CONSTRUCTING THE PIGNISTIC PROBABILITY FUNCTIONIN A CONTEXT OF UNCERTAINTY.1I.R.I.D.I.A. Universit� Libre de Bruxelles50 av. Roosevelt, CP 194-6.B-1050, Brussels, Belgium. (tel.:+322.642.2729)Summary: We derive axiomatically the probability function that should be used to makeKeywords: decisions, transferable belief model, probability, uncertainty, possibility.Many new models have been proposed to quantify uncertainty. But usually they don’t explainhow decisions must be derived. In probability theory, the expected utility model is wellestablished and strongly justified. We show that such expected utility model can be derived inthe other models proposed to quantify someone’s belief. The justification is based on specialbets and some coherence requirements that lead to the derivation of the so-called insufficient reason principle. In Smets (1988b, 1988c, 1989) we emphasize the existenceand the pignistic level where beliefs are used to take decisions (pignus = a bet in Latin,Smith 1961).Uncertainty induces beliefs, i.e. graded dispositions that guide our behaviour. Translatedwithin a normative approach, this leads usually to the construction of a model to quantify(DeGroot 1970). Bayesians have convincingly showed that if decisions must be "coherent",accepted here. Hence at the pinistic level beliefs are quantified by probability functions. Butprobability functions are used to quantify our belief when a decision is really involved.That beliefs are necessary ingredients for our decisions does not mean that beliefs cannot beThe probability function that quantifies our belief at the pignistic level reflects an underlyingcredal state. At the credal level, quantified beliefs can be represented by other models like thetransferable belief model (Smets 1988a, 1989a), the possibility theory model (Dubois andfunctions (Kyburg 1987b), Dempster-Shafer’s models (Shafer 1976), etc� The differencebetween these models are studied in detail in Smets (1989a, 1989b). The major differenceIn Smets (1989a) we present the semantic of belief functions within the transferable beliefmodel. It is based on betting behaviors and the consideration of varying betting frames. One

The following text presents research results of the Belgian National incentive-program forfundamental research in artificial intelligence initiated by the Belgian State, Prime Minister’s should notice that the transferable belief model does not correspond to the Dempster-ShaferAll beliefs entertained by an agent are defined relative to a given doxastic corpus thatconsists of all pieces of information in the agent’s possession. Our approach is normative: theThe function that quantifies our belief at the credal level will be called here a , denoted Cr. We introduce such name as a generic for the familly of functionsproposed to quantify beliefs like the probability functions, the belief functions, the lowerOur derivation of the pignistic probability function fits with any credibility function. It is notrestricted to any of the above mentioned functions. It fits with Dempster-Shafer model, but isnot restricted to it. Hence the "credibility" qualification used to enhance the generality of ourBeliefs being the governing principles of our decisions, the (pignistic) probability functionsobserved at the pignistic level must be derived from the credibility functions present at thecredal level. Some forms of coherence must be satisfied by this transformation. Thesethese requirements and the derived transformation that turns out to be an application of thegeneralized insufficient reason principle (Dubois and Prade 1982, Williams 1982, Smets1.2. The propositional space.´ of some of its subsets. Every element of ´ is called a proposition. The pair (, ´) is calleda propositional space. By abuse of language, the elements of are called the . Any algebra˚ defined on contains two special propositions: and Wwhere is the set of all elementary propositions of and is the complement of W‘A stands for theof propositions A and B of B means that all elementary propositions of A are´0Wany proposition in is either itself or is called an atom of . Every proposition in canbe described as the union of of .On , we define a valuation that maps every element of into {true, false} such that at mostone element of is true, this element is called the ’truth’. A proposition in is true iff one ofTwo propositions A and B are doxastically equivalent (or simply equivalent) if they share thesame truth value for all valuations that satisfy the doxastic corpus constraints: it is denoted2. The credibility function.Suppose an agent, with his/her doxastic corpus, entertains beliefs over a frame , i.e. he/sheassigns degrees of belief to the elements of , an algebra defined on . It is postulated that

