1The transferable belief modelfor quantified belief representation.1Abstract. The transferable belief model is a model to represent quantified beliefs basedon the use of belief functions, as initially proposed by Shafer. It is developedindependently from any underlying related probability model. We summarize ourWe show how rational decision must be made when beliefs are represented by beliefthe model through the concept of specialization and least commitment. We present thecanonical decomposition of any belief functions, and discover the concept of ’debt of1. Introduction.We present the transferable belief model (TBM), a model for the representation ofquantified beliefs. The model aims in representing the same concept as the Bayesianmodel, i.e., the graded dispositions that guide �our� behavior. We use the word �belief�in a broad sense. It could be replaced by quantified credibility, subjective support,strength of opinion... These beliefs are not categorical as in modal logic, but admitsdegrees as in probability theory. Our approach is normative. The beliefs are held by ancomputer program...beliefs held by You at a given time and the dynamic of these beliefs when newinformation is taken in consideration. Decisions are the only observable outcome of thebelief process, so we must also explain how decisions will be made. Classically, theprobabilistic model, in particular the Bayesian model, is the most popular and bestsome limitations. The transferable belief model (Smets and Kennes, 1994) is analternative model that resolves these weaknesses. It is based on the belief functions thatwere introduced by Shafer (1976). This paper focused on the specificity of the TBM. It

Research work partly supported by the Action de Recherches Concert�es BELONfunded by a grant from the Communaut� Fran�aise de Belgique and the ESPRIT III,

2should be understood as a more or less self-contained complement to Shafer�s initialwork (Shafer, 1976) and of Smets� presentation (Smets, 1988).In section 3, we present the TBM, with its two level mental model. We summarize itsmajor mathematical properties. We present the concept of least commitment that wouldcorrespond within the TBM to the maximum entropy principle described in probabilitytheory. We present the concept of specialization that leads to the justification of bothDempster’s rule of conditioning and Dempster’s rule of combination, as well as to aIn section 4, we explain how decisions can be achieved when beliefs are represented bybelief functions, and when decisions must be obtained through the use of probabilityfunctions in order to avoid Dutch Books, and other irrational behaviors. We show howsome temporal coherence principle that underlies the Dutch Books argument in theIn section 5, we develop the Generalized Bayesian Theorem, a theorem that will play inthe transferable belief model the same role as the classical Bayesian Theorem does inprobability theory. It will be central to solve diagnostic problems, solving nicely theSection 6 discusses the specificity of the TBM versus its major contender, theOur presentation is based on examples that intuitively characterize the properties of themodel. We focus on understanding. Formal presentations and proofs can be found inShafer (1976) and Smets (1990a, 1990b, 1993b, 1993c, 1995).2. The credibility In this section, we present the concept of actual world and the domain on which beliefsare held. We shall use expressions like �Your belief that a proposition A is true is .7’, ort0 that it will rain the next day is .7’ can be either: ’the measure of the belief held by You

3.7 that tomorrow belongs to the set of rainy days’. Beliefs can be equivalently given to’propositions� or to the subsets of worlds that denote the propositions. We use thepossible worlds approach (Carnap, 1962, Ruspini, 1986, Bradley and Swartz, 1979).Beliefs will be given to sets of worlds. In probability theory, these subsets are called2.1. The propositional space.Let be a finite propositional language, supplemented by the tautology and thecontradiction, denoted and , respectively, and closed under the usual Booleanconnectives ´, � and �. Let be the set of worlds that correspond to the interpretationsof . Propositions identify the subsets of , and the subsets of W denote propositions.For a proposition P, let be the set of worlds identified by P (i.e., those worldswhere P is true). The worlds of are built in such a way that no two worlds denote theWe assume that among the worlds of a particular one, denoted w0, corresponds to theactual world. You ignore at time t which world is 0. You can only express Your beliefat t that the actual world 0 belongs or not to various subsets of worlds of . The valueto the set A (or equivalently that the proposition denoted by A is true in the actualBeliefs are not always expressed for every subset of . Thanks to the expressive powerof , it may occur that the worlds of denote very precise propositions, and due toYour limited understanding or interest, You cannot or do not express Your beliefs onBrussels, You will not asses Your belief on the weather at every point of the earth. Youwill restrict Yourself to Brussels even though could contains the propositions:�Brussels weather is fine�, �New York weather is fine�, �Tokyo weather is fine�, ....When asked about Your belief about Brussels weather, You build Your belief on adomain built from the two propositions: �Brussels weather is fine�, and �Brusselsweather is not fine�. You will not express Your belief that �Brussels weather is fine andNew York weather is not fine and Tokyo weather is fine�, etc... You just do not careSo for a given question, at a given time, You build a partition of . We call �atom� theelements of this partition. Let ´ be the Boolean algebra of subsets of built from theseintersection. Let At() denote this set of atoms. When is the power set 2 of , the.

4We call the frame of discernment (the frame for short). We call the pair (, ) apropositional space. We call the triple (, , bel) a belief state, where bel is the beliefFor the full description of the TBM , we introduce a subset of on which the algebraand the belief are defined. This distinction is not detailed here. Details are given in(Smets, this handbook series, volume 2).2.2. The belief functions.¥ 2) for all A 1¨A2¨n)‡�i�i>ji˙Ajn1˙A2˙n)´�Afor all A˛´, The value m(A) for A is called the basic belief mass (bbm) given to A. It mayhappen that m(fl) > 0, what reflects some kind of contradiction in the belief state, butbel(fl) is always 0.�Afor all A˛´, function q, both from to [0,1], by:

A) Shafer speaks of basic masses and assignment. We avoid the probability

5�Bfor all A˛´, Shafer assumes that bel is normalized so that bel() = 1, or equivalently pl() = 1 andm(fl) = 0. We do not require such a normalization (Smets, 1992a). We use the notationbel and pl, whereas Shafer uses Bel and Pl, in order to enhance that our functions are3. The transferable belief model.3.1. Two mental levels.Beliefs manifest themselves at two mental levels: the credal level where beliefs are.Usually these two levels are not distinguished and probability functions are used toquantify beliefs at both levels. The justification for the use of probability functions isor decision contexts (Ramsey, 1931, Savage, 1954, DeGroot, 1970). They have shownthat if decisions must be "coherent", the uncertainty over the possible outcomes must berepresented by a probability function. This result is accepted here, except that suchprobability functions quantify the uncertainty only when a decision is really involved.We assume that the pignistic and the credal levels are distinct which implies that thejustification for using probability functions at the credal level does not hold anymore(Dubois et al., 1995). At the credal level, beliefs are represented by belief functions, atthe pignistic level, they induce a probability function that is used to make decision. Thisprobability function should not be understood as representing Your beliefs, it is nothingYour belief at the credal. The link between the two levels is achieved by the pignistic

3 Credal and pignistic derive both from the latin words �credo�, I believe and �pignus�, awage, a bet (Smith, 1961).

63.2. Basic belief assignment and degree of belief.of Your belief that supports A, i.e., that the actual world belongs to A, and that, due �defined on the power set 2 of the frame of discernment . This analogy led several. Such an interpretation does not resist once conditioning is introduced, as far as itExample 1. Let us consider a somehow reliable witness in a murder case who testifiesto You that the killer is a male. Let a = .7 be the reliability You give to the testimony.Suppose that a priori You have an equal belief that the killer is a male or a female. Aclassical probability analysis would compute the probability P(M) of M = �the killer is a= 1. x .7 + .5 x.3 = .85of the probability that the witness is reliable (.7) plus the probability of M given theThe transferable belief model analysis will give a belief .7 to M: bel(M)˚=˚.7. InP(M)˚=˚.7˚+˚.15, the .7 value can be viewed as the component of theprobability given to M (called the belief or the support) whereas the .15 value can beif the murderer had been really selected by a random process from a population where50% are male. In our example, such a random selection does not apply, so the aleatorycomponent is not considered when building Your beliefs. The transferable belief modeldeals only with the justified components. (Note: the Evidentiary Value Model (Ekelof,1982, G�rdenfors et al., 1983, Smets, 1994) describes the same belief component,within a strict probability framework. It differs from the transferable belief model onceIf some further evidence becomes available to You and implies that B is true, then the

7and Tom. Then You learn that Phil is not the killer. The testimony now supports that the.7killer is Tom’.tMore formally, given a propositional space (, ´), the degree of belief bel(A) for A˛´quantifies the total amount of justified specific support given to A. It is obtained bysumming all basic belief masses given to subsets X with XA (and Xfl). Indeed apart of belief that supports that the actual world is in B also supports that is in Awhenever B�A. So for all A˛´,�We say because we include in bel(A) the basic belief masses given tosubsets of A. For instance, consider two distinct atoms x and y of . The basic beliefmass m({x,y}) given to {x,y} could support x if further information indicates this.However given the available information the basic belief mass can only be given to{x,y}. We say because the basic belief mass m(fl) is not included in bel(A) as it

A.The degree of plausibility pl(A) for A quantifies the maximum amount of specific support that could be given to A. It is obtained by adding all those basic belief˙A„fl:�˚˚˚˚˚˚˚m(X) = bel() - bel(non-empty subsets of A if new information could justify such a transfer. It would be the

A is impossible.bel and could be forgotten, except inasmuch as it often provides a mathematically3.3. Vacuous belief function.m() = 1, hence bel(A) = 0 , A, and bel() = 1. The origin of this particularquantification for representing a state of total ignorance can be justified. Suppose thatthere are three propositions labeled A, B and C, and You are in a state of total ignorance

8about which is true. You only know that one and only one of them is true but even theirno reason to believe any one more than any other, hence, Your beliefs about their truthare equal: bel() = bel() = bel() = for some . Furthermore, Youhave no reason to put more (or less) belief in than in : bel() =) = (and similarly bel() = bel() = ). The vacuous belief)= bel() = . Indeed the inequalities (3.1) imply that bel() bel() +) - bel(). As =fl, bel() = 0. The inequalitybecomes where [0,1], hence = 0.3.4. The Principle of Minimal Commitment.Example 2. Let = {a, b, c}. Suppose You know only that My belief function over is such that bel({a}) = .3 and bel({b,c}) = .5, and You do not know the value Igive to belMe for the other subsets of . Suppose You have no other information on Wand You are ready to adopt My belief as Yours. How to build Your belief given thesethe subsets of should not receive more support than justified, then Your belief on Wwill be such that m({a})=.3, m({b,c})=.5 and m({a,b,c})=.2. Among thebelief functions compatible with the constraints given by the known values of bel,You is the one that gives the smallest degree of belief to every subsets of . Theprinciple evoked here is called the Principle of Minimal Commitment. It fits in with theidea that degrees of belief are degrees of ’justified’ supports and You should never give^With un-normalized belief functions, the principle definition is essentially based on theplausibility function. Suppose pl and pl are two plausibility functions defined on ´.Then we say that pl (bel, m) is not more committed than pl (bel, m) (and less 1122.The Principle of Minimal Commitment consists in selecting the least committed belieffunction in a set of equally justified belief functions. This selection procedure does notalways lead to a unique solution in which case extra requirements are added. The

’I’ (or ’Me’) is an agent different from ’You’.

9subset of . It satisfies a form of skepticism, of uncommitment, of conservatism in theallocation of our belief. In its spirit, it is not far from what the probabilists try to achievewith the maximum entropy principle (see Dubois and Prade 1987, Hsia, 1991, Smets1993b)3.5. Specializations.The major rules that describe the dynamic of the beliefs in the TBM are Dempster’s ruleof conditioning and Dempster’s rule of combination. In order to explain their origin, weintroduce the concept of specialization, both rules being particular cases of thetime t. The value m(A) is that part of Your belief that supports A and does notsupport any strict subset of A due to lack of information. If further information obtained110 0A at t0 might support more specific subsets of A. This fits in with the idea that m(A)was not allocated to subsets more specific than A by lack of information. When newinformation is obtained, m(A) might thus �flow� to subsets of A, and it may not movenew piece of evidence results in a redistribution of m(A) among the subsets of A. Thisredistribution can be characterized by a set of non negative coefficients s(B,A), where s(B,A) is the proportion of m(A) that is transferred to B once the �As masses can only flow to subsets, s(B,A)˚=˚0 for all B not included in A. The matrix of such coefficients s(B,A) for A,B is called a specialization matrix on (seeYager, 1986, Dubois and Prade, 1986, Kruse and Schwecke, 1990, Delgado and Moral,After You learn the new piece of evidence E, Your initial basic belief assignment m is�This formula reflects the idea that the bbm m(X) initially allocated to X is distributedamong the subsets of X after applying the specialization operator. This down-flow0

10The basic belief assignment m1 is called a specialization of m0. For a bba m, we use thesame notation to represent to column vector with elements m(A) for A. Relation = Yager (1986) has shown that if the basic belief assignment m is a specialization of the.Example 3.1. An example of specialization.0WSlet = . Table 1 presents the values of , and . We use the iterated order. =S fl{a,b,c} fl

=.Table 1. values of the specialization matrix , and of the bba and with =0. The blanks in the S matrix indicate those values of S that must be null so that S isSuppose Your beliefs over at time t0 are represented by a basic belief assignment m0.1Aw0

A� for A˛´. Let mA be the basic belief assignment obtained after conditioning m0 onA. The bbm m(X) that was specifically supporting X now supports XA, so after0A(X˙A�

A= ¨

A(A)for B= for Bq= q0(B) if B0

11These rules are called the Dempster’s rule of conditioning (except for the normalizationThe same results are obtained by a specialization of where the coefficients of the(C,B) = 1A0Then = .We have shown (Klawonn and Smets, 1992) that is in fact the least committed(

