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Abstract

In recent years, swarms of aerial robots have attracted growing attention in both
scientific research and practical applications, driven by their potential to collectively
perform tasks that would otherwise overwhelm the limitations of individual robots.
Unlike a single unit acting in isolation, a swarm leverages coordination—each robot
makes decisions based on simple rules and local perceptions, yet together they can
generate complex, coordinated behaviors. This emergent cooperation enables the
group to tackle diverse tasks with adaptability and resilience.

While robot swarms demonstrate remarkable potential for collective intelligence,
reliably translating this promise into practice presents sizable technical challenges.
For aerial swarms specifically, these challenges include: (i) the scarcity of open,
swarm-ready UAV platforms that can support research into new aerial swarm behav-
iors in laboratory environments; (ii) the di"culty of developing self-organized UAV
coordination algorithms that are both provably reliable—with formal guarantees for
stability, convergence, and robustness—and practical to deploy under real-world con-
straints such as limited computation, communication, and energy; and (iii) a lack of
existing self-organized approaches to handle intermittent sensing and communication
disturbances in aerial swarms—including temporally correlated dropouts, delays, and
noise—that, while initially non-catastrophic, can cumulatively degrade coordination
quality and system-level performance and may eventually manifest as permanent
faults, thereby compromising long-term swarm reliability.

This thesis advances resilient coordination in aerial robot swarms through contri-
butions spanning hardware, theory, and algorithms. The first contribution is the S-
drone, a fully open-source UAV platform and simulation stack that supports onboard
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sensing and cooperative inter-robot tracking, enabling demonstrations of swarm be-
haviors (e.g., formation flight, cooperative transport, wide-area coverage) without
external infrastructure. The second is the Self-organizing Nervous System (SoNS),
which contributes self-organizing hierarchy for robot swarms. Using the SoNS, robots
self-organize into temporary locally centralized networks that fuse information and
coordinate actions; these networks can split or merge and any robot acting as a
temporary leader can be replaced on the fly, allowing the swarm to reconfigure as
conditions change, while maintaining scalability and fault tolerance against the loss
of arbitrary robots. The third is Hierarchical Henneberg Construction (HHC), which
contributes a graph-theoretic formalization of the SoNS for aerial swarms, based on
bearing (angle of arrival). The HHC algorithms yield analyzable procedures to con-
struct, split, merge, and rebuild self-organized frameworks while preserving rigidity
and hierarchy. Finally, the fourth contribution is a proactive–reactive fault-tolerance
strategy for intermittent faults in aerial swarms, based on the introduction of Adap-
tive Biased Minimum Consensus (ABMC). The ABMC is a distributed protocol that
constructs and maintains low-cost backup paths to leaders in self-organized hierar-
chical swarms. The paths constructed using ABMC support one-shot likelihood-ratio
tests to detect faulty information originating in a portion of the swarm, then sup-
ply the backup paths that enable quick rerouting to sustain information flow and
stable formation control. Together, these contributions provide an open experimen-
tal platform, a reconfigurable hierarchical control paradigm, and provable resilience
tools—bridging the gap between theory and practice in resilient coordination in aerial
robot swarms.
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Chapter 1

Introduction

Unmanned aerial vehicles (UAVs)—commonly known as drones—have advanced the
field of robotics by o%ering highly versatile mobility. Their capability to navigate
three-dimensional aerial space enables them to access di"cult-to-reach areas and
perform tasks in dynamic, unstructured environments, significantly expanding the
potential applications of robotic technology. A major contributor to the growth and
accessibility of modern UAVs is the substantial reduction in development and deploy-
ment costs, largely driven by the proliferation of open-source hardware and software
platforms (Aliane, 2024). These platforms facilitate innovation and customization
through collaborative developer communities, creating a vibrant ecosystem for re-
searchers, hobbyists, businesses, and government agencies to construct sophisticated
drones without incurring prohibitive costs. Additionally, advancements in microelec-
tronics have led to the creation of smaller, more power-e"cient components. As a
result, UAVs have become increasingly compact, a%ordable, and broadly accessible
to diverse users across civil and defense sectors (Doornbos et al., 2024).

Thanks to these enabling factors, UAVs are now deployed in an expanding range
of civil applications. Recent surveys highlight drone use in environmental monitor-
ing and precision agriculture, smart city infrastructure inspection, disaster manage-
ment and search-and-rescue operations, tra"c surveillance, delivery of goods, and
more (Ariante and Del Core, 2025). In many of these domains, drones o%er practical
advantages because they are easy to deploy, low-maintenance, and highly mobile.
For example, in emergency response scenarios UAVs can be rapidly launched for
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real-time damage assessment or to deliver medical supplies, tasks that benefit from
drones’ low operational costs and ability to reach hazardous areas where manned
access is risky (Tahir et al., 2023).

The widespread adoption of UAVs across diverse industrial sectors has exposed
critical operational challenges that demand advancements in vehicle autonomy, ro-
bustness, and operational e"ciency, while simultaneously requiring the integration of
multimodal sensing technologies to enable enhanced situational awareness and adap-
tive decision-making in complex environments. Despite their cross-domain adaptabil-
ity, even minor modifications to UAV design or operational objectives can introduce
crucial ine"ciencies. To illustrate this tension between versatility and optimization,
consider a lightweight UAV platform originally designed for agricultural monitoring
using multispectral cameras. Expanding its operational scope to include LiDAR-
based topographical mapping would impose conflicting requirements: the LiDAR
system’s additional weight and power demands could exceed the UAV’s payload ca-
pacity and battery endurance. These interrelated limitations—restricted payload
capacity, finite flight endurance, and constrained sensing range—fundamentally re-
strict standalone UAVs in addressing large-scale or complex missions (Watts et al.,
2012). Such constraints have catalyzed research into collaborative multi-agent sys-
tems, in which UAV teams share sensing, computational, and actuation resources to
overcome individual platform constraints (Rizk et al., 2019).

Recent research into multi-UAV systems has included swarm architectures to
make coordinated teams of aerial robots capable of decentralized and cooperative
operation (Chung et al., 2018; Skorobogatov et al., 2020). Often drawing inspira-
tion from principles of collective behaviors observed in nature, such as bird flocking
and insect colony coordination, swarm robotics seeks to engineer scalable and adap-
tive group dynamics through local interactions (Brambilla et al., 2013; $ahin, 2004).
However, translating these principles into functional UAV swarms introduces unique
challenges. Unlike the simple ground-based robotic platforms predominantly used in
swarm robotics research—which enable controlled experimentation in simplified 2D
environments with minimal risk of hardware damage or safety hazards (Dorigo et al.,
2020, 2021)—UAV swarms must operate in 3D aerial environments with complex dy-
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namics, limited onboard processing, and stringent safety requirements (Chung et al.,
2018). Unlike the inherent safety of laboratory-scale ground platforms that allow re-
searchers to iterate algorithms freely, treating collisions or failures as inconsequential
learning opportunities, in UAV swarms even minor miscalculations—such as trajec-
tory conflicts or sensor misalignments—can lead to catastrophic collisions or mission
failures (Schiano et al., 2016).

These operational constraints in UAV swarms underscore a critical dependency
in robot swarms in general: the performance of a robot swarm in any mission de-
pends fundamentally on the suitability of its control strategy for the given task. It
is well known that fully centralized control of large-scale multi-robot systems poses
several problems, including limited scalability, a single point of failure in the coordi-
nating agent, and potentially unrealistic communication infrastructures. To circum-
vent these problems, the swarm robotics community has demonstrated that a group
of robots can be controlled in a completely decentralized way (Dorigo et al., 2004,
2013; Li et al., 2019; Nouyan et al., 2009; Rubenstein et al., 2014; Werfel et al., 2014).
However, as the size and speed of a fully decentralized swarm increases, the design
and management of swarm behaviors becomes increasingly di"cult. For example,
maintaining formations in UAV swarms requires precise relative state estimation
and consensus protocols (Schiano et al., 2016), yet these processes are inherently
error-prone (especially so in UAVs) due to sensor noise, communication delays, or
occlusion, and decentralized behaviors can become impractical (e.g., rapid state tran-
sitions outpace the convergence of local peer-to-peer interactions between robots.)
Without a central coordinator, UAVs cannot directly receive information about the
swarm’s global state, forcing them to make decisions based on fragmented local ob-
servations. Such issues highlight the paradox of fully decentralized swarms: while
local interactions enable scalability, flexibility, and fault tolerance—as often demon-
strated in controlled laboratory settings with low-speed ground robots (Bjerknes and
Winfield, 2013; Dorigo, 2005; Rubenstein et al., 2014; Tarapore et al., 2017; Valentini
et al., 2016)—real-world operational requirements such as observability (the ability
to monitor swarm states), manageability (the capacity to direct or adjust behavior),
and robustness (resilience to failures or disturbances), alongside dynamic environ-
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ments and hardware imperfections, demand new strategies to harmonize individual
autonomy with swarm-wide coordination.

One critical vulnerability in UAV swarms that urgently demands new strategies
is their fault tolerance capabilities, particularly under dynamic real-world condi-
tions. Although swarm robotics typically studies robustness against full robot shut-
downs, empirical studies have meanwhile demonstrated that even minor faults in
an otherwise operational individual robot can significantly degrade collective perfor-
mance (Winfield and Nembrini, 2006). The challenge of addressing this vulnerability
intensifies with intermittent faults (IFs), which exhibit stochastic spatio-temporal
characteristics that complicate detection and mitigation (Zhou et al., 2019). Left
unmitigated, such faults risk triggering cascading failures (Niu et al., 2021) that
destabilize overall swarm coordination. A representative example involves intermit-
tent GPS signal degradation in cluttered environments, which can induce sporadic
localization errors. These errors propagate through decentralized state estimation
protocols, gradually undermining coordination mechanisms without generating ex-
plicit failure indicators.

Existing fault-tolerance strategies in robot swarms predominantly adopt a re-
active paradigm and assume faults can be resolved post-occurrence, either via au-
tonomous recovery or human intervention (Christensen et al., 2009). This assump-
tion, however, fails in scenarios where temporal constraints render reactive ap-
proaches inadequate, for example in inaccessible environments, hazardous zones,
or enclosed spaces prone to rapid congestion (Dorigo et al., 2020, 2021). Delayed
fault mitigation in such cases exacerbates instability. These limitations underscore
the necessity for proactive fault tolerance strategies to achieve robust long-term au-
tonomy (Bjerknes and Winfield, 2013). By anticipating and mitigating faults dur-
ing their latent phase—that is, before they manifest as operational failures—robot
swarms could minimize potential performance degradation.

In summary, the following interconnected research challenges are central to ad-
vancing reliability and robustness in aerial robot swarms:

1. Coordination: Fully decentralized swarm architectures often lack analytical
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tractability, making it di"cult to ensure coordinated actions in dynamic en-
vironments (Brambilla et al., 2013). The absence of formal guarantees limits
predictability in swarm coordination and complicates synchronization, task al-
location, and communication protocols among robots (Hamann, 2018). More-
over, designing reliable coordination strategies often depends on empirical test-
ing or heuristic approaches, which might fail to transfer e%ectively to diverse
mission scenarios, larger swarm sizes, or di%erent robot types (Dorigo et al.,
2020, 2021).

2. Fault tolerance: Although robot swarms feature some inherent fault toler-
ance through redundancy, especially to permanent faults, empirical evidence
has shown that partial or intermittent faults in a subset of robots can dispro-
portionately degrade swarm performance (Bjerknes and Winfield, 2013; Win-
field and Nembrini, 2006). Conventional fault-detection techniques frequently
assume reliable communication channels or self-diagnostic capabilities within
individual robots (O’Kee%e and Millard, 2023). However, realistic operating
conditions often involve degraded communication links, hardware malfunctions,
and noisy sensor data, which can delay fault detection and result in ine%ective
recovery strategies (Dorigo et al., 2020, 2021).

To address these challenges, this thesis presents a comprehensive framework that
spans hardware development, theoretical analysis, and practical implementation, to
build reliable and fault-tolerant aerial robot swarms.

It begins by introducing the S-drone (O&uz et al., 2024), an open-source UAV
platform tailored for swarm robotics research. The platform combines onboard sens-
ing with cooperative inter-robot tracking, providing a versatile and practical testbed
for swarm robotics approaches. Specifically, the S-drone platform is pre-configured
to detect fiducial markers in the environment, leveraging this sensor information
to track the presence, identity, relative position, and relative orientation of neigh-
boring peers using cooperative feature-level sensor fusion for inter-robot tracking.
Additionally, the S-drone has open-access hardware and open-source software, an
open-source simulation environment for development, and an open-source user inter-
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face for operators to manage demonstrations with real UAVs. The S-drone approach
for cooperative feature-level sensor fusion is adaptable, allowing integration with
other UAV fleets if the necessary payloads and platform customization options are
available. By bridging the gap between theory and practice, the S-drone platform
lays the groundwork for experimental validation of large-scale aerial swarms.

Building upon the S-drone platform, the thesis presents a novel approach to
achieving resilient coordination in robot swarms, demonstrated in a heterogeneous
swarm of S-drones and ground robots: the Self-organizing Nervous System (SoNS)
(Zhu et al., 2024). The SoNS enables robots to temporarily assume “brain” (leader)
roles over other robots, coordinating sensing, actuation, and decision-making within
temporarily centralized sub-swarms. In practice, this means that while each robot
operates autonomously, they self-organize into hierarchical sub-swarms with dynamic
leaders. These leaders use the self-organizing hierarchical structure to aggregate
local information and guide the collective behavior of the robots, thereby creating
flexible, temporarily centralized structures that enhance the overall responsiveness
and robustness of the swarm. The swarm can quickly adapt to dynamic environments
using centralized coordination when needed, but still retain interchangeability of
robots typical in self-organized systems (i.e., any robot can become the brain, and
can replace a former brain if it fails).

The proof-of-concept experiments with ground and aerial robots enabled by the
SoNS in (Zhu et al., 2024) show great practical benefit to robot swarms. However, ex-
tending this hierarchical paradigm to large-scale homogeneous UAV swarms would
require both robust theoretical frameworks for dynamically restructuring commu-
nication links and advanced fault-tolerance mechanisms that can handle real-world
uncertainties. Unlike the slower ground robots included in (Zhu et al., 2024), homoge-
neous UAV swarms can operate in three-dimensional, highly dynamic environments
where rapid changes in position and connectivity are the norm. This dynamism
means that the swarm must be able to reconfigure quickly and accurately to navi-
gate obstacles or respond to sudden robot malfunctions. For instance, a formation
might need to split into multiple sub-formations to maneuver through a narrow pas-
sage and then merge seamlessly to continue its mission, or reconfigure instantly to
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maintain stability after several units fail unexpectedly due to a collision. To address
these challenges, this thesis proposes mathematical methods for systematically build-
ing, merging, splitting, and reorganizing self-organized hierarchical communication
frameworks. These methods ensure that the swarm can dynamically adapt its struc-
ture while preserving connectivity and stability, enabling it to maintain coordinated
behavior as roles and inter-robot links evolve.

In addition to flexible communication frameworks, SoNS must incorporate ad-
vanced fault-tolerance mechanisms to handle real-world uncertainties. Using local
subgroup coordination, the SoNS already mitigates interference risks and avoids un-
certainties arising from misinterpreted roles or conflicting priorities—pitfalls that can
undermine flat swarm systems. It also mitigates risks from permanent failures (full
shutdown) of any individual robots, including the brain. However, the SoNS alone
does not address how to detect and recover from faults in transmitted information.
Tolerance to informational faults is especially important when the faults are tran-
sient, as intermittent faults can be di"cult to distinguish from normal behavior and
can destabilize the hierarchy and the coordinated swarm behaviors. Intermittent
faults can be caused by sensor inaccuracies, hardware malfunctions, unpredictable
environmental conditions, or communication disruptions. To address this gap in
SoNS fault tolerance, the thesis introduces a proactive–reactive fault-tolerance strat-
egy that extends the SoNS paradigm. Proactively, robots establish backup self-
organized communication paths to the brain (leader) robot and use these paths to
detect the presence of intermittent faults. Reactively, when such faults arise, the
swarm then uses the proactively constructed backup paths to reroute information
flows and isolate the faulty links. This approach ensures that momentary glitches do
not escalate, and transient but persistent inaccuracies are isolated from the rest of
the swarm for their duration, preserving overall functionality even under uncertainty.
In short, by leveraging the temporarily centralized monitoring available via the SoNS
network, individual robots can cross-check their observations and apply corrective
measures before faults propagate throughout the swarm.
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1.1 Thesis structure and related scientific contributions

This section describes the structure of the thesis and lists the related scientific papers
published in international conferences and journals.

The dagger symbol (†) signifies that the authors contributed equally and are
co-first authors of the published article.

Chapter 2 surveys the state of the art in aerial swarm robotics, including hardware
platforms, formation control, coordination and communication architectures, and
fault-tolerance strategies, and identifies critical gaps that motivate the proposed
framework. The chapter is partially based on the related work sections from the
following peer-reviewed articles:

• O"uz, S., Heinrich, M.K., Allwright, M., Zhu, W., Wahby, M., Garone, E.
and Dorigo, M., 2024. An Open-Source UAV Platform for Swarm Robotics
Research: Using Cooperative Sensor Fusion for Inter-Robot Tracking. IEEE
Access, 12, 43378-43395.

• Zhu, W.†, O"uz, S.†, Heinrich, M.K.†, Allwright, M., Wahby, M., Christensen,
A.L., Garone, E. and Dorigo, M., 2024. Self-organizing nervous systems for
robot swarms. Science Robotics, 9(96), eadl5161.

• Zhang, Y., O"uz, S., Wang, S., Garone, E., Wang, X., Dorigo, M. and Hein-
rich, M.K., 2023. Self-reconfigurable hierarchical frameworks for formation
control of robot swarms. IEEE Transactions on Cybernetics, 54(1), 87-100.

• O"uz, S., Garone, E., Dorigo, M., and Heinrich, M.K. (2025). Proactive–reactive
detection and mitigation of intermittent faults in robot swarms. Submitted to
IEEE Transactions on Robotics. Pre-print available at arXiv:2509.19246.

Chapter 3 introduces the S-drone, an open-source UAV platform designed for
swarm robotics research. Equipped with onboard sensing and local interaction ca-
pabilities, the S-drone enables rigorous testing and evaluation of swarm robotics
algorithms in real-world scenarios. This chapter details the platform’s hardware
design, software components, and the accompanying simulation environment. The

https://arxiv.org/abs/2509.19246
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same platform serves as the foundation for the experiments presented in Chapter 4
of this thesis. This chapter is based on the following peer-reviewed article published
in an international journal (with the preliminary results having been presented at a
regional conference, also listed below):

• O"uz, S., Heinrich, M.K., Allwright, M., Zhu, W., Wahby, M., Garone, E.
and Dorigo, M., 2024. An Open-Source UAV Platform for Swarm Robotics
Research: Using Cooperative Sensor Fusion for Inter-Robot Tracking. IEEE
Access, 12, 43378-43395.

• O"uz, S., Heinrich, M.K., Allwright, M., Zhu, W., Wahby, M., Dorigo, M.,
and Garone, E. (2022). A novel aerial robotic swarm hardware. In Proceedings
of the 41st Benelux Meeting on Systems and Control: Book of Abstracts (p.
96). Brussels, Belgium.

Chapter 4 introduces a self-organizing hierarchical coordination architecture called
the Self-organized Nervous System (SoNS), which allows robots to dynamically as-
sume or relinquish leadership roles based on local context. The chapter illustrates
how hierarchy is self-organized and demonstrates the practical implementation of
SoNS in a heterogeneous swarm of S-drones and ground robots. This chapter is
based on the following peer-reviewed article published in an international journal:

• Zhu, W.†, O"uz, S.†, Heinrich, M.K.†, Allwright, M., Wahby, M., Christensen,
A.L., Garone, E. and Dorigo, M., 2024. Self-organizing nervous systems for
robot swarms. Science Robotics, 9(96), eadl5161.

The contributions I made to this work are as follows. I developed a mathematical
formulation of the SoNS framework and its theoretical guarantees, including the sta-
bility criteria and proofs of convergence. On the implementation side, I contributed
to the formalization of the Allocate algorithm (Section 4.2.2), which enables each
robot to autonomously assign and reassign its children at runtime by comparing
current and target graph states and thereby ensures reconfiguration under faults,
as well as the Classify routine (Section 4.2.2), which categorizes sensory inputs into
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local reactions, SoNS-wide responses, or upstream hand-o%s, and is integrated with
the unified BrainProgram (Section 4.2.3). Finally, I co-conducted the experiments,
the data collection, and the presentation of the experimental results.

Chapter 5 presents algorithms designed to allow robots to dynamically modify
who communicates with whom, thus preserving network connectivity during forma-
tion control in aerial robot swarms. The chapter proposes a theoretical framework
grounded in bearing rigidity and Henneberg-type construction, particularly for self-
organized hierarchical networks of robots applied to formation control tasks. This
chapter introduces mathematically provable, analyzable algorithms for hierarchical
frameworks, providing the foundations for merging, splitting, and reconstructing
robot formations to preserve connectivity and stability under evolving mission re-
quirements or robot failures. This chapter is based on the following peer-reviewed
article published in an international journal:

• Zhang, Y., O"uz, S., Wang, S., Garone, E., Wang, X., Dorigo, M. and Hein-
rich, M.K., 2023. Self-reconfigurable hierarchical frameworks for formation
control of robot swarms. IEEE Transactions on Cybernetics, 54(1), 87-100.

The contributions I made to this work are as follows. I assisted in the litera-
ture review and gap analysis. I performed preliminary simulations to establish the
foundation for formulating the proposed approach, contributing to the subsequent
theoretical and experimental investigations. I contributed to the theoretical devel-
opment by formalizing and verifying key lemmas on bearing persistence in directed,
lower-triangular graphs. I contributed to the experimental design by defining the
four formation-control scenarios and specifying the performance metrics.

Chapter 6 addresses intermittent faults (IFs): transient faults caused by sensor
glitches, communication interference, or software bugs that may appear, vanish, and
reappear unpredictably. Such IFs can propagate corrupted information before de-
tection. To counter this, consensus- and statistical-estimation–based methods are
integrated with a proactive strategy: before faults occur, robots preemptively es-
tablish backup communication links ensuring the swarm is prepared for disruptions.
When an IF emerges, these enhanced links enable rapid fault isolation, preventing
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cascading failures and preserving overall system reliability. The results presented in
this chapter are currently under review for publication in an international scientific
journal:

• O"uz, S., Garone, E., Dorigo, M., and Heinrich, M.K. (2025). Proactive–reactive
detection and mitigation of intermittent faults in robot swarms. Submitted to
IEEE Transactions on Robotics. Pre-print available at arXiv:2509.19246.

Finally, Chapter 7 summarizes the contributions of this thesis, discusses their im-
plications for the future of aerial swarm robotics, and highlights promising directions
for future research.

https://arxiv.org/abs/2509.19246


Chapter 2

Related Work

Swarm robotics research has seen significant advancements over recent decades, par-
ticularly in deploying real-world swarms of small, mobile ground robots in laboratory
environments (Dorigo et al., 2020). While aerial swarms have also achieved notable
milestones with practical demonstrations of swarm algorithms on small scale UAV
platforms (e.g., quadrotors (Baca et al., 2021; Dorigo et al., 2013; Zhou et al., 2022)),
these e%orts remain exceptions (Skorobogatov et al., 2020). As a result, much of the
work in aerial swarm coordination still relies on simulation, with only limited vali-
dation on physical UAV platforms (Coppola et al., 2020).

Moving from simulated environments to real-world testing hinges on one of swarm
robotics’ fundamental principles: decentralized, local interactions. In a true swarm,
each agent makes decisions using only information from its immediate neighbors,
rather than following commands from a central controller ($ahin, 2004). This lo-
cal decision-making is what grants swarms their celebrated scalability, flexibility,
and some degree of inherent fault tolerance. However, extending this principle to
aerial vehicles introduces new layers of complexity. Unlike their ground-based coun-
terparts, UAVs navigate in three dimensions at high speeds and must cope with
aerodynamic e%ects, wind disturbances, and dynamic obstacles (Shakhatreh et al.,
2019). Achieving the real-time detection, tracking, and peer-to-peer communication
of positions and orientations that high-speed flight demands remains an ongoing
challenge (Chung et al., 2018), and is a key reason many published algorithms have
not yet left simulation (Abdelkader et al., 2021).

12
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Moreover, these real-time coordination hurdles are compounded by practical
hardware constraints. Most commercial UAVs are optimized for solo missions and
simply lack the onboard sensing suites, processing power, and robust communication
links required for fully decentralized operation (Campion et al., 2018; Skorobogatov
et al., 2020). While specialized research platforms provide tailored solutions for indi-
vidual capabilities—such as obstacle avoidance or high-speed flight—they frequently
fail to satisfy the comprehensive operational requirements of swarm robotics: the
hardware and software needed to support a robot swarm with scalability, robust-
ness, decentralization, adaptability, and general-purpose versatility (Bayindir and
$ahin, 2007; Brambilla et al., 2013; Dias et al., 2021; Dorigo et al., 2020, 2021; Hein-
rich et al., 2019). Consequently, despite the theoretical extensibility of many swarm
algorithms to aerial platforms, large-scale experimental validation in real flight sce-
narios remains scarce (Abdelkader et al., 2021; Coppola et al., 2020).

E%ective aerial swarm coordination demands sophisticated control strategies.
While centralized control may be simpler to implement, it creates single points of
failure and struggles to scale with swarm size; in contrast, fully decentralized con-
trol, although more resilient, can lead to unpredictable behavior in dynamic settings
where quick decisions are critical (Dorigo et al., 2021). To address this, hierarchical
control architectures are a promising middle ground (Dorigo et al., 2020; Jamshidpey
et al., 2020, 2023, 2025; Ju and Son, 2021). Using such an architecture, temporary
leadership roles have the potential to be dynamically assigned within the swarm,
balancing autonomy with structured coordination. Such approaches could enhance
decision-making e"ciency and resilience, but these benefits must be supported by an-
alytical tools to ensure system stability as well as strategies to maintain operational
continuity under uncertainty.

In real-world scenarios, aerial swarms also face the need to maintain precise for-
mations while navigating complex, obstacle-rich environments (Zhou et al., 2022).
Whether using leader-follower schemes, virtual structures, or decentralized consensus
protocols, ensuring collision avoidance and shape preservation using local measure-
ments is notoriously di"cult without a global reference (Liang et al., 2016; Oh et al.,
2015; Zhang and Liu, 2019; Zhou et al., 2018). To address this challenge, a popular
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approach is to use rigidity theory – a mathematical framework originally from graph
theory and mechanics – as the foundation for maintaining a swarm’s shape (Monti-
jano et al., 2016; Zhao and Zelazo, 2019). Rigidity theory, particularly bearing (i.e.,
angle of arrival) rigidity, o%ers a useful mathematical basis for formation stability
using strictly local onboard measurements (Michieletto et al., 2016). Adapting this
theoretical framework to real-world scenarios can enable aerial swarms to preserve
their structure without relying on a global reference, allowing them to respond to
task changes or unexpected disruptions in a self-organized manner.

Another important challenge for aerial swarms is communication reliability: many
swarm models assume ideal, bidirectional links, but real environments often intro-
duce intermittent, asymmetric connectivity due to obstacles, interference, and vari-
able signal strength (Wang et al., 2024). This gap between theoretical models and
practical implementation is a fundamental challenge for aerial swarm robotics, as the
robustness of an aerial swarm often critically depends on continuous and accurate
information exchange (Tarapore et al., 2020). Because of these inherent communi-
cation limitations, no aerial swarm can be truly robust if it lacks e%ective strategies
for dealing with failures or unanticipated anomalies. Even if a swarm is designed to
include interchangeable robots and use strictly decentralized decision-making, unex-
pected transient errors can severely undermine overall performance (O’Kee%e, 2025).

Intermittent faults (IFs)—temporary, sporadic faults such as brief sensor malfunc-
tions or transient communication errors—are particularly concerning because they
can go unnoticed at first yet later propagate through the swarm, causing cascading
failures (Peng et al., 2021). In aerial swarms, where rapid and precise coordination is
essential, these transient errors can quickly propagate and exacerbate, compromising
the entire mission. For instance, a brief communication or sensor glitch in a few
robots might lead to incorrect state estimation in several more robots, culminating
in misaligned movements or even collisions within the swarm (Hu et al., 2022). Ex-
isting fault-tolerance strategies in swarm robotics have usually focused on passive
tolerance or post-failure repair, addressing issues only after they have noticeably
impacted behavior (Peng et al., 2021), which might be too late for many types of
IFs, especially in aerial operations. The unpredictable nature of IFs in aerial swarms
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demands a more proactive strategy—one that can detect early signs of failure and
isolate or correct faults before they have the chance to spread through the swarm.

Taken together, these themes—algorithmic validation, hardware adequacy, con-
trol architecture, formation stability, and fault tolerance—constitute the current
landscape of challenges in aerial swarm robotics. This chapter reviews the exist-
ing research relevant to these challenges, organized according to the topics covered
in Chapters 3, 4, 5, and 6. It begins with an examination of current UAV plat-
forms, their capabilities, and the gaps in their application to swarm robotics research.
The limitations inherent in commercially available systems are discussed alongside
promising advancements in sensing and inter-robot localization that pave the way
for improved aerial swarm deployment. This chapter then discusses the foundations
of robot swarm control, in particular the trade-o%s present when selecting either
decentralization or centralization, thus motivating hybrid approaches such as self-
organizing hierarchy to enhance coordination and manageability. An overview of
formation control strategies for aerial swarms is then provided, followed by a dis-
cussion of rigidity theory—a mathematical framework used to ensure stability and
connectivity in multi-robot formations. Although the literature presents methods for
framework construction and formation maintenance via rigidity theory, the system-
atic and mathematically analyzable organization and reorganization of hierarchical
frameworks remains an open problem. Finally, the chapter reviews fault-tolerance
strategies in swarm robotics, focusing on the challenges associated with addressing
intermittent faults (IFs). Although a robot swarm will often exhibit inherent fault
tolerance against the permanent failure of some of its members, current approaches
do not address the detection or mitigation of IFs in a swarm, which are transient
and unpredictable but can spread quickly and potentially cause permanent damage.

2.1 Hardware platforms for aerial swarm robotics

There are currently many UAV platforms available o%-the-shelf, but the majority of
these platforms do not have open hardware and software and therefore are not ideal
for scientific research. The exceptions are commercial open development platforms
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and open scientific research platforms, of which the most relevant for swarm robotics
are: (1) the ModalAI M500 drone1 for GPS-denied navigation and obstacle avoidance
using stereo cameras and (2) the Palm-Sized Drone (Zhou et al., 2022) for swarm
navigation in cluttered outdoor environments using ultra-wideband (UWB) distance-
based localization drift correction. While both of these platforms o%er advanced
capabilities for swarm navigation, neither the ModalAI M500 platform nor the Palm-
Sized Drone platform come pre-equipped with the ability to locally identify and track
the full relative poses (i.e., positions and orientations) of nearby drones. It might
be feasible to extend the software of either platform to achieve these capabilities in
their targeted navigation contexts using their current o%-the-shelf payloads, but this
would of course be a non-trivial development task.

Based on available information, no commercial drone (whether open or fully pro-
prietary) comes pre-equipped with the ability to identify and track the poses of
nearby drones using only onboard sensors and computation. However, research on
sensing technologies is advancing quickly, for example using UWB localization (Fish-
berg and How, 2022; Morón et al., 2022; Xu et al., 2022; Zhou et al., 2022) or visual
localization supported by machine learning (Chen et al., 2023; Valada et al., 2018;
Walter et al., 2020). UWB state estimation is very promising, and advances are
being made to address outstanding challenges, such as insu"cient accuracy, compli-
cated initialization, and consistency issues in UWB-odometry state estimation (Xu
et al., 2022) as well as scalability issues related to communication throughput in
UWB-odometry or UWB-visual-inertial state estimation, especially for 2D pose esti-
mation (Fishberg and How, 2022). Another very promising technology is ultraviolet
direction and ranging (UVDAR) (Ahmad et al., 2021; Walter et al., 2019). UVDAR
can allow drones to identify and track the positions and orientations of nearby drones
using only onboard sensors and computation, and is currently being implemented as
an extension (Hert et al., 2023) to the open-source MRS research platform (Baca
et al., 2021). In the mid-term future, it is likely that some of these technologies will
become available on commercial drone platforms that are open and come pre-built
o%-the-shelf.

1https://docs.modalai.com/m500/

https://docs.modalai.com/m500/
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Given the current limitations in commercially available UAV platforms and the
rapid advancements in sensing technologies, it is useful to examine existing research-
focused UAV platforms to evaluate their suitability for swarm robotics experiments.
Table 2.1 provides a comparative summary of their characteristics, highlighting key
features such as hardware design, sensing capabilities, and software openness.

The FLA platform (Mohta et al., 2018), designed for obstacle detection and
environmental mapping, is based on the DJI F450 with a 450 mm wheelbase (mo-
tor to motor distance). It incorporates a Hokuyo 2D LiDAR (light detection and
ranging), a downward-facing Garmin LiDAR-Lite rangefinder, multiple cameras, a
high-performance VectorNav VN-100 inertial measurement unit (IMU), and is pow-
ered by an Intel NUC i7 onboard computer. It weighs 3 kg, has a flight duration of
5 minutes, and is estimated to cost approximately 5 500 EUR. However, its software
and details of its hardware design are undisclosed.

The ASL-Flight platform (Sa et al., 2017), designed for verification of custom
visual inertial odometry framework, is based on the proprietary DJI Matrice 100
with a 650 mm wheelbase. It is equipped with an Intel RealSense ZR300 depth
imaging sensor and an Intel NUC i7 onboard computer. Weighing 2.4 kg, it has a
flight duration of 16 minutes and is estimated to cost approximately 4 700 EUR. The
UAV’s hardware is proprietary to DJI and the details of its design are undisclosed.
Its VIO (visual inertial odometry) framework is also not open-source.

The Agilicious platform (Foehn et al., 2022), designed for autonomous agile flight,
utilizes an Armattan Chameleon frame with a 264 mm wheelbase. It incorporates
an Intel RealSense T265 tracking camera and an NVIDIA Jetson TX22 onboard
computer. It has a flight duration of 10 minutes, weighs 750 grams and has an
estimated cost of approximately 1 580 EUR. Even though it is open-source, there are
some access restrictions based on criteria such as the requester’s nationality.
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Table 2.1: Characteristics of existing UAV research platforms (i.e., non-commercial)

Platform FLA(Mohta
et al., 2018)

ASL-Flight(Sa
et al., 2017)

Agilicious(Foehn
et al., 2022)

MRS(Baca
et al., 2021)

Palm-Sized
Drone(Zhou
et al., 2022)

Target applica-
tion

Obstacle detection,
environment map-
ping

Visual-inertial
odometry

Autonomous agile
flight

Underground
search and rescue

Multi-UAV naviga-
tion

Base model DJI F450 DJI Matrice 100 Armattan
Chameleon

Holybro X500 Not specified

Wheelbase
(mm)

450 650 264 500 114

Sensors (Dis-
tance/Depth)

Hokuyo 2D Li-
dar; Garmin
rangefinder

Intel RealSense
ZR300

None specified Ouster OS1 Lidar;
Intel RealSense
D435i

Intel RealSense
D430

Camera Multiple None specified Intel RealSense
T265

x2 Basler RGB
cameras

Grayscale camera

IMU (Internal
Measurement
Unit)

VectorNav VN-100 None specified None specified None specified None specified

Onboard com-
puter

Intel NUC i7 mini-
PC

Intel NUC i7 mini-
PC

NVIDIA Jetson
TX22

Intel NUC i7 mini-
PC

NVIDIA Xavier
NX

Weight (g) 3000 2400 750 4800 300
Flight duration
(min)

5 16 10 25 11

Cost (EUR, ap-
prox.)

5500 4700 1580 12000 1450

Software/ Hard-
ware design

Undisclosed Hardware propri-
etary to DJI

Available on re-
quest

Hardware undis-
closed; open-source

Open-source

Local pose
tracking of
nearby UAVs

No No No In development
(extension)

No
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The MRS platform (Baca et al., 2021), designed for underground search and
rescue operations, utilizes a Holybro X500 frame which has a 500 mm wheelbase. It
is equipped with an Ouster OS1 LiDAR, one Intel RealSense D435i depth camera,
two Basler RGB cameras and an Intel NUC i7 onboard computer. Weighing 4.8 kg,
it has a flight duration of 25 minutes and is estimated to cost 12 000 EUR. The
software is open-source and system-level design is partially open-source. However,
the details of its hardware design are undisclosed.

The Palm-Sized Drone (Zhou et al., 2022), designed for multi-UAV navigation
in cluttered outdoor environments, has a 114 mm wheelbase. It carries an Intel
RealSense D430 depth camera and a grayscale camera, and it is powered by an
NVIDIA Xavier NX onboard computer. It has a flight duration of 11 minutes, weighs
300 grams, and is estimated to cost approximately 1 450 EUR. Both its software and
hardware designs are open-source.

Besides these research platforms another very well-known platform is the Crazyflie
(Giernacki et al., 2017), which has an 80 mm wheelbase, weighs 27 grams and is
estimated to cost 220 EUR. However, due to its minimal hardware configuration, it
is primarily used for basic algorithm verification tasks, as it does not support onboard
sensing or computation capabilities, and therefore this chapter does not report it in
Table 2.1.

In conclusion, while existing UAV platforms o%er various capabilities for naviga-
tion, mapping, and agile flight, they often lack integrated support for local inter-UAV
pose tracking using only onboard sensors and computation.

2.2 Hierarchical swarm control and coordination

Over the past two decades, the swarm-robotics community has established that large
populations of autonomous agents can coordinate e%ectively in the absence of any
central coordinating entity, thereby achieving the canonical advantages of scalabil-
ity, flexibility, and robustness to failures of individual robots. Collective behaviors
have been realized for environmental monitoring, distributed navigation and pay-
load transport, programmable self-assembly, construction, and bio-hybrid interac-
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tion (Dorigo et al., 2013; Halloy et al., 2007; Petersen et al., 2019; Rubenstein et al.,
2014; Talamali et al., 2021; Wahby et al., 2018; Werfel et al., 2014). Notwithstanding
these experimental successes, the transition of flat (single-level) swarms from labo-
ratory prototypes to real-world deployments remains limited (Dorigo et al., 2020).
Because macroscopic objectives must emerge from local interactions, the synthesis of
suitable low-level control policies is analytically intractable for many tasks (Hamann,
2018); development therefore relies heavily on heuristic tuning, extensive testing
in simulation, and empirical iteration (Hamann, 2010; Hamann and Wörn, 2008).
Moreover, convergence times may be prohibitive when rapid response is essential,
and performance often degrades when environmental conditions deviate from those
foreseen during design.

Conversely, strictly centralized architectures o%er well-developed algorithmic tool-
chains for a wide array of complicated tasks, such as simultaneous localization
and mapping (Howard, 2006), dynamic task allocation, and online vehicle rout-
ing (Psaraftis et al., 2016). Centralization simplifies behavior design and facilitates
the integration of heterogeneous capabilities, yet full centralization inevitably intro-
duces bottlenecks and single points of failure that impair scalability and resilience—
properties ordinarily regarded as the raison d’être of robot swarms.

In current multi-robot platforms, the type of communication topology and control
distribution is typically fixed a priori. For example, in canonical robot swarms, a
strict heterarchy is adopted in which agents communicate peer-to-peer without ranks.
Such flat designs, exemplified by optimized aerial flocking (Vásárhelyi et al., 2018),
align well with the field’s biological inspiration sources (Beni, 1988; Bonabeau et al.,
1999; Floreano and Mattiussi, 2008; Hamann, 2018; $ahin, 2004) and o%er some
scalability, flexibility, and fault-tolerance benefits. Nevertheless, a statically flat
interaction structure can complicate global behavior design and curtail transferability
to unforeseen operational demands.

Biological collectives demonstrate that strict heterarchy is not the only option
for self-organized systems. Ant colonies can employ division of labor; bird flocks
and fish schools can exploit transient leadership by informed individuals (Groß et al.,
2008; Varadharajan et al., 2024). Several research strands in swarm robotics have
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begun to explore this design space. Behavioral heterogeneity has been used to induce
implicit leadership whereby better-informed, more persistent, or human-supervised
agents influence group decisions (Balázs et al., 2020; Firat et al., 2020; Valentini
et al., 2016; Walker et al., 2014a,b). Double-level systems with single broadcast lead-
ers have demonstrated reliable information dissemination (Kaiser and Hamann, 2022;
Shan and Mostaghim, 2020), and numerous leader–follower strategies for flocking and
self-assembly have been reported (Amraii et al., 2014; Dalmao and Mordecki, 2011;
Gu and Wang, 2009; Jia and Vicsek, 2019; Pignotti and Vallejo, 2018; Zheng et al.,
2020). Multi-drone planners that combine centralized optimization with decentral-
ized collision avoidance have achieved high performance in dense environments (Zhou
et al., 2022). However, a common limitation of these approaches is that the leader-
ship roles and inter-agent dependencies are either predefined or remain static once
assigned; few mechanisms exist for autonomously reconfiguring the hierarchy in re-
sponse to internal failures or external perturbations.

Consequently, addressing the open problem of a self-organized, controllable hier-
archy is not only pivotal for swarm robotics in general but arguably becomes indis-
pensable when the constituent agents are unmanned aerial vehicles (UAVs). Aerial
platforms must negotiate a tightly coupled, three-dimensional operating space in
which aerodynamic interactions, rapid attitude dynamics, and limited on-board en-
ergy severely constrain both sensing and actuation. Unlike ground robots, which
can tolerate centimeter-scale errors without immediate catastrophic consequences,
UAVs risk loss of separation, aerodynamic stall, or mid-air collision from deviations
of only a few tens of centimeters. Under such conditions, the latency and bandwidth
limitations of wireless communication can make naïvely flat coordination strategies
untenable; yet a fully centralized controller would introduce single points of failure
that compromise the very robustness sought in swarm solutions. A dynamically
reconfigurable hierarchy o%ers a principled trade-o%: by localizing high-rate con-
trol loops within sub-swarms while allowing global objectives to propagate through
leader rotation and multi-level consensus, it can be used to preserve scalability and
interchangeability without sacrificing the fast response demanded by aerial maneu-
vers (Vásárhelyi et al., 2018). This thesis proposes that dynamically reconfigurable
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hierarchy is ideal for aerial swarms because they require not only the ability to cre-
ate and reconfigure multi-level command structures autonomously, but also precise
mechanisms for maintaining geometrically consistent formations and for preserv-
ing collective function when individual platforms fail or drop out of the network.
These twin requirements—formation control, which guarantees spatial coherence un-
der aerodynamic coupling and limited on-board sensing, and fault tolerance, which
safeguards the mission against hardware faults, communication dropouts, or adver-
sarial disturbances—constitute the core technical challenges tackled in contemporary
UAV-swarm literature (Vásárhelyi et al., 2018; Zhou et al., 2022).

The following two sections examine the state of the art in formation control
for aerial swarms and recent advances in fault-tolerant strategies that aim to endow
large-scale UAV collectives with the robustness demanded by real-world deployments.

2.3 Formation control for aerial swarm robotics

Formation control is a fundamental coordination task in swarm robotics, where mul-
tiple robots move in unison to maintain a prescribed geometric pattern (Oh et al.,
2015). This capability is important for aerial swarms for missions such as environ-
mental monitoring, search-and-rescue, and surveillance of natural disaster sites (Bu
et al., 2024). Over the years, researchers have developed various approaches to
achieve and maintain formations in multi-robot systems (Oh et al., 2015). These
methods di%er in how the formation shape is specified and how the control decisions
are made across the swarm. Common strategies can be grouped into three broad
categories (Oh and Ahn, 2011):

• Behavior-based methods: Each robot follows simple local behaviors or rules
(e.g., cohesion, separation, alignment) that collectively yield an emergent for-
mation. This approach requires no explicit leader; instead, the formation arises
from the interactions of individual behaviors.

• Leader–follower methods: One or a few designated robots act as leaders, and
the remaining robots (followers) adjust their motions to maintain specified
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positions (distances or angles) in relation to the leaders. The formation’s shape
is thus maintained by tracking leader trajectories.

• Virtual structure methods: The entire group is treated as a single rigid entity
(a virtual structure). Control laws are designed as if commanding a large rigid
body; each robot tracks a moving reference point on this imagined structure,
preserving the overall formation geometry.

Each of these approaches has its own advantages and disadvantages in terms of
flexibility, scalability, and the requirements for communication and sensing. Regard-
less of the specific strategy, a central challenge in formation control is maintaining
the desired geometric shape of the formation as the swarm moves (De Queiroz et al.,
2019). The robots must coordinate in such a way that their positions relative to
each other remain as desired (including during translation or rotation of the whole
formation). Achieving this robustly calls for tools to analyze and guarantee forma-
tion shape stability (De Queiroz et al., 2019). One key theoretical framework that
addresses this need is graph rigidity theory, which provides conditions under which
a formation’s shape is preserved by inter-robot constraints.

In the context of multi-robot formations, graph rigidity theory models the for-
mation as a graph: each robot is a vertex, and edges represent constraints between
robots, typically desired distances. A formation (or framework) is said to be rigid if
it cannot continuously deform into a di%erent shape without breaking at least one
of those inter-robot constraints (De Queiroz et al., 2019). Intuitively, a rigid forma-
tion behaves like a sti% structure: its inter-robot distances do not flex or collapse
under external perturbations and can tolerate desired motions of the whole structure
such as translating or rotating in space. The idea of rigidity stems from structural
engineering (e.g. when studying a strut-and-tie truss structure) and has since been
developed into a formal mathematical theory (De Queiroz et al., 2019). In recent
years, it has played a fundamental role in formation control theory, especially for
distance-constrained formations.

Formally, rigidity can be assessed through tools like rigidity matrix and rank
conditions; for instance, a formation in plane requires a minimum number of fixed
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constraints (e.g., distances) to be rigid, often characterized by Laman’s theorem
for generic configurations (a minimally rigid graph in 2D has 2n → 3 edges for n

robots) (Zhao and Zelazo, 2019). When a formation is infinitesimally rigid (a strong
form of rigidity where even small instantaneous motions are constrained), distributed
control laws can be proven to drive the robots to the desired shape and keep it there.

Classical rigidity theory deals primarily with distance constraints (often called
distance rigidity). A distance-constrained formation is called rigid if the only way to
move it without altering any of the specified inter-robot distances is by translating
or rotating the entire group as if it were a single unit (Zhao and Zelazo, 2019).
However, distances are not the only way to encode a formation shape. In some cases,
especially relevant to vision-based sensing or when adaptive scaling of the formation
is needed, using relative bearing (i.e. angle of arrival) information between robots
is advantageous. This has led to an extension of the rigidity concept to formations
defined by bearing measurements, known as bearing rigidity theory. Bearing rigidity
theory is an analogous framework to distance rigidity, but instead of fixed distances,
it considers fixed bearings between neighboring robots (Zhao and Zelazo, 2019). The
central question it addresses is: under what conditions can the geometric pattern of
a network of robots be uniquely determined if the bearing of each inter-robot link
is specified? In a bearing-constrained formation, each edge of the interaction graph
carries a desired vector direction rather than a desired length. If a formation is
bearing rigid, then fixing the inter-neighbor angles uniquely determines the shape of
the formation up to a scale factor. In other words, all robots can freely move closer
or further apart as long as the lines of sight to their neighbors remain at the same
angles, and such coordinated movement will be the only degree of freedom in the
formation (Zhao and Zelazo, 2015).

Maintaining a formation via bearings is particularly useful in scenarios where
distance measurements are unreliable or when the formation needs to adapt its over-
all size on the fly. Due to the local communication requirement of robot swarms
(strictly based on neighbors directly exchanging local information; no global coor-
dinator) (Brambilla et al., 2013), using relative bearings as the formation feedback
is sensible – each robot can obtain the direction of its neighbor’s signal or position
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and does not need precise distance measurements or GPS. When considering robot
swarms with self-organizing hierarchy, an additional benefit is that a bearing-based
formation is robust to frequent adjustments in who follows whom (i.e., the graph con-
nections rewiring as leadership roles change), because as long as the new interaction
graph remains bearing rigid, the overall shape is preserved (Tang et al., 2022). In
short, bearing rigidity provides a graceful way to enforce formation coherence amid
self-organized hierarchical reconfiguration – the swarm’s shape integrity will not be
lost when the control network rearranges itself.

In summary, leveraging bearing rigidity can be a useful way for robot swarms
to maintain stable formations in real-world scenarios: the shape of the formation is
maintained by strict rigidity principles, and at the same time the swarm can take
advantage of the flexibility of bearing-based control to adapt its size and configuration
as needed. This capability is highly advantageous for aerial swarms operating in
three-dimensional and often unpredictable flight environments—the swarm can, for
example, contract and expand to pass through di%erent narrow passageways and
open areas, simultaneously re-organizing its internal hierarchy structure, and still
maintain the relative geometry of the formation. Moreover, bearing-only sensing is a
realistic mode for many robotic systems (e.g. using cameras or directional antennas,
a robot can observe the direction of a neighbor but not its exact distance), and
thus bearing rigidity aligns well with the limitations of onboard sensors on relatively
simple robot platforms (Zhao and Zelazo, 2019).

2.4 Network routing protocols

In parallel with advances in multi-robot coordination and formation control, there
is a long-standing body of work on multi-hop routing in mobile ad hoc networks
(MANETs), wireless sensor networks (WSNs), and, more recently, flying ad hoc
networks (FANETs). Classical MANET routing protocols are typically classified as
proactive (table-driven), reactive (on-demand), or hybrid. Proactive protocols such
as destination-sequenced distance vector (DSDV) and optimized link state routing
(OLSR) maintain consistent and up-to-date routing tables at each node through
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periodic dissemination of topology information, enabling low-latency forwarding at
the cost of continuous control overhead and limited scalability under high mobil-
ity (Clausen and Jacquet, 2003; Perkins and Bhagwat, 1994). Reactive protocols
such as ad-hoc on-demand distance vector (AODV) and dynamic source routing
(DSR) instead discover routes only when needed by flooding route-request packets
through the network and establishing reverse paths from the destination; this re-
duces control overhead in sparse or low-tra"c regimes but incurs route discovery
delays and can su%er from route instability in highly dynamic settings (Haas, 1997;
Perkins et al., 2003). Hybrid approaches such as zone routing protocols (ZRP) aim
to combine these advantages by maintaining a proactive state within a limited neigh-
borhood while using on-demand mechanisms for longer-range communication (Samar
et al., 2004).

Beyond single-path routing, a large literature has explored multi-path routing
protocols that maintain several disjoint or partially disjoint routes between a given
source and destination, with the goal of increasing reliability, throughput, or load bal-
ancing (Boukerche et al., 2011; Marina and Das, 2001). In these protocols, each node
typically selects next hops based on composite link or path costs, which may include
hop count, estimated delay, residual energy, congestion, or link-quality indicators. In
FANET-oriented work, additional challenges such as rapid topology changes, direc-
tional antennas, and 3D motion have motivated the use of geographic/position-based
routing, predictive link-quality estimation, and cross-layer designs (Bekmezci et al.,
2013; Guillen-Perez and Cano, 2018). However, these schemes are largely developed
at the network layer, where nodes are treated as generic relays. As a result, they
make little use of the specific communication patterns and performance objectives
that arise in multi-robot control tasks (e.g., formation keeping, consensus, or cooper-
ative tracking), and may therefore optimize for generic metrics such as throughput or
hop count rather than for closed-loop performance (e.g., bounded delay, synchronized
updates, or robustness of the control law).

In robot swarms and multi-UAV systems research, the network layer is often
abstracted away or modeled as an idealized broadcast channel. When routing is
considered explicitly, standard MANET stacks are frequently adopted as o%-the-
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shelf components, or simple flooding/gossip mechanisms are used to disseminate
information throughout the swarm (Guillen-Perez et al., 2021; Oubbati et al., 2019).
These approaches provide basic connectivity but generally ignore the communication
patterns implied by the swarm’s control architecture—for example, leader–follower
hierarchies or fixed neighbor relationships in a formation. Additionally, most routing
protocols are designed to handle topological failures (e.g., broken links, node mobil-
ity) rather than informational faults such as corrupted sensor readings, intermittent
estimation errors, or adversarial data injections that may propagate along otherwise
healthy links. This focus is aligned with existing fault-tolerance research in swarm
robotics, which typically studies robustness against individual agents permanently
failing or dropping out, rather than disseminating incorrect information.

2.5 Fault tolerance in aerial swarm robotics

Reliability in networked systems requires consistently accurate information exchange
among components, often under dynamic and uncertain conditions (Kirst et al., 2016;
Zavlanos et al., 2011). If communication links fail or become unreliable during multi-
hop communication, system convergence and performance guarantees can be compro-
mised (Cortés, 2008; De Gennaro and Jadbabaie, 2006; Moreau, 2005; Olfati-Saber
et al., 2007). In robot swarms, this challenge is enlarged by asynchronous ad-hoc
communication and decentralized coordination of actuation and decision making.
Robots in a swarm rely solely on local information and communication with nearby
robots, without any estimation of the global state of the swarm or its environment,
often leading to prolonged convergence times and vulnerability to the spread of in-
correct information (Valentini et al., 2015). Frequent communication between robots
can cause faulty information to spread quickly and potentially degrade overall swarm
performance or lead to permanent failures.

Self-organized robot swarms exhibit some inherent fault tolerance, through re-
dundancy and a lack of single points of failure (Dorigo et al., 2014; Hamann, 2018).
However, many fault types are not mitigated by this passive tolerance and instead
require dedicated mechanisms for detection and mitigation (Bjerknes and Winfield,
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2013; Dorigo et al., 2021; Heinrich et al., 2022; Tarapore et al., 2017). Somewhat
counter-intuitively, self-organized robot swarms are inherently much more tolerant
to complete robot failures than to partial ones (Winfield and Nembrini, 2006). For
example, a single robot producing faulty or malicious information has been shown
to be capable of severe disruption to overall swarm behavior (Strobel et al., 2018;
Winfield and Nembrini, 2006). Faulty robots can also physically obstruct the rest of
the swarm, and this interference can paradoxically be worsened by the redundancy
that provides swarms with some types of inherent fault tolerance (Pini et al., 2011).

Other faults to which self-organized robot swarms are vulnerable and which re-
quire dedicated mechanisms for detection and mitigation are intermittent faults (IFs).
IFs are temporary faults that can appear, disappear, and reappear (Breitfelder and
Messina, 2000), potentially caused by communication interference, sensor malfunc-
tions, or software bugs (Zhou et al., 2019). IFs are di"cult to detect and diagnose
due to their transience (Niu et al., 2021) and can cause significant disruptions with-
out leaving an easily detectable trace (Zhou et al., 2019). A representative example
involves intermittent GPS signal degradation in cluttered environments, which can
induce sporadic localization errors. These errors propagate through decentralized
state estimation protocols, gradually undermining coordination mechanisms with-
out generating explicit failure indicators. In real applications, e.g., in robot swarms
deployed in inaccessible or dangerous environments (Dorigo et al., 2020, 2021), the
consequences of IFs to mission performance and to safety can be severe and in some
cases could be irreversible. Detecting and resolving IFs before they escalate is key to
minimizing disruption: early detection can prevent cascading failures leading to er-
roneous execution of tasks and can prevent culmination in permanent failures, either
of individual robots or the swarm as a whole (O’Kee%e and Millard, 2023).

IFs are di"cult to detect in robot swarms with fully self-organized ad-hoc net-
works, because the network topology is transient and often unpredictable. IFs are
much more straightforward to detect in fully centralized systems and in networks with
static structures, for example in sensor networks (Sheng et al., 2021; Syed et al., 2016;
Zhang et al., 2021). However, for multi-robot systems, full centralization and fully
static networks also present downsides, such as single points of failure and limited
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scalability.
Swarm robotics usually studies passive tolerance to permanent faults—that is,

faults such as electromechanical failures that will remain unless they are actively
repaired. When relying on passive fault tolerance, studies have usually demonstrated
that a swarm continues its mission after some or many robots have failed, either by
continuing with fewer robots (Bjerknes and Winfield, 2013; Khadidos et al., 2015;
Rubenstein et al., 2014) or by replacing/repairing the failed robots without pausing
the mission (Christensen et al., 2009; Mathews et al., 2017; Varadharajan et al., 2020;
Zhu et al., 2024).

Swarm robotics studies that focus specifically on fault tolerance do not typically
rely on passive tolerance, instead developing dedicated mechanisms to handle perma-
nent faults. The majority of these methods detect and react to permanent electrome-
chanical failures after they have occurred (Millard, 2016; O’Kee%e and Millard, 2023),
often relying on time-out mechanisms in which a robot is considered non-operational
if it does not respond to a message within a certain time. Existing methods for
detecting permanent faults include LED synchronization (Christensen et al., 2009),
simulation comparison (Millard et al., 2014), shared sensor data analysis (Khadidos
et al., 2015), and behavioral feature vectors (BFVs) (Tarapore et al., 2017). These
methods often focus on detection, assuming that once a fault is detected, a repair
or other intervention is possible during normal operation (e.g., (Christensen et al.,
2009; O’Kee%e and Millard, 2023; Oladiran, 2019)). Although such repairs might be
unrealistic in inaccessible, hazardous, or congested environments (Dorigo et al., 2021;
O’Kee%e and Millard, 2023; Tarapore et al., 2019), future methods for autonomous
repair could be developed to complement detection. In short, the existing reactive
methods can be considered e%ective for many types of permanent faults (Bjerknes
and Winfield, 2013). However, these detection approaches are unlikely to be applica-
ble to the transience of IFs and their long response times (Khaldi et al., 2017) would
likely be too slow for the early detection and recovery that IFs require. Methods to
detect and repair IFs in robot swarms still need to be developed.

There are no existing swarm robotics methods focused on IF detection and recov-
ery. Strategies developed for IFs in other types of systems, such as model-based anal-
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ysis (e.g., discrete-event-system models (Carvalho et al., 2017), causal models (Ab-
delwahed et al., 2008)) and quantitative analysis (e.g., parameter estimation (Zhang
et al., 2020), geometric approaches (Yan et al., 2018), Kalman-like filtering (Zhang
et al., 2018)), provide valuable insights but primarily target single-unit systems with
static and known system models (Syed et al., 2016; Yaramasu et al., 2015), which is
incompatible with self-organized systems such as robot swarms. Likewise, IF strate-
gies developed for sensor networks (Sheng et al., 2021; Zhang et al., 2021) typically
use fully centralized architectures to correct information transmission and recep-
tion (Syed et al., 2016), and are therefore incompatible with self-organized systems.

Furthermore, although fully centralized monitoring is highly e%ective for detect-
ing and correcting IFs, it can present problems of inflexibility, limited scalability,
and single points of failure (e.g., at the point where monitoring is centralized). Fully
self-organized approaches, by contrast, would be highly flexible and o%er greater scal-
ability and a lack of single points of failure, but would present problems of limited
accuracy and potentially slow reaction times.

Fault tolerance is particularly crucial in aerial swarms. Unlike ground-based
robots that can withstand momentary lapses in control or communication, aerial
robots must maintain constant flight stability to avoid catastrophic failures (Fourlas
and Karras, 2021; Nguyen and Pitakwachara, 2024). Faults a%ecting state estimation
or actuator commands can rapidly escalate, as any loss of lift or orientation in one
robot might lead to collisions or uncontrolled descents, posing safety risks to both
the swarm and its surroundings. Furthermore, communication within aerial swarms
typically relies on wireless links that are prone to interference, signal attenuation,
and bandwidth constraints, making consensus mechanisms even more susceptible to
dropped messages or delayed updates (Baktayan et al., 2024; Huang and Huang,
2025). Energy limitations compound these vulnerabilities—each robot operates un-
der strict battery and payload constraints, so additional resources spent on compen-
sating for a malfunctioning neighbor or rerouting communication can quickly deplete
reserves, compromising mission duration and reliability (Alam and Moh, 2022; Beigi
et al., 2022). Environmental unpredictability adds another layer of complexity, as
flights in unstructured or cluttered spaces can expose robots to wind disturbances
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or sporadic sensor noise. Under such conditions, failures in localization or sensing
can easily propagate erroneous state estimates throughout the swarm, compromis-
ing its coordination and causing widespread performance loss or, in the worst case,
group-level instability or full system failure (Power et al., 2020).



Chapter 3

S-drone: Aerial Robotic Platform

This chapter1 presents an open-source UAV platform–S-drone for swarm robotics re-
search. Most research involving UAVs in swarm robotics presents only simulation
results, while key landmark studies with real UAV swarms have used UAV platforms
that were custom-built for the respective study. One important reason for this is
that no commercial UAV platform comes pre-equipped with the ability to identify and
track the positions and poses of nearby drones using only onboard sensors and com-
putation, and in research platforms, the relevant sensing technologies are currently
under development. Our aim is to provide a platform that allows swarm robotics
researchers to test their algorithms on real UAVs, without having to develop their
own custom-built UAVs or to wait until more advanced sensing technology is ready
o!-the-shelf. We provide a well-documented, entirely open-source UAV platform—S-
drone (Swarm-drone)—to foster and support UAV swarm research in a laboratory
environment. The S-drone uses fiducial markers in the environment and cooperative
feature-level sensor fusion for indirect inter-robot tracking. That is, each UAV es-
timates the presence, identity, relative 2D position, and relative 2D orientation of
neighboring peers indirectly from the observed AprilTags. The S-drone is suitable for
a wide range of contexts, supports quad-camera vision-based navigation and a vari-
ety of onboard sensing, and is extensible. It is especially suited for swarm robotics
research because it can operate using strictly onboard processing and sensing without
the need for external positioning systems or ground stations for o!-board sensing.

1The content of this chapter was previously published in (O!uz et al., 2022) and (O!uz et al.,
2024). Sections 3.7 and 3.8 were included in the supplementary materials of (Zhu et al., 2024).
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3.1 Approach and contributions

The S-drone for swarm robotics research (see Fig. 3.1) is designed with the objectives
to: support both piloted and autonomous flight, support the development of control
algorithms for deployments ranging from a simple single UAV to complex missions
with UAV swarms, and operate without an external positioning system or support
from a ground station. Based on these objectives, we prioritized the following features
when designing the S-drone platform:

• Robot-to-robot coordination and vision-based navigation. The S-
drone has onboard localization, navigation, and coordination capabilities for
multi-robot operations. Also, its quad-camera configuration gives it a wide
enough field of view at low altitudes to support vision-based navigation in-
doors.

• Decentralization. It can operate without any external centralized infras-
tructure such as global positioning systems, motion capture systems, o%-board
sensing, o%-board processing, or ground control stations.

• Simulator. The S-drone comes with an open-source plug-in for simulation
in ARGoS (Pinciroli et al., 2012), a multi-physics engine simulator for robot
swarms.

• Transferability from simulation to real hardware. The S-drone plug-in
for ARGoS provides a high-level control interface, enabling users to implement
the same control software in both simulation and on real hardware.

• Extensible control. By using ARGoS and the PX4 flight controller, it is
possible to develop and implement a wide range of new swarm algorithms and
control laws.

• Open-source. All hardware, software, and mechanical design files, as well
as assembly instructions, modeling and flight control design, and operation
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instructions, are hosted on Open Science Framework2.

• Accessible and extensible hardware. Most of the components are commer-
cially available, and those that are not can be manufactured (either in-house
or by a third-party service provider) using the provided design files and widely
available machinery (e.g., 3D printer). The S-drone is also customizable. It
uses well-modularized components when possible and it is straightforward to
integrate a variety of o%-the-shelf sensors (e.g., a localization module for GPS-
guided outdoor navigation or a 360→ LiDAR module for mapping). Deeper
customization can also be made using the design files provided (e.g., mechani-
cal mounts can be customized to change the sensor types or fields of view).

• Software support for managing experiments. The S-drone is supported
by an experiment Supervisor program, used for starting, monitoring, and shut-
ting down real UAV experiments.

Based on these design priorities, we equipped the S-drone with a combination
of standard UAV components, other o%-the-shelf components, and a few custom
components.

First, the standard UAV components include many that are essential for the au-
tonomous or piloted flight of UAV platforms, including electronic speed control (ESC)
modules, brushless motors, propellers, a single-point LiDAR, an optical flow module,
a battery, and a flight controller. These standard components are o%-the-shelf from
the hobbyist market and therefore are widely available, a%ordable, well-modularized,
and well-interfaced.

Second, the other o%-the-shelf components are those that have not been produced
specifically for UAV platforms. The S-drone uses these components for autonomous
flight and decentralized coordination. They are: the cameras, the single-board com-
puter, and the optional attachment for collision avoidance using time-of-flight (ToF)
distance sensors. The S-drone is also equipped with two separate WiFi communica-
tion links: one for low-level interaction with the UAV (e.g., controlling and monitor-

2 https://osf.io/hp6rf/

https://osf.io/hp6rf/
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(a)

(b)

Figure 3.1: (a) A set of four S-drones. (b) Exploded view of the S-drone. (Reprinted
from (O&uz et al., 2024).)
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ing the Pixhawk4 flight controller) and one for communication with the single-board
computer (e.g., interaction with Linux or ARGoS).

Third, some custom components are necessary. