1THE TRANSFERABLE BELIEF MODEL AND RANDOM SETS.150 av. F. Roosevelt, CP194/6, 1050 Brussels, Belgium.1. Introduction.belief functions. It corresponds essentially to Shafer’s initial proposal as described in his1) Quantified beliefs are point-valued, not interval-valued2) Any connection with randomization or necessary additivity as encountered3) A difference has been established between open and closed world assumptions(Smets 1988). The after conditioning and combination is not performed4) A two-level model for the beliefs has been proposed (Smets 1989a). It consists ofa credal level where beliefs are entertained and a pignistic level where beliefs arebe made, the beliefs at the credal level are transformed into beliefs at the pignistic level,i.e. there exists a transformation from the belief functions to the probability functions. Itis called the pignistic transformation (Smets 1989b). It corresponds to the5) The justification of the TBM is based on the idea that the impact of an evidenceconsists in allocating parts m(A) of an initial unitary amount of belief among thedue to lack of information, does not support any strict subproposition of A. The m areAmong them, it has been suggested that belief functions based models are analogous tomodels based on random sets (Nguyen 1978). If correct it would permits to use the

1 The following text presents research results of the Belgian National incentive-programfor fundamental research in artificial intelligence initiated by the Belgian State, Primeby its author. These researches have been partially supported by the project DRUMSwhich are funded by grants from the Commission of the European Communities under

2probability theory apparatus in order to justify the use of belief functions. We study inWe summarizes the mathematic of beliefs functions and random sets. We then insist on2. The Transferable Belief Model.Let be a non empty finite set called the frame of discernment equipped with theBoolean algebra of its subsets. Every element of 2 is called a proposition. flOn , we define a "valuation" i.e. a map from to {true, false} such that under the’truth’. Under the open-world assumption at most one element of is true. Aproposition is true iff one of its elements is true. The elements of can be seen aspossible answers to a certain question, one and only one answer - the truth - beingpersonal judgment that propositions A are true, i.e. contain the correct answer, forall A in 2. It results from known, possibly inconclusive pieces of evidence that induce.The transferable belief model postulates that the impact of an evidence consists inallocating parts of an initial unitary amount of belief among the propositions of . For2W, m(A) is the part of our belief that supports A i.e. that the ’truth’ is in A, and that,due to lack of information, does not support any strict subproposition of A. The m’s arecalled the basic belief masses (bbm).W �A˛2Wm(fl) = 0.The difference with classical probability models is that masses can be given to anyproposition of 2 whereas within probability models masses are given only to the

3the mass m(A) initially allocated to A is transferred to B. Hence the name of thetransferable belief model. This transfer of belief corresponds to the so-calledDempster’s rule of conditioning. Let m be a bbm on and suppose theconditioning evidence that the truth is in B, the bbm m is transformed into m:[0,1] with:�

B/�B1�BGiven , the degree of belief of A, bel(A), quantifies the total amount of belief

A˛2W with X�A.�A¨

B)B̈)B)m(A) = k \i\su(X\S\UP1(, Y\S\UP1(, X˙Y=fl,, m1¨k = 1k = 1 / (1 - \i\su(X\S\UP1(, Y\S\UP1(, XY=fl,, m1(X) m2To study a model for quantified belief, one must consider not only its (how beliefs are assigned to propositions?) but also its component (how beliefs are updated?). In the TBM, the static component corresponds

4It is important to note that the TBM includes the two components. Many authorsworking on Dempster-Shafer’s model, when they do not confound it with some pureupper and lower probabilities model, consider only the static component (the bbmassignment). When necessary they introduce Dempster’s rule of combination andDempster’s rule of conditioning as a special case of the last. We think that this approachcan be criticized, as far as the concept of updating on true facts (conditioning) is morefundamental then the concept of combining the belief functions induced by two distinctSuppose bel and bel (with m and m the corresponding bbm) are two probabilityfunctions (they correspond to so-called Bayesian belief functions). Dempster’s rule ofm12(x) = �W

for x˛ on and 2) the two pieces of evidence that induced bel and bel are conditionaly˛for x˛X˝ and 0 otherwise. Thenm12(x) = �X for xXand m12(x) = 0 otherwise.1

Is this an adequate definition of the concept of a conditional probability function. The˛postulated) of the probability function P with a probability function P’ such that P’(x) =1/ |X| for xX and 0 otherwise. Could one accept such a new definition of theconditional probability? It is mathematically correct but it looks like a surrealisticdefinition. To define conditioning with belief functions in general as a special form of3. andom set model.

5Some authors (Nguyen 1978) propose to interpret the basic belief masses as probabilitySuppose an urn U with n numbered balls. Let = {xi: i=1, 2� n} be the set of balls inU. I will take an handful of balls out of U. Suppose m(A) is the probability that I will�W˚˚˚m(A) = 1. Beware that m(fl) might be positive (just as}}) = Pr(S}}) + Pr(S}) = m({x}) + m({xwhere Pr is the probability that the set S belongs to a set of subsets of . Pr : 21] , whereas m : 2[0, 1]. m is a probability density on 2 and Pr is the.those concerning 2A = {B: BA}, the power set of A, and those concerning (A) =2A - fl = {B: B˝A, Bfl}, the non empty sets of the power set of A˝) = Pr(S(A)) + m(fl)Let bel(A), A, be defined such that bel(A) = Pr(S(A)) = \i\su(B

