o n n o n - m e a s u r a b l e e v e n t s . I k n o w t h e p r o b a b i l i t y o n e v e r y s u b s e t o f , and I could update these probabilities if I learn thatsome subset of is true by applying the conditioning operator (PA|B) = PAA, B). But here I must condition on a event on that is non-measurable on. S H i s n o t e q u i v a l e n t t o a s u b s e t o f . S o p r o b a b i l i t y t h e o r y d o e s n o t p u t a n y .Now why do I later worry about distinguishing the TBM from the DempsterianPxWxS (with’ p o o r l y k n o w n ’ p r o b a b i l i t y m e a s u r e o n . O n c e S H i s k n o w n , t h e p r o b a b i l i t y theory. And the update probability distribution on will be the marginal of the newm e a s u r a b l e o n S a n d i t s i m p a c t o n c a n b e d e r i v e d b y t h e m a r g i n a l i z a t i o n constraints. In fact, once a probability distribution on PxWxS is introduced, it is back toc o m b i n a t i o n ) b e c o m e s i r r e l e v a n t . C o r r e c t u p d a t i n g m u s t b e p e r f o r m e d b y t h e G -

This argument has shown the danger of accepting a probability distribution on. R e j e c t i t a s i n t h e T B M , a n d a l l p r o b l e m s r e l a t e d t o L e v i ’ s c r i t i c i s m s a r e 10. The TBM versus Dempsterian ULP.The next problem we wish to tackle is related to the misuses of Dempster’s rule ofconditioning (not speaking of the combination rule) in contexts where it should not beused. The error results from the erroneous assumption that Dempster’s rule ofby belief functions, regardless of the context. Figure 1 summarizes the differences10.1. Dempsterian ULP model context.Suppose a space X on which my belief is quantified by a probability distribution P.PXPX(A˙B)

XSuppose we postulate there is a probability distribution PY on Y. Can we build PY suchthat it satisfies the constraints due to the existence of the mapping M and the probabilityd i s t r i b u t i o n P ? O f c o u r s e n o t , b u t w e c a n d e f i n e f o r e v e r y s u b s e t s A o f Y l i m i t s between which P(A) must be. Let these limits be P(A) and P*(A) (see section 5.1.).P.But suppose you would like to select THE best representative of . You mightwant to select the element of t h a t i s t h e ’ l e a s t i n f o r m a t i v e ’ o n Y . T h e i m m e d i a t e PP ¡ b e s u c h e l e m e n t o f . You can then proceed with this probability distribution as if itwas THE probability distribution induced by M and P on Y. So updating on BYBut you could also refuse to reduce to one of its elements and consider that allYP�element of and conditioning it on B, and so deriving the set of all the conditional

10.2. TBM contextA totally different scenario, but perfectly parallel in its form, can be constructed in theTBM context. Suppose a space X on which my belief is quantified by a belief functionof belief functions compatible with bel and M. One can define the upper and lowerbelief and plausibility functions bel* and bel, pl* and pl* where for instance belief function, pl* is the dual plausibility function (Dubois and Prade, 1986). The otherDempsterian ULP versus TBM.

: X : XY? PYfifamily of P, P* and *family of bel, bel* and *

P( . | A)P*( . | A), P( . | A)Figure 1: comparing the Dempsterian ULP model and the TBM.As in the probabilistic approach one could select THE best representative of B. Inthe TBM context, there is a principle, the least commitment principle, that allows theselection of the least informative belief function in B. For a pair of belief functionsd e f i n e d o n a s p a c e , o n e s a y s t h a t b e l i s l e s s c o m m i t t e d t h a n b e l if W(A) (under closed world assumption only) or if pl( u n d e r c l o s e d w o r l d a s s u m p t i o n , b o t h d e f i n i t i o n s a r e i d e n t i c a l , u n d e r o p e n w o r l d available information. It could of course be criticized, but it is surely much easier toleast committed belief function is bel. This is the belief function that contains all andnothing but the information induced on Y by bel and M. So the normal attitude of the

One could try to simulate the ULP attitude, keep the family B of belief functions,given B. This approach seems to have never been pursued, maybe because the approachThe parallelism between the two scenarios is quite obvious. Nevertheless an erroris a belief function. Discovering that property, users come to think that the appropriaterule for updating this lower probability is Dempster’s rule of conditioning. It is totallydifferent: in one case one has a family of probability distributions on Y, in the other afamily of belief functions on Y. The origin and nature of these sets must be recognized,the fact that P* is a belief function does not entitle the user to cross the line between thetwo parallel scenarios and assimilate the lower probability to a belief function on which10.3. Final remarks on the differenceFor every problem, the solutions obtained by the Dempsterian ULP analysis andthe TBM analysis are numerically the same. So what is the difference between the twoIn the TBM, the aim is to model degrees of belief. Any underlying concept ofallocated to more specific subsets because of a lack of information, but that will betransferred to more specific subsets of in the light of new pieces of evidence. TheIn the Dempsterian ULP model, the essential aim is not in modelling degrees ofbelief. The problem tackled is the evaluation of the boundaries between which lie someprobabilities that are constrained by some underlying probabilities and a one-to-manyShafer’s (1976a) initial contribution was to introduce the use of the Dempsterianf u r t h e r a c k n o w l e d g e s t h e p r e s e n c e o f s o m e p r o b a b i l i t y m e a s u r e o n t h e f r a m e o f

