1THE AXIOMATIC JUSTIFICATIONOF THE TRANSFERABLE BELIEF MODEL.1I.R.I.D.I.A. Universit� Libre de Bruxelles50 av. Roosevelt, CP 194-6. B-1050, Brussels, Belgium.Summary: Belief functions have recently been advocated as an alternative to probabilityIndeed the examination of the requirements that underlie the normative models of subjectiveof axioms. In order to show that belief functions are appropriate for representing quantifiedintroduced and when the domain on which beliefs are assessed changes. The deduced modelKeywords: Belief functions, quantified beliefs, subjective probabilities, axioms for belief,Why representing beliefs is useful?Why should statisticians, engineers, logicians, philosophers... be interested in a model torepresent quantified beliefs? For the statisticians, because statistical inference is essentiallybuilding �beliefs�, as done explicitely in Bayesian inference but also in classical inference,significance levels and confidence intervals have a strong flavor of �belief�, even though that�belief� is supposed to be �objective�. For the engineer, because building a ’thinking robot’ ispart of the dream of Artificial Intelligence. To be ’viable’ such a robot must be able to reasonand to act within an environment ridddled with uncertainty. For the logicians, because

1 funded by a grant from the Communaut� Fran�aise de Belgique and the ESPRIT III, BasicResearch Action 6156 (DRUMS II) funded by a grant from the Commission of the European

2What we philosophically mean by �belief� is left aside. We study epistemic states involvingshades of belief, where the �belief� express the extend to which an ultimately true or falseproposition is believed (Dubois and Prade, 1996). In practice we study the same concept asof A is .7� quantifies someone�s �beliefs�. We use �belief� in this non categorical sense. Wecould as well have used words like credibility, support, strength of opinion, necessarycommitment... or many other similar expressions. The word �belief� is just used forjustifications that underlie the determination of a model to represent quantified beliefs.Rationality requirements are proposed that lead to the transferable belief model (TBM), amodel based on belief functions. The meaning and advantages of the TBM are presented inSmets and Kennes (1994). Such a model was criticized as �lacking of any axiomaticThe Bayesian model is perfect when all needed probabilities are available. But what whencase the Bayesian model covers all needs. This claim hardly makes unanimity. The TBMmodel, and reduces itself into the Bayesian model when the conditions underlying the1.2. About the concept of belief.1) Credal versus pignistic levels. Uncertainty induces beliefs, i.e. graded dispositions.Usually these two levels are not distinguished and probability functions are used to quantify(Ramsey, 1931, Savage, 1954, DeGroot, 1970). They have shown that if decisions must be"coherent", the uncertainty over the possible outcomes must be represented by a probabilityfunction. This result is accepted here, except that such probability functions quantify the

Credal and pignistic derive both from the latin words �credo�, I believe and �pignus�, awage, a bet (Smith, 1961).

3this probability function represents the uncertainty at the credal level. We assume that thepignistic and the credal levels are distinct what implies that the justification for usingprobability functions at the credal level does not hold anymore (Dubois et al., 1996). Thispaper is concerned with developing the nature of the function that might appropriately** 2) Historical comments: The distinction between the two levels was alreadyrecognized by previous authors as illustrated by the following quotations. �The kind ofmeasurement of belief with which probability is concerned is a measurement of belief basis of action� (Ramsey, 1931). �That beliefs are necessary ingredients for our decisionsdoes not mean that beliefs cannot be entertained without any revealing behaviormanifestations� (Smith and Jones, 1986, p.147). �A belief is a disposition to feel that thingsare thus-and-so. It must be contrasted with the concept of acceptance� (Cohen, 1993). �A�There is difference between theoretical reaoning, which immediately modifies beliefs, andThe normative models proposed to represent quantified beliefs entertained at the credal level2) the non-standard probabilistic models, i.e., extensions of the probability model: the upperand lower probabilities models (Good, 1950, Smith, 1961, Kyburg, 1987b, Walley, 1991,Voorbraak, 1993), Dempster-Shafer’s models (Dempster, 1967, Shafer, 1976, Smets, 1994),1986, Pearl, 1988, Smets, 1991), the convex sets of probability functions (Levi, 1980),3) the non-probabilistic models, i.e., models independent of any underlying probabilitymodel: the transferable belief model (Smets, 1988, 1990a, Smets and Kennes, 1994), theFor each of these normative models, authors have proposed sets of requirements thatmeasures of belief should satisfy. The comparison of the requirements helps to evaluate the3) Our strategy for building the model. In this paper, we follow the same strategy.We propose a set of requirements that should be satisfied by the mathematical functions thatrepresent quantified beliefs at the credal level. Therse functions are temporarily called�credibility functions�. Initially credibility functions could be any set-functions. We thenintroduce rationality requirements that any credibility function should satisfy in order toadequately represent beliefs. Each requirement puts more and more constraints on the familyof functions that could be used to quantify beliefs, up to the point where that family reducesitself to the set of belief functions. Even though probability functions are˚special cases of

4belief functions, the family of probability functions is not rich enough to satisfy all theThe resulting model for representing quantified beliefs at the credal level is the TBM (Smetsit is free of any probabilistic connotation. As far as we know, this is the first axiomatizationbeliefs.4) The evidential corpus. Our approach is normative, not descriptive. We considerof some propositions. We limit ourselves to propositional logic. Extensions to higher orderlogics, to multivalued logics and to fuzzy logics are left aside. The strength of the beliefentertained by You at time t that a given proposition is true is defined relative to a giventYcorpus tYtY isdiscuss uninformative refinements and coarsenings. It will change when we will discussconditioning and deconditioning, i.e., when new pieces of evidence are added (conditioning)tY.** 5) The strucutre of the evidential corpus. For what concerns the construction ofYour beliefs, tY is composed of propositions accepted to be true tby You at t. Somepropositions bear directly on the domain on which Your beliefs are built. Other propositionstranslate rationality principle that Your beliefs should satisfy. For example, as a Bayesian,tYYour opinion about whch event will prevail, and some rationality requirements like the oneprobabilities given to the individual events, etc... Given tY, if You are a Bayesian, YoutY uniquely determines these probabilities, a reminiscence of Carnaplogical probabilities. Nevertheless, the derived probabilities are subjective as tY containsYour personal opinions at t. It is hard to differentiate between subjective probabilities andThe belief set of G�rdenfors (1988) is a subset of tY, it is the set of propositions in tYtYa description of the background from which You build Your beliefs at t. If we had put thevalues of the beliefs in tY, then the beliefs induced by tY would be nothing but those

5tY. We use tY as a �background� and we say �tY induces beliefs so and so�6) Achievement. This paper presents the rationality requirements that should be included intYtY, qantified beliefs are representedstate� induced by some evidential corpus tY. Then we introduce some additionaladapted accordingly in order to keep some �coherence� between the belief states. We assumestates that result from additional information are reflected by transformation between�credibility functions�. The coherence required among belief states will induce someconstraints on the possible nature of the �credibility functions�. Together the constraints wewill introduce imply that �credibility functions� are belief functions, i.e., that the model forSummary of content.frame is essentially a finite Boolean algebra over a set of possible worlds. Credibilityfunctions are required to be bounded real valued functions, monotone for inclusion, that giveSection 3 shows that the set of credibility functions is convex. Section 4 introduces theof the domain on which credibility functions are defined. Section 5, by far the mostimportanty section, studies the impact of a new piece of evidence on a credibility function,i.e., the conditioning process. Section 6 introduces the concept of deconditionalization andshows that a credibility function is in fact a belief function. It concludes our justification forthe use of belief functions to quantify beliefs. Section 7 summarizes the results and answersThe credibility function.The aim of this work is to develop the mathematical structure of a function Cr, called athose encountered in statements like ’Your belief that a proposition A is true is .7’, or as ashortcut, ’Your belief that A is .7’. Beliefs weight the strength given by the agent You to thefact that a given proposition is true in the actual world. The meaning of the statement ’Yourthe proposition "it will rain tomorrow" is true is .7’ or: ’You believe at level .7 that the day oftomorrow belongs to the set of rainy days’. So beliefs given to ’propositions’ can equivalently

6be given to the subsets of worlds that denote the propositions. Defining beliefs onpropositions or on sets is equivalent. We will adopt the second approach. We restricttime t given Your evidential corpus tY. Then a first set of requirements are presented, themost important being the doxastic consistency, i.e., propositions that are considered astYThe propositional space.1) Possible worlds. Our presentation is based on possible worlds (Carnap, 1962,Ruspini, 1986, Bradley and Swartz, 1979) and beliefs will be given to sets of worlds. Thesesets of worlds, called �events� in probability theory, will be elements of a Boolean algebra ofdenoted and , respectively. Let W be the set of worlds that correspond to theinterpretations of and built so that every world corresponds to a different interpretation.Propositions identify the subsets of W, and the subsets of W denote propositions. For anyproposition X, let be the set of worlds identified by X (i.e., those worlds where Xis true).We assume that among the worlds of W a particular one, denoted , corresponds to theactual world. You ignore at t which world is . You can only express Your beliefs at t that .2) The frame of discernment. By definition the actual world is an element of W.But because of Your limited understanding of W, some of the worlds of W might be notconceivable to You at t. Let W be the set of worlds conceived by You at t given YourtY** 3) The structure of the frame of discernment. The set results from tY andtY. Of course tY can say more about. It can tell that some worlds in are in fact considered as impossible by You at t. Let�tY denote the set of worlds in where all the propositions deduced on from tY true. Hence Your beliefs are essentially defined on �tY� as, at time t, You consider thoseworlds in and not in �tY� as impossible. Nevertheless we can innocuously extend thedomain of Your beliefs to . So by construction, �tY. The worlds in and not in

7�tY� are considered as impossible to You at t, the worlds in W and not in areOf course, defining as �tY� could also be accepted as beliefs are always allocated tosubsets of �tY�tYClassically, inconceivable worlds are not considered and = W. A difference between Wand W can nevertheless appear if You had built by an enumeration procedure, and Youw0thus rejected. Note that nothing requires to be in : the actual world can be one of thoseWhen W, it could be tempting to consider the set of worlds of W not in , and toLstate of beliefs where he can only express Your beliefs over the subsets of . Creating theA and to . In these more general theories, if we add the extra set , You would have to¨h�do not know what these subsets represent as those worlds in are �inconceivable� for You�tY� to was accepted, whereasextending it from to W was not. The reason for such asymmetry is that, in the first case,You know that the worlds in not in �tY� are impossible, whereas You have no opinion4) Doxastic equivalence. In the propositional language , two propositions are logicallyequivalent iff the sets of worlds that denote them are equal. Besides this logical equivalence,tY). Then ’heads’ and ’going to the movie’ are �equivalent� from Your pointof view as they share the same truth status given what You know at t. Of course, they are notlogically equivalent (Kyburg, 1987a). We call them doxastically equivalent (from doxa = an

