1THE COMBINATION OF EVIDENCE INTHE TRANSFERABLE BELIEF MODEL.50 Av. F. Roosevelt, 1050 Brussels, Belgium.functions. The impact of open- and closed-world assumption on conditioning.Presentation of a set of axioms justifying Dempster’s rule for the combination of beliefBelief function, plausibility function, degree of belief, combination of evidences,1. INTRODUCTION.Ignorance can take 2 forms: imprecision and uncertainty. A statement is imprecise if itcontains predicates that do not specify uniquely the value of a variable within itsreferential (e.g. ’John is less than 30 years old’, ’John is young’). A statement isuncertain if one cannot evaluate its truth or its falsity given the available data (Dubois etal. [7]) is represented by intervals, fuzzy sets (Dubois and Prade [8], Mamdaniand Gaines [20]) or possibility functions (Zadeh [46], Dubois and Prade [9], MagrezThe most classical models to quantify are based on probability functionsand the Bayesian approach is often considered as the most appropriate (Fine [10]).

2Nevertheless it is unrealistic to claim that all forms of uncertainties can and should beIn this presentation, we consider that form of uncertainty that leads to a subjective,personalistic degree of belief. This is indeed the topic studied by the Bayesianprobabilists. But another model based on belief functions has been proposed byThe need for a mathematical model to simulate the belief process can be justified1)2)3)as in Expert Systems, in order to simulate a cognitive process where the concept ofWhereas the probability model is surely the most popular, it is not exempt of reallimitations. It hardly fits the human behavior it sets out to represent (Kahneman [15]).square root of 2 is not a criticism of arithmetic, it merely implies that one should usearithmetic in order to compute it. This normative justification would be definite if thebayesian model were absolutely convincing. Unfortunately all axiomatic modelsdeveloped to justify the use of probability functions include some conditions open toFrom a pragmatical point of view, the developers of Expert Systems had to choose amathematical model to quantify uncertainties. Some choose the probability or fuzzy setstheory. MYCIN (Shortliffe [32]) uses a model based on measures of belief and ofdisbelief and a certainty factor that does not obey probability axioms [3, 31]. Thesealso presents some weaknesses. More recently the Artificial Intelligence community hasstarted to show interest for what they call the Dempster-Shafer’s model, i.e. the use ofbelief functions [1, 11, 13, 14, 16, 18, 43]. Unfortunately confusion emerged between amodel based on upper and lower probabilities and one based on transferable beliefs,which we are here presenting in detail. Initial work by Shafer [25] looked closer to the

3lower probability model. Most work in Artificial Intelligence is based on the upper andThe upper and lower probability model is based on works by Good [12], Smith[42] and Dempster [5, 6]. This model is based on the idea that there is a well-definedby us to be within intervals whose boundaries are the so called upper and lowerUsing this mathematical tool, Shafer [25] suggested that degrees of belief are quantifiedby belief functions and that belief functions induced by distinct pieces of evidence areby recent works. So we feel the necessity to present explicitly the transferable belief1) the transferable belief model is built without ever introducing explicitly or implicitly2) Dempster’s rule of conditioning is one of the natural ingredients of the transferableA4, as A4 is just a formalization of one of the constituents of the transferable beliefmodel.For the clarity of this paper, it is capital that the points above be borne in mind. Theand the fact that Dempster’s rule of conditioning is often presented as a special case ofpriori, otherwise the whole derivation of Dempster’s rule of combination would be athat are too often neglected. This distinction is essential in order to understand the

4Part 3 presents the transferable belief model. Shafer [25] introduces his model bypostulating that degrees of belief are quantified by Choquet’s capacities [4], but thenumerous inequalities that underlie these capacities are hardly satisfactory to convincePart 5 presents an axiomatic justification of Dempster’s rule of combination. This rule -Part 6 discusses the impact of the closed-world assumption and hopefully resolves acriticism put forward by Zadeh [47] about the appropriateness of the renormalizationbelief functions are computationaly intractable as works is done on power sets. Thoughtheoretically true, the claim is not correct in practice. We even feel that belief functions2. THE FRAME OF DISCERNMENT.Models on reasoning postulate a finite Boolean algebra of propositions on whichUsually only those propositions are considered, any proposition not included in ispropositions Known as Possible. But one must also consider 1)˚ the set UP ofUnknown Propositions that are not considered and 2)˚ the set of thosepropositions Known as Impossible. In the classical approach like the bayesian, UP