AExample 3.2. Specialization and Dempster’s rule of conditioning.In table 2, we present the specialization matrix A that performs a conditioning on A ={a,c} when = {a,b,c}, the bba and = .^ =Am fl{a,b,c} fl

=.Table 2. Values of the specialization matrix that represents a conditioning on A ={a,c}, and of the bba and with = ..Astudy of Dempster’s rule of conditioning. Suppose m is a normalized belief function,0

A. Suppose You

A(Awith Your initial beliefs. You had some reason to believe that the actual world 0

A, You learn that does not belong to

A, hence the conflict. The intensity(

A), and our conditioning rule transfers it to m(fl). So thevalue of m(fl) can be understood as the amount of conflict that results from the(1992a) we also consider that a positive m(fl) could result from an incomplete

12The meaning of the commonality function can also be understood when studying0.In general, the value m() has a natural interpretation: it represents the part of beliefit. We called it the non-dogmatic component (Smets, 1983). When is based on twoatoms, the term m() is also equal to pl(A) - bel(A), and often it has been understood asAby conditioning m on A (thus q(A)) corresponds to the non dogmatic component of A more general form of specialization is considered. Suppose Your beliefs over arerepresented by the basic belief assignment m, hence m results from the evidentialcorpus EC. Suppose two pieces of evidence Ev and Ev such that their conjunction isAfter the expansion of EC0 by Ev1, the initial basic belief assignment m0 is transformedinto a new basic belief assignment m. Let be the specialization matrix that020expanded by Ev results in the transformation of into . Let be thespecialization matrix that transforms into . In an identical way, we couldconsider expanding EC first by Ev, and the result by Ev, with m and m, ,So: 012 = 01 = 0021 = 02 = 0The resulting m012 m021 must be equal as they both quantify the belief induced bythe expansion of EC by the same two pieces of evidence Ev and Ev, and the order isAssume the specialization matrices that represent the impact of Ev and of Ev do not01 = 021 = 1 and 02 = 012 . = = .This constraint must be satisfied whatever m. Hence the specialization matricescommute: = .

13Let be the largest family of specialization matrices that contains the specializationIn Klawonn and Smets (1992), we have shown that every dempsterian specializations(B,A) = mAfor all A,BExample 3.3. A dempsterian specialization matrix.Let the bba m on 2 with = {a,b,c}. The dempsterian specialization matrix mcharacterized by m is presented in table 3. The coefficients of a column of arem mflfl

SmmThe meaning of that basic belief assignment m that characterizes the dempsterianspecialization matrix becomes clear once is applied to a vacuous basic beliefassignment, i.e., the basic belief assignment induced by an evidential corpus ECfl thatSbe the dempsterian specialization matrix that characterizes the impact of a piece ofevidence Ev. Expanding a �vacuous� ECfl with Ev results in an evidential corpus thatcontains only Ev. The result of the specialization matrix on the vacuous basic beliefassignment is the bba m that characterizes . Hence m is the basic belief assignmentLet denote the dempsterian specialization matrix built from the bba m. The result ofthe application of the dempsterian specialization matrix on to a basic beliefassignment m on can be written without making 2 explicit. Let the basic belief2.1

14�˚˚˚ m(B) m(C) for A.It can be shown that = = , and = . The relation(3.11) corresponds to the so-called Dempster’s rule of combination (except for theThe eigenvalues of the dempsterian specialization matrix m are the values of thecommonality function q derived from m. The eigenvectors of m do not depend of m.Their matrix is the matrix that transforms a basic belief assignment m into its relatedcommonality function q (Klawonn and Smets, 1992). These properties explain the3.5.4. The concept of distinctness.proposed by Shafer (1976) as the rule to be applied to combine the basic beliefassignments m and m induced by two distinct pieces of evidence Ev and Ev,respectively. Historically, distinctness was not precisely defined. So far, distinctnessmeans in fact that the specialization matrix that transforms m1 into m12 does not depend1.iidefined over ´. In order to represent his beliefs on ´, each Youi selects one basic beliefassignment in . You is free to represent his beliefs by selecting any basic beliefSuppose You know that if You selects the basic belief assignment m, then You canonly select m in a strict subset of . In that case the pieces of evidence Ev and Ev2are not distinct as there is something in Ev that induces You to restrict the domain inwhich he can select the basic belief assignment that represents the beliefs on inducedby Ev. 1,than You know that You can only select his basic belief assignment in a strict subB´

except for the Dempsterian model (Shafer and Tversky, 1985) but the Dempsterian

15When the two pieces of evidence are distinct, You will apply Dempster’s rule ofHow is that property related to the Dempsterian nature of the specialization matrices.Suppose a vacuous evidential corpus ECfl and two pieces of evidence Ev1 and Ev2. Let and m be the basic belief assignments induced by You on when Your evidentialcorpus contains only Ev or Ev, respectively (�only� is relative for what concerns ).Let and be the specialization matrices that transform m into m and m intom2112 21S121means that depends only on Ev, and not on Ev (and analogously for ). WhenS12 and S21 depend only on Ev2 and Ev1m12 = m implies that S and S are the dempsterian specialization matrices Sm2 , thus completely characterized by m and m, respectively. To say that isindependent of m means that the value of , hence m, is not constrained by theknowledge of the value of m. Hence the pieces of evidence Ev and Ev inducing m1and m are distinct where distinctness could be understood as �epistemicallyindependent�. Therefore distinctness implies that the specialization matrices areDempsterian, hence that Dempster’s rule of combination is the appropriate rule toThe distinctness concept can be understood as the fact that the impact of Ev is fully12,3.6. The canonical decomposition of a belief function3.6.1. Simple support function.focus. So for A, let A denote the simple support function with focus A and basicbelief masses m(A)=1-x, m()=x. It represents the belief function induced by a piece ofevidence that supports A (at a level 1-x) and leaves the remaining belief uncommitted3.6.2. Absorbing Beliefs.A strange state of belief can be described that we call a state of �absorbing� belief. Thesimple support function Ax represents a state of belief that translates the idea that �Youthe weight corresponding to �some reasons�. Suppose another state of belief that wouldThis cannot be represented by a belief function over and it seems there is no way torepresent it by a meta-belief over the set of belief functions over the propositional space

16reasons� are exactly counter-balancing each other. In that case, it seems reasonable toassert that You end up in a state of total ignorance, hence Your belief over isrepresented by a vacuous belief function. The first state of belief is represented by asimple support function A. So the second state of belief must be represented by�something� whose combination with Ax leads to a vacuous belief function. But there iscombination would result in a vacuous belief function. The state of belief encounteredbelief. The representation of such a state of absorbing belief cannot be achieved by a3.6.3. Latent beliefs.A way to solve this strange state consists in creating a structure of latent beliefs and astructure of apparent beliefs. A latent belief structure is represented by a pair of belieffunctions (C, D) where C,D and is the set of belief functions over thepropositional space (,). C and D are respectively quantifying a confidence and adiffidence component of the latent belief structure. So C is called the confidencecomponent and D is called the diffidence component of (C,D). Let T represent thevacuous belief function. (C,T) describes a state of belief where You have only athe state of belief induced by �You have some reasons to believe A� is represented by(Ax,T) and the state �You have some reasons to believe A� is represented by (T,Ay)(for x,y[0,1], and where x and y are the complements of the weights corresponding tothe �some reasons�).(X,Y) ¯ (U,V) = (X(X,T) ¯ (T,X) = (X,X)structure: . We require that if there is only a non vacuous confidencecomponent then the apparent belief structure is equal to the confidence component:(C,T) = C. We also want that if the confidence and the diffidence components are

