July 27, 19991The Transferable Belief Model for Belief Representation Rudolf KRUSE2A survey of the use of belief functions to quantify the beliefs held by an agent, and in1. Introduction.As shown in Smets (1995), there is a variety of imperfect data, be they uncertain ormodel that would integrate several forms of uncertainty. One way, could be by trying toImprecision about the actual value of an attribute induces some beliefs about it. Theinformation that John is in the 40�s induces a belief about John�s age, e.g. anequiprobability over 40-49. Imprecision as well as uncertainty induce some beliefs, somesubjective opinions held by an agent at a given time about what is the actual value of theBayesians claim this belief is always quantified by a probability measure. Sometimes theyprobability they generate. Even though the probability model is by far the oldest and theThe generalization of the Bayesian model has been achieved either by non-standardThe non-standard probability models are those models where beliefs are still

1This work has been partly supported by the CE-ESPRIT III Basic Research Project 6156The work has been partly supported by the CE-ESPRIT III Basic Research Project 6156

July 27, 199921) Koopman (1940), Good (1962), Kyburg (1961) and Smith (1961) propose that beliefs2) Walley (1991) assumes that beliefs held by an agent are quantified by a uniquealso assess intervals in which these values fall. Such an approach results in a theory of3) Dempster (1967) assumes the existence of a domain X on which there is knownprobability measure PXY. For instance let X = {x, x}, P) = .7, P) = .3, Y = {y, y}, M(x) =}and M(x) = {y, y}. The probability measure PY on Y induced by P and M is notwell-defined. Indeed P) is at least .7 and at most 1, and P) is at least .0 and atone-to-many nature of M. Indeed we have no information about how the .3 given to x isdistributed among y and y. One can at most assess the upper and lower limits of themodel. It assumes the existence of a probability measure on the space XxY that quantifiesthe agent�s beliefs over the space XxY. That joint probability measure is partially known.Its marginalization on X is the given probability measure P. But given the one-to-manynature of M, it is impossible to decide on the particular distribution of each probability({x}) given to the singletons {x} of X among the elements of Y. Hence one can onlyis resides in the fact that the lower probability function happens to be a belief function.Usually the Dempster-Shafer models described in the Artificial Intelligence literaturecorresponds to Dempster�s model or to some equivalent model as it is the case with themodels of related to the probability of knowing (Ruspini 1986), the probability ofprovability (Pearl 198), the probability of provability, of deductibility (Smets , 1991,4) Other modeling like the hint model of Kohlas (1993), Kohlas and Monney (1994b,of an underlying probability space and a one-to-many mapping. Their description of theinduced belief on Y is very similar to Dempster�s solution except they don�t acknowledgethe existence of a probability measure over the XxY space that quantifies the agent�sopinion about the subsets of XxY. That distinction gets its real importance when revisionA uniform approach to the handling of imprecise and uncertain data is discussed inGebhardt and Kruse (1993).

July 27, 19993The non-probabilistic models are represented, among others, by the possibilisticmodel (Bosc and Prade, 1995) and the transferable belief model that is described in thispaper. No concept of probability measure is considered. When there is nevertheless someprobability measure representing some forms of uncertainty, it is treated just as any otherforms of imperfect data. It just induces some possibilities or some beliefs. These are ofIn this paper, we assume 1) that every form of uncertainty and imprecision abeliefs they induce. We describe the model for belief representation based on belieffunctions, called the transferable belief model, and some of its application in InformationSciences. How to appropriately build the belief induced from imperfect data is hardly2. The Transferable Belief Model.The transferable belief model is a model for representing the quantified beliefs held by an, corresponds to the actual state of nature, to the actual world. Unfortunately due to hislimited intellectual abilities, the agent is not certain about which element of is v. agent can only express his subjective opinion about the fact that such or such subset of Wthe strength of the agent�s beliefs that v is an element of A based on the informationproblem as the one considered by the Bayesian model except it does not rely on transferable belief model is based on a two-level model: the credal level and thethe level of intellectual activity where beliefs are entertained. It is where I express thevmy knowledge is store, revised, updated, combined, etc......but completely oriented toward making decisions. When a decision must be made, thethat optimal decisions are made. The pignistic level contains just the machinery that 3

July 27, 19994transform your beliefs (as held at the credal level) into optimal decisions wheneveroptimal decisions can only be achieved if the decider use additive weights to represent hisuncertainty on the possible state of affair, and utilities that describes the consequence ofeach decision in each state of affair. The additive weights corresponds to a probabilitymeasure on the state of affairs, but Savage does not claim that such probability measure isTHE way the decider beliefs are represented. It only says that when a decision must bemade, the decider must generate a set of probabilities on the state of affairs, and makemeasure.is perfectly acceptable, even under Savage�s approach. Once two distinct levels areconsidered, it is necessary to describe the nature of the relation between the beliefs held atin section 3.9.themselves. We do not share that opinion. That beliefs are necessary ingredients for ourdecisions does not mean that beliefs cannot be entertained without any revealing behaviormanifestations (Smith and Jones, 1986, p.147). We claim that beliefs can indeed beentertained without any concept of decision, justifying thus a distinct credal state. Forto make any decision about it. I can have some beliefs about the status of the traffic lightdown my street in Brussels even though I am not in Brussels for the moment and noof a two-level model with beliefs quantified by belief functions at the credal level has anA full description of the model for beliefs representation based on belief functions can befound in Shafer’s book (1976). A somehow revised version appears in Smets (1988). Thetransferable belief model is described in Smets and Kennes (1994). The axiomaticjustification of the use of belief functions to quantify beliefs is given in Smets (1993c).Justifications of the conditioning rule can be found in Klawonn and Smets (1992), inNguyen and Smets (1993) and in Kruse, Nauck and Klawonn (1991) where differencesbetween various revision concepts are considered. Further results on Bayes theorem and

July 27, 19995is detailed in two special issues of the International Journal of Approximate Reasoning (invol. 4, 1990 and vol. 6, 1992). Jeffreys rule of conditioning are presented in Smets3. The Mathematics of the TBM.As a didactic tool, we will analyze an example throughout the presentation of thedeals with a murder story as it required no contextual background. Of course the examplecould easily be rephrased into a diagnostic problem, a prediction problem...Furthermoresome sections are marked � they corresponds to comments unnecessary for theExample: A man (Ron) has been murdered. You are the policeman in charge of findingwho is (are) the killer(s) (note that the killing might have been committed by several�3.1. The Frame of Discernment.Let L be a finite propositional language.Example: The three atomic propositions are: �John is a murderer of Ron�, �Paul is amurderer of Ron�, �Sarah is a murderer of Ron�. They are denoted by J, P and S,�Let = {1, 2, ...n} be the set of that correspond to the interpretations of L.Example: The eight possible worlds are: 1 = ´J ´P ´S 2 = ´J ´P S 3 = ´J P ´S 4 = ´J P S 5 = J ´P ´S 6 = J ´P � S w7 = J P ´S 8 = J P S � identify subsets of .

July 27, 19996Example: The proposition �Paul is a murderer of Ron� identifies the subset {, , ,} of .�and probabilities given to subsets of . The set notation will be used hereafter. Bydefinition there is an actual world and it is an element of . For A, bel(A) andP(A) denote the degrees of belief and probability that the actual world v belongs to A,of , so bel and P are function from 2 to [0,1]. is called the frame of discernment.relative to a given evidential corpus (tY) i.e., the set of pieces of evidence in Yourmind at time t. Our approach is normative: You is an ideal rational agent and tY isdeductively closed. Your credal state on a frame of discernment describes Yoursubjective, personal judgment that A for every subset A of . By a classical abuse oflanguage, the actual world v is called the �true� world, and we say that �A is true� or �thetruth is in A� to mean that A. Your credal state results from tY that induces in YoutY.Example: In order to simplify the example, suppose You know that one and only one ofthe three suspects is the murderer of Ron. So tY contains the fact that Ron has beenmurdered by a single person, the murder is one of John, Paul and Sarah. The availablev˛{w2,w3,w5}.�3.2. The Basic Belief Masses.Example: A partially reliable witness testifies to You that the murderer is a male. Let a = be the reliability You give to the testimony. Suppose that a priori You have an equalbelief that the murderer is a male or a female. A classical probability analysis wouldcompute the probability P(M) of M where M = �the killer is a male�: P(M) = .85 = .7 + .5probability of M given the witness is not reliable (.5) weighted by the probability that thewitness is not reliable (.3)). The .7 can be viewed as the component of theprobability given to M whereas the .15 can be viewed as the component of thatThis analysis is not the one proposed in the TBM. The TBM deals only with the justifiedcomponents. It gives a belief (or support) .7 to M. The .7 and .3 are parts of an initial