5the available pieces of evidence. As evidence becomes available, propositions are1)2)3)a proposition A is transferred from UP to KI if the evidence induces us to consider4)transfer from KI to KP or UP and from KP to UP would be inconsistent with thedefinition of the three sets, if one accepts, as here, that the allocation of anyproposition to one of the three sets is always correct. A true proposition may beKP, KI or UP.A true proposition may not be allocated to KI, and any proposition allocated to KI willThe closed-world assumption corresponds to an a priori empty UP set. The world assumption admits the existence of a non-empty UP set, and the fact that thesome meta-belief function on the set of all propositions, that expresses the degree ofbelief that each proposition can belong to any of the three˚sets. It is not studied in thispaper but can be resolved by methods developed in [33] in the framework of the3. QUANTIFICATION OF THE DEGREE OF BELIEF.Let KP be a finite Boolean algebra of propositions and let be the set of elementarypropositions of . Let be the tautology relative to i.e. is the disjunction of allelementary propositions of D . Let be the contradiction relative to i.e. none of thepropositions of D implies The conjunction of any two distinct propositions of D

6.3.1. Notations.One writes ´, � ,& for the negation, the disjunction and the conjunction connectives.The symbols ˛, fi, fi/Wfi/W�B˚m(A) and �fi/Ball A˛ that imply B and on all A˛ that do not imply B. Note that 0W implies both Aand ´A for all A3.2. The transferable belief model.Suppose an evidence that induces some belief in us concerning the truth of thebe spread among the various propositions A of , and that given the available pieces ofFor instance suppose Mr. White has been murdered and we have three suspects: Henry,Tom and Sarah. Thus D = {Henry, Tom, Sarah}. Given the available pieces of evidence,parts of the amount of belief are allocated to each of the three potential murderers. Butsome evidence might also point to more than just one of the three persons. Such is thecase of the evidence "the murderer is a male". This evidence points to A = "Henry �Tom" and we must allocate some part m of our total mass of belief to A without beingmass m must be split into two equal parts, one for Henry and one for Tom. The

7a frame of discernment and a distribution of this total unitary mass among the˛A basic belief assignment is a function m:W[0,1] such that:�1W˚˚m(A) = 1Shafer’s model includes the further requirement m(0)=0. We feel it unnecessary and itleads to unsatisfactory results. m() represents the amount of belief that cannot beallocated to any non vacuous propositions of . To understand the meaning of somemass m(0W) given to 0W, one must accept the open-world assumption and consider that1W.0Wthe three suspects. We must always keep in mind that the murderer might be someonesomeone not in ". In particular m() is the amount of belief allocated to thethat the murderer must be one of the three suspects i.e. that the closed-world assumptionis true, then this new evidence would have induced some conditioning that would haveimplied m()=0 (see part 6). The fact that m() might be non null implies thatdiscarded. Indeed evidence pointing to Sarah essentially does not support ’Henry orTom’. The method of reasoning simulated by this approach is closer to an eliminationprocess than to a constructive process. A support to a proposition is a non support to itsShafer’s approach postulates beforehand the closed-world assumption. If one defines Wto include , this would lead to the same results as with the open-world assumption ifone is careful never to allocate some masses to propositions of that do not include .We feel it easier to use the restricted and to allow positive masses to , bearing inmind that all masses given to propositions A˛, are always allocated to A, except ifthe closed-world assumption is explicitly expressed. For simplicity’s sake, we drop the, and use the notation A to denote A. This implies that A&´A= means

8total belief that is committed to A. Each mass m(A) also supports any proposition B thatthe masses m(B) allocated to propositions B that imply A without implying ´A (whichmeans that must be discarded from the sum). The degree of belief given to A is�AW0) = 0Given this definition, it can be shown that any belief function is a capacity of order1) bel() = 1 - m() 11,A2...An˛W,Vii�i�i>jijn12n) Shafer starts his presentation by requiring that degrees of belief satisfy inequalities (3.1)arguing that the belief in the disjunction of two propositions should at least contain thesum of the belief allocated to each reduced by the belief allocated to their conjunction,functions and one must postulate inequalities (3.1) for all n. Critics of Shafer’s approach[28] argue against having to postulate all these inequalities, an excessive and not veryGiven a belief function bel or a basic belief assignment m, the of a�fi/A