17equal, they counter-balance each other and the resulting apparent belief structure isxxY,X) = (X,X)(Y,T) = (T,T)(Y,T) = (Y,T)Thus that for every X,Y,Z, (X,Y) = (XZ): the same beliefunchanged.˚-˚-OY = X for all X,Y˛BY˚-OSo if q and q are the commonality functions related to the belief functions X and Y,˚-X-

for all A,for all A. This last relation is justDempster’s rule of combination. Whatever X and Y, the function qY so defined isX-Y.It happens that whenever m()>0, one can always recover m2 from the knowledge ofIf X˚-, then (X,Y) = (X˚-OY,T) and L(X,Y) = X˚-YIf X˚-OYˇB, then L(X,Y) is undefined.So is not defined on the whole space , but only on those elements (X,Y) whereX˚- latent belief structure (T,Ax) that characterizes the case where all You know is that YouWhat should be an appropriate apparent belief structure when X˚- is not clear.What is the apparent belief structure in the case (T,Ax)? We could claim that Lx) =T, but then the apparent vacuous belief structure T could correspond to many non(X,Y) is the belief function �closest� from X˚-Y. Unfortunately such a concept ofbelief function have been proposed (Pal and Bezdek, 1992), but none seems reallyconvincing as THE appropriate measure to define �closeness�, and furthermore they˚-

183.6.4. The anatomy of a belief function.We show now how to build the latent belief structure from a given belief function.Suppose two set functions X and Y that map onto the real. Let q and qY be theirrelated �commonality� functions (the relations between q and X and q and Y are the-combination of X and Y such that the resulting related �commonality� functionfor all A.It can be shown that for every belief function bel in with m()>0, there is an uniquebel = Awhere x0 and where Dempster’s rule of combination is generalized to any setA+ = {A: xA<1} and A- = {A: xA>1}bel = A˛A+ xA ˚- ¯A A¯A˛A A , A ).The case m() = 0 can be solved by considering that m() = 0 is only the limit of for 0. Then every computation is done with and limits are taken as theLet = {a,b,c] and the basic belief masses associated to bel be m({a,b}) = m({a,c}) =m({a,b,c}) = 1/3. Then: bel = {a,b},Whenever Your belief is represented by a belief function, the latent belief structure canalways be determined. The apparent belief structure can always be recovered from thatif bel = ¯A˛A+ AxA˚- ¯A- A1/xA then bel = L(¯A˛A A , A ).L

Shafer (1976, page 94) describes the algorithm to compute the weights x. Theirlogartithms are linear functions of the logarithms of the commonality function, and the

19Example 4: The Newspaper Bias.X. So You had no a priori whatsoever about the economic status of region X, and nowstatus is good. The �some reasons� reflects the strength of the trust You put in thethat the Journal is completely under control by the local propaganda organization,therefore You have some reasons to believe the Journal when it describes the goodpresented in the Journal, and the reasons to believe it that results from what Yourfriend said could counterbalance each other, in which case You end up in a state of totalignorance about the economic status in region X. The diffidence component that resultsfrom what Your friend said about the Journal is balanced by the confidence componentIt might be that the confidence component is stronger than the diffidence component,is still stronger than the confidence component, then You are still in a state of �debt ofbelief�, in the sense that You will need a further confidence component (some extrainformation that supports that the economic status is good) in order to balance theremaining diffidence component. In such a case, if You are asked to express Youropinion about the economic status, You might express it under the form: �So far, I haveno reason to believe that the economic status is good, and I need some extra reasonsThese arguments might look like a discounting of what the Journal claims. But it is notthe case as You will believe what the Journal says when the claims are not favorable tothe local regime (a statement like �the economic status is not good� would be such an4. Decision Making and Dutch Books.4.1. The pignistic probability function for decision making.

20Suppose a credibility space (, , bel) where bel quantifies Your beliefs at the credallevel. When a decision must be made that depends on , You construct a probabilityfunction on in order to make the optimal decision, i.e., the one that maximizes thedefined on is a function of the belief function bel. It translates the saying that beliefsguide our actions. Hence one must transform bel into a probability function that will beused for selecting the best decision. Let BetP denoted this probability function. Thetransformation is called the pignistic transformation and is denoted by G´. The ´ indexin ´ mentions the Boolean algebra on which bel and BetP are defined: so BetP =(bel) where bel and BetP map into [0, 1]. We call BetP a pignistic probability toinsist on the fact that it is a probability measure used to make decisions (Bet is forThe structure of the pignistic transformation is derived from the rationality requirementExample 5: Buying Your friend�s drink. Suppose You have two friends, G andbuy the drink Your friend would like to have tonight: coke, wine or beer. You can onlybuy one drink. Let D = {coke, wine, beer} and ´ = 2D.Let bel(d), for all dD, quantify Your belief about the drink G is liable to ask for.Given bel, You build the pignistic probability BetP about the drink G will ask byapplying the (still to be defined) pignistic transformation. You build in identically thesame way the pignistic probability BetPJ based on belJ, Your belief about the drink J isliable to ask for. The two pignistic probability distributions BetPG and BetPJ are theconditional probability distributions about the drink that will be asked for given G or Jcomes. The pignistic probability distributions BetP about the drink that Your visitor (d) = .5 BetPG(d) + .5 BetPJ(d) D Vabout the drink Your visitor (V) would like to have. We have shown (Smets, 1995) thatbelV(d) = .5 belG(d) + .5 belJ(d) DGiven bel, You could then build the pignistic probability BetP You should use tot

21Linearity Assumption: Let bel and bel be two belief functions on the propositionalspace (, ). Let be the pignistic transformation that transforms a belief functionover ´ into a probability function BetP over ´. Then G´ satisfies, for any a˛[0,1],G´( abel1+ (1-a)bel2 ) = a G´(bel1) + (1-a) G´(bel2)Anonymity Assumption: An anonymity property for BetP by which the pignisticImpossible Event Assumption The pignistic probability of an impossible event isPignistic Transformation Theorem: Let (, , bel) be a credibility space, with mthe bba related to bel. Let BetP = G´(bel). The only solution that satisfies the Linearity,�

�) for all A.Historical note. In a context similar to ours, Shapley (1953) derived the same relation(4.1). The model he derived was later called the �transferable utility model� whereas,Betting frame. The pignistic transformation depends on the structure of the frame on´the set of atoms on which stakes will be allocated. The granularity of this frame isdefined so that a stake could be given to each atom of independently of the stakesgiven to the other atoms of . Suppose one starts with a belief function on a frame .that the granules are the atoms of . results from the application of a sequence ofcoarsenings and/or refinements on 0. The pignistic probability BetP is then built from

22Betting under total ignorance. To show the potency of our approach, let usExample 6. Betting and total ignorance.Consider a guard in a huge power plant. On the emergency panel, alarms A1 and A2 areboth on. The guard never heard about these two alarms, they were hidden in a remoteplace. He takes the instruction book and discovers that alarm A is on iff circuit C is instate C or C and that alarm A is on iff circuit D is in state D, D or D. He neverheard about these C and D circuits. Therefore, his beliefs on the C circuit will be(4.1) his pignistic probability will be given by BetPC1) = BetPC2) = 1/2. SimilarlyD123pignistic probability are BetP) = BetP(D2) = BetP(D3) = 1/3. Now, by readingthe next page on the manual, the guard discovers that circuits C and D are so made that11 and D are equivalent (given what the guard knows) and that C and (D or D) arealso equivalent as C is either C1 or C2 and D is either D1 or D2 or D3. This informationIf the guard had been a trained Bayesian, he would have assigned value for P) andPD1) (given the lack of any information, they would probably be 1/2 and 1/3, but anyvalue could be used). Once he learns about the equivalence between C1 and D1, he mustadapt his probabilities as they must give the same probabilities to C1 and D1. Which setof probabilities is he going to update: P or P, and why?, especially since it must beremembered that he has no knowledge whatsoever about what the circuits are. In aprobabilistic approach, the difficulty raised by this type of example results from therequirement that equivalent propositions should receive identical beliefs, and thereforeshould receive equal beliefs (it is satisfied as bel) = bel) = 0). Pignisticprobabilities depend not only on these beliefs but also on the structure of the bettingtThe fact the TBM can cope easily with such a state of ignorance results from thedistinction and therefore work in a much limited framework, hence the difficulty theyWe consider now the problem where the betting frame is ill defined. Suppose bel is abelief function on a frame ´, and let BetP be the pignistic probability obtained by

23applying the pignistic transformation to bel. So for A˛´, (A) = into a new betting frame by a sequence of uninformative refinement/coarseningapplied to , and such that A is still an element of . Let bel* be the belief function*In that new betting frame , one can compute BetP(A) = (bel*)(A). Supposenow the set of possible betting frames that can be built from and such that*, and the set of belief functions bel* induced from bel on *. Consider the setof values BetP(A) obtained by considering all these betting frames . Wilson(1993) shows that, for all A, the minimum of BetP(A) taken over the �s is* �compatible� with bel and its associated plausibility function pl, i.e., (bel) is the set ofprobability functions P on such that bel(A) P(A) pl(A) . So whatever the**A.Suppose You ignore what is the appropriate betting frame, You nevertheless know that,"A(Giles, 1982).This set (bel) of probability functions compatible with a belief function bel gets ameaning from this result. It is the set of pignistic probability functions define on thatcould be induced by bel when varying the betting frame. Its definition follows from bel,not the reverse as assumed by the authors who understand bel as the lower envelop ofsome class of probability functions. In the TBM, we get (bel) from bel, not bel from4.2. The impact of the two-level model.In order to show that the introduction of the two-level mental model is not innocuous,we present an example where the results will be different if one takes the two-levelapproach as advocated in the transferable belief model or a one-level model like in

24Example 7: The Peter, Paul and Mary Saga.in his waiting room and whose names are Peter, Paul and Mary. Big Boss has decidedthat the killer on duty will be selected by a throw of a dice: if it is an even number, thedice throwing, but You do not know what the outcome was and who was actuallyselected. You are also ignorant as to how Big Boss would have decided between Petertime t, Your odds for betting on the sex of the killer would be 1 to 1 for male versusAt time t > t, You learn that if Big Boss had not selected Peter, then Peter wouldnecessarily have gone to the police station at the time of the killing in order to have ahow You would bet now on male versus female: should Your odds be 1 to 1 (as in theNote that the alibi evidence makes ’Peter is not the killer’ and ’Peter has a perfect alibi’equivalent. The more classical evidence ’Peter has a perfect alibi’ would only implyP(’Peter is not the killer’ | ’Peter has a perfect alibi’) = 1. But P(’Peter has a perfect alibi’ |’Peter is not the killer’) would be undefined and would then give rise to furtherdiscussion, which would be useless for our purpose. In this presentation, the latter:k ˛ = {Peter, Paul, Mary}m0( {Mary} ) = .5( Peter, Paul} ) = .5The bbm .5 given to {Peter, Paul} corresponds to that part of belief that supports "Peteror Paul", could possibly support each of them, but given the lack of further information, on the betting frame which set of atoms is {{Peter}, {Paul}, {Mary}}. By relation(4.1), we get:0({Peter}) =.25({Paul}) = .250({Mary}) = .50

25m2( {Mary} ) = m2( {Paul} ) = .52({Paul}) = .502({Mary}) = .50The probabilistic solution is not obvious as one data is missing: the value for theaccepted for , but given the total ignorance in which we are about this value, let usassume that =.5, the most natural solution (any value could be used without changingalibi is 1 to 1, and after learning about Peter�s alibi, it becomes 1 to 2. The probabilities({Paul}) = 0.33({Mary}) = 0.66.The 1 to 1 odds of the transferable belief model solution can only be obtained in aprobabilistic approach if = 0. Some critics would claim that the transferable beliefmodel solution is valid as it fits with = 0. The only trouble with this answer is that ifapproach. Instead the probabilistic solution with = 0 would lead to a 0 to 1 bet, as the({Peter}) = 0.0({Mary}) = 1.So the classical probabilistic analysis does not lead to the transferable belief modelalibi: the 1 to 1 or at 1 to 2 odds? Which solution is �good� is not decidable, as it wouldrequire the definition of �good�. Computer simulations have been suggested for solvingthe dilemma, but they are impossible. Indeed when the killer is a male, we do not knowhow to choose between Peter and Paul. If we introduce a probability equal to theone we had consider in the initial story. If such an were known, then it would beensolutions become identical, as it should. So in order to compare the TBM and theBayesian solution of the initial saga, we are only left over with a subjective comparisonthese solutions.4.3. The assessment of the values of bel.

26ability to construct several betting frames. The method is essentially identical to the onedescribed to assess subjective probabilities. The numerical value of the credibilityExample 8: Suppose ={a, b} where {a} = ’Circuit X is broken’ and {b} = ’CircuitX is not broken’. Consider the betting frame with atoms {a} and {b}. Suppose YourBetP({b}) = 5/9.Suppose

�

and

�

are two complementary but otherwise unknown propositions thatstate that circuit C whose properties are completely unknown to You is broken or notbroken, respectively. {a}˙

�

will occur if circuits X and C are broken. {a}˙

�

’ with atoms {a}˙

�

, {a}˙

�

, {b}, and suppose Your pignistic probabilities on that˙

�

) = BetP’({a}˙

�

BetP’({b}) = 13/27.,˙

�

) = m*({{a}˙

�

) = 0,˙

�

˙

�

)) = m({a}),˙

�

)¨{b}) = m*(({a}˙

�

){b}) = 0m*({b}) = m({b})˙

�

˙

�

{b}) = m({a, b}).4/9 = m({a}) + m({a,= m*({{a}˙

�

˙

�

˙

�

˙

�

)¨{b})/2˙

�

˙

�

)¨{b})/3= m({a})/2 + m({a,It might seem odd that {b} receives pignistic probabilities of 5/9 and 13/27 according toleft unassigned (i.e., given to {a,b}). This example corresponds to a state in which Youbut still in a state of ’strong’ ignorance. Part of BetP({b}) = 5/9 is due to justified beliefs(3/9) but the remainder results from a completely unassigned part of belief that Youdistribute equally through the pignistic transformation among the alternatives of Yourt4.4. Dutch Books.

27Dutch Books arguments, i.e. on the possibility to build a set of forced bets such that themaking, are quantified by probability measures. The transferable belief model with itspignistic transformation resists to such a criticism. Static (synchronic) Dutch Books arepoint is to resist diachronic Dutch Books, i.e., those built when changes in beliefs areplayers (Teller, 1973, Jeffrey, 1988).conditioning rule described in probability theory. The argument is based on theacceptance of the temporal coherence principle that we do not assume in the TBM. The once You know that belongs to B (a factual conditioning) should be thesame as Your belief that w0˛A under the hypothesis that You come to know that w0˛Bthe transferable belief model resists diachronic Dutch Books criticism, and how thethe models we obtain in that way is that the player will use different probabilitiesbelief model analysis is rich enough to quantify the impact of the knowledge that somerelevant intermediate experiments will be run, which is not the case within probabilitytheory. Full details about the construction of the pignistic probabilities in a context of5. The Generalized Bayesian Theorem.5.1. The .Suppose two spaces, the X space of symptoms and the space of diseases. Given theX(x|qi�qi (patient belongs to a disease class in g i v e n t h e s y m p t o m x X h a s b e e n o b s e r v e d . i|x) = )�j)

for .

28We have generalized the theorem in the context of the transferable belief model (Smets,1978, 1981, 1993b). We assume that for each disease class , there is a belieff u n c t i o n b e l ) over X that represents Your belief about which symptom can beobserved if the patient belongs to the disease class . Let bel be Your a priori beliefabout the disease class to which the patient belongs. Suppose belQ is a vacuous belieffunction that reflects that You have no a priori about the disease Your patient couldpresent. Then we have shown among others that the a posteriori plausibility functionplQ(.|Q�(x) = 1 �(distinctness of the pieces of evidence that induce in You the conditional belief functionsQ, "X, pl) depends only on {pl) , pl(

x) : that q holds. (5.2) states essentially that this last plausibility should only depends on theplausibility pli) for qi.5.2. The Disjunctive Rule of Combination.Simultaneously we derive a disjunctive rule of combination. Dempster’s rule ofcombination describes in section 3.5.2 concerns the case where two pieces of evidenceby two distinct pieces of evidence Ev and Ev. The conjunctive rule of combinationallows the computation of bel(.) from bel and bel (by Dempster’s rule ofc o m b i n a t i o n ) . T h e d i s j u n c t i v e r u l e o f c o m b i n a t i o n a l l o w s t h e c o m p u t a t i o n o f |12) from bel1 and bel2. It provides the belief function when You only knowthat either Ev or Ev hold (whereas in the conjunctive case You know that both hold).|((for . pl(w|Ev1�Ev2- (1 - pl1(w))(1 - pl2(w)).to reduce computation time and computer memory requirements in belief networks (Xuand Smets, 1994).

295.3. Properties of the Generalized Bayesian Theorem.where two independent observations are collected. Suppose two symptoms spaces, Xand Y. Let belX and belY are independent within each disease class . The independence assumption meanschange Your belief about the status of the other symptom. This independence propertypl(x˙y|qiX(x|qiY(y|qi).Suppose Your a priori belief over Q is vacuous. Given You observe the symptoms x�Xand yY, You can build bel(.|x) and bel(.|y) by the Generalized Bayesian Theorem,and then combine these two belief functions by Dempster’s rule of combination in orderto derive Your belief bel|x , y ) a b o u t given both symptoms x and y. But You couldas well apply the Generalized Bayesian Theorem directly to bel) in order toderive belx,y). Both approaches lead to the same result, as it should. Furthermore,we proved that the Generalized Bayesian Theorem is essentially the only solution thatA nice property of the Generalized Bayesian Theorem is that it allows to extend thedisease domain with an extra class, the set of still unknown diseases. In that class,Your belief about the symptoms is of course vacuous. How could You have any beliefm a d e a � d i s c o v e r y� . S u c h a c o m p u t a t i o n i s n o t p o s s i b l e w i t h i n t h e p r o b a b i l i s t i c framework as we cannot represent in probability theory the state of total ignorance wen e e d t o d e s c r i b e t h e b e l i e f s o v e r t h e s y m p t o m s i n t h e n e w c l a s s . T h e n e x t e x a m p l e Example 9. Diagnostic process.of combination, we consider an example of a medical diagnosis process. Let Q = {q,, be a set of disease with three mutually exclusive and exhaustive diseases. 1and 2 are two �well known� diseases, i.e., we have some beliefs on what symptomscould hold when q1 holds or when q2 holds. qw corresponds to the complement of 1,} relative to all possible diseases. represents not only all the �other� diseases butalso those not yet known. In such a context, our belief on the symptoms can only bevacuous. What do we know about the symptoms caused by a still unknown disease?

30We consider the set X of symptoms with X = {x, x, x}. Table 4 presents the beliefsover X within each diseases class. It also shows the beliefs over symptom X when Youq1 q2q13q12}}}, }

Xmmmm

}, x}

, x}

, x, x}Table 4: Conditional basic belief masses (m) and beliefs (bel) on the symptoms xXwithin each of the mutually exclusive and exhaustive disease classes q1, q2 and qw ˛Q.q1 or q2.Q3q1, qw}.The meaning of bel() = 0.12 merits some consideration. It quantifies Your beliefthat the symptom x is neither �caused� by 1 nor by . It supports the fact that theobservation is �caused� by another disease or by some still unknown disease. A largevalue for bel(qw|x3) somehow supports the fact that You might be facing a new disease.In any case a large value should induce You in looking for other potential causes tot

313Qm}, }, }, }, , }Table 5: T h e b a s i c b e l i e f m a s s e s ( m ) a n d b e l i e f f u n c t i o n b e l i n d u c e d o n by the3.6. The justification for the use of belief functions.We present several sets of requirements that justify the use of belief functions forShafer (1976) assumes that any measure of belief Cr on an algebra should satisfy then 1 , A bel(A1¨A2¨n)‡�i�ijn12nThese inequalities are hardly convincing as the inequalities for n > 2 do not have anyIn the TBM (Smets and Kennes, 1994), we start from the concept of parts of beliefs thata c c e p t a s n a t u r a l r e q u i r e m e n t s f o r a m e a s u r e o f b e l i e f , h o p i n g o u r s w o u l d b e m o r e of a belief-order relation (>) where BC (B>C) means �B is not less believed than C�(�B is more believed than C�). They replace the disjoint union requirement assumed inA˙¨� A¨¨

32C�B, A˙B=fl (B>C A¨¨U n d e r t h i s l a s t r e q u i r e m e n t , t h e belief-ordering can always be represented by a belief ordering.I n S m e t s ( 1 9 9 3 c , 1 9 9 5 ) , w e d e v e l o p a f u l l a x i o m a t i z a t i o n b a s e d o n r a t i o n a l i t y requirements. We assume that quantified beliefs must be represented by a pointwisem e a s u r e , b o u n d e d a n d m o n o t o n e f o r i n c l u s i o n , a f u n c t i o n t h a t w e c a l l a c r e d i b i l i t y f u n c t i o n . W e s h o w t h a t t h e s e t o f c r e d i b i l i t y f u n c t i o n s d e f i n e d o n t h e a l g e b r a isconvex. We derive how these credibility functions behave when the granularity of thea l g e b r a o n w h i c h t h e y a r e d e f i n e d i s m o d i f i e d , e i t h e r b y s p l i t t i n g t h e a t o m s o r b y not belong to some subset of is derived. Whatever credibility functions are, we showt h a t t h e i m p a c t s o f t h e r e f i n e m e n t , c o a r s e n i n g o r c o n d i t i o n i n g p r o c e s s e s a r e t h o s e t h e c o n c e p t o f d e c o n d i t i o n a l i z a t i o n , i . e . , e l i m i n a t i n g t h e i m p a c t o f a n a b u s i v e conditioning, we prove that only belief functions are fitted for representing quantifiedfunctions to represent quantified beliefs, and we show also that the set of probability7. The meaning of �belief�.We present here several comments to show where the TBM departs from the classicalConsider the medical diagnostic process . F r e q u e n t i s t s a s s u m e t h a t t h e p a t i e n t h a s b e e n s e l e c t e d a t r a n d o m f r o m t h e p o p u l a t i o n o f p a t i e n t s p r e s e n t i n g t h e o b s e r v e d symptoms, an assumption usually void of any reality: the patient�s presence does notdescribe the clinician a priori opinion about the disease his patient could be sufferingf r o m . F r o m t h a t a p r i o r i p r o b a b i l i t y , o t h e r p r o b a b i l i t i e s r e s u l t a f t e r a p p r o p r i a t e w e a r e n o t a c c e p t i n g . W e c l a i m t h a t a p r i o r i o p i n i o n s a r e u s u a l l y n o t a d e q u a t e l y represented by probability functions, arguing belief functions are more adequate, even1991, Voorbraak, 1993). The fact that the patient comes from a population where therethe clinician�s a priori belief about the fact his patient presents disease A. It would if theclinician knew the patient had indeed been selected at random in such a population. Butwe are studying the case where such a selection has not been used (or at least is not

33known by us to have been used). The belief functions we develop are quantifying theThe measure of belief we study is analogous to the one encountered in judiciary contextwhen culpability has to be assessed. Consider the rodeo paradox where out of 1000persons who attend it, only one paid the entrance fee, the others having forced the gate.this person did pay or not (because no evidence is brought forward that would justifysuch a belief). This difference between betting and belief parallels the difference weintroduce between the pignistic and the credal levels. The quantification we focus atrepresents the strength of �good reasons� in the expression �I have good reasons tobelieve�. In the TBM, we accordingly define bel(A) as the amount of �justified specificThe belief we study is not unsimilar to the concept of provability , and it has evenb e e n s u g g e s t e d t h a t t h e d e g r e e o f b e l i e f t h a t a p r o p o s i t i o n i s t r u e r e p r e s e n t s t h e probability of proving its truth (Pearl, 1988), except the revision processes are moresubtle than the one considered here (Smets, 1991). Indeed the underlying probabilityI n t h e h i n t s m o d e l ( K o h l a s a n d M o n n e y , 1 9 9 5 ) , t h e a u t h o r s d e f e n d s a s i m i l a r understanding for the degree of support. Their approach is close to the TBM except that8. Conclusions.We conclude this paper by pointing to potential applications of the transferable beliefmodel.The transferable belief model is a general model for quantified beliefs. The kind ofapplication for which the transferable belief model is especially well suited coversdiagnostic applications and data fusion problems. Indeed, there is no need to provide aprobability to every atom of as in probability theory. Only the known information isis well adapted to represent state of partial or total ignorance that probability theory canh a r d l y r e p r e s e n t . T h e r e i s n o r e a l c o u n t e r p a r t o f t h e v a c u o u s b e l i e f f u n c t i o n i n

34In Xu et al. (1993), we study a case of radioactivity leakage where there are severalpotential leaking sites and several locations where radioactivity tests can be performed.is a leakage at this or that site. We even introduce an extra site whose existence andlocation are not even known (a secret site). Of course, for each test, the belief about theanswers of a test given the leakage took place at the secret site is represented by avacuous belief function. We also input the cost of performing each test and the test ofdecide to clean such or such site. We would also establish the optimal strategy byassessing which is the best test to perform first. Then which test to perform next givenuse of belief functions and of the pignistic transformation. They are based on the reallyby the classical probability models, probabilities that are often purely artificial. As anexample of such artificial probabilities, in a well known medical diagnosis probabilisticprogram, the user is required to give a number to the probability that the patients suffersfrom �none of the considered symptoms� given he belongs to �none of the consideredto the rule of combination and the concept of discounting (Smets, 1992d). ApplicationsApplication for radar or sonar detection and recognition of mobile vehicles and forbusiness investment decisions have been described. Computer software has beendeveloped for this propagation of belief into belief networks and for optimal decisionmaking (Xu, 1992, Xu et al., 1993). In all cases, the advantage of the transferable beliefmodel is that it requires to feed into the system only what is really known. In the worstthe same or even smaller thanks to the fact that the input information in the transferableproportional to the information really available. With the probabilistic models, thecomplexity is proportional to the size of the frame, whatever information is reallyavailable. The last is often smaller than the former, in which case the TBM beats thecould be used as a normative model. We do not claim that this is the way humans do orshould behave. Our approach is normative. It is neither descriptive nor prescriptive. It is