upper limit for if is equivalent to a tautology . (That might be different from aAxiom A1: Let a propositional space (, ). Given a doxastic corpus, there exists a unique.The triple (, , Cr) is called a credibility space and denoted by . The index i in ii, ´i, Cri)Axiom A2: Domain. Given a credibility space , Cr : , where [ , y] is anAxiom A3: Monotonicity. Given a credibility space , A, B, if AB, thenAxiom A4: Lower limit. Given a credibility space , Cr() = fAxiom A5: Upper limit. Given a credibility space , if , then Cr() = yAxiom A6: equi-credibility of doxastically equivalent propositions.Suppose two credibility spaces (W, , Cr), i=1,2. If A, A and A, thenCr1(A1) = Cr2(A2).Suppose two credibility spaces (, , Cr), i=1,2, defined on the same space . Axiom A6implies that those propositions that belong to both algebras will always receive the sameTheorem 1: Let G be a permutation function defined on . For A, let G(A) = {G(x):A}. Let a credibility space (, , Cr). Let Cr’ be the credibility function defined on ’ ={G(A): A}. Then, by axiom A6, , Cr’(G(A)) = Cr(A)3. -combined credibility spaces.We are going to show that the set of credibility functions defined on a propositional space (,) is a convex set. To show this we introduce a combined bet schema. Suppose twopropositional spaces (Wi, i) i=1,2, where the atoms of i are {A, A, �, A}. Let N ={1, 2�n}. Such a pair of propositional spaces (and the corresponding credibility spaces) said .

Let , i=1,2 be two combinable credibility spaces. Suppose a random generator thatgenerates event R with P(R=r)= and P(R=s)=1-. Define the -combined credibility = (W, , Cr) with atoms {A: j = 1, 2�n}. The valuation on W12 such that A is true if (r occurs and A is true) or (s occurs and A is true). For any I¨ A and A12I = ¨ A. A and A are the propositions of the algebras iAAAAAAAAAAA � � � � � �AFigure 1: Two combinable credibility spaces with atoms A and A, i=1,�n, and the aor (R=s and A is true) where P(R=r)=a and P(R=s)=1-a.Cr12(A12I) = a Cr1(A1Ia2(A2I)Suppose two combinable credibility spaces , i=1,2, and their associated .Axiom C1:pointwise compositionality. There exists a function F:[f, y], ] suchCr12(A12I1(A1I) , Cr2(A2I) )Axiom C2: continuity. F(x,y) is continuous in (x,y), 2Axiom C3: strict monotony. F(x,y) is strictly monotonic for x, y, ]Axiom C4: idempotency. F(x,x) = x , ]replace by the algebra ’ whose only two atoms are A and A where I’ is the

Strict monotony is postulated as we consider that Cr should be sensitive to both of itscomponents. The credibility of one proposition in 1 should not inhibited even locally theFinally idempotency reflects the idea that if 1 and 2 happen to be the same credibilityspaces, then Cr = Cr= Cr.F( F(x,y) , F(u,v) ) = F( F(x,u) , F(y,v) )1aa1

fiaa13 ‹

2aa3 fi1234 ‹

3aa2 fiaa24 ‹

4aa4

Figure 1: creation in the proof of theorem 2 of by combining 12 with , or with .Theorem 2: Given two combinable credibility spaces , i=1,2, and their associated -combined credibility space , given axioms C1 to C4, then the F function in axiom C1F(x,y) = f( a.f(x) + (1-a).f(y) )(1)where f(x)˛[], is continuous, strictly monotonic, f(f) = f and f(y) = y, and a˛[0, 1].: Consider four combinable credibility spaces , i=1,4, where the atoms of are{Ai1ina^12, ^34, ^13^24.By axiom C1, IN, i,j{1, 2, 3, 4}, Cr) = F( Cri) , Crj) )Consider also the join -combined credibility space (12)(34) = (W, ,) build from and . Let the result from successive uses of the R-device bestochastically independent. Let R, R2 and R be the three independent random variablesgenerated by the R-device that will be used respectively to select between and , and , between and . Let R, s} with P(R) = for i=1, 2, 3.Proposition A(12)(34)j in is true if (r and r occur and A is true) or (r and s2Consider then the join -combined credibility space (13)(24) build from and .Proposition A(13)(24)j in is true if (r and r and A) or (r and s and A) or1313).Hence to decide that propositions A(12)(34)j and A(13)(24)j are true, one check the