9pl(A) = bel(1W) - bel(´A)The meaning of ’belief’ and ’plausibility’ is still controversial. One might prefer to callbel(A) the degree of minimal (or necessary) entailment (or support) for A, and pl(A) theThe commonality function q:W[0,1] with�has no immediate intuitive interpretation (except in the case of disjunctive evidence, notcovered here). Its usefulness will appear when one considers Dempster’s rule of�B) 0Shafer defines these functions differently: he postulates a null basic belief mass for thecontradiction . This difference results from the closed-world assumption accepted apriori by Shafer.Total ignorance is described by the so called vacuous belief function where:) = 1W1) = 1Total ignorance has always bothered the Bayesians, leading to strong controversies. It isby the application of the Principle of Insufficient Reason: if one has k elementarypropositions and there is no reason why any should be more supported (credible) than

10Total Ignorance. There is no reason why some disjunction of elementary propositionsc0 for all A in , and not only for the elementary propositions of . Of course such arequirement is impossible with probability functions. With belief functions, this meansthat with A and B such that A&B=, one has the inequality bel(A14. CONDITIONING.Suppose a basic belief assignment m on obtained after considering some initialevidence. Then, suppose we learn from a new evidence that the truth is necessarily inB˛, thus that all non vacuous propositions implying ´B should be transferred into KI,the set of propositions known as impossible. How does this evidence modify our basicTo construct m’(A), three situations must be considered depending on the relation1) AB. The evidence that the truth is in B does not modify the part of our total beliefmass supporting A.2) A&B=A and A&´B=A. The mass A was allocated by m to A withto A is transferred to A, the only part of A that is compatible with the newevidence that asserts ’the truth is in B’.are impossible. Thus the mass m(A) is transferred to (provided that - being in an0WQ).m’(A) = �B = 0The major ingredient of the transferable belief model is seen in case 2, cases 1 and 3

11When a mass m is allocated to some proposition A, it is acknowledged that this masscould eventually be allocated to any subproposition of A if further evidence becameavailable, but that given the available evidence it cannot be allocated more specifically.That mass m was given to A as there was no reason to allocate it to a more specifici.e. A&B„), the mass m should be allocated henceforth to A&B, m is transferred toCase 3 was not considered by Shafer who renormalizes the basic belief masses,multiplying each m’ such that their sum remains 1 and m’()=0. Up to thatrenormalization, the proposed model for conditioning corresponds to Dempster’s ruleof conditioning.) = bel(´B) + m()= bel(A´B) - bel(´B)for all A˛W, A„0Wpl’(A) for all A˛W, A„0Wq’(A) B= 0 Returning to Mr. White’s case, suppose the evidence "Henry is not the murderer", thenB= {Tom, Sarah}. The portion of belief that was allocated to Tom and/or Sarah remainstheirs. The portion that was given to ’Henry or Tom’ now supports Tom alone, and the0.There are two ways of presenting the use of belief functions. Shafer [25] starts with theconcept of a degree of belief represented by a belief function, postulates the inequalities(3.2), derives the non negative masses, postulates Dempster’s rule of combination andderives Dempster’s rule of conditioning. The transferable belief model first presents themasses, derives the belief functions and the inequalities, and from the intrinsic nature ofthe masses derives Dempster’s rule of conditioning. Dempster’s rule of combination isthen also derived (see part 5). Shafer’s approach naturally leads to the "feeling" that5. COMBINATION OF TWO BELIEF FUNCTIONS.

12Suppose two belief functions bel and bel induced by two distinct evidences. Thethe two belief functions, where the symbolizes the combination operator. Shafer’sproposal was to derive bel from the so called Dempster’s rule of combination: theproduct m1�2(Y) is supporting X&Y�This implies the most useful relation that explains the usefulness of the commonality(A) = qSuppose further a belief function bel and the evidence "B is true". Let bel be the1B(B)=1. Then m = m, therefore Dempster’s rule of conditioning happens toEven though Dempster’s rule of combination is natural, some justification is required. Aset of axioms is given that indeed leads to Dempster’s rule of combination. Theimportance of these axioms rests in the fact that if Dempster’s rule of combination isA1: compositionality axiom.A2: symmetry:1221A3: associativity:1¯bel2)¯bel31¯2¯bel3)A4: conditioning:�B = 0