11. ConclusionsConsider the mapping M between the X and 2 as presented in section 5.1.The majordifference between the transferable belief and the probability approaches is of course inthe way we create our beliefs on Y knowing the belief on X. The transferable beliefmodel is based on what is available and nothing else whereas the probability analysisp o s t u l a t e s t h e e x i s t e n c e o f a p r o b a b i l i t y d i s t r i b u t i o n o n Y . B a y e s i a n s a s s u m e t h a t w h e n e v e r a p r o b a b i l i t y d i s t r i b u t i o n P X i s d e f i n e d o n X , t h e n o n e c a n d e s c r i b e a R e c o n s i d e r t h e x = P ( B | T h B ) p a r a m e t e r i n t h e b r e a k a b l e s e n s o r p a r a d i g m . Bayesians claim the existence of such a probability, i.e. they claim that in context ThB,the B or R light data is governed by a random process, not by an arbitrary process asW h a t i s t h e difference between a random and an arbitrary selection ?The suppose that an experience is repeated n times and a particularan ULP analysis one knows the existence of a limit but not its value, in the transferableThe can justify his probabilities through betting argument. The pignisticp r o b a b i l i t e s a r e s u c h t h a t D u t c h b o o k s a r e a v o i d e d a t t h e s y n c h r o n i c l e v e l . A t t h e be disposed of without falling into the Dutch Book trap (Smets and Kennes, 1990). Thel e a d t o a s u r e l o s s . I n t h e T B M , c o n t i n g e n t c o n d i t i o n i n g a n d u p d a t i n g a r e d i f f e r e n t avoided in a logical approach like the one based on Cox’s axioms (Cox, 1946), but atis a function of the belief given to A’. This postulate is not required in the transferable

All alternatives to the transferable belief model explicitly or implicitly accept theassumption. Accept it and Levi’s remarks are relevant. In the transferable belief model,that if a probability distribution can be defined on some algebra, it should inducecoherence constraints on the way beliefs are allocated. But never infer that a probabilitydistribution exists on those spaces on which we extend vacuously the belief functionAt the credal level, nothing requires that beliefs be quantified by probabilitydistributions, even though it may happen sometimes. All arguments in favour ofClaiming the existence of a probability distribution on the space on which ourbeliefs are assessed is already an information in itself. Should you accept it, then theWe strongly reject the following interpretation where belief functions are usedinstead of upper and lower probabilities. Some authors consider that Dempster-Shafer’smodel (i.e. belief and plausibility functions) can be used to handle cases of ill-definedits values for each A is contained between two limits. They claim that all that isknown is a belief function bel (or equivalently a plausibility function pl as pl(A) = 1-T h i s m i g h t b e t h e c a s e , b u t t h e n t h e y s h o u l d j u s t i f y w h y t h e l o w e r l i m i t s a r e quantified by a belief function, why the lower limits conform to the inequalities thatcharacterize belief functions, why the Moebius transform of the lower limits are nonbefore using belief functions instead of lower probabilities functions as lower limits forthe intervals and before using Dempster’s rule of conditioning (and Dempster’s rule ofcombination). All too often authors simply confuse the two theories. This explains whyw e f e l t j u s t i f i e d i n w r i t i n g t h i s p a p e r . W e ˚ h o p e w e h a v e s u c c e e d e d i n s o m e w h a t T h e a u t h o r w i s h e s t o t h a n k Y . T . H s i a , R . K e n n e s , H . T . N g u y e n , A . S a f f i o t t i f o r t h e i r h e l p a n d c o n t r i b u t i o n . H i s t h a n k s e x t e n d t o a l l h i s f r i e n d s w h o s o

Gen. Systems, 12:193-226.GARDENFORS P., HANSSON B. and SAHLIN N.E. (1983) Evidentiary value:GARDENFORS P., HANSSON B. and SAHLIN N.E. (eds) Evidentiary value:Sweden. pg 44-57.GOOD I.J. (1982) Comments on Lindley’s paradox, by G. Shafer. J. Amer. Statist.Ass. 77: 342-344.BUCHANAN B.G. and SHORTLIFFE E.H. (Eds), Rule-Based Expert Systems: theCambridge, U.K.HESTIR K, NGUYEN H.T. and ROGERS G.S. (1991) A random set formalism forM.M., Nguyen H.T. and Rogers G.S. eds. Elsevier, Amsterdam.HICKS J. (1979) Causality in economics. Basil Blackwell, Oxford, UK.GARDENFORS P., HANSSON B. and SAHLIN N.E. (eds) Evidentiary value:Sweden. pg. 27-43.

inference. Morgan Kaufmann Pub. San Mateo, Ca, USA.Intern. J. Approx. Reasoning, 4:363-390.408, SRI International, Menlo Park, Ca.Princeton, NJ.SHAFER G. (1986) The combination ofd evidence. Int. J. Intell. Systems 1:155-180.Cognitive Sc. 9:309-339.pg 253-286.L.N. and Lemmer J.F. eds, North Holland, Amsterdam, , 29-40.SMETS Ph., CLARKE M.R.B. and FROIDEVAUX Ch. (1991) Uncertainty,Hall, London.models. J. Roy. Statist. Soc. B44: 322-352.