AThose who assimilate belief functions with probabilities of random sets use this relationto justify themselves (and postulate m(fl) = 0, i.e. the handful is never empty, aninnocuous assumption at this level of the presentation). The static component of the twoTo compare the dynamic components, we show the forms of conditioning rules that canCase 1a.) = )) =

6Case 1b.(B)) =

=Case 2a.2

B) = 2

B)2B)= Ḃ)2B) = ˙

B)Case 2b.(

B)) = (

B))(B)) = Ḃ)B)When m(fl) = 0, cases 2a and 2b are identical and correspond to the weak rule ofconditioning in Planchet (1989). When only one ball can be extracted from the urn, rule

BTo get Dempster’s rule of conditioning, one must adapt somehow the process. Supposethe random set S is selected from a list of all the subsets of with m(A) being theprobability that the selected random set is A˝ (as before). Let B˝. Suppose all ballsin

B are eliminated from the urn and only those in B remain in it. Given the selectedrandom set S, we extract from the urn all those balls still in the urn (those in B) that are˙Case 3a.) = Pr(S¨

BB̈) + m(fl)Case 3b.(A)) = Pr((S2¨

B)˙˙= Pr(S¨

B)) - Pr(S(

BB̈)Case 3c.Bfl) = ¨

B)˙˙B̈)B)

7Bk(A)4. The sublimable ball paradigm.To show how the case 3c can be observed, we describe in detail an example of randomLet us consider an urn full of cold water, with four balls, three of them (x, y, z) made ofstone, the fourth (w) made of a product that is solid in cold water but sublimatesI am going to extract from the urn a non empty set of balls with m(A) being theprobability that the set Afl, A={x,y,z,w} is selected. You want to bet that theselected set is a subset of some given set X. Given its nature, if ball w is selected,you will not know it as w will disappear before you can observe it. So you will observethe set {x} whenever the randomly selected set is {x} or {x,w}. Suppose furthermorethat I tell you that there is still at least one ball in my hand after sublimation, so thesubset of {x,y} is

=5. Conclusions.Is there any connection between paradigms like the sublimable ball one and what thesuch a relation. But maybe somebody will someday. The aim of the TBM is to quantifyof the elementary propositions of is true (or at least one being true under the open-world assumption) .There is a morphism between the TBM and the theory of random sets when the1

In fact even Dempster’s rule of combination can be derived in both theory: take two

8form of of the random set theory. We see a serious difference between the two theoriesThe following statements x1 (x = A, B, C) deal with the TBM (i.e. the fact that the trueelementary proposition belongs to a subset of ), statements x2 deal with classicalprobability theory (i.e. an element of is selected randomly), statements x3 deal with A3: Pr(S(A)) is the probability that the randomly selected subset S is a non emptysubset of A.Pr(A¨B) = Pr(A) + Pr(B)˛k(A¨subset of A¨B.B)) Pr(S(A)) + Pr(SIn fact the equivalence between relations B1 and B3 can be generalized for all thebelief functions models and random sets models. The static components of the two¨

B)C2: Pr(A|B) is the probability that the randomly selected element is in A given heC3a: Pr(S(B)) is the probability that the randomly selected subset S is a non(B)) = Pr(SB)) / Pr(S(B)) C3b. Pr(A)) is the probability that the intersection between B and the randomly(A)) = Pr((S2¨

B)Bfl)) = Pr(S¨

B)) - Pr(S( B))

9Statements C1 and C3a are analogous but the conditioning rules are different. To getThe TBM speaks about a set of elementary propositions, one and only one being trueunder the closed-world assumption. So one element of is somehow labelled by ’true’,but we can only assess beliefs about which element is labelled, and the fact that thelabelled element belongs to some given sets. The problem studied within the TBM iscomparing A1 and A2, B1 and B2 and C1 and C2. But the mathematical rules areIn random set, a subset (S) is labelled and we can assess our belief that the labelledHow to pass from one model to the other is not clear for the author, if only such ato assess degrees of belief. This mathematical analogy can be compared with the onebetween bayesian probabilities and objective probabilities as encountered whenexchangeable bets are introduced. This might provide a method to assess the numericalThe author is indebted to H.T. Nguyen for his useful comments and suggestions.NGUYEN H.T. (1978) On random sets and belief functions. J.Math.Anal. and Applic. 65:531-542.PLANCHET B. (1989) Credibility and conditioning. J. Theor. Probabil. 2:289-299.SHAFER G. (1976) A mathematical theory of evidence. Princeton Univ. :Press. Princeton, NJ.SMETS Ph. (1988) Belief functions. in SMETS Ph, MAMDANI A., DUBOIS D. and PRADE H. ed.SMETS Ph. (1989b) Construucting the pignistic probability function in a context of uncertainty. Proc.Fifth Workshop on Uncertainty in AI, Windsor, Canada, 319-326. also in: Uncertainty in ArtificialItelligence 5, Henrion M., Shachter R.D., Kanal L.N. and Lemmer J.F. ed., North Holland, Amsterdam1990, 29-39.SMETS Ph. (1990) Belief functions and their combinations.IEEE PAMI 12, 447-458.SUPPES P. and ZANOTTI M. (1977) On using random relations to generate upper and lowerprobabilities. Synthesis 36:427-440.