13The axiom of compositionality A1 claims that the combination is a functional of bothbelief functions and may be A, but nothing else. This is essentially what was meant bydistinct evidences. A concept of distinctness is defined in Smets [37]. Two pieces ofevidence are distinct if the knowledge of one of them does not induce a non vacuousbelief in the truth of the other. Once Dempster’s rule of combination is accepted,distinctness implies compositionality. This concept of distinctness could have beencombination of pieces of evidence is independent of the order in which they areThe axiom of conditioning A4 has been justified in part 4. It implies that if bel isvacuous, bel1.with commonalty functions as Dempster’s rule of combination is qMany theorems are conveniently described with such commonalty functions. As belieffunctions are uniquely related to commonalty functions, both approaches are equivalent.Theorem 1. Given axioms A1 to A4, there is a function f such that:q121(B):BfiA , q2(B):BfiA} )A5: internal symmetry.Let = (A, A Let the propositions B be a permutation of the12niimi = ( mi(A1), mi(A2), mi(A1�A2), mi(A3)...mi(A1�A2...An) )’= ( m), m), m), m) )121,m2).Axiom A6 considers that the mass given by m to A is independent of the massesgiven by m1 (and m2) to propositions Bfi´A.

14A6: autofunctionality:, A„, m(A) does not depend on m(X) for all X q1212A7: three-element:A8: continuity:Let m(A) = 1-, m) = . Let m(A) = 1. For any bel defined on , let10 m12(X) = mThe three-element axiom can hardly be criticized.The continuity axiom is in fact needed = 0 12˛be non null somewhere in the open interval (0,1)x(0,1), or the degenerate solution couldTheorem 3: Given axioms A1 to A8, for all A˛W(A) = q6. NORMALIZATION.When Shafer introduced his model, he postulated m()=0 and bel()=1. So aftercombining two belief functions, he had to normalize the results in order to get

15)=1. This is obtained by computing m(A) as done here and thenproportionally rescaling it by a factor 1/(1-m()). This normalization seems naturalSuppose a murder case with three suspects: = {Henry, Tom, Sarah}, and twomurderer k. For witness 1, k is not Sarah, k is most probably Henry, but k might also beTom. Witness 2 holds similar beliefs except for the permutation between Henry andHenryHow can these two quite contradictory pieces of evidence be combined? Shafer’sZadeh does not accept this solution as it gives full certainty to a solution (Tom) that ishardly supported at all. In fact, in the totally different situation in which both witnessesmight have been sure that Tom was the murderer, the result of the combination wouldmore realistic as it shows Tom to be slightly supported but to be highly supported.Bearing in mind the semantic of given in part 2, the most obvious conclusion in thepresent situation is that the real murderer must be a fourth person, i.e. the solution is inthe set UP and not in the set KP= ={Henry, Tom, Sarah}.There is of course another way of dealing with the present incoherence. The pieces ofevidence are combined by a judge who obtains them from two witnesses, each of whomexpresses his own belief. The judge must consider his own belief about the reliability ofthe witnesses. So one could introduce a meta-belief function representing the degree ofbelief held by the judge about assertions of each witness. Discounting [25, 33] is oneway of taking into account this meta-belief. In the present paper we shall restrictpresented with the evidence: ’The murder is necessarily Henry, Tom or Sarah’. How can

16we accommodate this ’closed-world conditioning’ (UP is empty), i.e. how can wetransform m into m’ so that m’)=0. One must somehow reallocate m)to non vacuous propositions of in order to keep the sum of all the masses m’ equalto 1.(A) = m(A) + c(A,m12) m(0) , A„W) = 0If c does not depend on m (nor on m by symmetry as m’ must obey axiom A2),2AA˛2tells us that the truth may not be in ´A, so that one must have m’(X) = 0 for all´A. This can only be obtained if c depends on m (i.e. m1 and m). Thus Yager’sproposal [45] to take c=0 "A˛, A„1W, and c(1W)=1, is not acceptable as his proposalleads to pl’(´A) > 0.Shafer’s solution corresponds to c(A,m)). It can be obtainedif one requires that relative degrees of belief (or plausibility) should stay constant after the closed-world conditioning corresponds to the impact of the strictlycertain proposition ’UP is empty’.Axiom A9: Let bel’ be the belief function obtained from bel:W[0,1] after closed-world conditioning. Then , A,B„Wand m’() = 0.Axiom A9 implies that bel’(A)=cbel(A) with c independent of A. As bel’()=1, then c=1/(1-m()), as in Shafer’s solution.In this paper, the combination operator has been considered with the open-worldthe closed-world conditioning. It takes in account Zadeh’s criticisms because if the