July 27, 19997�P�These parts are called the basic belief masses (bbm). They are denoted by m(JP) = .7,�P�or Paul. It is kept to the disjunction JP (i.e., {}). It is not further distributedbetween {3} and {5}. The .7 supports 3,5} without supporting any propositionw3w5} that cannot be distributed more specifically among the subsets of}. This basic belief masses (the .7 and .3) allocation is at the core of the�Basic Assumption.The TBM postulates that the impact of a piece of evidence on an agent is translated by an The m(A) values, A, are called the basic belief masses (bbm) and the m function iscalled the basic belief assignment.W �W3.3. Conditioning.Example: Suppose You learn that Paul was not the murderer as he was dead the day3for sure that }. The bbm .7 that was initially allocated to {} is now5} now supports that the murderer is John or Sarah, i.e., }. Indeedthe reliability You gave to the testimony initially supported ’the murderer is John orPaul’. The new information about Paul implies that the now supports ’the murderer is�

Shafer speaks about basic probability masses and assignment. To avoid confusion, we

July 27, 19998The impact of the revision by the knowledge that results in a transfer for eachThe transfer of belief described in the TBM corresponds to the rule of. Let m be a basic belief assignment on the frame of discernment andsuppose the conditioning evidence tells You that the truth is in B, the basic belief�B/

�BNote: In this presentation we have accepted that a non null basic belief mass could bem(fl)=0. The meaning of the basic belief mass given to fl is analyzed in Smets (1992b). Itcorresponds to the amount of contradiction present in the basic belief assignment m, as3.4. Belief and Plausibility Functions.Given , the degree of belief of A, bel(A), quantifies the total amount of specific support given to A. It is obtained by summing all the basic belief masses given topropositions X�A (and X„fl). Let bel : 2Wfi[0,1] with:�Aof A. For instance, consider two distinct elements and of . The basic belief mass}) given to {} could support if further information indicates this.However given the available information the basic belief mass can only be given to}. (Note: as m(fl) might be positive, it should not be included in bel(A) (nor inpl(A), see below), as m(fl) is given to the subset fl that supports not only A but also

A.The function bel is called a belief function. Belief functions satisfy the followingn1, A ,

When m(fl)=0 is assumed, the result is further normalized by dividing each term in mBby 1-m(fl). The resulting conditioning rule is then called the Dempster rule of

July 27, 19999 bel(A1¨A2¨n)‡�i�i>ji˙Ajn1˙A2˙n) The degree of plausibility of A, pl(A), quantifies the maximum amount of �masses given to propositions X compatible with A, i.e. such that Xfl. Let pl :[0,1] with:�˚˚˚m(X)˚˚= bel() - bel(We say because the basic belief masses included in pl(A) could be transferred tonon-empty subsets of A if some new information could justify such a transfer. It would be

A is impossible.belief function induced by the same bba. It is just another way of presenting the sameinformation and could be forgotten, except inasmuch as it provides a convenient alternate¨Total ignorance is a state of belief that is hard to represent in probability theory.Bayesians will reject the existence of such a state, avoiding thus many problems related toits representation by a probability function. In the TBM, total ignorance is beautifullyrepresented by a �vacuous� belief function, i.e. a belief function such that m() = 1, hencebel(A) = 0 , A, and bel() = 1. That belief function does not support anyparticular subset of . None of the subsets of is supported (except itself) and allparticular when = {}, bel({}) = bel({}) = bel({}) = bel({}), a3.5. The Rules of Combination.: A second witness, with reliability .6, tells You that the murderer is John orSarah. How to combine the bba m (that represent Your beliefs on as induced by thetestimony of the first witness) and m2 (that represent Your beliefs on as induced by thetestimony of the second witness) into a new bba m12 that will represent Your beliefs on Was induced by the joint testimony of the two witnesses. When the two witnesses are fullyreliable, their joint testimony support that the murderer is John, and the combined bbm(J) = .7 x .6 = .42 (the origin of the product is commented below). When the firstwitness is reliable and the second is not, their joint testimony supports that the murderer