8Definition: Two propositions p and q defined on L are doxastically equivalent (for You at t,i.e., given tY) iff the sets of worlds and , both subsets of W that denote them�tY, i.e., �tY�˙�p� = �tY.tY

EC^t_Y

.5) Complement . For A ,

A denotes the set of worlds in W n o t i n A . B y d e f i n i t i o n ,¨

A˚= . 6) The propositional space. Whenever You can express Your belief that belongs to aset A, and to a set B, You can also express Your belief that belongs to their complementa B o o l e a n a l g e b r a o f s u b s e t s o f t h e f r a m e o f d i s c e r n m e n t ( t h u s c l o s e d u n d e r u n i o n , Let denote this Boolean algebra of subsets of on which You can express Your beliefs.We call the pair (, ´) a p r o p o s i t i o n a l s p a c e a n d ´ the credibility domain . The of thecredibility domain ´ a r e d e f i n e d a s t h e � s m a l l e s t� n o n e m p t y e l e m e n t s o f such that theirintersection with any element of is either themselves or the empty set. Let At() denotedthe set of atoms of . Note that several worlds of might belong to one atom of . Theatoms of are in fact the elements of a partition of . When is the power set of , theatoms of are the singletons of . Given , the number of atoms in a set A , denoted** 7) Details about the propositional space. W h y d o w e i n t r o d u c e t h e c r e d i b i l i t y domain , restricting Your beliefs to it, and we just do not accept that is the power set ofcan denote very precise propositions, and due to Your limited understanding, You cannott o m o r r o w w e a t h e r i n B r u s s e l s , h e w i l l n o t a s s e s Y o u r b e l i e f s o n t h e w e a t h e r a t e v e r y w e a t h e r i s f i n e� , � N e w Y o r k w e a t h e r i s f i n e� , � T o k y o w e a t h e r i s f i n e� , . . . } . W h e n a s k e d one where Brussels weather is fine, and one where Brussels weather is not fine. He will notbuild an atom where simultaneously Brussels weather is fine and New York weather is notAs an example of a propositional space (, ) and of the a t o m s o f , c o n s i d e r a g i v e n person X whose gender and pregnancy status You wonders about. Let = {, , }12t. Let 1 and 2 be two credibility domains on with At) = {Female, Male} = {{,

9}, {}} and At) = {Pregnant, Non-pregnant} = {{}, {, }}. Then is {{},F e m a l e , M a l e , F e m a l e M a l e } = { { } , { , } , { } , { , , } } a n d = { { } , Pregnant, Non-pregnant, PregnantNon-pregnant} = {{}, {}, {, }, {, , In 1, ||=2. I f is the power set of , then || = 3.8) Unique agent. O n l y o n e a g e n t Y o u i s c o n s i d e r e d i n t h i s p a p e r , a n d t i m e t i s u n i q u e e x c e p t w h e n b e l i e f r e v i s i o n i s s t u d i e d . I t s h o u l d n e v e r t h e l e s s b e r e m e m b e r e d t h a t t h e evidential corpus tY, the frame of discernment , t h e c r e d i b i l i t y d o m a i n , a n d t h e The credibility function.Let (, ) be a propositional space and You be an agent with tY being Your evidentialvalued �credibility� function Cr which maps ˚ i n t o a c l o s e d i n t e r v a l o f t h e r e a l l i n e , i s Requirement A2.1: Let (, ) be a propositional space. Let tY tY are quantified by1: Cr : [a^, aT] where [a^, aT] is an interval of the real line.2: "A, B, if AB, then Cr(A)Cr(B)3: Cr(fl) = .The , C r , tY). The credibility domain is the algebra that bears Your beliefs and Cr is thew0G i v e n a n d tY, You can build several credibility domains , i = 1 , 2 . . . , a n d b u i l d a credibility function Cri on each of these credibility domains. Hence given and tY, thereexists a family of credibility spaces (, , Cr) that will represent Your beliefs. The nextrequirement is proposed in order to preserve coherence between these credibility spaces. Its t a t e s t h a t g i v e n tY, two doxastically equivalent propositions should receive the sameRequirement A2.2: Doxastic Consistency.

10Let (, , Cr, tY), i=1,2, be two belief states based on the same tY and relative to two.If =

ECtY

A2, then Cr11) = Cr22).´1´2for You at t. A consequence of A2.2 is that the belief given by You at t to a subset of does3. Convexity of the set of credibility functions.combination of two credibility functions is a credibility function. Along the way, we assume** 3.1. Example.Example 1: Horse Race. Suppose a horse race involving three horses: Allan, Blues andCarol. Tomorrow at 7 AM, it will be decided depending on the outcome of a coin tossing1and Cr be the credibility functions that describe Your beliefs about which horse will win ifcredibility function that describes Your beliefs held by now about the winner not knowing atwhich time the race will be run. We essentially assume that Cr(A) for A{Allan, Blues,1(A), Cr2(A) and a. tSo we have two belief states (, , Cr, tY) and (, , Cr, tY) where = { A l l a n , ´chance process. Let (, , Cr, tY) be the belief state built on before learning whichbelief state will prevail. What are the coherence requirements to impose on Cr12, i.e., what is1) Cr( { A l l a n } ) d e p e n d s o n l y o n C r ( { A l l a n } ) a n d C r ( { A l l a n } ) ( a n d ), CrBlues}) depends only on Cr1({Allan, Blues}) and Cr2({Allan, Blues}) (and a), etc...,3) if Cr1({Allan}) = Cr2({Allan}), then Cr({Allan}) should also be equal to Cr1

11These requirements are sufficient to derive very strong results on the relation between Cr12.t** 3.2. Convexity Requirements. .Requirement A3.1: Pointwise Compositionality.There exists a function Fa, T]2[, T] such that for each A,(A) = F( 1(A) , Cr2(A) ).Requirement A3.2: Continuity. (x,y) is continuous in (x,y), .Requirement A3.3: Strict Monotonicity. (x,y) is strictly monotone for x and y, Requirement A3.4: Idempotency. (x,x) = x for all x, The Pointwise Compositionality, reflected by the existence of the F function, is justified bythe idea that, for a given A, Cr(A) should not be changed if we replace the credibilitydomain by the credibility domain ’ with only two atoms, A and

A. Requiring that Crshould be unchanged after regrouping the atoms is obvious (and will be fully analyzed in(A) = Fa( 1(A) , Cr2(A) , Cr1(

A) , Cr(

A) ), The other requirements are hardly arguable. Continuity is assumed essentially for simplicitythe race is run, i.e., Cr1 = Cr2, then Cr should be equal to Cr1.( F(x,y) , F(u,v) ) = F( F(x,u) , F(y,v) ),Example 1, continuation 1. Suppose that the race could be run at 9 AM, 11 AM, 3 PM or5 PM. The choice of the time will be made by applying a random device to decide betweenAM or PM. Let b e t h e p r o b a b i l i t y t h a t t h e r a c e i s r u n i n t h e m o r n i n g . O n c e s e l e c t i o n

12ap r o b a b i l i t y t h a t t h e r a c e i s r u n a t 9 A M i s , at 11 AM, ), at 3 PM, (1-, at 5 PM,.L e t ( , , C r , tY), i=1,2,3,4, be the belief states that represent Your belief about thebuild (, , Cr, tYare two identical ways to build Cr. You can first build Cr from Cr and Cr where theprobability that Cr will prevail is , and Cr from Cr3 and Cr4 where the probability that will prevail is , and then build Cr from Cr and Cr where the probability that13142, and then build Cr from Cr1 and Cr where the probability that Cr will prevail is. The choice of the selection procedure was specifically done so that all the mentionedp r o b a b i l i t i e s a r e e q u a l . B o t h a p p r o a c h e s s h o u l d l e a d t o t h e s a m e f i n a l r e s u l t s . T h i s Cr12(A) = Fa( Cr1(A) , Cr2(A) )Cr34(A) = Fa( Cr3(A) , Cr4(A) )Cr1234(A) = Fa( Cr12(A) , Cr34(A) )Cr13(A) = Fa( Cr1(A) , Cr3(A) )Cr24(A) = Fa( Cr2(A) , Cr4(A) )(A) = Fa( (A) , Cr(A) ).= F( ( (A) , Cr(A) ) , F( (A) , Cr(A) ) )= F( ( (A) , Cr(A) ) , F( (A) , Cr(A) ) ).tTheorem 1: Given requirements A3.1 to A3.4, the F function in requirement A3.1 that(x,y) = f( a.f(x) + (1-a).f(y) )with continuous, strictly monotone f: [], f(0) = , f(1) = anda˛[0, 1] where a may depend on a.Proof: s e e A c z e l ( 1 9 6 6 , p a g e 2 8 7 ) . ** 3.3. Canonical scale.

13We assume that probability functions are credibility functions. Such an assumptionacknowledges that Bayesian theory should be at least a subset of the theory we areRequirement A3.5: Probability functions belong to the set of credibility functions.Assuming probability functions are credibility functions, one obtains ^ = 0 and T = 1, asimpossible event has a probability 0, sure event has probability 1, and these are the extremevalues belief can take. So fa-1(0) = 0 and fa-1(1) = 1.When building Cr from Cr1 and Cr2 , suppose the wo credibility functions Cr1 and Cr2 probability functions P and P. These two probability functions are conditional probability (A) = a P1(A) + (1-a) P 21234 = f = f) = f) = (f,a.R e l a t i o n ( 3 . 2 ) b e c o m e s : F (x,y) = .x + (1-Theorem 2: Given the requirements A2 and A3, the set of credibility functions defined onCoarsening and Refinement.4.1. Example.credibility domain on which Cr is initially defined. We consider two types of changes: thecoarsening and the refinement. Intuitively the first corresponds to a grouping together of theatoms of whereas the second corresponds to a splitting of the atoms of (see figure 1).

14 6w1w2w3w4ww5´C´"z1z2z3

w1w2w3´R´’

z2z4z1z5z3z6

Figure 1: E x a m p l e s o f a c o a r s e n i n g C f r o m to � and a refinement R from to �whose atoms are the i’s and the zi’s, respectively.Example 2: Killer’s Nationality. Suppose a person has been murdered. Let Cr r e p r e s e n t Your beliefs that the killer (k) is

nglish, erman, rench or t a l i a n . C r is defined on thesubsets of {E, G, F, I}. We consider how Cr0 will be adapted when the domain of Your beliefis changed. Two transformations are considered: coarsening and refinement. In the first case,

Mis a coarsening of the initial space. In the second case, suppose the set �French� is partitionedinto two subsets, the sets �FrenchTuc� (FT) and �FrenchPic� (FP). The new space {E, G, FT,FP, I} is a refinement of the initial space. These transformations of the frames on which Yourbeliefs are defined are said to be ’uninformative’ inasmuch as Your evidential corpus tY isunchanged for what concerns Your beliefs about the killer’s nationality. To change thegranularity of the frames does not modify Your beliefs for those subsets that are doxasticallyLet Cr and Cr represent Your belief on {E, G, M} and {E, G, FT, FP, I}, respectively. ByDoxastic Consistency, Cr(E) = Cr(E), Cr(M) = Cr I), etc... and in fact Cr is entirelydefined from Cr. Identically, Cr(E) = Cr(E), CrFP) = Cr(F), ... but not all values ofCr2 are derivable by Doxastic Consistency from Cr0: so it is the case for Cr2(FT), Cr2(F,¨E)...t** 4.2. Formal definitions.Coarsening: Let (, ) be a propositional space. A coarsening C is a mapping from to�, where � is an algebra also defined on , such that one or several atoms of aremapped into one atom of � and each atom of is mapped into one and only one atom of

15Let C( ) be the atom of � o n w h i c h t h e a t o m w of i s m a p p e d , a n d ˛ ´ , ¨w˛At(A)C(w) where At(A) are the atoms of ´ subsets of A. For A˛´�, C-1(A) is the unionRefinement: Let (, ) be a propositional space. A refinement R is a mapping from to’ where ’ is an algebra on ’ such that each atom of is mapped into one or severalatoms of ’ and each atom of ’ is derived from one and only one atom of . Let R(A) bethe image of A in ’, and let R(fl)=fl.In a belief state (, ´, C r , tY), the structure of the frame of discernment is, in fact, not�can be uniquely defined. Therefore we will always define and � such that they are equal4.3. The uninformativeness requirement.Given a belief state (, , Cr, tY), we want to build the belief states (, �, Cr�, tY)and ( , � , C r� , tY) in a coherent way. The coarsenings and refinements are calleduninformative because the evidential corpus tY held by You at t stays unchanged.Uninformative changes fit in with the idea that only the structure of the algebras on whichThe uninformative nature of the changes and the coherence we ask for are formalized in thenext requirement that states that the credibility functions encountered in the belief statesRequirement A4.1: L e t ( , , C r , tY) be a belief state. Let R be an uninformativerefinement from (, to (, �) and let C be an uninformative coarsening from (, to(, �). Let the belief states (, �, Cr�, tY) and (, �, Cr�, tY). Then Cr� and Cr�are completely determined by Cr and R and C, respectively. So there are g and h functionsCr� = g( Cr, R )Cr� = h( Cr, C ).Uninformative Coarsening.The derivation of the nature of the h transformation is immediate. In figure 1, {z } i s doxastically equivalent to {, , }, hence they share the same credibility. Identically,{z1, z2w1, w2, w3, w4}, etc… ´

16Theorem 3. Let (, �, Cr�, tY) be the belief state derived from the belief state (, ,C r , tY) by the uninformative coarsening C from (, ) to (, �). Given requirementsA2, A3 and A4.1,such that,�The effect of the coarsening results in an additive transfer of v(B) to the ’smallest’ element of� that contains B (where smallest means �with the smallest number of atoms�). The only´t h e o n e o f ´�.4.5. Uninformative refinement.Example 3. Failure diagnosis.Suppose an electrical equipment has failed and You knows that one and only one circuit hasfailed. There are two types of circuits, the A- and the B-circuits made at the F and FBdenoted by (, , Cr, EC, where is the power set of {A, B}, and Cr r e p r e s e n t s 00) = {{A}, {B}}.Then You learns that the A-circuits are painted in green (G) and the B-circuits are painted inwhite (W) and pink (P). Let � be the power set of {G, W, P}. By construction, � resultsfrom a refinement R of , with R(A) = G and R(B) = PW. For You, the color has nothing00

3 4 As already mentioned, the detailed nature of is irrelevant. must only be so defined that

17is the broken circuit. By Doxastic Consistency, Cr�(G) = Cr(A), Cr�(PW) = Cr(B) andW) = CrB), but Cr�(P), Cr�(W), Cr�(GP), Cr�(GW) are still undefined0 Cr�(P) Cr�(PW) = Cr0(A) = Cr�(G) Cr�(GP) Cr�(G = tto greatly simplify the probelm of deriving the impact of an uninformative refinement on thecredibility functions. Let (, , Cr, tY) be Your belief state at time t . Suppose twouninformative refinements R and R from to , and to , respectively. Let the1, and then R2: R12 = R2¡1. Let Cr1, Cr2 and Cr12 be the credibility functions induced onthe algebra , and by the uninformative refinements R, R and R, respectively.By the Doxastic Consistency Principle, Cr is equal to Cr. Indeed they concern the samepropositional space and the evidential corpus tY has not changed. The only difference ishow Cr and Cr12 were built, iteratively for Cr and directly for Cr. This property highlysimplifies proofs.to study the impact of an elementary refinement. Studying the evolution of the credibilityfunctions through the elementary refinements will allow us to find the overal impact of anyderived from an uninformative refinement is fully characterized by only a few terms of theinitial credibility function. To see it, consider the belief state (W, ´, Cr, tY). For , letR be an uninformative elementary refinement from to � with ) = {, }. LetA˛´ with A˙w=fl, and let B =

� A

. We then build the coarsening C of such that the´ww´"t o *. The credibility function Cr* derived from Cr by the coarsening C followed by thewCCwR Cr on � by R. By Doxastic Consistency, Cr) = Cr*(A). As far as Cr*(A)

18R) = g(A Cr(w) , C r ( A ) , C r ( B ) , C r ( A ), ), ), )To illustrate the next equality, suppose has only two atoms and , and let R and) = {, }, R) = {() = {, }, R() = {} and R() = {´0 w01 w02 ´1 w11 w w02 ´2 w21 w22 w12 w02 Figure XX. Iterated refinement used for the analysis.We assume that Cr() = Cr() and Cr() = Cr(). This assumptionRequirement A4.2: I n d i f f e r e n c e u n d e r R e f i n e m e n t . Let (, , Cr, tY(, to (�, �) acting on atom of . Let B� where B) = fl. Let R() = {,1) = Cr�(B2).Cr12(w21) = Cr12(w22) = Cr12(w12)1() = Cr1(Cr2(w121(w12)Cr2(w11¨w21) = Cr1(w11).Cr2(w21) = Cr2(w22) = Cr2(w11¨w21),and similar relations that can be written as Cr(A) = Cr(B) = Cr(AB), an equality normallynot satisfiable in probability theory. In fact, uninformative refinement is at the core of thederived from an uninformative refinement is fully characterized by only a few terms of theinitial credibility function. Let (, , Cr, tY) be a belief state. Let R be an uninformativeelmentary refinement from to �. For X’, define A = R(X) as the ’smallest’ subset of such that its image under R contains X: A = ˙ , XR(B) B. Let Cr� be the credibilityfunction derived from Cr on � by R. Then Cr’(X) depends only on the terms Cr(A), Cr( A)

19and Cr(). In the illustrative example, Cr) would be the same if compute from Cr1defined on the algebra or from its coarsening defined on the algebra with atoms andw12¨w021, f2Cr2(w21) = f11(w11), Cr1(w1202), Cr11() = f20(), Cr0(), Cr01() = f30(), Cr0(), Cr0() = f(), Cr(), CrIterating the procedure through the set of appropriate elementary refinements, the property is Let (, , Cr, tY´to �. For X’, let A = ˙ , XR(B) B. Let Cr� be the credibility function derived fromCr on � by R.the value Cr’(X) of the credibility function Cr’ induced from a credibility function Cr defined2() = g(, Cr0(), Cr0(), Cr0(Another consequence of requirement A4.2 is that Cr) is fully defined by Cr1(w1(w).Indeed, by requirement A4.1, Cr1 is fully defined by Cr0(w01), Cr0(w02) and Cr0(w0102),2(w212(w21)Cr1(The impact of the uninformative refinement, i.e., the nature of the g function in requirement

20requirement A4.1, but the proof is laborious (Smets, 1993c). As far as the conditioningprocess will have to be also analyzed and as the derivation of the g function is much simplerwhen both refinement and conditioning are studied simultaneously, the derivation of the gBelief Revision.5.1. The conditioning process.We consider now what˚happens to Cr when the evidential corpus tY changes. We will notstudy all possible forms of changes of tY. We restrict ourselves to the form of changestY of a new piece of evidence assumed to be true (G�rdenfors, 1988). Theonly pieces of evidence considered in the revision process are those met classically inrevision on propositions like: �the belief of proposition A is .7� (Domotor, 1985) or �the(Lewis, 1976, G�rdenfors, 1988). The evidential corpus is not in order to keep it upt o d a t e w h e n t h e w o r l d d e s c r i b e d b y i t c h a n g e s ( D u b o i s a n d P r a d e , 1 9 9 4 b , L� a S o m b e , 1994). It is by the adjunction of new information (Dubois and Prade, 1994a). WorldsExample 3. Continuation 1. G e n e r i c R e v i s i o n . You learn that none of the circuitsmade at factory FB used in the failed equipment were painted pink. This piece of evidence is11101EC1Bknowing that the circuit is white. The impact of the conditioning information Ev1 results in atransformation of the belief state (, ´� , C r� , E C 0) into a new belief state (, ´�, Cr1, EC1),1EC0EC0 W¨0over = {A, B}. After learning Ev, we have: XP = X for X being fl, G, W or GWe also have A = G, B = W, and Cr quantifies Your beliefs over �. By Doxastic(G) = Cr(A), (P) = 0, Cr1(W) = Cr0(B)P) = Cr(A), Cr1(G¨W) = Cr0(A¨B),Cr1(P¨W) = Cr0(B)Cr1(G¨P¨W) = Cr0(A¨B).