35BRADLEY R. and SWARTZ N. (1979) Possible worlds. Basil Blackwell, Oxford, UK.CARNAP R. (1962) Logical Foundations of Probability. University of Chicago Press,Chicago, Illinois.CHOQUET G. (1953) Theory of capacities. Annales de l’Institut Fourier, Universit� deGrenoble, 5 131-296.DELGADO M. and MORAL S. (1987) On the concept of possibility-probabiltyconsistency. Fuzzy Sets and Systems 21: 311-3018.DUBOIS D., GARBOLINO P., KYBURG H.E., PRADE H. and SMETS Ph. (1991)DUBOIS D. and PRADE H. (1986) A set theoretical view of belief functions. Int. J.Gen. Systems, 12:193-226.DUBOIS D. and PRADE H. (1987) The principle of minimum specificity as a basis forevidential reasoning. in: Uncertainty in knowledge-based systems, BOUCHON B.and YAGER R. eds, Springer Verlag, Berlin, pg.75-84.G�RDENFORS P., HANSSON B. and SAHLIN N.E. (1983) Evidentiary value:philosophical, judicial and psychological aspects of a theory. C.W.K. Gleerups,G�RDENFORS P. (1988) Knowledge in flux. Modelling the dynamics of epistemicstates. MIT Press, Cambridge, Mass.Processes, GUPTA M.M. and SANCHEZ E. eds. North Holland, Amsterdam,HSIA Y.-T. (1991) Characterizing Belief with Minimum Commitment. IJCAI-91:1184-JEFFREY R. (1988) Conditioning, kinematics, and exchangeability. in Causation,Chance, and Credence, Skyrms B. and Harper W.L. eds., Reidel, Dordrecht,vol.1, 221-255.KENNES R.(1991) Evidential Reasoning in a Categorial Perspective : Conjunction andDisjunction of Belief Functions. in D’Ambrosio B., Smets P., and Bonissone P.P.eds, Uncertainty in AI 91,Morgan Kaufmann, San Mateo, Ca, USA, 1991,SMC, 22: 201-223.KLAWONN F. and SMETS Ph. (1992) The dynamic of belief in the transferable beliefmodel and specialization-generalization matrices. in Dubois D., Wellman M.P.,d�Ambrosio B. and Smets P. Uncertainty in AI 92. Morgan Kaufmann, SanMateo, Ca, USA, 1992, pg.130-137.to Dempster-Shafer Theory of Evidence. Lecture Notes in Economics andKRUSE R. and SCHWECKE E. (1990) Specialization: a new concept for uncertaintyhandling with belief functions. Int. J. Gen. Systems 18:49-60.reasoning I: a review. Int. J. Approx. Reas. 7:165-183.

36inference. Morgan Kaufmann Pub. San Mateo, Ca, USA.RAMSEY F.P. (1931) Truth and probability. in Studies in subjective probability, eds.KYBURG H.E. and SMOKLER H.E., p. 61-92. Wiley, New York.RUSPINI E.H. (1986) The logical foundations of evidential reasoning. Technical note408, SRI International, Menlo Park, Ca.SAVAGE L.J. (1954) Foundations of Statistics. Wiley, New York.SHAFER G. (1976) A mathematical theory of evidence. Princeton Univ. Press.Princeton, NJ.of belief functions�. Intern. J. Approx. Reasoning, 6:445-480.Sc. 9:309-339.SHAPLEY L.S. (1953) A value for n-person games. In Contributions to the Theory ofGames, vol. 2, eds. H. Kuhn and A.W. Tucker. Princeton University Press, pp.SMETS Ph. (1978) Un mod�le math�matico-statistique simulant le processus du(Available through University Microfilm International, 30-32 Mortimer Street,London W1N 7RA, thesis 80-70,003)SMETS Ph. (1981) Medical diagnosis: fuzzy sets and degree of belief. Fuzzy Sets andSystems 5:259-266.19: 33-43.SMETS Ph. (1988) Belief functions. in SMETS Ph, MAMDANI A., DUBOIS D. andPRADE H. ed. Non standard logics for automated reasoning. Academic Press,London pg 253-286.SMETS Ph. (1990b) Constructing the pignistic probability function in a context ofuncertainty. Uncertainty in Artificial Intelligence 5, Henrion M., Shachter R.D.,Kanal L.N. and Lemmer J.F. eds, North Holland, Amsterdam, , 29-40.SMETS Ph. (1991) Probability of provability and belief functions. Logique et Analyse,belief model. in Dubois D., Wellman M.P., d�Ambrosio B. and Smets P.Uncertainty in AI 92. Morgan Kaufmann, San Mateo, Ca, USA, 1992, pg.292-SMETS P. (1992c) The concept of distinct evidence. IPMU 92 Proceedings.pg. 789-SMETS Ph. (1993a) No Dutch Book can be built against the transferable belief modeleven though update is not obtained by Bayes rule of conditioning. SIS, Workshopon Probabilisitic Expert Systems, (ed. R. Scozzafava), Roma, pg. 181-204..SMETS P. (1993b) Belief functions: the disjunctive rule of combination and theSMETS P. (1993c) An axiomatic justifiaction for the use of belief function to quantifybeliefs. IJCAI’93 (Inter. Joint Conf. on AI), San Mateo, Ca, pg. 598-603.SMETS Ph. (1994) What is Dempster-Shafer’s model? in Advances in the Dempster-Shafer Theory of Evidence. Yager R.R., Kacprzyk J. and Fedrizzi M., eds,Wiley, New York, pg. 5-34.SMETS Ph. (1995) The representation of quantified belief by belief functions: anSMETS Ph. and KENNES R. (1994) The transferable belief model. Artificial

37SMETS Ph. and KRUSE R. (1993) The transferable belief model for beliefinformation systems: from needs to solutions. UMIS Workshop, PuertoAndraix.Volume 2. pg 91-111.SMITH C.A.B. (1961) Consistency in statistical inference and decision. J. Roy. Statist.Soc. B23:1-37.VOORBRAAK F. (1993) As Far as I Know: Epistemic Logic and Uncerttaiunty.WALLEY P. (1991) Statistical reasoning with imprecise probabilities. Chapman andHall, London.Symbolic and Quantitative Approaches to Reasoning and Uncertainty. Clarke M.,Kruse R. and Moral S. (eds.), Springer Verlag, Berlin, pg. 364-371.WONG S.K.M., YAO Y.Y., BOLLMANN P. and B�RGER H.C. (1990)XU H. (1992) An efficient tool for reasoning with belief functions. IPMU 92Proceedings.pg. 65-68.XU H., HSIA Y.T. and SMETS Ph. (1993) A belief function based decision supportsystem. Uncertainty in AI 93. Heckerman D. and Mamdani A. eds. MorganKaufmann, San Mateo, Ca, USA, 535-542.Heckerman D., Poole D. and Lopez de Mantaras R. (eds.) Uncertainty in AI 94,YAGER R. (1986) The entailment principle for Dempster-Shafer granules. Int. J. Intell.