July 27, 199910John or Paul, so mP) = .7 x .4 =.28. Similarly mS) = .3 x .6 =.18 andm12(J�P�product of two bba m(A) x m(B) to the intersection AB of their focal elements A and�Formally, suppose two belief functions bel and bel induced by two ’distinct’ pieces ofevidence. The question is to define a belief function bel resulting from the of the two belief functions, where the symbolizes the combinationoperator. Shafer proposed to use Dempster’s rule of combination in order to derive bel.12�Note: Dubois and Prade (1986a), Smets (1990a), Klawonn and Schwecke (1990),and the unicity of this rule. These justifications are obtained without introducing someunderlying probability concepts. They are based essentially on the associativity andNote: Dempster’s rule of combination is a rule to combine conjunctive pieces of12evidence E and E, respectively. Then bel is the belief function induced on by theconjunction ’E and E’. In Smets (1993a) we present the disjunctive rule of combinationcorresponds to a situation where you could assess Your belief on if E were true, Your212Directly in relation to that disjunctive rule of combination, we derive (Smets 1993a) theGeneralized Bayesian Theorem. Suppose You have a vacuous a priori (i.e., You arein a state of total ignorance) on a space . Suppose that for each , You know whatqiX(.|qi) and) be these conditional belief and plausibility functions on X given each derive the conditional belief belx) and plausibility plq | x) on the frame ofbelQ(q | x) =�˛

�

˚˚˚( bel(

x | qi)) + m(fl|qi) ) -�˚˚˚( bel(

x | qi)) + m(fl|qi) )

July 27, 199911(q | x) = 1 �Note: The theorem has been further generalized when there is some non vacuous beliefson Q (Smets 1993a).Note: A l l c o m b i n a t i o n s w e r e p e r f o r m e d f o r b e l i e f s i n d u c e d b y � d i s t i n c t� p i e c e s o f i n t u i t i v e l y w i t h t h e i d e a t h a t t h e t w o p i e c e s o f e v i d e n c e i n v o l v e d a r e � u n r e l a t e d� , �independent�, that the knowledge of any of them does not interfere with the beliefs thatNote: T h e p r o b l e m o n h o w t o c o m b i n e n o n d i s t i n c t p i e c e s o f e v i d e n c e has beenfirst considered in Smets (1986). Ling and Rudd (1989) and Kennes (1991) introduce theconcept of a cautious rule of (conjunctive) combination. It is based on the idea thateach expert provides a belief function that results from his/her own expertise plus aIt is idempotent. Ling and Rudd (1989) solved the case where the experts opinions aren o n e m p t y s t r i c t s u b s e t o f . K e n n e s ( 1 9 9 1 ) p r e s e n t s t h e s o l u t i o n w h e n t h e e x p e r t s opinions are described by separable belief functions, i.e., belief functions obtained bya p p l y i n g D e m p s t e r ’ s r u l e o f c o m b i n a t i o n t o s e v e r a l s i m p l e s u p p o r t f u n c t i o n s ) . T h e generalization to any pair of belief functions is under way. Its use for pooling expertiseprovided by experts who share a common background will be studied in a forthcomingare ’independent’ , i.e. the experts do not communicate together and do not use common3.6. Justifications for the Use of Belief Functions. The use of belief function at the credal level c a n b e j u s t i f i e d b y a t l e a s t t h r e e different approaches. Initially Shafer suggests to justify the use of belief functions byclaiming that any measure of belief must satisfy the inequalities of relations 3.2. In theTBM, we prefer to start from the basic belief masses that represent a certain part of ourFinally in (Smets, 1993c), we proposes a set of axioms that should be satisfied by anymeasure of belief and this set of axioms justifies the use of belief functions to represent3.7. Discounting. : Let us forget about the previous testimonies. Suppose an agent H tells You thatHis beliefs over is such that m}) = .2, m}) = .3, m}) = .5.

July 27, 199912Should You have no other evidence over , You would adopt mH as representing Yourbeliefs on . But suppose now that You have some doubt about H reliability. Let .7 bewhat H is saying. Let Your beliefs about H saying be represented by the bbm m0= .7 and m(reliable or not reliable) = .3. How to combine the beliefs induced in You byH�s beliefs on and Your beliefs about H�s reliability. The idea (easily justified) is thatY o u s h o u l d d i s c o u n t H� s b e l i e f s b y m u l t i p l y i n g m by a factor .7 (m( r e l i a b l e ) ) a n d Yw1= .2 x .7 = .141,2}) = .3 x .7 = .21,,}) = .5 x .7 + (1-.7) = .65�Formally, suppose You have no belief whatsoever on a frame of discernment , but asomehow reliable agent communicates to You his beliefs on , beliefs represented by theb a s i c b e l i e f a s s i g n m e n t m . Should the agent be fully reliable, You would accept hisbeliefs and would be tempted to adopt his beliefs as Yours. But the agent is not fullyreliable. Let m represents Your a priori b e l i e f s a b o u t t h e r e l i a b i l i t y o f t h i s a g e n t , w i t h 000Wabelief on induced by both Your a priori and the agent�s beliefs (Shafer, 1976 pg 251,introduces the concept of discounting factors, Smets (1993a) explains its origin). Wa is , A, WaWa() = bel3.8. Static and Dynamic Components.It is important to note that the TBM includes two components : one , the basicbelief assignment, and one , the transfer process underlying the conditioning, thecombination processes and the discounting processes. Many authors on Dempster-Shafermodel consider only the basic belief assignment and discover that the basic belief massesa r e p r o b a b i l i t i e s o n t h e p o w e r s e t o f . B u t u s u a l l y t h e y d o n o t s t u d y t h e d y n a m i c 3.9. The Pignistic Probability BetP .E x a m p l e : A f t e r t h e f i r s t t e s t i m o n y , i f Y o u h a d t o b e t o n w h o i s t h e m u r d e r e r , o r equivalently on which of the worlds in {} corresponds to the actual world , You woulda bbm .7 on J�P and .3 on J�P�S. The .7 could as well be given to John or to Paul. So we