21tFormally You is in an initial belief state (, , Cr, EC0) where Cr quantifies Your beliefs attime t about which subsets of worlds of among those in include the actual world .Then at time t, You learn for sure that �the actual world is not in

A� for A. W e d e n o t e t h i s i n f o r m a t i o n b y E v . We also suppose that, between t and t, You have notlearned anything relevant to Your knowledge about which world is the actual one. So EvA is00corpus at t results from the revision of EC by the information Ev. We denote the revised0.W e a s s u m e t h a t E v A i s c o m p a t i b l e w i t h E C , i.e., that Afl . T h i s i s c l a s s i c a l l y required in probability theory where the conditioning process is considered only for eventsw i t h n o n z e r o p r o b a b i l i t i e s . T h e o p e r a t o r ¯ c o r r e s p o n d s t o t h e e x p a n s i o n o p e r a t o r o f G�rdenfors (1988).that only say that does not belong to some subset of . In particular, in this section, wet h e e v i d e n t i a l c o r p u s m u s t b e e l i m i n a t e d f r o m i t ( w h a t w e c a l l e d a d e c o n d i t i o n a l i z a t i o n process, a process similar to a contraction process and analyzed in section 6 (G�rdenfors,1988)), or partially discounted (as studied in Shafer, 1976, pages 251 et seq., Smets, 1993b).The information Ev can be understood equivalently as: �all worlds in and not in A areaccepted as impossible� or �the actual world is not in

A� or �A = � . T h e r e v i s i n g c o n d i t i o n i n g p r o c e s s . C o n d i t i o n i n g E C 0 o n E v A i s s y n o n y m o u s t o a d d i n g E v A t o E C .

ALs t r i c t s u b s e t o f W , t h e s e c o n d e x p r e s s i o n i s s t r o n g e r t h a n t h e f i r s t . I n d e e d t h e s e c o n d after revision, what is translated by the normalization process described in probability theoryand in Shafer�s work. W e c o u l d r e l a x t h i s c o m p a t i b i l i t y a s s u m p t i o n a n d c o n s i d e r c a s e s w h e r e E v A i s n o t compatible with EC. The result can be expressed in the TBM, but it is not very useful as itonly gives a zero belief to every proposition (Smets, 1992a). Such a belief state represents a

225.2. Markovian Revision.In the belief state (, , Cr, EC), Cr d e s c r i b e d Y o u r b e l i e f g i v e n E C . How do You..This markovian property is classical. It reflects a lack of memory about how You obtainedYour beliefs. All that counts in a belief state is where You stay for what concerns Yourbeliefs, not how You got there. Building a non markovian model leads either to the necessityRequirement A5.1: Markovian Requirement. Let the belief state (, , E C For A˛´, let EvA be the proposition A˚=ECA where EvA be compatible with EC0. Let (,, EC) be the belief state after Ev has been added to EC. It is assumed that5.3. A second form of revision.We reconsider the failure diagnosis of example 3 as presented in section 4.2. Instead ofconsidering the generic revision, we consider another form of revision, called the factualExample 3. Continuation 2. Factual Revision. We are in the situation as described in , Y o u p o s s e s s a f u l l y r e l i a b l e s e n s o r t h a t i s o n l y a b l e t o d e t e c t i f t h e c i r c u i t i s n o t p i n k . T h i s n e w p i e c e o f e v i d e n c e i s d e n o t e d E v . Let EC be Your evidentialcorpus after Ev has been added to EC. Under EC, B = W, as knowing that the brokencircuit has been made at factory F is now equivalent to knowing that the broken circuit iswhite. Let Cr2 be the credibility function obtained after conditioning Cr� on Ev. By the (G) = Cr(A), (P) = 0, Cr2(W) = Cr0(B)P) = Cr(A), Cr2(G¨W) = Cr0(A¨B),Cr2(P¨W) = Cr0(B)Cr2(G¨P¨W) = Cr0(A¨B).tThe difference between the sets of doxastic equivalencies described in the two revisionsB.

23The two cases would be different if You had selected one circuit at random and bet on itscolor. In the case of generic revision, You would start with some probability that the circuitthat will be selected has been made in F (in F). Then learning about the three colors, Youin fact white, You would reassess Your beliefs over the two remaining colors and obtain thesame solution as we obtained (5.1). What You had built over the three colors was based onprobabilities must be reassess from scratch, i.e., from Your state of belief You had beforeIn the case of factual revision, You would build the same probability measure over the threew o u l d c o n d i t i o n Y o u r b e l i e f s o v e r t h e t w o r e m a i n i n g c o l o r s t h r o u g h t h e B a y e s i a n B u t t h e s e s t o r i e s a r e n o t t h o s e w e a r e c o n s i d e r i n g . T h e g e n e r i c r e v i s i o n s o l u t i o n i s any underlying random selection: there is a broken circuit and we learn information about it.(G) = CrThe mathematical consequences of the equalities (5.2) are enormous. They almost imply theCr�(P) = Cr�(W) = 0, P) = Cr�(GW) = Cr0(A), 2(G) = Cr�(GP) - Cr�(P) = Cr02(W) = Cr�(WP) - Cr�(P) = Cr0(B), These are the solutions described in the TBM and in every Dempster-Shafer models (exceptprocess. It looks like Cr depends on Cr, but this is achieved only through Cr�, and Cr25.4. The meaning of �credibility�.

24The argument relative to the factual conditioning as developed here is central to understandConsider the medical diagnostic process . Frequentists assume that the patient has beenselected at random from the population of patients presenting the observed symptoms, another probabilities result after appropriate conditioning. This is the solution we would obtainin the TBM if such a priori probability was adequately representing the clinician�s a priori(Walley, 1991, Voorbraak, 1993). The fact that the patient comes from a population wherethere are 999 cases with disease A and one without does not mean this proportion is relevantto the clinician�s a priori belief about the fact the patient presents disease A. It would if thestudying the case where such a selection has not been used (or at least is not known by us tohave been used). The credibility function we develop are quantifying the beliefs obatined inThe measure of credibility we study is analogous to the one encountered in judiciary contextw h e n c u l p a b i l i t y h a s t o b e a s s e s s e d . C o n s i d e r the rodeo paradox where out of 1000does not know who paid. Police arrests one person who attended the rodeo. I am the judge towhom the policeman bring the arrested person who claims - of course - he is the one whodoes not mean I accept that he is culprit. I would bet he did not pay (because almost nobodypaid) but I have no reason whatsoever to believe that this person did pay or not (because noquantification we focus at represents the strength of �good reasons� in the expression �I haveThe credibility we study is not unsimilar to the concept of provability , and it has evenproving its truth (Pearl, 1988), except the revision processes are more subtle than the oneconsidered here (Smets, 1991). Indeed the underlying probability measure introduces extra5.5. Iterated Conditioning.

25idea of iterated conditioning. Let EC be the initial evidential corpus held by You at t. Let, and Ev (Ev) be the piece of evidence that states that the actual world is not in

A(B). Suppose You adds 1) Ev to EC, and then Ev to the revised evidential corpus, or 2)EvB to EC0, and then EvA to the revised evidential corpus, or 3) directly EvA˙B to EC0. Thef i n a l e v i d e n t i a l c o r p o r a a r e t h e s a m e i n t h e t h r e e c a s e s , i . e . , ( E C = = EC. This property is satisfied by the expansion process. ItTheorem 4 : L e t t h e b e l i e f s t a t e ( , , C r , E C ) . L e t E v , E v a n d E v b e t h e propositions A = , B = , AB = , respectively. Then the three revision,,B The three conditioning processes result in adding the same information in EC. Theresulting conditional credibility functions are equal by Doxastic Consistency (requirementobtained by coarsening into the algebra built on the three atoms BA,

BA,A, and afterconditioning, CrA(B) = CrA(B˙A) for any A,B˛´.Theorem 5: Let the belief state (, , Cr, EC). For A, let Ev be the proposition A . Let (, , E C ) b e t h e b e l i e f s t a t e o b t a i n e d a f t e r c o n d i t i o n i n g t h e A�

A, B"B˛´, B�A, CrA(B) = f (Cr(B˙A), Cr(

B˙A), Cr(A), Cr(A), Cr(BÄ), Cr(BÄ), Cr()) It results from requirement A2.2 and an appropriate coarsening of detailed in theappendix. We use Cr to denote the conditional credibility function, but in the proof presented in the|

265.6. Doxastic Stability.The forthcoming theorem 6 formalizes the idea developed in example 3. An uninformativew of ´Bin ’ (pink and white) followed by a conditioning on

B (not pink) brings You back into thewill stay �unchanged� (except the algebras has changed). This requirement is called theRequirement A5.2: Doxastic Stability.Let the belief state (, ´, C r , E C 0). Let R be an uninformative refinement from ´˚to ´’. Let be an atom of , and R() = AB where AB = fl, Afl, Bfl. Let Ev

B

be the piece ofevidence that states that all atoms in B are impossible and let EC1 = EC0¯

B

, so R(

wA . Then under EC, R(X)Ḃ and R(X) are doxastically equivalent for every X in :Ḃ = R(X).5.7. Homomorphism and Preservation.homomorphism and the preservation requirements. Homomorphism states that revision andconvex combination commute. Homomorphism is not satisfied in probability theory becauseExample 1. Continuation 2. In the horse race example, suppose that You learn that Carolis a sure loser. You can derive the conditional credibility function either directly from thefunctions Cr and Cr. This requirement would have been satisfied in probability theory iftThe homomorphism requirement corresponds to the case where Cr� and Cr� represent Yourrandom (with chance ). Cr represents Your beliefs over before selecting the context andRequirement A5.3: Homomorphism : G i v e n a p r o p o s i t i o n a l s p a c e ( , ) a n d t h r e e and let Cr, Cr� and Cr� be the conditional credibility functions induced by addingAIf Cr = Cr� + (1-) Cr�, [0,1], then Cr= Cr� + (1-) Cr�.

27The Preservation Requirement asserts essentially that a proposition as much believed as aExample 1. Continuation 3. C o n s i d e r t h e h o r s e r a c e e x a m p l e i n v o l v i n g f o u r h o r s e s : Allan, Blues, Carol and Daisy. Suppose You learn that Daisy is a sure loser. Then {Allan,Carol({Allan, Blues, Carol}) = Crnot-Carol({Allan, Blues, Daisy}).tRequirement A5.4: Preservation: Given the credibility space (,if Cr(B) = Cr(W) for some B˛´, then CrA(B) = CrA(A) for all A˛´.

