1QUANTIFYING BELIEFS BY BELIEF FUNCTIONS:AN AXIOMATIC JUSTIFICATION.1I.R.I.D.I.A. Universit� Libre de Bruxelles50 av. Roosevelt, CP 194-6. B-1050, Brussels, Belgium.tel: 32.2.650.27.36, fax: 32.2.650.27.15, email: psmets@ulb.ac.beSummary: We present a set of axioms that justify the use of belief functions to quantify thebeliefs held by an agent Y at time t and based on Y’s evidential corpus. It is essentiallyof beliefs to subsets that represent the same propositions according to Y’s evidential corpus.expressed. The conditioning process is also derived. We propose a closure axiom that assertsthat any measure of beliefs can be derived from other measures of beliefs defined on lessKeywords: Belief functions, quantified beliefs, subjective probabilities, axioms for beliefs,2and quantify them on a numerical scale. These quantified beliefs manifest themselves at twolevels: the credal level where beliefs are entertained and the pignistic level where beliefsare used to take decisions (pignus = a bet in Latin, Smith 1961). Usually these two levels arenot distinguished and probability functions are used to quantify beliefs at both levels. The(DeGroot 1970). The Bayesians have convincingly showed that if decisions must befunction. This result is accepted here, except that such probability functions quantify ourbeliefs only when a decision is really involved. That beliefs are necessary ingredients for ourdecisions does not mean that beliefs cannot be entertained without any revealing behaviourmanifestations (Smith and Jones, p.147).In this paper, we present a set of axioms that must be satisfied by the function that should be

The following text presents research results of the Belgian National incentive-program forfundamental research in artificial intelligence initiated by the Belgian State, Prime Minister’sOffice, Science Policy Programming. The scientific responsability is assumed by its author.Research work has been partly supported by the ESPRIT II, Basic research Action 30852

2It will be shown that the credibility function is a belief function. The resulting model is theWe accept all over that degrees of beliefs at both the credal and the pignistic levels areevidential corpus (tY) i.e., the set of pieces of evidence in Y’s mind at time t. Ourapproach is normative, the agent Y is an ideal rational agent, the evidential corpus istYtY. The updating is similar to the expansion process consideredThis paper summarizes the major results. Details and proofs are presented in Smets (1992b).We present successively the propositional space on which credibility functions ared defined(section 2), the principle axioms characterizing the credibility functions (section 3), thedynamic of the credibility functions after non-informative coarsening (section 4) andby an expansion process (section 6). A closure property is presented that implies thatLengthy discussions about the use and appropriateness of the belief functions to quantifybeliefs can be found in two special issues of the International Journal of ApproximateThe propositional space.This section defines the domain on which the agent Y will express his beliefs at time t. TheseOur presentation is based on possible worlds (Carnap, 1956, 1962, Ruspini, 1986, Bradleyand Swartz, 1979). Let L be a finite propositional language. Let = {, , ...} bethe set of that correspond to the interpretations of L. We call the frame of (the frame for short). identify the subsets of . Let be thetautology and ^ be the contradiction. For any proposition X, let be the set of worldsidentified by X. Let A be a subset of , then is any proposition that identifies A. So, fl= and =. The domain of Cr are sets of worlds in . By definition the

3In L, two propositions A and B are , denoted AB, iff .Beside the logical properties, there is another concept of equivalence related to the evidentialcorpus tY �tYtY are true. All the worlds in not in �tY� are accepted as ’impossible’ for Y attime t. Two propositions A and B are said to be doxastically equivalent for Y at time t,@�tYtY�B�For A,

A �tY�

A�tY.Let be a partition of . Given the elements of the partition , we build , the of the subsets of based on . Each set of worlds in that is an elements of thepartition on which the algebra is based is called an atom of . Given , the number ofatoms in a set A is the number of atoms of that are included in A. We call the pair (,) a propositional space.The credibility function.Let Y be an agent. Let tY be Y’s evidential corpus at time t. Let W be the frame ofdiscernment on which Y entertains his beliefs concerning the answer to a question ofwhich maps into [0, 1], is uniquely defined by (tY,Y, t), is monotonic for inclusion,reaches its lower limit for fl and its upper limit for . The triple (, , Cr) is called acredibility space. The index in (, , Cr)tYAxiom A1:Equi-credibility of doxasticaly equivalent propositions.Suppose two credibility spaces (, i, Cri), i=1,2 induced by tY. Let A, A Let1 and be any proposition that identifies A1 and A. Let . Then Cr) =22space (, ) is a convex set, i.e., if Cr and Cr are two credibility functions defined on ,then + (1-, [0,1], is also a credibility function on . We also derive the

4function needed for decision making. We˚prove that probability functions are credibilityfunctions (Smets 1992b).is initially defined. These changes of algebra are said � in that they do nottY on which Y�s beliefs at t were based. Two typescorresponds to a grouping together of the atoms of whereas the second corresponds to a.

´C’´R’

112112

323424535636Figure 1: Examples of coarsening C and refinement R from to ’ which atoms arerespectively the i’s and the zitY. Let C be a mapping from to ’, anatom of ’ and each atom of is mapped into one and only one atom of ’. Let C() be theatom of ’ on which the atom w of is mapped, and ˛´, C(A) = () : A). Themapping C is called a . For A�’, C(A�) is the union of the atoms of whichare mapped by C onto an atom of A�. Let Cr� be the credibility function induced on � fromtY. The same evidential corpus tY induces both Cr and Cr�, the only difference being inTheorem 1. Let the credibility space (, ’, Cr’)tY be derived from (, , Cr)tY’:Cr’(A�) = Cr(CThanks to theorem 1, the granularity of in (, , Cr) becomes essentially irrelevant. The

5each atom of contains at least one element of . So one has full freedom to change WLet (, ) be a propositional space. Suppose a mapping R from (, ) to anotherpropositional space (’, ’) where ’ is an algebra such that each atom of is mapped intoone or several atoms of ’ and each atom of ’ is derived from one and only one atom of .The structure of the frames of discernment and ’ is not important for our presentationprovided they are compatible with �. Therefore and ’ can both be re-defined such thatthe image of A in ’, and let R(fl)=fl. The mapping R is called a .Let (, , Cr)tYtY and let (*, ’) be the propositional´tY, i.e. by Cr.As , , then Cr’(R(A)) = Cr(A) by axiom A1. But Cr’ is not defined on thecredibility Cr’ on ’ for these elements of ’ given the credibility Cr on and theIn order to explain the construction of Cr’, consider the following illustrative example. Let vbe Paul’s age, = [0, ), and = [0,20), = [20, 40), = [40, ) be the three atomsof . Let Cr quantifies Y’s beliefs on ´ based on tY. Let P, P and P be threepropositions. Y does not know what are these three propositions, he only knows that one and 1122) = {X, X, X} where X = ’3 and PtY that leads to the constructionof Cr on and the knowledge of the refinement R. Consider the value of Cr�(). The) =Cr’() = Cr’(Suppose now that one uses another uninformative refinement R� from (*, to (*, such that R�() = , R�() = , and R�() = {Y, Y} where , 3 .) = Cr’(

6) = Cr’() = Cr’() = Cr�() = Cr�() = Cr’()w1¨�w3�of an uninformative refinement is formalized by axiom R1 where we must only postulate theequalities on the atoms, as the other equalities are deduced from axiom A1 and the sameAxiom R1: Let (, , Cr)tY be a credibility space and let R be a refinement from (, to (’, ’). Let be a given atom of and B’ where B) = fl. Let X: i=1, 2...n bethe atoms of ’ included in R(). Let (’, ’, Cr)tY be the credibility space induced from(, , Cr)tY by R on (’, ’). Then) = Cr’(B){1, 2...n}.Theorem 2: Under axiom R1 conditions, for any , any B and with BX) is constant for all XThe property represents a serious departure from what is encountered in classical probabilitytheory. That departure reflects the difficulty for probability theory to deal with states of totalignorance as those encountered with the Pi’s. In fact, in probability theory, one cannot acceptsimultaneously axiom R1 for any uninformative refinement R and axiom A1. In probabilitytheory, the introduciton of a uninformative refinement is accompanied by the introduction intY of the information that tells for each atoms of how the probability given to is among the atoms of R() is assumed, but any distribution is acceptable. The informationabout that distribution is linked to the refinement, therefore tY is updated, and thus therefinement is not uninformative as required. The uninformative refinements we consider inour credibility function is build, without changing the evidential corpus tY on which Y�sAnother axiom must be assumed to determine Cr’ after uninformative refinement. Let Aand let n distinct atoms , i=1, 2...n of , none being included in A. Let X), i=1,2...n. We postulate that Cr’(R(A)) depends only on the beliefs Cr(A1 2..n.Axiom R2: Let (, , Cr)tY be the credibility space based on tY. Let R be auninformative refinement from (, to (’, ’). Let (’, ’, Cr’)tY be the credibility

7space induced from (, , Cr)tY by R on (’, ’). Let A . Let : i=1,2...n, be ndifferent atoms of with Ai = fl. Let Xi be any element of ’ strictly included in R(i):i=1,2...n. Then there is a g function such that:) = g({Cr(AB): B, B In fact, axiom R2 could be simplified by requiring only that Cr’(R(A)) doesnot depend on Cr(X) when X ) = fl. Intuitively that property is of the) = Cr(A)) = Cr(A )) = max(Cr(A), Cr(), Cr(), ...Cr(encountered when Cr is a plausibilty function. The third solution will not satisfy thetY be the evidential corpus held by Y at time t and let (, , Cr)tY´include the actual world . Suppose Y expends tY by adding the evidence EvA compatibletY

A�W are impossible, i.e. that the actual world v is not

A, or equivalently that . How does Y update his beliefs given the addition of EvA tY? Let CrA be the conditional credibility function that results from the addition of EvA tYtY.Axiom M1: Let (, tYtY. Let Ev be an evidencetY that implies that . Let (, Cr)tY be the credibilitytYEvAA�W,let , and be the propositions that denotes the sets of worlds A, B and ASuppose you learn 1) that and then that , or 2) that and then that , or 3)fA˙B@T

8We prove that the conditional credibility function Cr(B) depends only on some of the´.Theorem 3: Let (, tY be a credibility space based on tY. For A, let Ev betY that implies that . Let (, )tY be thetYA�

A, and 3: CrA˙A), Cr(‘B˙A), Cr(‘˙¨‘A), Cr((¨‘A), Cr(W))The following theorem formalizes the idea that refining one atom w of ´ into two new atoms and in ’ and conditioning then on w2 will leave the credibility function unchanged(except the algebra has changed). To illustrate the underlying idea, consider the followingexample dealing with Paul’s age . Consider Y’s beliefs about , im particular<20). Then consider a refinement R from (, ) to (’, ’) with R([0,20)) =[0,20), R([20,40)) = {([20,40),Q), ([20,40),´Q)}, R([40,)) = [40,), where Q is aproposition unknown to Y (like the P�s propositions of section 5). Y builds his credibilityfunction Cr’ on ’. Than Y learns that Q is true. What is Y’s beliefs about <20 given<20) or (20£<40 and Q)). We feel it has to be equal to Y’s previous beliefCrv<40(v<20) about v<20 given (v<20 or 20£v<40). Indeed the Q story becomes irrelevantvTheorem 4: Let (, , Cr)tY be the credibility space based on tY. Let a uninformativerefinement R from (, ˚to (’, ’) such that each atom of ´ is mapped onto itself in 12derived from Cr on ’ by R. Suppose the conditioning of Cr’ on w2 , then w2ẇ2We introduce two other axioms. The first (M2) eliminates degenerated solutions. The second(M3) says that if fotr X,Y, X,Y XY=fl, Cr(XY) = Cr(X) + Cr(Y) then theconditional crfedibiulkty function Cr obeys CrY) = Cr(X) + Cr(Y) (just as inaxioms about refinement are sufficient to derive the explicit structure of the conditionalAxiom M2: Non-degenerated solutions. (B) is not constant for all A.

9Axiom M3: Additivity preservation. Let (, ,Cr) be a credibility space. If theTheorem 5. Let (, , Cr)tYtY. Let {, , ...}be the set of atoms of . Let a uninformative refinement R from (, ) to (’, ’). Let (’,’, Cr’)tY be the credibility space derived from (, , Cr)tY by R. Let IFor iI, let X). Let A and =fl, The refinement and the conditioningCrA¨

A)A)Cr’(R(A) ¨ (¨ii)

Cr’(R(A) ¨ (¨ii)to the extremal solutions among the possible solutions. Indeed the following inequalities areCr(A) Cr’(R(A) ¨ (¨iiiwi)).The minimal and the maximal solutions of theorem 5 are in fact dual. We define the co-If the credibility function satisfies the minimal solution, its related cocredibility functionfunction, as the other solution is always its dual. That duality relation is the one encounteredThe solutions for Cr(B) depend on the value of Cr(A). Three particular cases merit(A) = 1: the solutions are those obtained by the normalized Dempster’s rule ofconditioning, i.e. the solutions described in the transferable belief model under closed-world

10AAthe solutions are those obtained by he unnormalized Dempster’s rule of conditioning as(A) = Cr(): the solutions corresponds to those obtained by a partially renormalizedDempster’s rule of conditioning. It fits with the idea that the belief initially given to W preserved by proportionaly reallocating the belief given initially to

A. The nature of such aboth the maximal and the minimal solutions of theorem 5 are identical and correspond to theG�rdenfors (1988) proposed two compelling properties for probabilistic revision functions,that are not simultaneously satisfiable in probability theory. In the context of the minimal:If Cr(

A)<Cr() and Cr = p.Cr’ + (1-p).Cr", p[0,1], then Cr= p.Cr’ + (1-p).Cr".:If Cr(

A)<Cr() and Cr(B) = Cr(), then CrA(B) = CrA(A).Homomorphisme is satisfied only by˚the unnormalized Dempster’s rule of conditioning. ItPreservation is satisfied by both solution for conditioning. One could have considered that(B) = Cr() would be required by the preservation. But in order to satisfy bothCr(

Aconditioning is performed by the unnormalized Dempster’s rule of conditioning (Smets andKennes, 1990). In that case, the prerequisite Cr(

A)<Cr() can even be relaxed, but ifCr(

A)=Cr(), then Cr(B)=0 , so even Cr()=0, a belief that describes a state ofCredibility functions and belief functions.The aim of this paper was to determine which properties are required in order to justify thatbeliefs should be quantified by belief functions. Up to here the credibility functions are not

11restricted to being belief functions. To achieve our aims, we introduce a closure property thatLet a propositional space (, ). The only relevant information in to define the set of allcredibility functions defined on is the number r of atoms in (r = ||) so we write forthe set of credibility functions defined on an algebra with r atoms and that satisfy to theminimal solutions of theorem 5. Let I be the ’vacuous’ credibility function on (, ) where(X)=0 , X, and Let be the set of belief functions defined on an algebra with r atoms. is closed underconditioning. Furthermore all elements of r can be generated from the vacuous credibilityis a convex combination except that the sum of the weights may be in [0, 1] instead of beingLet be the set of refinements R , i=1, 2..., from (, to (’, ’) where || = r and |= r+1, i.e. one and only one atom of has been refined into two atoms of ’. For Cr,Ri˛Rr, let Ri(Cr)˛Cr+1 be the credibility function defined on ´’ after aplying the refinementLet Ext() be the set of credibility functions on ’ that can be obtained by convex´contains all the credibility functions that can be obatined from those in Ext() throughr) = {Cr: Cr, Cr = �i), Cr, R, 0, �i =1})) = {Cr: Cr, Cr = �i, 0, �i =1,CriAii˛´’ of Cri˛D(Ext(Cr))}rfrom some credibility functions in r through refinement, conditioning and simplexThe Closure Axiom : r+1 = rrr

12Theorem 6.1: = .2: credibility functions that satisfy the minimal solution for conditioning and refinement are3: credibility functions that satisfy the maximal solution for conditioning and refinement arelevel, i.e. where beliefs are entertained. These conditions seem acceptable, and therefore theyprovide a justification for the transferable belief model to quantify some one’s beliefs (Smetsand Kennes, 1990).the homomorphism and the preservation properties). Therefore the rejection of our axiomsmight lead to a simultaneous rejection of probability theory! In fact probability functions aredecisions given the beliefs entertained at the credal level. In Smets (1990a) we show what isthe justification of the Dempster’s rule of combination (see also Klawonn and Schwecke,1992, Klawonn and Smets 1992). The concept of distinctness is described in Smets (1992c).The meaning of Cr()<1 is analysed in Smets (1992a). The combination of the beliefand Smets (1986).BRADLEY R. and SWARTZ N. (1979) Possible worlds. Basil Blackwell, Oxford, UK.CARNAP R. (1956) Meaning and Necessity. University of Chicago Press, Chicago, Illinois.CARNAP R. (1962) Logical Foundations of Probability. University of Chicago Press, Chicago,DEGROOT M.H. (1970) Optimal statistical decisions. McGraw-Hill, New York.GARDENFORS P. (1988) Knowledge in flux. Modelling the dynamics of epistem�ic states. MIT Press,Cambridge, Mass.KENNES R.(1991) Evidential Reasoning in a Categorial Perspective : Conjunction and Disjunction ofBelief Functions. in D’Ambrosio B.D., Smets P., and Bonissone P.P. eds, Uncertainty in AI91,Morgan Kaufmann, San Mateo, Ca, USA, 1991, pg.174-181

13KLAWONN F. and SCHWECKE E. (1992) On the axiomatic justification of Dempster’s rule ofcombination. Int. J. Intel. Systems 7:469-478.specialization-generalization matrices. in Dubois D., Wellman M.P., d�Ambrosio B. and SmetsP. Uncertainty in AI 92. Morgan Kaufmann, San Mateo, Ca, USA, 1992, pg.130-137.KYBURG H. (1987a) Objective probabilities. IJCAI-87, 902-904.RUSPINI E.H. (1986) The logical foundations of evidential reasoning. Technical note 408, SRIInternational, Menlo Park, Ca.SHAFER G. (1976) A mathematical theory of evidence. Princeton Univ. Press. Princeton, NJ.SMETS P. (1986) Combining non distinct pieces of evidence. Proc.NAFIP86, New Orleans, 544-548.SMETS P. (1988) Belief functions. in SMETS Ph, MAMDANI A., DUBOIS D. and PRADE H. ed.SMETS P. (1990b) Constructing the pignistic probability function in a context of uncertainty.Uncertainty in Artificial Intelligence 5, Henrion M., Shachter R.D., Kanal L.N. and Lemmer J.F.eds, North Holland, Amsterdam, , 29-40.in Dubois D., Wellman M.P., d�Ambrosio B. and Smets P. Uncertainty in AI 92. MorganKaufmann, San Mateo, Ca, USA, 1992, pg.292-297.SMETS P. (1992b) An axiomatic justifiaction for the use of belief function to quantify beliefs. IRIDIA-TR- 92.SMETS P. (1992c) The concept of distinct evidence. IPMU 92 Proceedings.pg. 789-794.SMETS P. and KENNES R. (1990) The transferable belief model. IRIDIA-TR-90-14/2, to be publishedSMITH C.A.B. (1961) Consistency in statistical inference and decision. J. Roy. Statist. Soc. B23:1-37.SMITH P. and JONES O.R. (1986) The philosophy of mind, an introduction. Cambridge UniversityPress, Cambridge.