July 27, 199913could distribute it equally between John and Paul. Identically the .3 could be distributedBetP(John) = .7/2 + .3/3 = .45= .7/2 + .3/3 = .45= .3/3 = .10�In Smets (1990b) and Smets and Kennes (1994), we show how to make whenthe beliefs are quantified by belief functions. (see also Stratt (1989, 1990) and Jaffray(1988) for other solutions). The satisfaction of some natural rationality requirements leadsfunctions that must be used once decisions must be made. We call this transformation the2Wfi[0,1]. BetP is just a classical probability measure, but we denote it BetP to avoid anyconfusion. BetP deals with betting weights, not with beliefs quantification whereas belA) = �W˚ ˚ m ( B )

WBetP is the only probability measure that satisfies the following rationality requirement121 and bel2 on the same frame and a random device that select the source that will beavailable to You. If You knew the evidence that would be selected (E1 or E2), You wouldi ib y t h e p i g n i s t i c t r a n s f o r m a t i o n . T h e s e p r o b a b i l i t y f u n c t i o n s P a r e t h e c o n d i t i o n a l ion is then P(A) = p P(A) + (1-p) P(A) for all A. But prior to the selection of thesource, Your belief on is given by bel(A) = p bel1(A) + (1-p) bel2(A) for all A. Theprobability function induced from that combined belief function bel should be equal to P.The only transformation that satisfies this requirement is the pignistic transformation asd e s c r i b e d b y r e l a t i o n 3 . 4 . N o t e t h a t S t r a t t a n d J a f f r a y� s s o l u t i o n s d o n o t s a t i s f y t h e Note: In this transformation the bbm m(A) given to a focal element A is distributedequally among the elements of A. For w˛, BetP(w) r e s u l t s f r o m t h e a d d i t i o n o f a l l t h e s e p a r t s o f m a s s e s a l l o c a t e d t o . It is quite similar to the application of the Principle ofInsufficient Reason at the level of each bbm, but its justification is NOT based on the

July 27, 199914Note that BetP is not a representation of Your beliefs on . It is the additive measureinduced on by Your beliefs held at the credal level (and quantified in the transferablebelief model by a belief function) when decision must be made and that must be used to4. Applications in Data Bases.We will present three applications related to data base, source reliability and medicalthe value of the attribute as the disjunctive e set of possible values compatible with thevalues are �better� than other, either more possible, more probable, more believable. Oneend up with a possibility, a probability or a belief distribution over the domain D of thein their interpretations. The value of the attribute is made of the disjunction of severalThe TBM could be applied if the knowledge about the actual value of the attribute couldonly be described by our belief about it. In that case, the value of the attribute will beSuppose the attribute is the age of the individual characterized by a tuple in a relation.Suppose the age of John is known only by a basic belief assignment on D = [0, 120]. Forinstance the available information about John�s age is described by the following bbm :m([40-49]) = .6, m([30, 59]) = .3, m([0, 120])=.1. It could represent the information :John is in his forties (.6 given to [40, 49]), or almost (.3 given to [30, 59], but the sourceSuppose now you want to select those tuple where the age is between 35 and 52: shouldthat satisfy the selection criteria. John� tuple would be included, with some weights thatSo the belief that John belongs to the relation is bel(John belongs to R) = .6 and pl(Johnbelongs to R) = 1. So for each tuple one has a pair of weights that quantify the degree ofbelief and plausibility that the tuple belongs to the relation, what correspond to the second

July 27, 1999155. Application with Sources Reliability.data when relevant. Suppose the relation AGE given in table 5.1. It means that Paul tellsthat John is 45, that Peter tells that he believes that Henri is 45 at level .6 and has no morespecific knowledge about Henri�s age, that Peter tells that Jack is between 30 and 40...