A)<Cr(). It can be relaxed in the present context as we do not normalize,( h e n c e n o d i v i s i o n i s i n v o l v e d ) . I f i t h a p p e n e d t h a t C r (

A)=Cr( ) , t h e n w e w o u l d g e t ( B ) = 0 , in which case Cr( ) = 0 , a b e l i e f t h a t d e s c r i b e s a s t a t e o f c o m p l e t e contradiction not dissimilar to the one encountered in logic when You simultaneously knowWe are now ready to prove the theorem that states the mathematical structure of both theuninformative refinement and the conditioning process. They turn out to be those describedfor belief functions. In particular, the conditioning rule is Dempster’s rule of conditioningTheorem 7: Let the belief state (, , Cr, EC). Assume the requirements A2, A3, A4, A5.1t o A 5 . 4 . L e t R b e a n u n i n f o r m a t i v e r e f i n e m e n t f r o m to � a n d C r� b e t h e c r e d i b i l i t y function derived from Cr on ´’ by R. Then:Cr�(X) = max �X Cr(Y) for all X in ´’.For A, let Ev be the conditioning information A = and Cr be the conditionalCrA¨

A) - Cr(

A) for all B** 5.8. Factual conditioning and deductive logic.The way we treat the factual conditioning is at the core of our modelization, and deservesfurther explanation as it clashes with the a priori opinions of the classical bayesian approach.show that our factual conditioning is related to deduction, whereas the Bayesian approach isx: C(x) � ((´B(x)) (´A(x).

28$� Brk(x)) Brk()Its name is ."x: A(x) � : B ( x ) � ((Gen: B(x) � )T h e i n i t i a l s t e p o f e x a m p l e 3 ( s e c t i o n 4 . 5 ) i s s u m m a r i z e d b y e x p r e s s i o n s 1 . 1 t o 1 . 3 t h a t 00of the broken circuit. The terms Cr)) and Cr)) denote the strength of Your beliefthat the broken circuit comes from factory F and F, respectively. For simplicity sake, weuse the grounded propositions as arguments of the credibility functions, their relation to a setThe next information is the uninformative refinement described by expressions 2.1 and 2.2.Expressions 1.1 and 2.1 imply that x: A(x) ” G(x). Identically expressions 1.1 and 2.2imply that : B ( x ) ” ((P(x))). Let Cr� denote Your belief about thea))= C r 0)), Cr�(W())) = Cr0)). Some values of Cr�, like Cr�(W()), cannot notThe generic revision (section 5.1, example 3, continuation 1) results from the informationgiven by the expression Gen. Expressions 2.2 and Gen imply that : B ( x ) ” . L e t C r 1denote Your belief about the color of the broken circuit given expressions 1.1 to 1.3, 2.1, 2.2and Gen. Cr satisfy: Cr)) = Cr)), Cr)) = Cr)), etc... (see 5.1).The factual revision ((section 5.3, example 3, continuation 2) results from the informationgiven by the expression Fact. Expressions 2.2 and Fact imply that B() ” ). Let Cr2denote the credibility function that represents Your belief given expressions 1.1 to 1.3, 2.1,2.2 and Fact. In section 5.3, we had assumed that Cr satisfy also Cr)) = Cr)) = Cr)), etc... (see 5.2). It was based on the logical equivalences A() ”) and B() ” ). Some critics might feel that these equalities are inappropriate andshould be replaced by inequalities: Cr)) > Cr)), Cr)) < Cr))... The

291) abduction schema: from x: A(x) � ´P(x) and ´P(), Your belief that the broken circuitaA2(G(a0(A(a)).2) deduction schema: from x: A(x) � ´P(x) and ´P(), You can deduce nothing on A(h e n c e t h e b e l i e f t h a t t h e b r o k e n c i r c u i t was made in Factory F i s u n c h a n g e d , h e n c e )) = CrFor sake of completeness, we propose the following scenario to represent the case where ax: C(x) � ((´B(x)) (´A(x).$�a) � Sel(a)Its name is ."x: A(x) � : B ( x ) � ((), that were painted White..., respectively. By assumption, Your belief that the selectedc i r c u i t was made at F is

(accepting Hacking frequency principle (1965) thatthat Your belief that the color of the selected circuit is Green is

, w h a t i s o f course equal to

. After learning that the selected circuit was not pink (Fact), Yourb e l i e f t h a t t h e c o l o r o f t h e s e l e c t e d c i r c u i t i s G r e e n b e c o m e s

. O n c e | P | > 0 , a n acceptable fact, this new belief is larger than the belief You had before learning Fact, just asthe necessity to feed into the Bayesian model an a priori belief for each circuit that expressesYour a priori belief that this circuit is the broken circuit. Besides, that a priori belief must beA** 5.8. Convex Capacities.

30a credibility function, but Cr is not even a capacity monotone of order 2 (called convexcapacities, Choquet 1953, Chateauneuf and Jaffray, 1989). Convex capacities could bejustified by assuming that conditioning does not decrease relevant credibilities. Consider(C) and Cr(C) for A,C, CA. You had some belief Cr(C) that C . T h e n Y o u l e a r n s E v , i.e., that is not in

A. So some of the worlds You had considered potentiallybelievable are to be rejected as impossible by Ev. It seems that Your values of the revisedbelief for C should not decrease. Why eliminating some atoms not in C (those in

A) shouldRequirement A5.5: Convex capacities.Let (, , Cr) be a credibility space. For A,B, let Cr and CrB b e t h e c o n d i t i o n a l , CBA˙B(C) CrATheorem 8. Let (, , Cr) be a credibility space where Cr satisfies requirements A2, A3,In fact, requirement A5.5 is not necessary for our task. It is given just to show how we canshow that Cr is a convex capacity. We shall show in section 6 that Cr is in fact a belief** 5.9. Why are probability functions and plausibility functions inadequate?To show that probability functions are not adequate, we consider the problem of iterateduninformative refinements. As an illustrative example, take W = {a, b}, W = {a, b, band W = {a, b, b, b}. Let R be a refinement from (W, 2) to (W, 2) such that(a) = {a}, and R(b) = {b, b}. Let R be a refinement from (W, 2) to (W, 2) suchthat R(a) = {a}, R) = {b} and R) = {b, b01W1W212).Consider the refinement R12 from (, 2W) to (W2, 2W2) such that R12(a) = {a}, R12(b) = {b1,, b } , a n d l e t C r b e t h e c r e d i b i l i t y f u n c t i o n i n d u c e d f r o m C r o n 2 b y t h e uninformative refinement R12. R12 is nothing but the result of combining R1 with R2. By the2.

31In order to achieve such an equality in probability theory, we need to know how Cr(b) is121(b221221Cr01012.The Markovian Requirement can only be satisfied if Cr0(b) is equally distributed between b1and b, in which case Cr) should also be equally distributed between b and b. Thus) would be equal to Cr(b)/4. The same rule applied to Cr, using R, implies that) = C r ( b ) / 3 , h e n c e C r Cr, a n i n e q u a l i t y t h a t c o n t r a d i c t s t h e D o x a s t i c C o n s i s t e n c y R e q u i r e m e n t . H e n c e e q u i r e p a r t i t i o n c a n n o t d e d e f e n d e d . T h i s i m p l i e s t h a t The Preservation Requirement is not satisfied by plausibility functions, the dual of the belieffunctions. This rejection seems adequate. We feel that Cr should represent the strength ofbelief and should behave like the modality used to represent categorical beliefs (the �box�operator encountered in doxastic logic). Using plausibility functions to represent quantifiedbeliefs would be equivalent to representing categorical beliefs by the �diamond� operator. Ofcourse, such an interpretation of �belief� could be defended. The question is in defining whatIn conclusion, probability functions are not expressive enough to satisfy our requirements,Credibility functions and belief functions.6.1. Belief functions are credibility functions.We want to show that the set of credibility functions is the set of belief functions. We firstshow that every belief function satisfies requirements A2, A3, A4 and A5. The reverseProof: see appendix.6.2. Deconditionalization.The aim of this paper is to determine the mathematical structure of the credibility functions.concept of deconditionalization, i.e., the inverse of the conditioning process. Let the beliefstate (, , Cr, EC). Let CrX be the credibility function defined on after conditioning CrXX

32X was inappropriate, i.e., that all the reasons that lead You to condition Cr on Ev wereCr from which Cr had been obtained by its conditioning on Ev. This process is a special.If You had memorized the value of Cr before its conditioning on Ev, the deconditioningprocess would be trivial: the result would be Cr. But because of the markovian requirementA 5 . 1 , s u c h a m e m o r i z a t i o n i s a b s e n t , a n d C r i s a l l w h a t Y o u k n o w w h e n Y o u m u s t and Cr that reflects the impact of Ev is not one-to-one, but many-to-one, so knowing CrXo n . F o r X let b e t h e s e t o f c o n d i t i o n a l c r e d i b i l i t y f u n c t i o n s o b t a i n e d b y XT h e i m p a c t o f c o n d i t i o n i n g t h e e l e m e n t s o f on Ev c a n b e d e s c r i b e d b y a n o p e r a t o r such that: = S o C r for all Cr˛ S = S Consider now the deconditioning operators for Ev i.e., the operator that maps X into .--of SX, but given SX is many-to-one, S-- S- o S = SXS- S- = S-XIndeed re-conditioning after deconditioning annihilates the effect of the deconditioning (6.3)and deconditioning twice has the same impact as deconditioning once (6.4), just like o.Even though SX is unique, there are many operators S- satisfying (6.3) and (6.4). Let s-X-X satisfying (6.3) and (6.4).Example 4: In order to explain the origin of the next requirement, suppose that Cr Xevidence EvX for X. You then learn that the evidence EvX was unjustified and its impact- will You use? Suppose another agent You* has some

and S- are linear operators and can be written under matricial notation. Then S- i s a -X

33-s-s-. Suppose You* is sure about which S-s- should be used by You toX-* and You use thisS-XX´-belief over . Thus, for every Cr in X and every S-s-, S-X must be a credibilityf u n c t i o n . T h i s c o n s t r a i n t i s s u f f i c i e n t t o p r o v e t h a t t h e c r e d i b i l i t y f u n c t i o n s a r e b e l i e f tRequirement A6.1. Let (, ) be a propositional space. Let be the set of credibilityfunctions defined on . For X, let X b e t h e s e t o f c o n d i t i o n a l c r e d i b i l i t y f u n c t i o n s s- bethe set of operators deconditioning the elements of X on Ev. For every S- in s- andevery CrX in CrX, one has: S- Cr ˛ .Xnot depend of the credibility function to which they are applied. We want that if S- i s a deconditionalization operator so that it produces a credibility function when applied to some, t h a n i t p r o d u c e s a c r e d i b i l i t y f u n c t i o n w h e n a p p l i e d t o a n y C r . T h i s Theorem 10: Every function that satisfies requirements A2, A3, A4, A5.1 to A5.4 and A6.1** 6.3. Other proofs that Cr is a belief function.6.3.1) The proof that Cr is a belief function can be achieved differently. In particular, section6.2�s results can be derived by using the inverses of the coarsening operators instead of theinverses of the conditioning operators. We feel deconditioning is a clearer concept that de-We present several other sets of requirements that prove that credibility functions are belief

