Practical Uses of Belief Functions.Philippe SmetsIRIDIAUniversit� Libre de BruxellesBrussels-BelgiumThe proof of the pudding is in the eating.:We present examples where the use of belieffunctions provided sound and elegant solutionsto real life problems. These are essentiallycharacterized by �missing� information. Theexamples deal with 1) discriminant analysisusing a learning set where classes are onlypartially known; 2) an information retrievalsystems handling inter-documents relationships;3) the combination of data from sensorscompetent on partially overlapping frames; 4)the determination of the number of sources in amulti-sensor environment by studying the inter-sensors contradiction. The purpose of the paperis to report on such applications where the use ofbelief functions provides a convenient tool tohandle �messy� data problems.: belief function, hints model, transferablebelief model.1. INTRODUCTION.The models proposed to represent quantified uncertaintyare based on probability, possibility or belief functions.They are complementary, as they cover different forms ofuncertainty (Smets, 1998a). We consider here only thosebased on belief functions, in particular the hint model andthe transferable belief model (TBM).Showing one theory is better than another is often justimpossible, as it requires a clear definition of ’better’.Better in what sense? Usually there are no definitive andabsolute quality criteria, and most used criteria are eitherad hoc or biased toward one theory.What can then be done in order to compare models?1. One can compare the underlying axioms and evaluatetheir respective adequacy and naturalness. Such axiomsexist for each model, but there is no criterion that tellswhich one is really adequate.2. One can compare the consequences of the variousmodels and discard those leading to inadequateconclusions. But the conclusions to which they lead, areusually defendable, even when they don’t agree, and thereis no golden standard to select the ’winner’.3. One can compare their abilities to solve small artificialdelicate problems. But toy examples like the 3 prisoners,the 3 doors, the ’Peter, Paul and Mary Saga’ don’t lead toclear conclusions, as the merits of the solutions cannot beassessed definitively.4. One can compare their usefulness in solving ’real’problems. This is what we try to do here by presentingsome problems where the belief function approach wasquite convenient.A very important point when modeling uncertainty is tobe clear about what is modeled, an obvious preliminarystep that some skip too easily. Both probability and belieffunctions based models represented the weighted opinionof an agent that the actual world belongs to a given set ofpossible worlds, or equivalently that a given propositionis true in the actual world. Thus there is something calledthe ’actual world’ and it has to be made clear what is reallymeant before even applying any model. In the actualworld, as considered here, every proposition is either trueor false: there is no fuzziness (belief on fuzzy events hasbeen defined, but is not considered here).It would be nice to compare the results obtained withbelief functions with those one could obtain with aprobabilistic approach. Some comparisons are presentedhere. But we realize the difficulty encountered whentrying such a comparison. In fact belief functions are usedwhen some of the data needed for a probability analysisare missing. If all such data were available, they should befed into the belief function analysis... in which case themodel reduces itself into the probability model. Thewhole argument about using belief functions centers onhow the missing information is handled. Probabilistsusually solve the problem by introducing some �natural�assumptions like equi-probabilities, independence, or amodelization of the missing-ness. If these assumptions are�close� to reality, the probability solution is often optimal,in which case using a belief functions approach is useless(we just hope that belief functions produce results almostas good as those obtained with probability functions). Thereal interest of the belief functions approach is to be foundin its robustness to discrepancies between the assumptionsand the reality. E.g., Appriou (1997) shows an analysisdealing with missile recognition where the belieffunctions approach was much more robust to thesediscrepancies than the probabilistic approach.

Besides, comparing the two approaches is difficult, asthere are many methods to handle the missing informationin probability theory. Bad results observed withprobability functions could then be explained either by aweakness of the probability approach or by an inadequatechoice of the method. Deciding which one applies isdelicate.We describe four examples where belief functions modelsproduce nice and efficient solutions. These examples aremore or less ’real life’ examples. We nevertheless limitour presentation to simplified illustrations; theirgeneralization to large-scale applications is immediate.These examples were essentially developed by ThierryDenoeux, University of Compi�gne, France (Denoeux,1995), by Johan Schubert, Royal Institute of Technology,Stockholm, Sweden (Schubert, 1995), by Justin Picard,Universit� de Neuch�tel, Switzerland (Picard, 1998) andby Janez, ONERA, Paris, France, (Janez, 1996). Anotherapplication of the TBM is presented in the paper�Assessing the value of a candidate’ by Dubois et al.(1999, see in this proceeding). The first application ispresented in some detail and includes a comparison withprobabilistic approach. For lack of space, the other threeexamples are just shortly described. Their authorsdescribe in full detail the methods used and their interest.This paper only reports on the use of belief functions in afew real applications recently developed. In depthcomparisons with other methods are still missing.Benchmark exercises should be organized.2. UNCERTAINTY AND BELIEFShafer (1976) introduces a model to represent quantifiedbeliefs based on so-called belief functions. Since, manynew results have been obtained that we survey here. Weneglect the computational issue: valuation based system,fast M�bius transform and approximation methods aredetailed in (Gabbay and Smets, 1998-99, vol. 5).In AI, Shafer’s model was called �Dempster-Shafertheory� (Gordon and Shortliffe, 1984). Unfortunately whatthis name covers varies widely from authors to authors(Smets, 1994). It can correspond to:1. a lower probability model, Dempster�s model derived from probability theory(Dempster, 1967) and represented by the hints theoryof Kohlas (Kohlas and Monney, 1995), Shafer’s model unrelated to probability theory(Shafer, 1977, 1992) and represented by thetransferable belief model (Smets and Kennes, 1994,Smets 1997a, 1998).The confusion between these interpretations explainsmost errors encountered in the literature where authorsanalyze Shafer’s ideas.2.1. The lower probability model.Let a set , and let P be a set of probability functionsdefined on . The lower probability of a subsets A of isdefined as:P*(A) = min P˛P P(A) for every A˝W.The P function is also called the lower envelope of P.Under certain weak constraints P is a Choquet capacitymonotone of order 2, and it might even be monotone oforder infinite, in which case P is a belief function. In allthese cases, P* and P are in one-to-one correspondence.There are at least two ways to get P. There exist a P function on band the agent knowsonly that P belongs to P. It can also be obtained bystudying betting behaviors and calling P(A) themaximal price the agent, called the player, would payto a banker to enter a game where the player gets fromthe banker $1 if A occurs, and nothing otherwise(Walley, 1991). (The difference with the Bayesiandefinition is that the agent cannot be forced to be thebanker). Beliefs are represented by families of probabilityfunctions that can be defined through their lowerenvelop P* (Kyburg, 1987, Voorbraak, 1993).An important issue when developing a model to representbeliefs is to explain its behavior when new pieces ofevidence are introduced like in the conditioning process.In the first interpretation, the solution is obvious: everyprobability function in P is conditioned by Bayes rule on, and P is the lower envelop of this new set ofprobability functions (Jaffray, 1992). These results wereoften used to criticize Dempster’s rule of conditioning,and indirectly Shafer’s work. This comparison isinappropriate, as Dempster’s rule of conditioning is justified in this context. This approach is not furtherconsidered here after as belief functions are onlymarginally concerned.2.2. The theory of hints.Historically, the use of belief functions was initiated byDempster while justifying fiducial inference (Dempster,1967, 1968). Today its most developed model is the hinttheory of Kohlas and Monney (1995). They assumeDempster�s original structure (, P, , ) where and Qare two sets, P is a probability measure on and is aone-to-many mapping from to . The set is the set ofpossible answers to a question whose answer is unknown.One and only one element of is the correct answer tothe question. �The goal is to make assertions about theanswer in the light of the available information.We˚assume that this information allows for severaldifferent interpretations, depending on some unknowncircumstances. These interpretations are regrouped intothe set and there is exactly one correct interpretation.Not all interpretations are equally likely and the knownprobability measure P reflects our information in thatrespect. Furthermore, if the interpretation is thecorrect one, then the answer is known to be in the subset

G(w)˝Q. Such a structure = (, P, , ) is called ahint... An interpretation w˛ supports the hypothesis H ifG(wH because in that case the answer is necessarily inH. The degree of support of H is defined as theprobability of all supporting interpretation of H� (Kohlasand Monney, 1995, page vi).The hints theory is similar to the probability ofprovability theory (Ruspini, 1986, Pearl, 1988, Smets,1991a, 1993b), a theory that extends the domain of theprobability functions from propositional logic to modallogic.2.3. The transferable belief model.Shafer (1976) proposes to quantify beliefs with belieffunctions, instead of probability functions as classicallyused for that purpose. He introduces the model and bothDempster’s rule of conditioning that correspond to theBayes conditioning rule, and Dempster’s rule ofcombination that correspond to the probabilityaggregation rule.From these ideas, we develop the TBM, a non-probabilistic model for representing the quantified beliefsheld by an agent.Let You denote the agent whose beliefs are considered,but it should be realized that an agent can also be a pieceof equipment, a computer program, a sensor, etc�Subjectivity is not essential. Your beliefs manifestthemselves at two mental levels: the credal level wherebeliefs are entertained and represented by belieffunctions, and the pignistic level where beliefs are used toact and represented by probability functions.Suppose a frame of discernment on which Your beliefsare considered. One world in is the actual world,denoted w. You can only express the strength of Youropinion, Your belief, that w belongs to this or that subsetof . You allocate parts of Your belief to the fact thatwA for every A. The part of belief, denoted m(A),given to A represents the part of Your belief thatspecifically supports the fact that wA and no set morespecific than A. The total amount of belief, denotedbel(B), that supports wB is obtained by adding theparts of belief m(A) given to the sets A, A„fl, A˝B.When You must take decisions, the belief held at thecredal level, and represented by the basic beliefassignment m defined on , induces a probabilityfunction at the ’pignistic’ level, denoted BetP and alsodefined on . The transformation is called the pignistictransformation (Smets, 1989):BetP(x) =

mAmØAA x A ( )( ) | |, 1 1-˝ ˛�W

for every x˛W.This probability function can be used in order to makedecisions using expected utilities theory. Its justificationi s b a s e d o n r a t i o n a l i t y r e q u i r e m e n t s d e t a i l e d i n ( S m e t s and Kennes, 1994)The operational definition of a degree of belief is basedo n t h e a g e n t� s b e t t i n g b e h a v i o r s a n d i t s a s s e s s m e n t i s b a s e d o n e x c h a n g e a b l e b e t s j u s t a s i t i s d o n e f o r subjective probabilities (Smets and Kennes, 1994)T h e a x i o m a t i c o f t h e T B M a s a m o d e l t o r e p r e s e n t q u a n t i f i e d b e l i e f s i s d e t a i l e d i n S m e t s ( 1 9 9 3 A , 1 9 9 7 a ) , (see also Wong et al., 1990). Axiomatic justification forcombination rules is given in (Smets, 1990, Dubois andPrade, 1986, Hajek, 1992, Klawonn and Schwecke 1992).The generalization of the Bayesian Theorem to the TBMi s p r e s e n t e d i n S m e t s 1 9 7 8 , 1 9 9 3 b ) . D e c i s i o n p r o c e s s based on lower expectations are explained in Strat, (1990)J a f f r a y ( 1 9 8 9 ) , w h e r e a s W i l s o n ( 1 9 9 3 ) s t u d i e s t h e properties of the pignistic probabilities and Smets (1993c)examines what become the pignistic transformations in adynamic decision making context.R e v i s i o n o f b e l i e f s b y s p e c i a l i z a t i o n a r e d e s c r i b e d i n (Kruse and Schwecke, 1990, Klawonn and Smets, 1992)a n d s e v e r a l g e n e r a l c o m b i n a t i o n r u l e s h a v e b e e n developed (Dempster’s rule of combination is hardly theonly rule for combining two belief functions. There aremany other rules, like the disjunctive rule of combination(Smets, 1993d), the -combination rules (Smets, 1997b,the cautious combination rules, etc�).P r i n c i p l e s o f i n f o r m a t i o n c o n t e n t h a v e b e e n d e v e l o p e d . Measures extending entropy measure are detailed in (Klira n d W i e r m a n , 1 9 9 8 ) , w h e r e a s w e d e v e l o p a m e a s u r e adapted to the TBM (Smets, 1983). Principle of minimalcommitment that states ’never give more support to a setthat necessary’ replaces the maximum entropy principleused in probability theory (Hsia, 1991)C l a s s i c a l l y b e l ( A ) q u a n t i f i e s ’ I h a v e g o o d r e a s o n t o b e l i e v e A ’ a n d b e l ( A ) i s t h e s t r e n g t h o f t h e s e ’ g o o d r e a s o n s ’ . I n ( S m e t s , 1 9 9 5 ) , w e s h o w h o w t o r e p r e s e n t s c o n c e p t s l i k e � g o o d r e a s o n s not to believe�, a conceptsimilar in logic to the retraction � la G�rdenfors.Similarly, we can also express concepts like �I still havesome reasons to believe�, and �I still have some reasonsnot to believe�.2.4. Future developments.Many new developments have been achieved sinceShafer’s seminal work. Limiting oneself to the theory aspresented in Shafer’s book is no more acceptable. Thedistinction between the three interpretations for belieffunctions seems essential but it deserves further work tovalidate or invalidate it. Works on belief revisions -finding their nature and the adequate rules forrepresenting their effect - are necessary. Dempster’s ruleof conditioning fits just one kind of revision. There arestill open theoretical issues but it is obvious that real lifeapplications are needed before the interest of the model

can be assessed. In Europe there are already quite a fewapplications under development. They usually concernproblems where some information essential for aprobability approach is missing and cannot be obtained.The way belief functions can adequately represent partialor total ignorance is usually acknowledge. Belieffunctions are used for pattern recognition, multi-sensordata fusion, diagnosis� A nice property of belieffunctions is that only what is known is used.3. THE TBM CLASSIFIER.Discriminant analysis is probably the most classical toolused for classifying cases into one of several categoriesgiven the values of some measurement variables.Normally, we use a set of data, called the learning set(LS). For each case in LS, we know the values taken foreach measurement variable and the classification variablethat tells the class to which the case belongs. The classesare finite and unordered. Let denote the set of possibleclasses: W = {c1, c2,..., cn}.A learning set with N cases and p measurement variablesis the set {(ci, x, x, ... x): i = 1, 2�N} where Xi is the’name’ of the i’th case, c is the class to which X belongs,and x is the value of the measurement variable j for X.The data of a new case, denoted X?, is collected, but theclass to which X? belongs, denoted c?, is unknown. Wewant to predict the value of c? given the observed valuesof the measurement variables of X?. Solutions to thisproblem are well established. One of them, calleddiscriminant analysis, is fully described in most textbooksof statistics.Let us now suppose that instead of the ideal learning setLS as described here above, we have a learning set PKLSwhere the classes of the cases are only partially known.For instance suppose we only know that case X belongseither to c or c class, that case X does not belong toclass c, case X belongs either to c or c or c class �Can we adapt the discriminant analysis method to such’messy’ data case? In fact we face a problem of ’partiallysupervised learning’. For some cases, classes are known asin the supervised learning approach, for some cases, classin completely as in the unsupervised approach. But herewe also have all the cases where we know partially theirclass. Probabilistic solutions could be based on: a Bayesian approach where we assess for each case aprobability function that describes the class to whichit belongs. We then allocate every case to a class (andget the probability to get that learning set), computethe needed parameters as in a supervised learningapproach and average the results weighted by theprobability of the learning sets. a maximum likelihood approach where we estimatethe unknown parameters, including the probabilitywith which the case belong to a given class. an adaptation of cluster analysis where partialconstraints are introduced that represent theknowledge about the class to which each case belong.Whatever method is used, the computational complexityis a serious problem and an adequate tuning of someparameters is not a small matter. The transferable beliefmodel provides another approach that can handleelegantly and efficiently such a messy case. The methodwas invented by Denoeux (1995). We present results ofthe method — called the TBM classifier - and comparethem with those obtained by the classical discriminantanalysis applied to the same data base but using the exactvalue for the classes, a method that is then optimal.Details about these results are given in Denoeux (1995),Zouhal (1997), De Smet (1998).3.1. Discriminant Analysis with PartiallyKnown ClassesLet pkc denote the subset of that represents what wek n o w a b o u t t h e c l a s s t o w h i c h c a s e X b e l o n g s . T h e learning set PKLS is now the set {(pkc, x, x, ... x): i= 1, 2�N}I n t u i t i v e l y t h e m e t h o d c a n b e d e s c r i b e d b y a n a n t h r o p o m o r p h i c m o d e l . E a c h c a s e X i n P K L S i s considered as an individual. Let c denoted the true classt o w h i c h X b e l o n g s . A l l X k n o w s a b o u t c i s t h a t (Denoeux and Zouhal (1999) generalizes to thec a s e w h e r e t h i s k n o w l e d g e i s r e p r e s e n t e d b y a b e l i e f function or possibility function on ). Then X looks atthe unknown case and expresses ’his’ belief bel about c?.If X? is ’close’ to X, X would defend that c? = c. As allwhat X knows about c is that c, then all what Xican express about case X? is that c?. If X? is not’close’ to Xi, Xi cannot say anything about ci0.T h i s d e s c r i p t i o n i s f o r m a l i z e d a s f o l l o w s . X c a n o n l y s t a t e s : c a s e X ? belongs to the same set of classes asmyself, what is represented by a belief function withmi0(pkc) = 1. Let d(X?) be the ’distance’ between Xiand X?. If d(Xi,X?) is small, then what X s t a t e d i s reliable, if d(X?) is large, it is not reliable, the largestd(Xi,X?), the less reliable. The impact of this reliability isrepresented by a discounting on m into mi. So mi(pkci) =f(d(Xi,X?)) and m () = 1-f(d(Xi,X?)) where f(d)˛[0,1]and is decreasing with d. Thus every case X generatessuch a simple support function beli on that concerns thevalue of c?.Consider now what information X? collects. Case X?receives all these simple support functions bel , a n d combines them by Dempster’s rule of combination into an e w b e l i e f f u n c t i o n b e l o n t h a t r e p r e s e n t s t h e b e l i e f held by case X ? about c? and induced by the collectedbelief functions beli:bel? = ¯i=1�N beli.If a decision must be made on the value of c?, we buildthe pignistic probability BetP? on f r o m b e l ? by theapplication of the pignistic transformation (described andjustified in Smets and Kennes, 1994) and use the classicalexpected utility theory in order to take the optimaldecision.In the comparison study presented here after (and done byY. De Smet 1998), we use the next solutions. Eachmeasurement variable in PKLS is linearly re-scaled sothat their 5th percentile is 0 and their 95th percentile is 1.So measurement variables share similar scales, and themethod is robust to outliers.For f, he uses: f(d) = max(1 — a d, 0) with a>0. Moreelaborated formulas were useless. For d, he uses the D2 ofMahalanobis using a covariance matrix Si that depends on a n d w h i c h p a r a m e t e r s a r e b a s e d o n t h e c a s e s i n t h e neighborhood of Xi.De Smet applied this approach to many sets of data. Wepresent only six case studies. The quality criterion used inall comparisons is the classical PCC (percent of correctc l a s s i f i c a t i o n ) . T h e p r e d i c t e d c l a s s i s a l w a y s t h e c l a s s with the highest pignistic probability (the most probableclass). Furthermore in every artificial case study, the pkcis never erroneous, i.e. the true class of Xi belongs alwaysto pkci.Case Study 1. Isosceles triangle, AB/AC/BC.Suppose a two dimensional (p=2) trigroup classificationproblem with group labels A, B, C. Data in the threegroups are normally distributed, their means are at thecorner of an isosceles triangle with coordinate (0,0), (4,0)and (2,2), and the covariance matrix is the unit matrix.200 cases are randomly generated in the 3 groups. Eachset of 200 cases is split in two subsets of 100 cases, thosein the first subsets having their label transformed into{A,B}, the others into {A,C}. The same is done for theother two groups. The learning set is made out of 20 A, 20B, 20 C cases (randomly selected), the other case makingthe testing set. Table 1 presents the PCC obtained for 5unrelated sets of data by the TBM-classifier (denotedTBM with pkc). For comparison purpose, we also presentthe PCC obtained by linear discriminant analysis, denotedDA, applied to the same data sets but using the trueclasses for the data in the learning set. Both methodsproduce similar results, an excellent result for whatconcerns the TBM-classifier. Indeed it only uses thepartially known classes whereas the DA uses preciselyknown classes, a much richer information, andfurthermore DA is the optimal method for these data asthey satisfy exactly the requirements underlying the use ofDA. PCC