45m([0,120]) = .4 m([54] = .5 m([52, 55] = .3 m([40, 50]) = .2

Table 5.1: relation AGE.You, the user of the DB might have some opinions about the reliability of the sources, asgiven in table 5.2. Reliability can be easily iterated by introducing reliability about the

Table 5.2: Sources reliability according to You.table 5.2). Computation is done as detailed in section 3.7. You end up with a bbm m([45])= .8 x .6 = .48 and m([0, 120]) = 1 - .48 = .52.

July 27, 199916 m([45] = .7 m([0,120]) = .3 m([0,120]) = .52 m([30-40]) = .8 m([0,120]) = .2 m([32]) = .8 m([54] = .35 m([52, 55] = .21 m([40, 50]) = .14 m([30-50]) = .7 m([0-120]) = .3

Table 5.3:Table 5.3 presents Your relation AGE after You have applied the discounting factors oftable 5.1. One notice that Henri�s age is provide by two sources (Paul and Peter). Onecould have combined the two bbm presented in table 5.1, but as far as Peter and Paul aretwo different sources of information, discounting must be performed before combination.The result obtained by combining the two belief functions over Henri�s age given in table5.3 is:= .48 x (.7 + .3)= .480= .52 x .7 = .364= .52 x .3= .156and replacing them by the data just computed. Table 5.4 presents the list of cases with age56]. If You want to select only those cases for which Your belief is larger than .5, You

July 27, 199917

Table 5.4. Relation AGE [44-56].6. Application for Diagnosis.The major advantage of the TBM approach for diagnostic purpose resides in the fact theBayesian Theorem can be applied in cases where there is no prior beliefs on the set ofdiagnosis (Smets 1981). This solves the major criticism addressed to the Bayesian from ? Beside, the TBM approach profits from the already explained advantage that onem u s t p r o v i d e o n l y t h e a v a i l a b l e i n f o r m a t i o n o n t h e s e t o f s y m p t o m s . N o f o r c e d p r o b a b i l i z a t i o n i s r e q u i r e d . W i t h i n e a c h d i a g n o s t i c c l a s s , o n e m u s t p r o v i d e o n l y w h a t s y m p t o m s a r e s u p p o r t e d a n d h o w m u c h , n o t a f u l l p r o b a b i l i t y f u n c t i o n o n t h e s e t o f in which case the beliefs over the symptoms is of course vacuous. Furthermore one maycompute the support given to the fact that the patient belongs to the class of the �stillignorance on the symptom domain as required in the �still unknown disease� class cannotexample. Let Q = {q, , be a set of diseases with three mutually exclusive andexhaustive diseases. 1 and 2 are two �well known� diseases, i.e. we have some beliefson what symptoms could hold when 1 holds or when holds. w corresponds to thecomplement of , } relative to all possible diseases. represents not only all the� o t h e r� d i s e a s e s b u t a l s o t h o s e n o t y e t k n o w n . I n s u c h a c o n t e x t , o u r b e l i e f o n t h e symptoms can only be vacuous. What do we know about the symptoms caused by a stillunknown disease? Nothing of course, hence the vacuous belief function that perfectlyWe consider two sets X and Y of symptoms with X = {x, x, x} and Y = {y, yTables 6.1 and 6.2 present the beliefs over X and Y when each of the individual diseasesholds. The beliefs translate essentially the facts that q1 �causes� (supports) x3 and y2, and2 � c a u s e s� x or x ( w i t h o u t p r e f e r e n c e ) a n d y . When we only know that or 21.