346.3.2) In Smets (1993c) we show that credibility functions are belief functions by rall the properties developed up till section 5. Let � be a refinement obtained from byf u n c t i o n s i n C . L e t C l o s ( E x t ( C )) be the closure of Ext(C) t h a t c o n t a i n s a l l c r e d i b i l i t y f u n c t i o n s t h a t c a n b e o b t a i n e d f r o m t h o s e i n E x t ( C ) t h r o u g h c o n d i t i o n i n g a n d c o n v e x Requirement A6.2. Closure Property. r+1 = Clos(Ext(CrI.e., any credibility function in Cr+1 could be derived from some credibility functions in Crand the considered transformations preserve the non negativity of the M�bius transform, Requirement A6.3. Let (, , Cr) be a credibility space. For X,Y, XY, letX and CrYou be the conditional credibility functions derived from Cr after conditioning on and Ev, respectively. Let v, v and vYou be the M�bius transforms of Cr, Cr andCrY, respectively. Then,A6.3a(X) v(A) v(A), AX, A.Both requirements imply that v(X)0 for all X, hence Cr is a belief function. But theis a belief function in which case, v(A) for A is the part of belief that supports that theK e n n e s , 1 9 9 4 ) . R e q u i r e m e n t s A 6 . 3 a r e o n l y t e c h n i c a l a n d a r e n o t u s e f u l t o j u s t i f y t h a t Equivalently, one can introduce the concept of a commonality function, a very useful�ARequirement A6.4. L e t ( , , C r ) b e a c r e d i b i l i t y s p a c e . F o r X , Y , X

35Requirement A6.4 is equivalent to requirement A6.3.a as q(X) = v(X) for X. In theas with the M�bius transforms, the commonality functions have no natural interpretation Shafer (1976) assumes that any measure of belief Cr on algebra should satisfy then 1 , A Cr(A�ii�ijwhat means of course that Cr is a belief function. In the TBM (Smets and Kennes, 1994), weassume the existence of parts of beliefs that support a proposition without supporting morespecific propositions. These parts of belief are in fact the values of the M�bius transform ofthe belief function. Both approaches are strictly equivalent. We introduced the second inRequirement A6.5. L e t ( , , C r ) b e a c r e d i b i l i t y s p a c e . F o r a n y n , a n y A , A , ...n and any X i i� C r ( X ) 0 . by Shafer (1976). Dubois and Prade (1986) have introduced the idea of complementary belief functions.Given a credibility function Cr on with v its M�bius transform and q its commonalityfunction, they propose to define the set-function Cr* also defined on such that its M�bius

A) for all A. Then Cr*(A) + m*(fl) = q(

A) and Cr(A) +m(fl) = q*(

Ato generate another credibility function by coarsenings and refinements such that itscomplementary function would not be a credibility function as some of its values would benatural interpretation unless the M�bius transform gets one, what is not the case as Cr is not6.3.8) W o n g e t a l . ( 1 9 9 0 ) h a v e p r e s e n t e d a n a x i o m a t i c j u s t i f i c a t i o n b a s e d o n t h e

36A˙¨� A¨¨C�B, A˙B=fl (B>C A¨¨U n d e r t h i s l a s t r e q u i r e m e n t , t h e b e l i e f - o r d e r i n g c a n a l w a y s b e r e p r e s e n t e d b y a b e l i e f function. Unfortunately, other functions like the convex capacities can also represent the ‡o r d e r i n g . T h e f a c t W a n g e t a l . c o u l d n o t p r o v e t h a t t h e b e l i e f - o r d e r i n g c a n b e We conclude this paper by first summarizing the major results (table 1), then answering1) We have been able to show under which conditions credibility functions are beliefachieved by accepting the existence of a chance setup, i.e. of objective probabilities. Thealternatives created by an uninformative refinement (requirement A5.2), the homomorphism(requirement A5.3) and preservation requirements for conditioning (requirement A5.4).Finally, we assume that the domain of the deconditionalization operators does not depend onIt could be argued that the maybe large number of requirements might be misleading, and inany case might reduce the confidence one has in their adequacy. It should be noted that wehave derived many properties: the convex combination, the uninformative coarsening, theIn probability theory, about the same number of requirements would be needed to derive thesomething like the Koopman set for qualitative probabilities (Koopman, 1940) and theirextensions for conditional probabilities (Fine, 1973). Besides the concept of uninformativemany requirements� is either not acceptable or should be applied identically to probability

37Definition. Cr definition.A2.1: * Cr is pointwise. *, ] *� *Cr(fl) = ^A2.2: *If 1 EC 2, then Cr11) = Cr22)Convexity. = + (1-2A3.1: * = F( , Cr )A3.2: * (x,y) continuous.A3.3: * Fa(x,y) strictly monotone.A3.4: * (x,x) = xA3.5: *Uninformative CoarseningA4.1: *Cr� = h( Cr, C )Uninformative RefinementA4.1: Cr’ = g( Cr, R )A5.1: *AA5.2:A5.3: A5.4: *Preservation.If Cr(B) = Cr(), then CrA(B) = CrAA6.1. S-s-, , S- Cr ˛ .Table 1: List of requirements, their numbers, names and major properties. * indicates thoseIt might also be worth emphasizing that most requirements are satisfied by probability2) Decision making. I n s e c t i o n 1 , w e m e n t i o n t h e e x i s t e n c e o f a c r e d a l a n d a p i g n i s t i c level. In Smets (1990b) and Smets and Kennes (1994), we develop and justify the so calledpignistic level for decision making from the credibility function held at the credal level. Thisconstruction protects the TBM against any criticism based on Static Dutch Book. In Smets3 ) Combining belief functions. C l a s s i c a l l y , a m a j o r c o m p o n e n t o f t h e m o d e l s f o r quantified beliefs based on belief functions is the rule of combination by which two distinct

38The conjunctive rule of combination, called the Dempster’s rule of combination, has beenunderlying probability function, a one-to-many mapping and some stochastic independence(Shafer 1984, Shafer and Tversky, 1985). Later on, Smets (1990a), Klawonn and Schwecke(1992) and Hajek (1992) have presented justifications within the TBM where no underlying5 and justify Dempster’s rule of combination by symmetry and associativity arguments. InKlawonn and Smets (1992), both the conditioning and the combination were derived bypostulating the least commitment principle and the fact that the revision of a belief function4) It might surprise that our credibility functions are not normalized. Indeed, we neither b e d i f f e r e n t f r o m W (see section 2.2). The impact of such a difference is that the degree ofbelief given by You at t to can be smaller than the degree of belief that could have beengiven to WL. Nevertheless the difference 1-Cr() is still better understood once conditioningi s i n t r o d u c e d . S u p p o s e C r ( ) = 1 , t h e d i f f e r e n c e 1 - C r ( ) q u a n t i f i e s t h e n t h e ( p a r t i a l ) ¯EvA

A that turns out to be impossible given the revising information. Given

A. You then learns that

A isimpossible. This new piece of evidence EvA is partially contradictory with EC as it says thatt h e b e l i e f t h a t w a s g i v e n t o

A was inappropriate. The larger that belief, the larger the EvABABdifference between and W can be explained in the same way as a measure of internal.In conclusion, this paper has shown that under quite general conditions, the measures ofquantified beliefs are belief functions. It provides a first detailed axiomatization that justifiesthe use of belief functions. It leads to the TBM described in Smets and Kennes (1994), amodel for representing quantified beliefs that we feel more appropriate than the Bayesian

39Appendix 1: The Choquet Capacities. ´1 ) C ( fl ) = 0 2) " C(A�i�ij) mn. A monotone capacity of order 1 is defined as a capacity monotone for inclusion (as inrequirement A2.1). A monotone capacity of order 2 is called a convex capacity. A beliefNotice that we do not require that C() = 1 as is usually accepted. We can have C()<1. All�A˛´, v(fl) = 1 - C()�A˛´, C(fl) = 0.Our definitions are based on C(fl) = 0, whereas v(fl) might be positive. Adaptation withC(fl)>0 is straightforward, but unused in this paper.Appendix 2: Proofs of the theorems.Proof of Theorem 5.1: Let (, , Cr, EC) and (, , Cr, EC) be two belief states where A and EvAis the piece of evidence such that A = . As

A fl, requirement A2.1 implies that(A) = 0 where = 0 (see section 3.3) and for B, Cr(B) = 0 �A.CrA(B) = CrA(A˙B).

403: Let A, B˛´, A. Let a coarsening C from ˚to ’ such that ’ has three atoms: C(B),C(

BA). Consider the belief states (, ’, Cr’, EC) and (, ’, Cr’, EC)derived from (, , Cr, EC) and (, , Cr, EC) by the coarsening C, respectively.As ’ has only three atoms, Cr’ is completely defined by its values on the seven elements of’ (on fl, Cr(fl)=0). Hence by requirement A5.1, Cr’ is defined by these seven values ofCr’. As A = C(A), B = C(B), �(B) = Cr’.As the RHS depends only on these seven values of Cr’, so the LHS depends only on thec o r r e s p o n d i n g e l e m e n t s i n as presented in property 3 of theorem 5, except it has beenLemma 1. Given two belief states (, �, Cr�, EC) and (, �, Cr�, EC) where |At(�)| =�)| and the elements X and Y, i=1,2...n, of At(�) and At(�) are so ordered that Xi Yi for all i=1,2...n. Then for any pairs (X,Y) and (A,B) where X�, Y�, A�, X = Y and A = B, we have:Cr�XY(B).Proof: Write Cr�(A) and Cr�(B) with the function f of theorem 5.3. Given the doxasticequivalence between the elements of � and �, corresponding terms in the two f functionsLemma 2: Let (, ) be a propositional space and Cr, Cr� and Cr� be three credibilityCr = Cr� + (1-) Cr�,for [ 0 , 1 ] . L e t t h e c o n d i t i o n i n g p r o p o s i t i o n E v , and let Cr, C r� a n d C r� be theconditional credibility functions induced by the conditioning of Cr, Cr� and Cr� on Ev,(X) = �Proof.A function such that: = f({Cr(X): X Cr�(X) + (1-) Cr�(X): X= ({Cr�(X): X}) + (1-({Cr�(X): Xw h e r e f is bounded. Hence f is a linear function of its components (see Aczel, 1966,Chapter 5.1., theorem 2 and Chapter 2.1.1, theorem 1)Lemma 3. Given lemma 2 and theorem 5, there exists coefficients , i=0, 1...7 and ,i=0,1,2,3, such that for Afl, BA, A,B,CrA(B) = g0+g1Cr(B˙A)+g2Cr(