17The real counter intuitive result observed within Zadeh’s counter example results not somuch from the normalization than from the acceptation of the closed-world assumption.should seriously question the closed-world assumption. Solution m has the advantageShafer’s solution.7. CONCLUSIONS.The present paper has presented the transferable belief model used to quantifysomeone’s degree of belief about the truth of a set of propositions. A finite amount ofbelief is distributed among the propositions of a frame of discernment . The nonimplying ´A. The degree of plausibility in a proposition A is the sum of the massesThis model must not be confused with the upper and lower probabilities model orsome interval valued probabilities model, that corresponds usually to theinterpretation given by those who use Dempster-Shafer’s theory [16]. In these models,the exact value of each probability is only known to be between two boundaries. In thetransferable belief model, no probability whatsoever is introduced. Probabilities arebayesian model. Conceptually the bayesian assumption that belief is quantified byprobabilities rests on betting and decision arguments. The transferable belief modelapplies at the cognitive level, a level where the concepts of bets and decisions are notrequired. It is true that once a decision is involved, one must construct a probability

18described by probability functions. The problem of decision making when beliefs areMathematically, a probability function is a particular case of a belief function wherepositive masses are allocated only to elementary propositions of . Dempster’s rule ofconditioning reduces itself into classical probabilistic conditioning. But Dempster’s rule gives the same probability to every elementary proposition of and if the two piecesof evidence are conditionally independent given each elementary proposition of .one is careful not to introduce it twice in the combination [33]. These mathematicalsimilitudes should not be interpreted as implying that the transferable belief model is athe transferable belief model normatively describes cognitive state, the bayesian modelAny measure of cognitive process gets its meaning only if one can provide an objectivetool through which this measure can be assessed. Exchangeable bets is the one used byOne particularity of the transferable belief model is that it allows a positive massallocated to the contradiction. The meaning of such allocation can be understood ifone gives due consideration to the difference between the open and the closed-worldassumption. The frame of discernment is an a priori construct on which belief isconstruct and that it may be that none of the propositions of is true. The impact of theShafer’s model. The advantage of distinguishing between the open and the closed-worldThe second part of the paper provides axioms that imply the Dempster’s rule of used to combine two belief functions derived from two distinct pieces ofaxiom is the conditioning axiom A4 that results directly from the structure of thetransferable belief model, i.e. a mass initially allocated to some proposition A that could

19It would have been interesting to construct counter examples for which theautofunctionality axiom A6 would not be fulfilled. This is easy if one restricts the belieffunctions to the so called consonant belief functions by Shafer [25] and necessityfunctions in Dubois and Prade [9]. These are belief functions for which the masses areallocated on propositions A1,A2...An such that AifiAi+1: i=1...n-1.. In that case,�(A)=min { T(q(t)) : twhere T is any T-norm. They obey A6 iff T=T0 (the min-based T norm). But consonantbelief functions are only particular cases of belief functions and are too restrictive toIn conclusion, the transferable belief model presents two characteristics: the massesallocation that leads to superadditive belief functions to describe someone’s degree ofbelief and a rule to combine two distinct evidences. The interest of the first aspect isusually recognized. But the combination rule was felt to be ad hoc by critics [28],especially when they interpret the transferable belief model as an upper and lowerprobabilities model. This paper provides axioms that explain the meaning of Dempster’sBelief functions provide a model that should be most useful in developing ExpertSystems that need to handle uncertainty. Its theoretical use for medical diagnosis wasconsidered in Smets [33, 34, 35], the generalization of Bayes’s theorem necessary forinferences is developed in Smets [33, 38, 39] and the concept of degree of belief in aAPPENDIX 1. Triangular norms.23, 24], see also Weber [44]. A T-norm is a function T from [0,1]x[0,1] to [0,1] such that for all a, b, c,d [0,1], one has:1. T(a,b) = T(b,a)2. T(a,T(b,c)) = T(T(a,b),c)