July 27, 199918}}}

Xmmm

}, x}

, x}

, x, x}Table 6.1: Conditional beliefs (bel) and bbm (m) on the symptoms xX within each ofq1, q2qw }}}

Ymmm

}, y}Table 6.2: Conditional beliefs (bel) and bbm (m) on the symptoms yY within each ofq1, q2qw of symptom y, respectively. We assume that the symptoms are independent within eachdisease, hence the GBT can be applied. The independence assumption means that if weknew which disease holds, the observation of one of the symptoms would not change ourthe application of relation in section 3.5. The symptoms individually and jointly supportessentially {, }. The meaning of bel(, y) = 0.27 merits some consideration. Itquantifies our belief that the joint symptoms x and y are neither �caused� by 1 nor byq2still unknown disease. A large value for bel(qw|x3, y2) somehow supports the fact that we

July 27, 19991932, y2Qmmm

}, }, }, }, , }Table 6.3: Left part: the basic belief masses (m) induced on by the observation ofs y m p t o m x or of symptom y, ac computed from the Generalized Bayesian Theorem(section 3.5). Right part, the basic belief masses (m) and the related belief function (bel)a n d p l a u s i b i l i t y f u n c t i o n ( p l ) i n d u c e d o n b y t h e j o i n t o b s e r v a t i o n o f x and y, ascomputed by the application of Dempster’s rule of combination (section 3.5) on the bbmTable 6.4 presents the beliefs induced on {q1, q2} when we condition our beliefs on Q onthe fact{, }, or when we have some a priori belief on . The results are obtained by, y2,

,Qmnmnmn}, }Table 6.4: n)induced on by the joint observation of x and y, and based on three different a prioribeliefs on : an a priori that reject , a probabilistic a priori o n { , } and a simplesupport function on {,

July 27, 199920systems. This volume.DEMPSTER A.P. Upper and lower probabilities induced by a multplevalued mapping.DUBOIS D., GARBOLINO P., KYBURG H.E., PRADE H. and SMETS Ph. (1991)J. Intelligent Systems, 1:133-142.DUBOIS D. and PRADE H. (1986b) A set theoretical view of belief functions. Int. J.Gen. Systems, 12:193-226.GOOD I.J. (1962)Subjective probility as a measure of a non-measurable set. Logic,Methodology and Philisophy of Science, ed. by P. Suppes, E. Nagel and A. Tarski.Stanford Univ. Press, 319-329.HAJEK P. (1992) Deriving Dempster�s rule. in IPMU �92 proceedings, pg. 73-75.JAFFRAY J.Y. (1988) Application of linear utility theory for belief functions. inBOUCHON B., SAITTA L. and YAGER R.R. eds. Uncertainty and IntelligentSystems, Springer-Verlag, Berlin. p. 1-8JAFFRAY J.Y. (1992) Bayesian updating and belief functions. IEEE Trans. SMC,KENNES R.(1991) Evidential Reasoning in a Categorial Perspective : Conjunction andDisjunction of Belief Functions. in D’Ambrosio B., Smets P., and Bonissone P.P.eds, Uncertainty in AI 91,Morgan Kaufmann, San Mateo, Ca, USA, 1991, pg.174-181rule of combination. Int. J. of Intelligent Systems 7, 469-478.KLAWONN F. and SMETS Ph. (1992) The dynammic of belief in the transferable beliefmodel and specialization-generalization matrices. in Dubois D., Wellman M.P.,d�Ambrosio B. and Smets P. Uncertainty in AI 92. Morgan Kaufmann, San Mateo,Ca, USA, 1992, pg.130-137.KOHLAS J. (1993) Support and Plausibility Functions Induced by Filter-ValuedMappings. Int. J. General Systems, 21:343-363.KOHLAS J. and MONNEY P.A. (1994a) Theory of Evidence: A Survey of itsMathematical Foundations, Applications and Computational Aspects. ZOR -KOHLAS J. and MONNEY P.A. (1994b) Representation of Evidence by Hints. In: R.R.Yager, M. Fedrizzi, J. Kacprzyk (eds.) Advances in the Dempster-Shafer theory ofevidence. Wiley, pp. 473-492KOHLAS J. and MONNEY P.A. (1995) A Mathematical Theory of Hints. An Approachto Dempster-Shafer Theory of Evidence. Lecture Notes in Economics andKRUSE R., NAUCK D. and KLAWONN F. (1991) Reasoning with Mass. In: B.D.D’Ambrosio, P. Smets, P.P. Bonissone (eds.): Uncertainty in Artificial Intelligence.KRUSE R. and SCHWECKE E. (1991) Specialization: a new concept for uncertaintyhandling with belief functions. Int. J. Gen. Systems 18:49-60.KRUSE R., E. SCHWECKE E. and F. KLAWONN F. (1991) On a Tool for Reasoningwith Mass Distributions. Proc. 12th International Joint Conference on ArtificialIntelligence (IJCAI--91) Vol. 2. Morgan Kaufmann Publishers, San Mateo,KYBURG H.E.Jr. (1961) Probability and the logic of rational belief. Wesleyan Univ.

