July 27, 19991THE CONCEPT OF DISTINCT EVIDENCEPh. SMETS1 In Dempster-Shafer theory, belief functions induced by distinct pieces of evidencecan be combined by Dempster’s rule of combination. The concept of distinctness has not beenformally defined. We present a tentative definition of the concept of distinctness and compare1. Introduction.should be combined by Dempster’s rule of combination. But no definition of distinctness wascomparing it to the concept of independence in probability theory. Our definition is coinedwithin the transferable belief model, our interpretation of Dempster-Shafer theory (Smets1991b, Smets and Kennes1990).Our presentation is done under the open-world assumption (Smets 1988). It means that we do2. Expansion is Specialization.The TBM postulates the existence of basic belief masses (bbm) allocated to the subsets of aframe of discernment . For A, the bbm m(A) quantifies the part of Your belief thatA if further information justifies such a transfer. We call bba the function whose values on W

July 27, 19992When a new piece of evidence becomes known to You, Your beliefs must be updated. Thereare three forms of updating: expansion, contraction and revision (Gardenfors, 1988) The is the change of belief that results from adding a belief without retracting any oldbeliefs. The is the change of belief that results from giving up a belief. It is theinverse of an expansion. Finally the is the change of belief that results from adding aneeded.In the case of an expansion, each bbm m(A) for A is distributed by the updating processamong the subset of A (including the empty set fl). This transfer of belief due to a newinformation can de described by a specialization matrix S defined on 2 (Kruse andSchwecke (1990),Yager (1986), Dubois and Prade (1986) , Moral (1985), Delgado and Moral(1987)). It is a �stochastic� matrix1 where, for A, B�, the elements s(B, A) are null if B/

ALet m be Your initial bba on (represented as a row vector as every bba in this paper). We10.1m0. We say then that m1 is a specialization of m0. m1 can be computed by the straightforward3. Contraction is de-specialization.matrix obtained by inverting a specialization matrix. It can indeed be defined by a matrix Swhere S is a specialization matrix. S is called a de-specialization matrix.Any change of belief due to expansions and contractions, and therefore to revisions, will berepresented by an updating operator. So an updating operator results from the combination ofspecialization and de-specialization matrices. The updating from bba m to bba m, both = m (1).We define the Dempsterian specialization matrix D related to a bba m as thespecialization matrix that will update any bba m1 into the bba that would be obtained by1. = m1m 1

B� A

� s(B, A) = 1 .

July 27, 19993Let m and m be two bba that obey to (1). It can be shown that one can always find twom2 = m1.D1 .D2-1 = m1.D2-1 .D1(2)In (2), the Dempsterian specialization matrices D and D2 are those related to m and m,.4. The anatomy of the evidence.Suppose the bba m is an updating of a bba m. What are the pieces of evidence that haveinduced the change of belief from m to m? We know that there exist pairs of DempsterianA0..(3).L.Q-1bba row vector into a communality function represented also as a row vector) and is aLX�L. �X�W(slight adaptations must be introduced if the bba underlying D is not directly separable into... �X�WSSF focused on X.The set of the matrices , for X, summarizes the impact of all the pieces of evidence.5. Combining pieces of evidence .Suppose the bba mA and mB are two updatings of a bba m0. Let the two sets of matrices DXAand DXB, X�, be defined as above. Let mAB be the bba that corresponds to the combinationof all the pieces of evidence that have induced m, m and m. T h e m a t r i c e s XA s u m m a r i z e t h e i m p a c t o f t h e p i e c e s o f e v i d e n c e t h a t a r e i n c l u d e d i n A a n d

July 27, 19994on B and not considered in m So m must result from all these pieces of evidencemAB = m0.Q. �X�W BIn fact, m could be seen as the ’correlation’ between m and m. The absence of correlation0’distinct’ to qualify such a form of ’independence’ between two pieces of evidence. (The word’independence’ is not appropriate as it describes a property between some subsets of . Theword ’distinctness’ is more appropriate as it describes a property between two sets of pieces of.Definition of ’Distinct pieces of evidence’.Two pieces of evidence are distinct if and only if the bba common to the bba they induce isthere is only a vacuous correlation and that both D and DXB results from unrelated, distinctbba m* induced by the conjunction of the two pieces of evidence that individually induces and m, then it becomes easy to decide if the two pieces of evidence are distinct or not:.independence must result from a voluntary act, not an act by default). Its acceptance resultsfrom an in-depth comparison of the origin of the pieces of evidence that have induced mA and. I t i s a n a l o g o u s t o t h e p r o c e s s u s e d i s s t a t i s t i c s a n d b y w h i c h w e a c c e p t t h a t t w o

� A � �,q

0

(A) � q

1

(A)q

2

(A)

q *

AB

(A)

.

July 27, 199956. Parallelism with probability independence.One might be tempted to disregard our definition of distinctness because it seems circular orthe following paragraphs, the Pi’s are propositions in probability theory, the Bi’s are theirProbability context. P3. If You cannot assume independence between events A and B, and You do not know theP4. In context P3, You can apply a Principle of Minimal Entropy in order to derive a point-TBM context.follows. Suppose You know two belief functions m and m, i n d u c e d b y t w o p i e c e s o f evidence E and E. What is the bba m that results from the conjunction of both pieces of0ABsection 5).B2. If You can assume that m and m are induced by two distinct pieces of evidence (what.B3. If You cannot assume distinctness between E and E and You do not know the value of0)B4. In context B3, You can apply the Principle of Minimal Commitment (Smets (1991), Hsia(1991)) in order to derive the least committed solution for mAB (Kennes (1991) presents thes o l u t i o n o f t h i s " c a u t i o u s D e m p s t e r ’ s r u l e o f c o m b i n a t i o n " w h e n m a n d m a d m i t a decomposition in SSF).o f i n d e p e n d e n c e . A n a l o g o u s l y t h e c o m p a r i s o n o f m * AB w i t h m B permits to test thehypothesis of distinctness. Up to here, both problems are conceptually of the same difficulty.

July 27, 19996= P(A|

B

), a highly intuitive property. The analogous properties we were able to derive up toFuzzy Sets and Systems 21: 311-3018.Systems, 12:193-226.MIT Press, Cambridge, Mass.with belief functions. Int. J. Gen. Systems (to appear)Approx. Reasoning, 4:363-390.