same chance to be selected in the two join -combined credibility spaces : P(i=1) = , P(i=2) = P(i=3) = a(1-a) and P(i=4) = (1-2NF(F( Cr1) , Cr2) ) , F( Cr3) , Cr4))) =F(F( Cr1) , Cr3) ) , F( Cr2) , Cr4By axioms C2 and C3, F is continuous and strictly increasing in both variables x,yF(x,y) = f( a.f(x) + b.f(y)+ c )˛[f,yBy axiom C4, F(x,x) = x, then c = 0 and a + b = 1. Such F function satisfies axioms A4 andffyy.4. The pignistic probability function.Suppose we have a credibility space = (, ,Cr). When a decision must be taken thatdepends on the proposition in ´ that will be true, one must construct a pignistic probabilityfunction on in order to take the optimal decision that maximizes the expected utility. Wea function of the credibility function Cr. Hence one must transform Cr into a probabilityfunction P. This transformation is called hereafter the transformation where the indexmentions the Boolean algebra on which Cr and P are defined: so P = (Cr). It is alsoAxiom P1: Let a credibility space = (, , Cr) and P = (Cr). For any atom of ,) = g(, {Cr(A): AAxiom P1 formalizes the idea that our beliefs guide our behaviours. Evaluation of P for nonAxiom P2: Suppose two combinable credibility spaces and , and their associated -combined credibility space . Let P1 = ), P = ) and P =). Let A, A and A12j jN={1, 2� n}, be the atoms of the three algebras. Let¨j¨¨jA12j where I�N. Then, "I�N,) = ) + (1-)P(X) = P(X|A).P(A) + P(X|as the P) are the conditional probabilities P of A in context i and is theprobability of the context ´1. e.g. P1(A1I) = P12(A12I|R=r).

Indeed suppose Cri are probability functions P, then Cr is also a probability function PCr12(A12I) = P12(A12I) = P12(A12I|R=r) a + P12(A12I|R=s) (1-a)11I22IP) = F(P), P)) -1(P1(A1I-1(P2(A2I)))= aP1) + (1-a2)i.e. (x) + (1-a)f(y)) = a x + (1-a) y.Cr12(A12I) = a Cr1(A1Ia2(A2I) (2)Axiom P3: : Let G be a permutation function defined on . For A, letG(A)˚=˚{G(x): xA}. Let a credibility space (, , Cr) and P = . Let the credibilityspace (, ’, Cr’) where ’ = {G(A): A}. Let P’ = .Then , P’(G(A)) = P(A).^´G´Axiom Q1: Sum property: If Cr() = , then P() = 1Axiom Q2: False event: If X˛´ and Xfl, then Cr(A) = Cr(AX) ˛´ and P(X) = 0.Axiom Q3: Credibility = Probability: If Cr happens to be a probability function Pdefined on , then (P) = P.Axiom Q1 tells that if is rich enough so that is equivalent to a tautology, then theAxiom Q2 tells that the credibility given to a proposition is not changed when one adds anyAxioms Q3 recognizes that if someone’s credibility is already described by a probabilityTheorem 3 shows that the g function of axiom P1 is a linear function of its arguments Cr(A):A˛´. Figure 3 illustrates the origin of this linearity. There are two ways by which P12 can beconstructed: either build each Pi and combine them or combine both Cr into Cr and

´12´2´1a1 - aa1 - a

P1P2P

G´1G´G´2

Figure 3: Graphical representation of the linearity of G.( + (1-2 ) = a G) + (1-) )Theorem 3. Given a credibility space (, , Cr) and P = G(Cr). Given (2), axioms P1,) = � a(w,A).Cr(A) + b(w)(3).Let P(R=r) = a, b = 1-a, xI = Cr) and yI = Cr). (2) becomes: N) = + I, ,�) =, x�) + , y�) The proof is based on the transformation of this relation into a Pexider equation (Aczel, 1966,p. 141) and then a Cauchy equation (Aczel, 1966, p. 214). Hence g is linear in its componentsAs a consequence of the anonymity axiom P3 and theorem 1, it can easily be shown that theTheorem 4. Given theorem 3, theorem 1 and axiom P3, relation (3) becomes: "atom w of W) = �Theorem 5: Given a credibility space (, , Cr) and P=(Cr). Given theorem 4. Axiomsy = 1j,P(wjwj) + �n1n

˚1(n-1)

�jI(4)where IN = {1, 2�n}

The transformation permits the construction of a probability function (called the pignistic5. Co-credibility function.Given a credibility function Cr on a propositional space (, ), define the co-credibilityCoCr(A) = Cr(1W) - Cr(WReplacing Cr by its dual CoCr in theorem 3 leads to the same probability function P. For anypair (Cr, CoCr)(Cr) = 6. The Moebius transformations of Cr.For any credibility space , there are two Moebius transforms v and w of the credibilityfunction defined on such that (with all summations taken on those B that are´):�A) = 1 - Cr()�A�A) = 1 - Cr() �B˙The transformation between Cr, v and w are one to one. In belief functions theory, the v’s are�A�B˙Should Cr be respectively a belief, necessity, lower probability or probability function thenCoCr would be a plausibility, possibility, upper probability or probability function, and viceP(wj) =�jIN) / |I| =�jIN) / |I|where the AI’s are the propositions of ´.Hence P(A) =�W˚˚v(B)

=�W˚˚w(B) a solution that corresponds to the generalized insufficient reason principle: for each, v(B) (or w(B)) is distributed equally among the atoms of B, and P() is the sum of.

7. Conclusions.solution to derive a probability function from a belief function (Dubois and Prade 1982,principle based on coherence between combined bets and applicable for any measure of beliefsomeone’s beliefs entertained at the credal level into a pignistic probability that can be used atthe pignistic level when decisions must be taken. This transformation and its justificationon belief functions, on possibility functions, on upper and lower probabilities functions, etc�Decisions are then based on expected utility theory, using the pignistic probability function toThe link of this model with practical decision problems is straighforward. Given a credibilitythen use this probability function to select the optimal decision. The whole classical decisionA final question is: why to bother with a two-level model if decisions are to be based onprobability functions as advocated by the Bayesians. What is the need for introducing a credalare provided that show that the introduction of a two-level model leads to decisions differentfrom those obtained when only one level is considered. Let a first doxastic corpus with theinduced credibility function Cr on some propositional space (, ) and the correspondingpignistic probability function P=(Cr). Suppose a new piece of evidence "A is true" with is added to the doxastic corpus. Where to apply the updating that reflects this. The pignistic probability ) is derived from Cr. It is usually different from theparadigm in Smets, 1988b, 1988c, 1989a).ACZEL J. (1966) Lectures on functional equations and their applications. Academic Press,New York, NY.DUBOIS D. and PRADRE H. (1982) On several representations of an uncertain body ofNorth Holland, Amsterdam. pg 167-181.DUBOIS D. and PRADRE H. (1988) Possibility theory. Plenum, London.KYBURG H.E.Jr. (1987b) Bayesian and non-Bayesian evidential updating. ArtificialRAIFFA H. (1970) ,Decisiona analysis: Introductory lectures on Choices under UNcertainty.Addison-Wesley, Reading, Mass.

SMETS Ph. (1988a) Belief functions. in SMETS Ph, MAMDANI A., DUBOIS D. andPRADE H. ed. Non standard logics for automated reasoning. Academic Press, London pgSMETS Ph. (1988b) Belief functions versus probability functions. in BOUCHON B.,SAITTA L. and YAGER R. Uncertainty and Intelligent Systems. Springer Verlag, Berlin, pg.17-24SMETS Ph. (1988c) Transferable belief model versus Bayesian model. in KODRATOFF Y.ECAI 1988, Pitman, London, pg. 495-500.SMETS Ph. and KENNES R. (1989a) The transferable belief model: comparison withSMETS Ph. and KENNES R. (1989b) What is Dempster-Shafer model? (submitted forSMITH C.A.B. (1961) Consistency in statistical inference and decision. J. Roy. Statist. Soc.SMITH P. and JONES O.R. (1986) The philosophy of mind, an introduction. CambridgeUniversity Press, Cambridge.WILLIAMS P.M. (1982) Discussion of SHAFER G. Belief functions and parametric models.J. Roy. Statist. Soc. B44: 342The author is indebted to R. Kennes, B. Marchal, and A. Saffiotti for their remarks and