BA)+g4g5¨

Ag6B¨

ACrA(A) = a0+a1a2A

41Proof: By theoram 5 and lemma 2, we know that Cr(B) and Cr(A) depend linearly onlyon those Cr terms listed in the relations of this lemma. By definition of the conditioning1: A=, in which case CrW(B) = Cr(B), for all B.2: A, Afl, B=A, in which case CrA(A) depends on coefficients cA,A(Y) that depends oni�AA,Bi4: A, Afl, B=fl, in which case Cr(fl) = 0.: 0 + 1 + 4 + + 7 = 1: 0 + 1 + 3 = 1: 0 + 3 + 5 + + 7 = 0: 0 + 2 + 3 = 0: 2 - 3 + 4 - = 0.: 0 + 2 + 4 + + 7 = 0 C o n s i d e r a n a l g e b r a w i t h f o u r a t o m s A , A , A , A . I f C r ( A ) = A1¨A31) = CrA1¨A31¨A3). (*)1A1¨A3112.Suppose Cr(A) = 1, then (*) implies that 0 + 3 + 5 + + 7 = 0 + 2 + Suppose Cr(A2) = p and Cr(A3) = 1-p. Then CrA1¨A2(A1) = 0, what implies the relations X3and X4. Relation X6 results from X3 and X5.Lemma 5. In lemma 3, the coefficients of CrA satisfy:) = + 1 + + + + + ) + 0) = 1 + 6) = 2 + 5)0 = 3 + 4)0 = 1 + + + + + ) + 2) = 4 + 3)0 = 5 + 2)0 = 5 + 6)0 = 6 + 2)0 = 5 + 6) = 5 + 6)0 = 1 + + + + + ) + 1

42)0 = 5 + )0 = 6 + )0 = 6 + ) = 1 + + + + + + ) + 3) ( + ) = - 0 3) = 1 + 2 2) = 1 + 2 1)0 = ( + ) 3 + 2 3)0 = ( + ) 4 + 1 3) = 1 + 2 6) = 1 + 2 5) = ( + ) 7 + 3 .Proof. Let (, ´, C r ) b e c r e d i b i l i t y s p a c e w h e r e A : i=1,�4 are the atoms of . Let ci =), c = C r ( A ) , c = C r ( A ), c = C r ( A ) w h e r e {1, 2, 3, 4}By conditioning on A1¨A2 or successively on A1¨A2¨A3 and the result on A1¨A2, we getthe same result by theorem 4. Using the function f of theorem 5 (3) and using the notation|) = f( c, c, c, c, c, c, c) = f( a, a, a, a, a, a, a) a1= Cr(A1|A1¨A2¨A3) = f( c1, c23, c4, c123, c14, c234, c1234)a2 = Cr(A2|A1¨A2¨A3) = f( c2, c13, c4, c123, c24, c134, c)a3 = Cr(A3|A1¨A2¨A3) = f( c3, c12, c4, c123, c34, c124, c)a12 = Cr(A1¨A2|A1¨A2¨A3) = f( c12, c3, c4, c123, c124, c34, c1234)a13 = Cr(A1¨A3|A1¨A2¨A3) = f( c13, c2, c4, c123, c134, c24, c1234)a23 = Cr(A2¨A3|A1¨A2¨A3) = f( c23, c1, c4, c123, c234, c14, c1234)a123 1¨A2¨A3|A1¨A2¨A3) = f( c123, 0, c4, c123, c1234, c4, c1234)Repeating the construction after eliminating A2 form and considering Cr(A1|A1), one getsLemma 6. Given lemmas 3 and 4, there are only three solutions for CrA.2) CrA¨

A) - Cr(

A)3) Cr(B) = A) + (1-¨

A)-Cr(

A)) +

BÄB˙where - = Proof: I n t h i s p r o o f , X d e n o t e s t h e l e m m a 4 e q u a l i t i e s , a n d ( c ) d e n o t e s t h e l e m m a 5 .Case 1: Suppose = = 0. By (c), = 0 or = 1.

43Case 1.1: let = 1. By (c), = 0. By (c), = 0. By X, = 0. By (c), (c), (c)and (c), we obtain: + 0 = 0, 2 = 0, 1 = 0, 3 = 0. If 0, = = = 0. then by X, = 1 what contradicts X. Hence = 0. By X, = 0.ABy ( a), = 0. By (a), = 1 or 0.Case 1.1.a: if 3 = 1, by X4, 0 = -1, what contradicts (a0) where 03 = 0.Case 1.1..b: If = 0, by X, = 0, and by X, = 1.Case 1.2: let = 0. By (c), = 0. By (c), = 0 or = 1.Case 1.2.a: let g5 = 0. By (c), g3 = 0. By X1, g0 + g7 = 1, in contradicion with X3.Case 1.2.b: let = 1. By X, + = 1. By X, = -1. By (a), = 0. By X, + 3= 1. By X, = -1. By (c), = 0. Then = 0. By (a), = 1. Then, = 0. HenceCrA¨

A) - Cr(

A), for all BA, B.Case 2 : L e t = = 0. By (c), = 0. By (c), 0 = , what contradicts the initialCase 3: Let = - = 0. Let = . Then (c) gives: ) = -, and 0 implies that. By X, + + = 0. Then by X, + = 1, hence = 1-.Case 3.1 : Let = 0. By (a), = 0 or = 1.Case 3.1.1: Let = 0.Case 3.1.1.a: let + . By (a), (a) and (a), = = = 0. By X, (1-) - = 0.As ) = -, we get -) = (1-, thus = 1, what is not allowed as .Case 3.1.1.b: l e t + = 0. By X and X, = = - = .5. By (a), = . Togetherwith ) = -, it means b = 0, what is not allowed as .Case 3.1.2: Let a3 = 1.Case 3.1.2.a: Let 1 + + 0. By (c), (c) and (c), = = = 0. By X, (1-) - aCase 3.1.2.b: Let 1 + + = 0. Let = , then = -1-, and = - by X. By X, 2 + + = 0. By (c) and (c), ) + ) = 0 and (1+ = . Hence, = 0.So 2d = d, hence d = 0. By (c12), a = 0, contrary to the initial assumption.Case 3.2: Let 0. Let x = . Then by X, = x + 1 - - . By (c), = -. Hence,x = (). Given ) = -, it reduces to x = . Hence = -1 and =. By (c), = 1+. The difference of the products of 1- by X and of by X4gives: = 0. By (c), = 0. By X, = a. B y X , = . By X, = -. In(B) = A) - (1-¨

A)-Cr(

A)) +

BÄB˙CHANGER NUMERO XXXXTheorem 6: Assume the conditions and notations of requirement A5.2. Let Cr� be the ´:˙

B

˙ B) = Cr

44Proof: R(D) and D, R(X) and X are doxastically equivalent by construction. Hence ( R ( X ) ) = C r ( X ) . R ( X )˙

B and R(X) are doxastically equivalent under EC by˙

B) = Cr�(R(X)). This equality persists after conditioningboth terms on R(D), hence Cr�˙

B) = Cr�(R(X)). R(D) and R(D)˙

B are alsodoxastically equivalent under EC b y r e q u i r e m e n t A 5 . 2 , h e n c e C r� ˙

B

˙ B) = ḂLemma 7. Let (, ´, C r ) b e c r e d i b i l i t y s p a c e w h e r e has two atoms A, A. Let R be au n i n f o r m a t i v e r e f i n e m e n t f r o m to � such that has three atoms B, B and B with1122¨B3221212)21¨B21)3) no solution.Proof: By theorem 6, with D= and B being successively B1¨B2 and B1¨B3, we have1112113)*2212313)**1212121313)***ABy **, Cr(A) = Cr�(B) = Cr�(BBy ***, Cr(A1¨A2) = Cr�(B1¨B2) = Cr�(B1¨B3).¨

A) - Cr(

A)By **, Cr(A2) = Cr�(B2¨B3) - Cr�(B3) = Cr�(B2¨B3) - Cr�(B2),hence Cr�(B2) = Cr�(B3). As Cr�(B2¨B3) = Cr(A2), then Cr�(B2) = 0.By *, Cr(A1) = Cr�(B1¨B3) - Cr�(B3) = Cr�(B1¨B2) - Cr�(B2),11¨B31¨B2).Solution 3 : CrA(B) = b.˙A ) + ( 1 - b¨

A)-Cr(

A))+

BÄB˙D o i n g t h e s a m e w i t h * a n d u s i n g t h e l a s t e q u a l i t y l e a d s t o ( )) = 0. As b = 0 i s n o t c o m p a t i b l e w i t h = -, (see the assumptions12130 = (1-b).(Cr�(B1¨B2)-Cr�(B2)-Cr(A1)) + a.(Cr(A1¨A2) - Cr�(B1¨B2) - Cr(A2) + Cr�(B2))0 = -(1-b2) - b2) - Cr�(B2) ) + 12) - 2.Cr�(B12) + Cr(A10 = b1B2) - Cr�(B2) -b12) - Cr�(B2)) +

45121222) = a1¨A21)) + b2)12) = (1-b1) + 2) + b12)Let R� be a uninformative refinement from ´� to ´� such that ´� has four atoms C1, C2, C3and C with R�(B) = C and R�(B) = C, and R�(B) = C. Let Cr� be the credibility2= )) + )= a1¨A2) - Cr(A1)) + b2)12= (1-) + ) + )= (1-) + ) + ) to 0 = (2-a121))+ 2a22)0 = 2)) + (2-ab - a 2a = 0, i.e., either =0 or 0 = (2)), i.e., =0 or I n b o t h c a s e s , t h e s o l u t i o n s f o r and a r e i n c o m p a t i b l e w i t h 0 and t h a t Lemma 8. In lemma 7, solution 1 does not satisfy the preservation requirement, solution 2does it.Solution 1: Let (, , Cr) be a credibility space where has two atoms: A and A, withCr(A12t o t h e p r o b a b i l i t y f u n c t i o n w i t h p r o b a b i l i t y 1 g i v e n t o A , a n d p r o b a b i l i t y f u n c t i o n s a r e ´ to ´´1, B23by R on �. Then Cr�(B1) = Cr(A1) = 0, Cr�(B23) = Cr(A2) = 1.232¨B3Hence Cr�(B1¨B2) = Cr�(B1¨B2¨B3) = Cr�(W).1312) = Cr�(B1) = 0,

46B1¨B31B3) = Cr�(B1B3) = 1,Preservation would have required that Cr) = Cr), what is notCrAÄ) - Cr(

A)ACr(W) ‡ Cr(B¨

A) Cr(B).If Cr() = Cr(B), then Cr(BÄAAProof of theorem 7: Immediate as it presents the solutions of lemma 6 and 7 that satisfy S o l u t i o n 1 ( 2 ) c o r r e s p o n d s t o t h e f o r m u l a e n c o u n t e r e d i n D e m p s t e r - S h a f e r models and the TBM if Cr is a plausibility (belief) function. The case of the plausibilityfunction is rejected as it violates the preservation solution. The only solution left over is thebelief function solution. The next lemma generalized the previous results and is obtained byProof of theorem 8. Let X, Y. Let

AY, C =X˙Y,

B = X˙

Y.By construction, A, B, C. ThenA˙B¨

BÄ) - Cr(BÄ) CrA(C) = Cr(CÄ) - Cr(A)Cr(X¨Y) Cr(X) + Cr(Y) - Cr(X˙Y),Proof of Theorem 9: Take the highly degenerated propositional space (, ) such that ´contains only one atom, . A s f a r a s p r o b a b i l i t y f u n c t i o n s a r e c r e d i b i l i t y f u n c t i o n s , t h e Cr() = 1, Cr(fl) = 0Through uninformative refinements and conditionings, one can generate for any A, theCrA(X) = 1if AX, X= 0 b e l i e f f u n c t i o n ( a p p e n d i x 1 ) , v ( X ) 0 f o r e v e r y X and �˚˚˚v(X) = 1. Build the�˛´..t

47Proof of theorem 10: The proof is just a formal repetition of the arguments presented inappendix 3.Appendix 3. The deconditionalization.Let (, ) be a propositional space and let N = 2n where n is the number of atoms in . LetXcredibility functions obtained by conditioning the elements of on Ev (see section 5).Given Cr and Cr, let v and v be their M�bius transforms, respectively. Relation(5.4) gives:�

XLet v and v be the column vectors which elements are the values of v and v, respectively.v˛Cr (vX˛CrX)Relation (App3.1) expressed for can be written under matricial notation. Let be thexs(A,B) = 1 �X 0 X = v = S Zs-X be the set of NxN matrices S- which satisfy the constraints expressed by (6.3) and( 6 . 4 ) , i . e . , S- = S XS-S- = S -XWe first show that if one element of is negative, then there is a matrix S-s-X such thatS- is not the M�bius transform of a credibility function. Suppose v(A) < 0 for A.Let S-, with elements s-*(B,C), be such that:s-s-¨

X,B) = 1 for all BX, BA, Bs*(C,C) = 1/

Xs*(B,C) = 0By construction, S- satisfies App3.3 and App3.4, hence S-s-. The impact of S- A. So the value given to A by the credibility function build from the M�bius vector S-X

48is negative, thus violating the credibility functions properties obtained in section 3.3. Hencenone of the elements of may be negative. Therefore the elements of X must be belieff u n c t i o n s . A s a n y s e t o f c r e d i b i l i t y f u n c t i o n s r e s u l t s i t s e l f f r o m a c o n d i t i o n i n g o n a n evidential corpus EC, what has been proved for X can be extended directly to any , We can also prove that the elements of S- are non negative. For A,B, let s(A,B) be acomponent of S- with s(A,B) < 0. Then takes such that v(A) = 1, and v(B) = 0 forall BA. Such X is induced by a credibility function as shown in theorem 9. Let = S-.. By construction, the elements of are:v(C) = s-(A,C) ˛´So v(B) < 0. Hence, the deconditioning of could lead to a result that is not a credibilityS-X must be non negative.S-s-XS-XThe author is indebted to M. Daniel, R. Gilles, P. Hajek, R. Kennes, J. Kohlas, I. Kramoisil,H. Kyburg, B. Marchal, V. Poznanski, A. Saffiotti, T. Seidenfelt and F. Voorbraak for theirACZEL J. (1966) Lectures on functional equations and their applications. Academic Press,New York, NY.Press, Cambridge, Mass.BRADLEY R. and SWARTZ N. (1979) Possible worlds. Basil Blackwell, Oxford, UK.Chicago, Illinois.Soc. Sci. 17: 263-283.CHOQUET G. (1953) Theory of capacities. Annales de l’Institut Fourier, Universit� deGrenoble, 5 131-296.COHEN L. J., (1993) What has probability to do with strengh of belief. in DUBUCS J.P.(ed.) Philosophy of Probability, Kluwer, Dordrecht, pg. 129-143.

4963: 75-114.DUBOIS D. and PRADE H. (1982) On several representations of an uncertain body ofevidence. in GUPTA M.M. and SANCHEZ E. eds, Fuzzy information and decisionprocesses. North Holland, Amsterdam. pg 167-181.DUBOIS D. and PRADE H. (1986) A set theoretical view of belief functions. Int. J. Gen.Systems, 12:193-226.Advances in the Dempster-Shafer Theory of Evidence. Yager R.R., Kacprzyk J. andFedrizzi M., eds, Wiley, New York, pg.71-96D U B O I S D . , P R A D E H . a n d S M E T S P h . ( 1 9 9 6 ) R e p r e s e n t i n g p a r t i a l i g n o r a n c e . I E E E G� R D E N F O R S P . , H A N S S O N B . a n d S A H L I N N . E . ( 1 9 8 3 ) E v i d e n t i a r y v a l u e : philosophical, judicial and psychological aspects of a theory. C.W.K. Gleerups, Lund,G�RDENFORS P. (1988) Knowledge in flux. Modelling the dynamics of epistemic states.MIT Press, Cambridge, Mass.HACKING I. (1965) Logic of statistical inference. Cambridge University Press, Cambridge,HAJEK P. (1992) Deriving Dempster�s rule. in IPMU �92 proceedings, pg. 73-75.HARMAN G. (1986) Change in View. MIT Press, Cambridge, Mass.K A T S U N O H . a n d M E N D E L Z O N A . ( 1 9 9 2 ) O n t h e d i f f e r e n c e b e t w e e n u p d a t i n g a k n o w l e d g e b a s e a n d r e v i s i n g i t . i n G� r d e n f o r s P . ( e d . ) B e l i e f r e v i s i o n . C a m b r i d g e University Press, Cambridge, G.B. pages 183-203.of combination. Int. J. Intel. Systems 7:469-478.and Smets P. Uncertainty in AI 92. Morgan Kaufmann, San Mateo, Ca, USA, 1992,K O H L A S J . a n d M O N N E Y P . A . ( 1 9 9 0 ) M o d e l i n g a n d r e a s o n i n g w i t h h i n t s . T e c h n i c a l Report. Inst. Automation and OR. Univ. Fribourg.K Y B U R G H . E . J r . ( 1 9 8 7 b ) B a y e s i a n a n d n o n - B a y e s i a n e v i d e n t i a l u p d a t i n g . A r t i f i c i a l

50KYBURG H.E.Jr. (1995) Set-Based Bayesianism. forthcoming in IEEE Tranmsactions onSystems, Man, and Cybernetics.LEA SOMBE (1994) A glance at revision and updating in knowledge bases. Inter. J.LEWIS D. (1976) Probabilities of conditionals and conditional probabilities. PhilosophicalReview 85: 297-315.PEARL J. (1988) Probabilistic reasoning in intelligent systems: networks of plausibleinference. Morgan Kaufmann Pub. San Mateo, Ca, USA.PEARL J. (1990) Reasoning with Belief Functions: an Analysis of Compatibility. Intern. J.Approx. Reasoning, 4:363-390.RAMSEY F.P. (1931) Truth and probability. in Studies in subjective probability, eds.KYBURG H.E. and SMOKLER H.E., p. 61-92. Wiley, New York.RUSPINI E.H. (1986) The logical foundations of evidential reasoning. Technical note 408,SAHLIN N. E. (1993) On higher order beliefs. in DUBUCS J.P. (ed.) Philosophy ofProbability, Kluwer, Dordrecht, pg. 13-34.SAVAGE L.J. (1954) Foundations of Statistics. Wiley, New York.SHAFER G. (1976) A mathematical theory of evidence. Princeton Univ. Press. Princeton,SHAFER G. (1984) The combination of evidence. Working paper 162, School of Business,University of Kansas.SHAPLEY L.S. (1953) A value for n-person games. In Contributions to the Theory ofGames, vol. 2, eds. H. Kuhn and A.W. Tucker. Princeton University Press, pp. 307-SMETS Ph. (1978) Un mod�le math�matico-statistique simulant le processus du diagnosticm�dical. Doctoral dissertation, Universit� Libre de Bruxelles, Bruxelles, (Availablethesis 80-70,003)SMETS Ph. (1981) Medical diagnosis: fuzzy sets and degree of belief. Fuzzy Sets andSystems 5:259-266.SMETS Ph. (1988) Belief functions. in SMETS Ph, MAMDANI A., DUBOIS D. andPRADE H. ed. Non standard logics for automated reasoning. Academic Press, Londonpg 253-286.SMETS Ph. (1990a) The combination of evidence in the transferable belief model. IEEE-SMETS Ph. (1990b) Constructing the pignistic probability function in a context ofuncertainty. Uncertainty in Artificial Intelligence 5, Henrion M., Shachter R.D., KanalL.N. and Lemmer J.F. eds, North Holland, Amsterdam, , 29-40.

51AI 92. Morgan Kaufmann, San Mateo, Ca, USA, 1992, pg.292-297.Systems, (ed. R. Scozzafava), Roma, pg. 181-204..SMETS P. (1993b) Belief functions: the disjunctive rule of combination and the generalizedIJCAI’93 (Inter. Joint Conf. on AI), San Mateo, Ca, pg. 598-603.SMETS P. (1994) What is Dempster-Shafer’s model? in Advances in the Dempster-ShaferTheory of Evidence. Yager R.R., Kacprzyk J. and Fedrizzi M., eds, Wiley, New York,pg. 5-34..SMETS Ph. and KENNES R. (1994) The transferable belief model. Artificail IntelligenceSMITH C.A.B. (1961) Consistency in statistical inference and decision. J. Roy. Statist. Soc.SMITH P. and JONES O.R. (1986) The philosophy of mind, an introduction. CambridgeUniversity Press, Cambridge.WALLEY P. (1991) Statistical reasoning with imprecise probabilities. Chapman and Hall,WANG P. (1993) Belief revision in probability theory. in Heckerman D. and Mamdani A.Uncertainty in AI 93. Morgan Kaufmann, San Mateo, Ca, USA, pg. 519-526.J. Roy. Statist. Soc. B44: 342WONG S.K.M., YAO Y.Y., BOLLMANN P. and B�RGER H.C. (1990) Axiomatization ofZADEH L. (1984) A mathematical theory of evidence (book review) AI Magazine 5(3): 81-