203. T(a,b) T(c,d) if ac and bd4. T(a,1) = a (a,b) T(a,b) T(a,b) = b 0 T0(a,b) = a�b 1 1�b.APPENDIX 2. Monotone functions.on the segment 0R for i=1, 2...n and any positive hD1f(x) = f(x+h) - f(x) 0D2f(x) = f(x+2h) - 2f(x+h) + f(x) 0f(x) = f(x+nh)-nf(x+{n-1}h)+...–f(x) 0If f satisfies those properties for n2, then f is continuous and admits continuousderivates up to the order n-2 inclusively and at each point a right and a left derivate oforder n-1. (Proof is given in Bernstein [2], pg 190 et seq.).f(x) = f(0) + xf’(0) + (x/2) �01

21APPENDIX 3. Proofs of theorems 1 to 3.Given the proofs are much easier when arrived at with commonalty functions, weij i¯qj. "Afi/C means A such that A&´C„.Q1: compositionality axioms:q12Q2: symmetry: = q1Q3: associativity: = q)Q4: conditioning:22B= 0Theorem 1. Given axioms Q1 to Q4, there is a function f such that:q12(A) = f( A , {q1(B):BfiA }, {q2(B):BfiA }) Let q, q and q be three commonality functions defined on . Let C. qCcorresponds to a conditoning on C, i.e. qC(A)=1 "AfiC, and 0 otherwise.By Q1, q(A) = f(A,{qBy Q3, q = q.By Q4, q(12)C(A)=q12(A) "AfiC, and 0 otherwise.C, q(A) = f(A,{qC, 0:Xfi/The comparison of the two f functions shows that q(A) does not depend on qfi/C. This is true for all C such that AfiC and among others for C = A. Thus q12(A)does not depend on q2(X) "Xfi/A. It depends only on q2(X) for XfiA.By symmetry (axiom Q2) one concludes that q(A) depends only on the q(X) and(X) for XLemma 1: Let q be the commonality function corresponding to a conditioning on B.Then qBB=qB¯qB=qBA By definition, mB(B)=1, thus by axiom Q4 m(A)=1 if A=B, and 0 otherwise..

22Lemma 2: If for some BA, BA, q(X)=0 fi/B, then q12(A)=0 Let BA, BA. Let q be the commonality function corresponding to aconditioning on B. By Q3, q. By Q4 as BA, BA, q(A)=0 and(X)=0 A, fi/B. Thus 0 = q(A) =A}) = f(A,{qfi/This last term corresponds to q(A)=0 when q satisfies the conditions of theLemma 3: Axioms A6 implies that , A„, q(A) does not depend on mfor all X By theorem 1, for A˛, q12(A) may depend only on q1(B) for BfiA and q1depends only on those m1(C) such that BC. Thus q(A) may depend on m1(C) onlyif A&C„. q1212 For simplicity’s sake, the domain of the m, q, m and q functions are notThe set of independence pairs is defined as the set of ordered pairs (a,b) where a=|A|,b=|B|, a>b, and (a,b) means that q(A) is independent of q(B), irrespective of the1¡) Consider A, ||=n, |A|=n-1 and ´A=B. By (3.2), m(A) = q(A) - q12112on m(B). The only component of q) that depends on m(B) is q(B). Thus() is independent of q(B). By symmetry (axiom Q5), q() is independent ofq1(n-1,1) (n,2)(n-2,1) (n-1,2) (n,3)

