1The Transferable Belief Model for Expert Judgments andReliability Problems.150 av. Roosevelt, CP194/6, B-1050, Bruxelles, Belgiumand their aggregation without the introduction of any ad hoc methods. We also study a: transferable belief model, belief functions, Dempster Shafer theory, expert1. Introduction.ppbe summarized by a meta-probability distribution on [0,1]. They assess then some percentilesof that distribution of in order to estimate the whole distribution. When several experts area normative model to quantify someone’s degree of belief (Smets and Kennes 1990). It claimsupper and lower probability or random set interpretations, escaping thus from the classical

1 Community as part of the ESPRIT II Basic Research Project 3085, and by MUNVAR project

2The use of belief functions in reliability problems has been introduced in Shafer (1979) andThe paper presents the needed information about the transferable blelief model and the belieffunctions. We show how to build the least committed belief function given the percentilesobtained as in the Bayesian anlysis. We show how to derive the pignistic probability functionis described. All experts’ opinions are pooled according to Dempster’s rule of combination.To show the importance of deciding which of the two concurrent models, the TBM or theBayesian, is the best, we present a paradigm in reliability analysis, the breakable sensor. The2. The transferable belief model.The transferable belief model is a model to quantify someone’s degree of belief. It covers the2) there exists a two-level structure:- a level where beliefs are used for decisions making,functions to the set of probability functions that is applied whenever a decision must bemade.In the problem of expert judgment, the unknown variable is the value of the probability p is the interval [0,1]. Let ´ be the set of all closed intervals of [0,˚1].The transferable belief model postulates that the impact of an evidence consists inallocating parts of an initial unitary amount of belief among the subsets of . For A˛´, m(A)is a part of our belief that supports A (i.e. that is in A), and that, due to lack of information,does not support any strict subinterval of A. The m’s are called the basic belief masses

3 �Note that we accept that some positive bbm might be given to the empty set fl. The origin ofWe assume that our belief on [0,1] is so defined that positive bbm are given only to a finiteThe degree of belief bel(A) for A˛´ quantifies the total amount of belief supporting A

A. It is obtained by summing all the bbm given to non empty subintervals with X˝A, Xfl.�˝A˚Suppose two belief functions bel and bel induced by two ’distinct’ pieces of evidence. The12=bel1¯bel2 resulting from the combination of theproduct of two bbm m(X) and m(Y) induced by the two distinct pieces of evidence on W˙�Smets (1990b), Klawonn and Schwecke (1990), Klawonn ans Smets (1991) Hajek (1991)In Smets (1990a, 1990c), we show how to make when the beliefs are quantified bybelief functions. The satisfaction of some rationality requirements leads to the derivation of aunique transformation between the belief functions and the probability functions that must beused once decisions must be made. We call this transformation the pignistic transformation(from pignus = to bet in latin). Let BetP(A) be the pignistic probability (i.e. a probabilityA) = �˚m(B)

4where |A| is the length of A. BetP is the appropriate probability function to be used to makeBecause of the lack of space, we can only present a summary of the other concepts and resultsin the cited references. In fact, these concepts are perfectly justified, and many are even1) The principle of minimal commitment is detailed in Delgado and Moral (1987),Dubois and Prade (1987), Hsia (1991), Kruse and Schwecke (1990), Moral (1985), Smets(1991), Yager (1986). When several belief functions are compatible with our knowledge, thepropositions (when possible). The selected belief function is called the least committed. Theprinciple corresponds to: ’don’t give more support than justify’.2) The conditioning rules. It is the least committed admissible of the initialbelief function (Klawonn and Smets, 1991). It is also the least committed solution when thebelief of A given B is understood as the belief in the conditional object A|B (Goodman et al.1991, Nguyen and Smets 1991).3) The problem on how to combine non distinct pieces of evidence has been firstconsidered in Smets (1986). Ling and Rudd (1989) and Kennes (1991) introduce the conceptof a cautious rule of (conjunctive) combination. It is based on the idea that each expertprovides a belief function that results from his/her own expertise plus a common background.Rudd (1989) solved the case where the experts opinions are described by simple belieffunctions. Kennes (1991) presents the solution when the experts opinions are described byseparable belief functions. The generalization to any pair of belief functions is under way. Itsin a forthcomming paper. In the present paper we restrict ourselves to the idealized situationwhere the experts are ’independent’ , i.e. the experts do not communicate together and do not4) Suppose Your belief on is build from another expert’s belief on . Suppose you havesome a priori belief about the reliability of the expert, characterized by a bba on the sapcebelief with the one on (through their vacuous extensions on the product space Wnot reliable}) leads to the same belief as the one obtained by the application of the so called principle introduced in Shafer (1976).

You is the agent who held the beliefs or must integrate the other agents’ beliefs into his/herown beliefs.

5Finally we must insist that the transferable belief model is not a Bayesian model, even not athe existence of the bbm given to subsets and that can be transferred to more specific subsretsshould further information becomes available. It is a model alternative to the Bayesian one. Itcovers the same domain of application, but use another modelization. It is based in part on thetransferable belief model at the pignistic level, what explains why we require probabilities toapply at the credal level (where beliefs are just entertained). The diachronic Dutch books(Jeffrey 1988) does not justify either that belief at the credal level must be quantified byprobability functions, except if one postulates the equality between contingent and updated3. The belief function induced on [0,1] by the percentiles of .The data collected from the expert are some percentiles of their meta-probability distributionabout the value of . They are based on the expert’s willingness to bet that is in someintervals of [0,1]. Therefore these meta-probabilities are pignistic probabilities. The percentile satisfy BetP( x) = p for p (where is the set of collected percentiles - usually ={0.05, 0.50, 0.95}). Let BetP denotes BetP( xThe BetPp observed for p are some of the values of BetP where BetP is the pignisticthe problem is to assess the underlying belief function on = [0,1] which pignisticfunctions. The Minimal Commitment Principle can be evoked. Finding the least committedbelief function which pignistic transformation satisfies the known constraints BetPp p = .5 = .7 = .8.to [0,1] is spread equally on the interval [0,1] by the pignistic transformation. The value

3 the event B. The bet is induced by Your present dispositions to accept gamblesmodel, the first conditioning is performed by Dempster’s rule of conditioning applied to theBayesian conditioning applied to the pignistic probabilities encountered at the pignistic level(Smets and Kennes 1990).

6m([0,1]) = .1 explains the .05 given to [0, .5] and is compatible with the other data.. The nextconstraint to be satisfied is the x = .8. The [.8, 1] interval received already a probability of(1-.8) = .1.2 = .02. The bbm that could justify the still unexplained pignisticprobability 0.05 - 0.02 = 0.03 to be allocated to [.8, 1] is to be given to the largest left overinterval, i.e. [.5, 1]. The portion of that bbm given to [.8, 1] - i.e. (1-.8)/(1-.5) = 2/5 - must beequal to 0.03. Hence m([.5, 1.]) = .03*5/2 = .075. The next bbm are computed similarly.m([.0, 1.]) = .100m([.5, 1.]) = .075m([.5, .8]) = .600m([.5, .7]) = .2254. Discounting Expert Opinion.with the observed percentiles) must be discounted as they are not fully reliable. Let bel be abelief function on given by expert E, and let quantifies the strength of the reliability Yougive to expert E’s opinion. The discounted belief function bela induced in You by E’s belieffor all A, A[0,1]([0,1]) = bel([0,1]),aa(and leads to bel being the vacuous belief function, i.e. a belief function with m()=1 thatExample 2: Suppose the reliability that You give to the expert that gave the percentiles ofexample 1 is = .8. Then the belief function bel induced in You by Expert E’s opinion is([.0, 1.]) = .280([.5, 1.]) = .060([.5, .8]) = .480([.5, .7]) = .1805. Combining Several Expert Opinions.Suppose a set of n experts: E, E� E. Each expert provides his opinion on the unknownproposition through his/her percentiles. For each expert Ei, one builds the least informativebelief function beli that can justify the percentiles provided by expert Ei. Given Your a prioriopinion i about the reliability of the expert E, the belief functions beli are discounted into.

7Suppose that the opinions provided by the experts are totally unrelated. They represent’distinct’ pieces of evidence. In that case, the various discounted belief functions beli bel = bel ¯ ¯ ... ¯ nWhen the belief functions are not based on distinct pieces of evidence, Dempster’s rule ofcombination does not apply. It must be replaced by the cautious Dempster’s rule ofExample 3: Suppose Expert E1 discounted opinions are those derived in example 2.: = .4 = .6 = .9([.0, 1.]) = .125([.4, 1.]) = .225([.4, .9]) = .500([.4, .6]) = .150Suppose = 1. Then the bbm m obtained by the application of Dempster’s rule ofm([.0,1.]) = .035m([.4,1.]) = .063m([.4,.9]) = .140m([.4,.6]) = .042m([.5,1.]) = .021m([.5,.9]) = .030m([.5,.6]) = .108m([.5,.8]) = .408m([.5,.7]) = .153If one requires some point estimates on (like the mean and the median), one builds themedian of this pignistic probability distribution. Table 1 presents the means and medians E1, 1 = .8E2, 2 = 1

Table 1: Means and medians derived from the pignistic probabilities obtained by the two

86. The breakable sensors: disagreements between the Bayesian and TBMSuppose I must check the temperature of a process. To do it I have a sensor that can check thetemperature of the process. The temperature can only be hot or cold. If the temperature is hotThe sensor is made of a thermometer and a device that turns the blue or the red light onthermometer included in this sensor can be broken. The probability that it is broken is 20%.When the thermometer is not broken, the sensor is a perfectly reliable detector of theI am a new technician and I never saw this sensor before. I know nothing about it except thewarning written on the box. I use it and the blue light gets on! How do I make up my mindabout the temperature status? What is my opinion (belief) that the temperature status is hot orcold? Let us assume that the consequences (utilities) of the good and bad decisions aresymmetrical: I am either right or wrong. We can thus avoid discussions about possibleconsequences.spaces S, T, where:- S = {B, R}, the sensor status, Blue or Red,- Q B R

THTH abcd efghTable 2. The labels of the eight elements of .

96.1. The probability analysis.A probabilist build a probability distribution P on 2 (with p the corresponding probability= P({a, b, c, d}) = p(a) + p(b) + p(c) + p(d)= .8P(ThB) = P({e, f, g, h}) = p(e) + p(f) + p(g) + p(h)= .2p(a) = p(d) = 03) When the sensor is broken (ThB), the sensor status (B or R) is unrelated to the temperaturestatus. It translates into P(B|ThB, TH) = P(B|ThB, TC), i.e.

= p(f)

.4) Finally the status of the thermometer (ThB or ThW) is unrelated to the temperature (TH orTC). Hence P(ThW|TH) = P(ThW), i.e.

= .8.

denotes the probability that the sensor is bluewhen the thermometer is broken and = P(TC) = p(b) + p(f) + p(h) denotes the a priori B R

THTH

0.8 a.8 (1-)0

.2 (1-) x.2 x.2 (1-) (1-x).2 (1-x)

Table 3: Probability distribution on = SxTx.

= xx aaaavalue should be given to x, the probability that the sensor status is blue when the thermometeris broken. Nothing in the available information tells us what value to give to x. A probabilist-He can try to collect data about x � But in the present context, no further data can be

10--the principle of insufficient reason: when the thermometer is broken, the sensor canonly be blue or red. Knowing nothing more, I postulate that both options have the--one? Remember all what the technician knows is the warning on the box containingthe sensor.6.2. The transferable belief model analysis.m({b}) = .8 m({c}) = .8 (1-) m({e, g}) = .2 (1-) m({f, h}) = .2 a({b}) = .8 m({e}) = .2 (1-) m({f}) = .2 aSo = belB({b, f}) = a

= pl({b, f}) = a

In fact, the solution is a probability measure (this results from the probabilistic nature of our a

= = 1 aa6.3. Several sensors.Suppose several sensors are used simultaneously to check the tamperature and their outcomesiiifor sensors 1 to r and R for sensors r+1 to n. The odds are:

= aa

�rii �n˚ii)piii)

11 = aa �r˚1i

�ni1

As a practical example, suppose one uses three sensors with q = .03, q = q = .19. Supposeone accepts for the Bayesian analysis that xi = .5 (it is hard to imagine another choice inpractice). Sensor 1 (the good one) answers B, sensors 2 and 3 (the bad ones) answer R. The

= .78 aa

= 1.29 aa

So the odds decrease in the Bayesian analysis, and increase in the TBM analysis. Which fitscommon sense? The good sensor says TC, both bad sensors say TH. Baysians conclude thatSuppose five sensors with q = .01, q = q = q = q = .35 and xi = .5. Sensor 1 answersB, sensors 2 to 5 answer R. The odds become:

= .40 aa

= 1.50 aa nevertheless supported by the data. The TBM concludes that TC is supported by the data. ToThe lesson of these examples is that the choice of the model is important as it leads torequire to assume any value for x and that it leads to more natural conclusions (according to7. Conclusions.One major quality of this approach is the fact that no ad hoc methods or principle are

12existence of the bbm and 2) the bbm given to a set A is transferred to subsets of A when newMost justifications are detailed in Smets (1990a, 1990c). In particular, the discounting and thecombination rules are not ad hoc. This contrasts with most of the probabilistic approacheswhere expert opinions are weighed and aggregated according to principles that are not part ofIn particular, the breakable sensors paradigm shows that the choice between the TBM and theconflict with each other. That the TBM solution is better or worse is up to now a matter ofpersonal opinion. Indeed there is no way to prove which solution is the correct one. Noassumptions. Their quality can only be judged by the value of these assumptions, and the’natturalness’ of the derived solutions (especially when they diverge, as in the analysedFuzzy Sets and Systems 21: 311-3018.YAGER R. eds, Springer Verlag, Berlin, pg.75-84.with belief functions. Int. J. Gen. Systems 18:49-60.and Credence, Skyrms B. and Harper W.L. eds.,vol.1, 221-255.psychological aspects of a theory. C.W.K. Gleerups, Lund, Sweden. p. 27-43.

13Approx. Reasoning, 4:363-390.Smets P., Mamdani A., Dubois D. and Prade H. (Eds). Academic Press, London,Lemmer J.F. eds. Elsevier, New York, pg. 29-39.Trans. PAMI. 12: 447-458Safety. 30:163-181.