July 27, 199921LOHMANN G. (1991) An evidential reasoning approach to the classification of satelliteimages. in KRUSE R. and SIEGEL P (eds) Symbolic and Quantitative ApproachesLING X.N. and RUDD W.G. (1989) Combining opinions from several experts. AppliedNGUYEN T. H. and SMETS Ph. (1993) On Dynamics of Cautious Belief andPAL N., BEZDEK J. and HEMASINHA R. (1992) Uncertainty measures for evidentialreasoning I: a review. Int. J. Approx. Reas. 7:165-183.PAL N., BEZDEK J. and HEMASINHA R. (1993) Uncertainty measures for evidentialinference. Morgan Kaufmann Pub. San Mateo, Ca, USA.PEARL J. (1990) Reasoning with Belief Functions: an Analysis of Compatibility. Intern.J. Approx. Reasoning, 4:363-390.PLANCHET B. (1989) Credibility and conditioning. J. Theor. Probabil. 2:289-299.408, SRI International, Menlo Park, Ca.SAVAGE L.J. (1954) Foundations of Statistics. Wiley, New York.SHAFER G. (1990) Perspectives in the theory and practice of belief functions. Intern. J.Approx. Reasoning, 4:323-362.m�dical. Doctoral dissertation, Universit� Libre de Bruxelles, Bruxelles, (Availablethrough University Microfilm International, 30-32 Mortimer Street, London W1N7RA, thesis 80-70,003)SMETS P. (1981) Medical diagnosis: fuzzy sets and degree of belief. Fuzzy Sets andSystems 5:259-266.SMETS P. (1986) Combining non distinct pieces of evidence. Proc.NAFIP86, NewOrleans, 544-548.SMETS P. (1988) Belief functions. in SMETS Ph, MAMDANI A., DUBOIS D. andPRADE H. eds. Non standard logics for automated reasoning. Academic Press,London p 253-286.SMETS P. (1990a) The combination of evidence in the transferable belief model. IEEE-SMETS P. (1990b) Constructing the pignistic probability function in a context ofuncertainty. Uncertainty in Artificial Intelligence 5, Henrion M., Shachter R.D.,Kanal L.N. and Lemmer J.F. eds, North Holland, Amsterdam, , 29-40.SMETS Ph. (1991) Probability of provability and belief functions. Logique et Analyse,belief model. in Dubois D., Wellman M.P., d�Ambrosio B. and Smets P.Uncertainty in AI 92. Morgan Kaufmann, San Mateo, Ca, USA, 1992, pg.292-297.SMETS P. (1993a) Belief functions: the disjunctive rule of combination and theSMETS P. (1993b) Probability of Deductibility and Belief Functions. ESQARU 93.SMETS P. (1993c) An axiomatic justifiaction for the use of belief function to quantifybeliefs. IJCAI’93 (Inter. Joint Conf. on AI), Chambery. pg. 598-603.SMETS P. (1993d) Jeffrey�s rule of conditioning generalized to belief functions.Uncertainty in AI 93. Heckerman D. and Mamdani A. eds. Morgan Kaufmann, SanMateo, Ca, USA, 500-505.

July 27, 199922SMETS Ph. (1993e) No Dutch Book can be built against the TBM even though update isnot obtained by Bayes rule of conditioning. SIS, Workshop on Probabilisitic ExpertSystems, (ed. R. Scozzafava), Roma, pg. 181-204.SMITH C.A.B. (1961) Consistency in statistical inference and decision. J. Roy. Statist.Soc. B23:1-37.SMITH P. and JONES O.R. (1986) The philosophy of mind, an introduction. CambridgeUniversity Press, Cambridge.STRAT T.M. (1989) Making decisions with belief functions. Proc. 5th Workshop onUncertainty in IA. Windsor, 351-360.STRAT T.M. (1990) Decision analysis using belief functions. Int. J. Approx. Reasoning

July 27, 199923Rudolf: help!!! m({e}) = 1m({}) = 1I c a n n o t m a k e t h e d i f f e r e n c e b e t w e e n t h e l a s t t w o , e x c e p t b y c r e a t i n g D s u c h t h a t }) = 1m({e}) = 1{d{dm ( { } ) = 1

July 27, 199924distribution m, defined by m(A1) = w1, m(A2) + w2, but m({}) = 0.by a single source (like, f.e., in section 5, where the ages of John,6. Application for Diagnosis.