1TBM with pkc9393928994

DA true class9494939392

2TBM with pkc9494939389

DA true class9695969595

3TBM with pkc8581848680

DA true class8886898586Table 1: For each case studies 1 to 3, PCC obtained infive experiments with the TBM classifier using partiallyknown classes and with discriminant analysis (DA) usingthe true classes.Case Study 2. Collinear, A/B/AC-BC.Data are generated as in case study 1, except the meansare collinear, located at (-3,0), (3,0) and (0,0). The pkc ofthe A cases is A, and the pkc of the B cases is B (there isno missing information for these two sets of data). The Ccases where all classified are either {A,C} or {B,C}. Thedifficulty comes from the fact that the C cases areessentially located between the A and B cases. The resultsin table 2 support the conclusions of case study 1.Case Study 3. 5 classes, in R5We use p=5 and 5 classes, denoted A, B�E. The mean ofgroup 1 is located on the first axis at 2

2

, for group 2, onthe second axis at 2

2

, etc� The covariance matrix = I.The pkc are build as follows. Suppose a case in group 2 asindicated by the vector (0, 1, 0, 0, 0). Then for every 0 inthe vector, we toss a fair coin: if heads we put a 1, if tailswe leave the 0. Then the 1’s in the resulting vectorindicate those subsets included in the pkc of that case. Soif the end vector is (1, 1, 0, 1, 0), the pkc is {A, B, D}.The learning set is made out of 30 cases from each class.Even though the knowledge about the class was quitepoor, the TBM-classifier provided results (see table 3)almost as good as the discriminant analysis approachapplied on perfectly known classes (again optimal here).That the PCC with the TBM-classifier are lower isnormal, no miracle can be expected, the TBM-classifierused a very imprecise information, and a method usingmore information should provided better results.s2TBM ClassifierLinear Discrimination

108485

157879

207577

257577

307374

506565

Table 2: Case study 4: impact of large variances.Case Study 4. Triangle, No pkc.In order to see if the TBM-classifier behaves well whenthe classes are precisely known, we use the isoscelestriangle of case study 1, with side length = 10, and acovariance matrix I with 2 varying from 10 to 50. Thelinear discriminant is against the optimal method in such a

case. Table 2 shows that the TBM-classifier performs aswell as the linear discriminant method, whatever s2.Case Study 5. Collinear, No pkc.As in cased study 2, we use 3 groups with 100 cases pergroup and the means are collinear located at (10,0) (20,0)(30,0). With the covariance matrices SA = S = S = 50.I,both the TBM and the linear discriminant classifiersproduce PCC of 69%. When SA = S = 10.I and S =

1001�Ł� �ł�

, the PCC are 73% for the TBM classifier and51% for the linear discriminant classifier (which conditionfor optimality are unsatisfied here, but in real life it is notobvious to realize it and linear discriminant classifiers areoften applied in such cases). The nice conclusion is thatthe TBM classifier is robust against such bad data.Case Study 6: Real Data, no pkc.We move now to real data where the classes are preciselyknown, just to show that the TBM-classifier behavessimilarly to some of its competitors (De Caestekere,1997). She uses a 1-Nearest Neighbor classifier, a multi-layers perceptron method, a prototype Nearest Neighbormethod and we apply to the same data sets the TBM-classifier. these classifiers are applied to the too famousIris data set, the diabetes data set and the wave data setspresented in De Caestekere. Their major characteristicsare presented in table 3. Data where used as given, or withadded white noises. Results of the TBM-classifier (table4) are as good as those obtained with the other threeapproaches that are usually acknowledged as beingamong the best.Data SetDimensionClassesTrainingTest

Iris 1437575

Iris 24330120

Wave2133005000

Diabetes537174

Table 3: Major characteristics of the data sets used intable 4.Data1-NNMLPPNNTBM

Iris 194.296.893.890.8

Iris 294,796,095,695,7

Iris 1B79,381,582,078,0

Iris 2B80.783.083.082.8

Diabetes97.398.099.193.5

Wave76.484.983.882.5

Table 4: PCC observed on data of table 3 with fourclassification methods.The conclusions of the comparisons based on the six casestudies illustrated here (and many others done buy DeSmet) are: when the classes are precisely known, the TBM-classifier performs almost as well as the classicalclassifiers. the TBM-classifier can be used in cases where classesare partially known, in which cases performance isstill very good.That the TBM-classifier can be applied in the case ofpartially known classes provides its real interest, as suchmessy data situations can hardly be handled with theclassical tools as available today.3.2. Partial knowledge is real life.It seems the TBM-classifier provides a nice tool, but doesit fill a real need. The answer is affirmative. Real lifehardly complies with the perfect knowledge usuallyrequired by classical statistical tools. Real life is messydata, not idealized data as one hopes for. As an example,consider the clinician who collect during the 1980’s thedata from 300 hundred patients suffering from a givendisease Dx. In the 80’s such patients were classified as Aor B? Then as science advances, a new category C isdescribed for patients with disease Dx. So during the 90’s,our clinician collect 200 data classified as A, B or C. Theclinician comes to you and asks for a computerizedclassifier. How to handle the first 300 cases, the A caseswere in fact A or C, and the B cases were B or C, and theirexact classes cannot be re-assessed. Are you going tothrow away the 300 cases as useless� With the TBM-classifier, you can proceed with all the 500 cases, whereasa plain statistical analysis would have serious troubles withthe learning set.Suppose another clinician who collects data in 4 classesdenoted A, B, C and D.Then regulation or knowledge changes and these cases aresupposed to be classified into three classes, denoted X, Yand Z, where all A cases are now X cases, all D cases arenow Z cases, and the B cases turn out to be either X or Ycases, and the C cases turn out to be either Y or Z cases.How to handle the old database? This is exactly what isillustrated by case study 2.Suppose a disease with 3 forms denoted A, B and C andthree clinicians, denoted a, b, and c. Dr. a can onlydifferentiate between A and not-A cases. The A cases aretreated by Dr. a, the not-A cases are send to the hospital H.The same scenario holds for Dr. b where A is replaced byB, and for Dr. c where A is replaced by C. So at hospitalH, the only cases they treat where classified as not-A, not-B or not-C, and there is no way to find out what was theexact class of these patients (as if the only availableinformation is the name of the sending doctor). This isexactly what is illustrated by case study 1.This shows that �artificial� examples are not that artificial.It would be interesting to compare these results whenclasses are only partially known with other techniques.The major difficulty is of course in the construction ofalternate methods based on probability theory as extraassumptions will have to be fed into the models, and thequality of the results will strongly depends on the adequacy of these assumptions. In practice the user is notaware of this adequacy before using the classifier.4. PAS FOR INFORMATION .Justin Picard (1998) applies the ProbabilisticArgumentation Systems, denoted PAS, (Kohlas andHaenni, 1999), an adaptation of the hint model, and ageneralization of the ATMS of Laskey and Lehner (1989)to a problem of information retrieval, using in particularthe CACM collection (3204 documents, 50 queries). Let aquery Q, a set of documents D a n d t h e c i t a t i o n l i n k s between them, denoted Citing(D, D) . T h e c i t a t i o n l i n k reflects the idea that if a document D is relevant to Q andcites D, then D is probably also relevant to Q. For eachd o c u m e n t D , h e i n t r o d u c e s a n a s s u m p t i o n a . W h e n a s s u m p t i o n a h o l d s t h e n D i s r e l e v a n t t o Q . W h e n a s s u m p t i o n a d o e s n o t h o l d , t h e n n o t h i n g c a n b e concluded about the relevance of D to Q. To assess theprobability i that assumption ai holds, he uses the rank of as provided by the search engines present on the Web.He fits ai by a logistic regression.ai =

expexp. ln( ) .. ln( ) .- +- ++ 2 42 1 112 42 1 111 rank rank i i

Picard then builds the PAS for modeling documentrelationship like the one in figure 5. The numerous cyclesin the graph should be enhanced; they do not create anyproblem when using the PAS methodology. Anotherassumption I i s i n t r o d u c e d . I f t h e r e i s a c i t a t i o n l i n k between D and D, if D is relevant to Q and if I h o l d s then document Dj is also relevant to Q. If Iij does not hold,n o t i n g c a n b e c o n c l u d e d a b o u t t h e r e l e v a n c e o f D to Qthat would result from the citation link between them. accepts that the probability that Iij holds does not dependon the documents involved. The fitted value for l is .2644.The figure represents �graphically a PAS for a collectionof six documents having some document relationships.Rules are represented by arrows and assumptions bywhite dotted circles (e.g., afiD1,a2fiD2,...D1�I12fi...) One can see that the support of ( o r a n y d o c u m e n t ) c o r r e s p o n d s t o a l l e x i s t i n g p a t h from any a priori assumption to D: the support of D isa6�(a) . D c a n t h u s b e � p r o v e n� e i t h e r b y t h e r e t r i e v a l s y s t e m ( a r g u m e n t a ) o r b y d o c u m e n t D 1through the link from D1 to D6 (argument a1�I16).Document D illustrates how PAS deal with cycles. Thereare links from D to D, D to D and D to D. Even ifthere is a cycle here, evidence is counted only once: recallthat the support of D is the disjunction of all argumentsfor which D becomes true. a is one such argument.S i n c e i t i m p l i c i t l y c o n t a i n s ( a ) ( =) which would correspond to the cycle D-D3-D5-D, this last argument is not considered. Anyway,t h e a l g o r i t h m f o r d e t e r m i n i n g t h e s y m b o l i c s u p p o r t eliminates cycles.� (Quotations are from Picard, 1998).5. SENSORS ON PARTIALLYOVERLAPPING FRAMES.Suppose a sensor S that has been trained to recognize Aobjects and B objects and another sensor S that has beent r a i n e d t o r e c o g n i z e B o b j e c t s a n d C o b j e c t s ( l i k e A = a i r p l a n e s , B = h e l i c o p t e r s a n d C = r o c k e t s ) . S e n s o r S 1never saw a C object, and we know nothing on how S1would react if to a C object. Beliefs provides by S area l w a y s o n t h e f r a m e o f d i s c e r n m e n t { A , B } . T h e s a m e holds for S with A and C permuted. A new object X isp r e s e n t e d t o t h e t w o s e n s o r s . B o t h s e n s o r S a n d S 2express their belief m and m, the first on the frame {A,B} , t h e s e c o n d o n t h e f r a m e { B , C } . H o w t o c o m b i n e t h e s e t w o b e l i e f s o n a c o m m o n f r a m e = { A , B , C } ? Solutions have been proposed in Janez (1996).Solutions are based on the next constraint. If both m andm are conditioned on {B}, and combined b y Dempster’srule of combination (unnormalized), the resulting belieff u n c t i o n s h o u l d b e t h e s a m e a s t h e o n e o b t a i n e d a f t e r ’combining’ the original m a n d m o n [ A , B , C } , a n d conditioning the result on {B}. The problem is of courseh o w t o ’ c o m b i n e ’ m 1 a n d m 2 . T h e o r i g i n a l D e m p s t e r ’ s rule of combination is inadequate as it requires that bothb e l i e f f u n c t i o n s a r e d e f i n e d o n t h e s a m e f r a m e o f discernment, what is not the case here.A general solution is as follows. Let W and W be theframe of discernment of m and m, respectively. Let =W1˙W. F o r a l l A W¨W, l e t A = A ˙W, A = A˙W2, A0 = A˙W, andm(A) =

mAmAmAmAmA1 11 0 2 22 0 1 2 12( )[ ]( ) ( )[ ]( ) ( [ ] [ ])( )W W W W̄

D1D2D6D3D5D4 a5 a6 a1 a2 a3 a4I23I12I12I12I43I12I54I12I65I12I16

I12I62

I12I35

I12I14

I12I42 I12

where m[] and m[] are the basic belief assignmentsobtained by conditioning m and m on . In table 5, weillustrate the computation. We have m¯m[B](B) =(.1+.3)*(.7+.1) = .32. This mass is distributed on {B}, {A,B}, {A, C} and {A, B, C} according to the next ratios:( . 1 / . 4 ) . ( . 7 / . 8 ) , ( . 3 / . 4 ) . ( . 7 / . 8 ) , ( . 1 / . 4 ) . ( . 1 / . 8 ) , a n d (.3/.4).(.1/.8). In this example the first sensor supports thatX is an A, whereas the second claims that X is a B. If Xhad been a B, how comes the first did not say so? So thesecond sensor is probably facing an A and just states Bbecause it does not know what an A is. So we feel that themost plausible solution is X = A, what is confirmed byBetP12 being the largest for A: BetP12(A) = .455.Just to enhance the simplicity of the belief functionsolution, we examine what this problem would be whenexpressed within probability theory. Suppose two sensorsS and S. Sensor S generates a probability function on{ A , B , C } , d e n o t e d P * , b u t w e o n l y k n o w P = P*(.|{A,B}), the value of P* after conditioning it on {A,B}. The same holds for sensor S with P = P*A g g r e g a t e P a n d P i n o r d e r t o d e r i v e a p r o b a b i l i t y f u n c t i o n o n { A , B , C } . T h e m a j o r i s s u e i s o n h o w t o reconstruct P* and P* from P and P. It means how to’de-condition’ a probability function on when all youknow is the result of its conditioning on some strict subseto f . S u p p o s e = { a , b , c , d } a n d y o u k n o w P({a}|{a,b)). What would be P({c}) and P({c,d})? Thereare infinitely many solutions. Introducing the maximume n t r o p y p r i n c i p l e l e a d s t o P ( { c } ) = . P ( { d } ) = . 2 5 a n d P({a}) = .5 * P(a|{a,b}). Such a solution is strongly linkedto the insufficient reason principle and suffers of all itsweaknesses.W m1m2 mplBetP{A} .6.00.92455{B} .1.7.07.32190{C}.2.00.72355{A, B} .3.211{A, C}.68.93{B, C}.1.011{A, B, C}.031Table 5. Basic belief assignment m1 and m2 on the twopartially overlapping frames, with their combination mand its related plausibility and pignistic probabilityfunctions.6. ANALYZING CONTRADICTIONAND THE NUMBER OF SOURCES.Suppose a piece of equipment has failed. We collect datafrom four sensors S1, S2, S3 and S4. Each sensor producesa belief function on the set of possible component thatmight have failed. Table 6 presents a highly simplifiedexample where each sensor produces a simple supportfunction pointing toward one component. S and S bothp o i n t t o w a r d c o m p o n e n t C , w h e r e a s S a n d S p o i n t toward component C. If the four sources S to S w e r e highly reliable, you would conclude that both C and C2are broken. Indeed if only one has failed, the source arecontradictory, whereas if two components have failed,results are coherent if S and S r e p o r t o n o n e b r o k e n c o m p o n e n t a n d S a n d S r e p o r t o n a s e c o n d b r o k e n component.Wm1m2m3m4C1.7.8C2.6.9W.3.2.4.1Table 6. The simple support functions generates by thefour sensors on the frame of discernment W = {C1, C2, �Cn}.How do we translate this problem into belief functionslanguage? The solution is obtained by considering themass m(fl) given to fl that may be positive in thetransferable belief model. When applying Dempster’s ruleof combination to two basic belief assignments m andm2, the result is given by:m12(A) =

XYXYA, ,˝ ˙ =�W

m1(X)m2(Y) for all A ˝W.We do not normalize the resulting basic belief assignmentm, m(fl) is among the computed masses and it does noth a v e t o b e 0 l i k e i n S h a f e r ’ s o r i g i n a l p r e s e n t a t i o n . T h e m a s s m ( fl ) q u a n t i f i e s t h e a m o u n t o f c o n t r a d i c t i o n between the various sources of belief functions.S c h u b e r t ( 1 9 9 5 ) h a s p r o p o s e d a s t r a t e g y t o d e c i d e t h e n u m b e r o f e v e n t s u n d e r c o n s i d e r a t i o n b y t h e v a r i o u s sensors producing the several collected belief functions.H e a n a l y s e s m ( fl ) a n d f i n d s t h e a s s o c i a t i o n b e t w e e n sensors and events that somehow brings the total conflictto an acceptable level .Suppose the data of table 6. If there is only one brokencomponent the four sensors are speaking about the samee v e n t . T h e c o n t r a d i c t i o n c o m p u t e d a f t e r c o m b i n i n g t h e f o u r b a s i c b e l i e f a s s i g n m e n t s i s 9 0 , w h a t r e f l e c t a n e n o r m o u s c o n f l i c t b e t w e e n t h e f o u r s o u r c e s . I f t h e r e i s two broken components, then some sources might speakabout one, the other about the second. So we split the fours e n s o r s i n t o t w o g r o u p s , c o m p u t e w h a t i s t h e c o n t r a d i c t i o n w i t h i n e a c h g r o u p , a n d s u m t h e s e contradictions. For instance, suppose sensors S, S andS speak about one component, then the contradiction is0.56, whereas there is no contradiction for sensor 4. Totalcontradiction is thus 0.56. Now if we consider that sensorS and S3 speak about one component, whereas S2 and S4speak about the other, the total contradiction is 1.14.Contradiction completely disappears when S and S aregrouped as reporting on one component, and S3 and S4 onthe second. This result fits with common sense analysis oft h e d a t a . I n r e a l l i f e a p p l i c a t i o n s , t h e b a s i c b e l i e f assignments are usually quite elaborated, and finding an

adequate grouping is not obvious. The technique of’peeling’ the mass given to the empty set (to thecontradiction) is nevertheless still applicable. The level of’tolerable contradiction’ is itself determined by theanalysis of the conflict present in the given belieffunctions (and obtained by the use of the canonicaldecomposition of the belief functions (Smets, 1995)).The mass m(fl) acts in fact as a measure of discrepancybetween several belief functions. The proposed algorithmleads to grouping sources which belief functions are’close’ to each other. In probability theory using cross-entropy or chi-square coefficients can achieve thispurpose. Comparisons between these approaches are notavailable (as far as we know). The advantage of the belieffunction approach resides in the well-founded nature ofthe approach. The mass m(fl) is part of the transferablebelief model, whereas the cross-entropy, the chi-squareand the likes need always extra assumptions in order tojustify their use.GroupsConflictG1G2G1G2total1234-.90-.901234.56.00.561243.85.00.851342.67.00.672341.77.00.771234.00.00.001324.42.721.141423.63.481.11Table 7. Masses m(fl) computed from the belieffunctions included in each group when considering twoobjects.7. FINAL REMARKS.We have presented a few ’real’ life problems where theuse of belief functions is interesting. These problems arecharacterized by the presence of some missinginformation that are needed to apply the probabilityapproach. Probabilists normally try to obtain some’estimation’ of the values for these missing data and applytheir model with these data (using sensitivity analysis inorder to check the robustness of their conclusions toreasonable variations around the guessed ’estimation’).Usually the belief function models do not need suchassumptions and is well adapted to work with theinformation as really available. This power comes fromthe ability of belief functions to represent any form ofuncertainty: full knowledge, partial ignorance, totalignorance (and even probability knowledge). Probabilityfunctions do not have such expressiveness power. Equi-probability is not full ignorance, it is already a quiteprecise form of knowledge.In practice, the major interest of the belief functionapproach as presented here comes from its robustness(Appriou, 1997, Picard, 1998). When the ’estimations’ ofthe missing data are close to what they are in reality, theprobability model is normally perfect. But oncedifferences increase between the ’estimations’ and reality,the probability models deteriorate much faster then thebelief function models. It is amazing to note that longbefore belief functions had been introduced, H�ber (1973)had developed robust methods in statistics and his resultshave some similarity with those of the belief functionsapproach.The computational issue is real but as shown in theseexamples, it seems manageable. No serious studies areavailable on that issue. We feel that the computationalcomplexity will be similar to those encountered inprobability theory, but of course brute force approachesmust be avoided. E.g., in the Schubert’s example, it isobvious that the sensor clustering will not be achieved bytesting every partition, and that some stepwise approacheshave to be used. The fact that belief functions are definedon the power set, whereas probability functions aredefined on the set has often been used as an argumentagainst the use of belief functions. Theoretically theargument is correct, but in practice situations will hardlybe so complex and there are even cases where thecomplexity is smaller with belief functions. In any caseapproximations will be used.. R e s e a r c h w o r k h a s b e e n p a r t l y supported by the ESPRIT IV, Working Group FUSION fundedby a grant from the European Union.Appriou A. (1997) Multisensor data fusion in situationassessment processes. in Qualitative and quantitative practicalreasoning. Gabbay D. M. , Kruse R., Nonnengart A. andOhlbach H. J. eds., Springer, Berlin, pg. 1-15.De Smet Y. (1998) Application de la th�orie des fonctions decroyance aux probl�mes de classification. M�moire. Facult�des Sciences, Universit� Libre de Bruxelles.Decaestecker C. (1997) Finding prototypes for nearestneighbour classifiacftion by means of gradient descernt anddeterministic annealing. Pattern Recognition 30:281-288.Dempster A. P. (1997) Upper and lower probabilities inducedby a multiple valued mapping. Ann. Math. Statistics 38: 325-339.Dempster A.P. (1968) A generalization of Bayesian inference. J.Roy. Statist. Soc. B.30:205-247.Denoeux T. (1995) A k-nearest neighbor classification rulebased on Dempster-Shafer theory. IEEE Trans. SMC: 25:804-813.Denoeux T. and Zouhal L. M. (1999) Handling possibilisticlabels in pattern classification using evidential reasoning.Submitted for publication.Dubois D. and Prade H. (1986) On the unicity of Dempster’srule of combination. Int. J. Intell. Systems 1:133-142.Gabbay D. M. and Smets Ph. Eds. (1998-99) Handbook ofdefeasible reasoning and uncertainty management systems.Vol. 1: Quantified representation of uncertainty andimprecision, Vol. 2: Reasoning with actual and potentialcontradictions. Vol. 3: Belief changes, Vol. 4: Abductivereasoning and learning. Vol. 5: Algorithms for uncertainty anddefeasible reasoning. . Kluwer, Doordrecht.

Gordon J. and Shortliffe E.H. (1984) The Dempster-Shafertheory of evidence, in Buchanan B.G. and Shortliffe E.H.(Eds), Rule-Based Expert Systems: the MYCIN experimentsof the Stanford Heuristic Programming Project. Addison-Wesley, Reading, MA. 272-292.Hajek P. (1992) Deriving Dempster�s rule. in IPMU �92proceedings, pg. 73-75.Hsia Y.-T. (1991) Characterizing Belief with MinimumCommitment. IJCAI-91:1184-1189.Huber P. J. (1973) The use of Choquet capacities in statistics.Bull. Internat. Statist. Inst. 45:181-191Jaffray J.Y. (1992) Bayesian updating and belief functions.IEEE Trans. SMC, 22:1144-1152.Jaffray J.Y. (1989) Coherent bets under partially resolvinguncertainty and belief functions. Theory and Decision 26:99-105.Janez F. (1996) Fusion de sources d�information d�finies sur desr�f�rentials non exhaustifs diff�rents. Th�se. Universit�d�Angers, France.Klawonn F. and Schwecke E. (1992) On the axiomaticjustification of Dempster’s rule of combination. Int. J. Intel.Systems 7:469-478.Klawonn F. and Smets Ph. (1992) The dynammic of belief inthe transferable belief model and specialization-generalizationmatrices. in Dubois D., Wellman M.P., d�Ambrosio B. andSmets P. Uncertainty in AI 92. Morgan Kaufmann, SanMateo, Ca, USA, 1992, pg.130-137.Klir G.J. and Wierman M.J. (1998) Uncertainty basedinformation. Physica-Verlag, Heidelberg.Kohlas J. and Haenni R. (1999) Assumption-based reasoningand probabilistic argumentation systems. in Gabbay andSmets (1998-99), Vol. 5.Kohlas J. and Monney P.A. (1995) A Mathematical Theory ofHints. An Approach to Dempster-Shafer Theory of Evidence.Lecture Notes in Economics and Mathematical Systems No.425. Springer-Verlag.Kruse R. and Schwecke E. (1990) Specialization: a new conceptfor uncertainty handling with belief functions. Int. J. Gen.Systems 18:49-60.Kyburg H.E. Jr. (1987) Bayesian and non-Bayesian evidentialupdating. Artificial Intelligence, 31:271-294.Laskey K. and Lehner P.E., (1989) Assumptions, Beliefs andProbabilities. Artif. Intel. 41: 65-77.Pearl J. (1988) Probabilistic reasoning in intelligent systems:networks of plausible inference. Morgan Kaufmann Pub. SanMateo, Ca, USA.Picard J. (1998) Modeling and combining evidence provided bydocuments relationships using probabilistic argumentationsystems. Proc. ACM-SIGIR, Melbourne, Australia.Ruspini E.H. (1986) The logical foundations of evidentialreasoning. Technical note 408, SRI International, Menlo Park,Ca.Schubert, J., (1995) Cluster-based Specification Techniques inDempster-Shafer Theory, Proc. European Conf. Symbolic andQuantitative Approaches to Reasoning and Uncertainty,Springer-Verlag, Berlin.Shafer G. (1976) A mathematical theory of evidence. PrincetonUniv. Press. Princeton, NJ.Shafer G. (1992) Rejoinder to Comments on �Perspectives inthe theory and practice of belief functions�. Intern. J. Approx.Reasoning, 6:445-480.Smets Ph. (1978) Un mod�le math�matico-statistique simulantle processus du diagnostic m�dical. Th�se d’agr�gation del’Enseignement Sup�rieur. Presses Universitaires. 269 pages.(available through University Microfilm International, 30-32Mortimer street, London W1N 7RA, thesis 80-70,003).Smets Ph. (1983) Information Content of an Evidence. Int. J.Man Machine Studies, 19: 33-43.Smets Ph. (1989) Constructing the pignistic probability functionin a context of uncertainty. Uncertainty in ArtificialIntelligence 5, Henrion M., Shachter R.D., Kanal L.N. andLemmer J.F. eds, North Holland, Amsterdam, 29-40Smets Ph. (1990) The combination of evidence in thetransferable belief model. IEEE Pattern analysis and MachineIntelligence, 12:447-458.Smets Ph. (1991) Probability of provability and belief functions.Logique et Analyse, 133-134:177-195.Smets Ph. (1993a) An axiomatic justifiaction for the use ofbelief function to quantify beliefs. IJCAI’93 (Inter. Joint Conf.on AI), Chambery. pg. 598-603.Smets Ph. (1993b) Probability of Deductibility and BeliefFunctions. ECSQARU 93.Smets Ph. (1993c) No Dutch Book can be built against the TBMeven though update is not obtained by Bayes rule ofconditioning. SIS, Workshop on Probabilisitic ExpertSystems, (ed. R. Scozzafava), Roma, pg. 181-204..Smets Ph. (1993d) Belief functions: the disjunctive rule ofcombination and the generalized Bayesian theorem. Int. J.Approximate Reasoning 9:1-35.Smets Ph. (1994) What is Dempster-Shafer’s model? inAdvances in the Dempster-Shafer Theory of Evidence. YagerR.R., Kacprzyk J. and Fedrizzi M., eds, Wiley, New York, pg.5-34..Smets Ph. (1995) The Canonical Decomposition of a WeightedBelief. IJCAI’95, Montreal. pg.1896-1901.Smets Ph. (1997a) The axiomatic justification of thetransferable belief model. Artificial Intelligence 92: 229-242.Smets Ph. (1997b) The alpha-junctions: combination operatorsapplicable to belief functions. in Qualitative and quantitativepractical reasoning. Gabbay D. M. , Kruse R., Nonnengart A.and Ohlbach H. J. eds., Springer, Berlin, pg. 131-153.Smets Ph. (1998a) Probability, Possibility, Belief: Which andWhere ? in Gabbay and Smets (1998-99) Vol. 1, pg. 1-24.Smets Ph. (1998b) The Transferable Belief Model forQuantified Belief Representation. in Gabbay and Smets(1998-99) Vol. 1, pg. 267-301.Smets Ph. and Kennes R. (1994) The transferable belief model.Artificial Intelligence 66:191-234.Smets Ph. and Kruse R. (1997) The transferable belief model forbelief representation. in Uncertainty management ininformation systems: from needs to solutions. Motro A. andSmets Ph. eds. Kluwer, Boston.Strat T.M. (1990) Decision analysis using belief functions. Int.J. Approx. Reasoning 4: 391-418Voorbraak F. (1993) As Far as I Know: Epistemic Logic andUncertainty. Dissertation, Utrecht University.Walley P. (1991) Statistical reasoning with impreciseprobabilities. Chapman and Hall, London..Wilson N. (1993) Decision making with belief functions andpignistic probabilities. in Symbolic and QuantitativeApproaches to Reasoning and Uncertainty. Clarke M., KruseR. and Moral S. (eds.), Springer Verlag, Berlin, pg. 364-371.Wong S.K.M., Yao Y.Y., Bollmann P. and Burger H.C. (1990)Axiomatization of qualitative belief structure. IEEE Trans.SMC, 21:726-734.Yager R.R., Kacprzyk J. and Fedrizzi M., eds. (1994) Advancesin the Dempster-Shafer Theory of Evidence. Wiley, NewYork,Zouhal L. M. (1997) Contribution � l�application de la th�oriedes fonctions de croyances en reconnaissance des formes.Universit� de Technologie de Compi�gne, France