23These independence pairs (r,s) are such that either r-s>n-k or r-s=n-k in which cases=1,2...i. Suppose these independence pairs hold, then the independence pair (n-k+i+1,i+1) holds also.Consider A such that |A|=n-k and Y´A with |Y|=i+1k. Relation (3.2) can be kr (-1)r � � r=0 s=0 Y By A6, m(A) is independent of m(Y). Given A,B,C, we test if qC) maydepend on m(Y). Only q(D) may depend on m(Y) only if DY, and by theorem 1,C) may depend on q1(D) only if DC, so we must only test ifq1To check if qC) is independent of q(D), one must check if the pair (n-k+r,d)Therefore n-k+r-dn-k. Whenever n-k+r-d>n-k, the pair belongs to the set of acceptedindependence pairs. When n-k+r-d=n-k, thus r=d, the pair also belongs to the set ofThe only case not considered is r=d=i+1 in which case r=s, D=B=Y, which correspondsto the only term qY) that might be dependent only on q(Y). As this is the onlyterm that might depend on m(Y) and as m(A) does not depend on m(Y), we haveproved that qY) does not depend on q(Y). By axiom A5, it implies that the pair3¡) Consider the set of independence pairs as in 2¡) but with its last term being (n,k-1),i.e. all the pairs (r,s) with r-s>n-k.We must prove that (n-k+1,1) is also an independence pair. Consider |A|=n-k and |Y|=1,Yfi´A. m12(A) depends on q12(A), q12(A�Y),˚ q12(A�C) and q12(A�Y�C) |C|=c1,Y). q(A) and qC) do not depend on q(Y) as Y´A. qdoes not depend on q(Y) as the pair (n-k+1+c,1) belongs to the set of acceptedindependence pairs as n-k+1+c-1>n-k. The only term that might depend on q(Y) isY). As m(A) does not depend on q(Y) and as there is only one term in(A) that might depend on q(Y), it is independent of q(Y). By axiom A5, the pair4¡) By 1¡ (n,1) is an independence pair. By 3¡ (n-1,1) is IP. By 2¡, (n,2) is anindependence pair. By 3¡, (n-2,1) is an independence pair etc...Thus q(A) is

24Lemma 4: The f function of theorem 2 is such that f(A,a,0) = 0.1Lemma 5: The f function of theorem 2 is such that f(A,a,1)=a.Proof: Let qAq1A=q1¯qA. Then by axiom Q4, q1A(A)=q1(A), thus f(A,q1(A),1)=q1(A).q12iii�´A. By theorem 2, one has q(A) = T). As all q functions are such that�B), TA(a1,a2)‡TA�X(a1,a2). It holds for all A„1W.�with b=|B|. �(0,0) + T) + Rwhere R contains terms T(0,0) with Bfi/C. By lemma 4, T(0,0)=0 for all B. Bylemma 5, TAA�X(1,1)=1. Thusso T, c). It holds for all A such that there are 2 elementaryA�X(c1,c2)=TA(c1,c2propositions in D. By definition, q(A)q(AB) for all A,B. Thus one hasB)). It is equivalent to T(x+, y+)T(x,y) for all ,

25 T is˚ a function from [0,1]x[0,1] to [0,1]. To be a T-norm, T must satisfy: T’(x,y) and T"(x,y) are the first and second derivates of T(x,y) taken for x.Lemma 9: Given axioms A1 to A8, the T-norm of lemma 8 is continuous on [0,1],�B) 0Let A˛, B,C,D˛, B,C,D be pairwise distinct and A�B�C�D=1W.Construct a commonality function q such that q(X) depends only on n=|X|. Take)=x and m, x+31, m(X)=0 forD,A,B,C,D. Then q, q,D, |X| =1, q, XD, |X| =2, and q1(AD)=x. Takea commonality function q such that qX)=y, XD. Let q. Them12(A�B�C) = T(x+e,y) - T(x,y) 0B) = T(x+2e,y) - 2 T(x+e,y) + T(x,y) 0(A) = T(x+3,y) - 3 T(x+2,y) + 3 T(x+,y) + T(x,y) 0for all x,y,e0, given all terms are in [0,1]. With f(x)=T(x,y), f thus admits non negativedifferences of order 1 to 3 on [0,1]. Given A8 f is thus continuous on [0,1]. It admitsnon negative derivates f’ and f", and f’ is continuous(see appendix 2).œLemma 10: Under lemma 9 conditions and given A7, T"(x,y+) T"(x,y). Let A and X,Y,Z be 3 distinct elementary propositions of such thatX�Y�Z=´A. Construct 2 belief functions as follows with x+2e£1, y+d£1:

26XYZZZ10000ee0xq1x+2ex+2ex+ex+ex+ex+exx2000000dyq2dyddyydy)-T(x,y) 0) T(x+2As T admits a second derivate, one divides both terms by e, and takes the limit for efi0.One obtains T"(x,y+Theorem 3: Given axioms Q1 to Q8, q12 is such that for all A˛Wq12 Given lemma 9, one knows that T’(x,y) and T"(x,y) exist and are non negative.T(x,y) = T(0,y) + x T’(0,y) + (x�01where T is a T-norm. Thus T(0,y) = 0. As T(x,1) = x, T"(x,1)=0. By lemma 10,)T"(x,y). Thus 0=T"(x,1)T"(x,y)0, and T"(x,y)=0. Then T(x,y) =xT’(0,y) for x[0,1). T is symmetrical, T(1,1)=1 and T(x,y) is continuous as x1 byA8, so T(x,y)=xy.

(1981) 868-875.BUCHANAN B.G. and SHORTLIFFE E.H. (Eds), Rule-Based Expert Systems:

27Grenoble, 5 (1953) 131-296.(1968) 205-247.Grenoble, Tome 1 (1985) 321-328..BUCHANAN B.G. and SHORTLIFFE E.H. (Eds), Rule-Based Expert Systems:heuristics and biases. Cambridge Univ.Press, Cambridge (1982).

28Rev. 50 (1982) 1-26.Hodder and Stoughton, London (1975) 21-27.Publ. Math. Debrecen, 10 (1963) 69-81.York (1983).NJ (1976).History Exact Sci. 19 (1978) 309-370.SHAFER G. Belief functions and parametric models. J. Roy. Statist. Soc. B44(1982) 322-352.SHAFER G. Lindley’s paradox. J. Amer. Statist. Ass. 77 (1982) 325-351.

29Business, University of Kansas (1984)Cognitive Sc. 9 (1985) 309-339.medicine. Math. Biosci. 23 (1975) 351-379.London W1N 7RA, thesis 80-70,003)Systems 5 (1981) 259-266.Orleans, 544-548, 1986.Systems. ed. CHORAFAS D. and ROWE A., AMK, Berlin, 1987.II., (1986) 169-171.ECCAI(1988) 253-286.

30Soc. B23 (1961) 1-37.based on t-norms and t-conorms. Fuzzy Sets and Systems, 11 (1983) 115-134.1 (1978) 3-28.ZADEH L. A mathematical theory of evidence (book review) AI Magazine 5(3)(1984) 81-83.

The author is indebted to L. Zadeh, G. Shafer, D. Dubois, H. Prade, R. Yager, I.Vanner

31Let � be a finite set of elementary propositions, i.e. the conjunction of any 2 distinctfrom �, i.e. contains the conjunctions, disjunctions and negations of any set of. fl is also called the vacuous proposition of . By definition fl is not an elementaryproposition of �. Negation of any proposition A of symbolized by ´A or ˙ is takenrelatively to �. One writes ˇ and ¢ for the disjunction and the conjunction connectives,For any A¤, �@@A@@� is the number of elementary propositions B¤� such thatAll the presentation could have been done using sets, unions, intersections, andinclusions. Our choice reflects a personal preference supported by the feeling that theA basic belief assignment m is a function m:�[0,1] such that:The sum is taken on all A that imply , i.e. all propositions A of . Any A¤ suchA belief function bel is a function bel:�[0,1] such that: BflThe sum is taken on all B¤ that imply A without implying ˙. It satisfies the following

321) bel() = 1 - m(fl) 11,A2...Aniiij12nA plausibility function pl is a function pl:�[0,1] such that: B¢AflIn particular, pl(fl)=0.A commonality function q is a function q:�[0,1] such that: B�˙bB�˙ Bfl

33@(2) B�˙b B�˙The vacuous belief function is such that:m() @ = 1Shafer defines these functions differently, the only difference being that he requires ahere and those of Shafer, we use the symbols m, bel, pl and q for those functions asShafer’s functions M, Bel, Pl and Q obey all the above mentioned rules to which oneBel(p) = 1Pl() @@= 1In the whole presentation, each time one of the functions m, bel, pl or q is introducedwith some supplementary symbols, we will abstain to define each one in relation to theothers. This avoids the necessity to define explicitely m, pl and q as being the basic111related to the belief function bel. The simple declaration of one of them impliesbel that results of their combination is obtained by Dempster’s rule of combination.

34 X�˙ X¢Y=fl12 X¢Y=flbel2121m(X) = 0for all X¢˙fl11for all X¢˙fl1q(X) = q(X) 0for all X¢˙fl11111 0for all X¢˙fl

35The rules for Shafer’s functions are Dempster’s rule of conditioning.

36Q1: entailment functionality:q12Q2: symmetry:q1$q2 = q2$q1Q3: associativity:(q1$q2)$q3 = q1$(q2$q3)Q4: conditioning:22 @@@@= 0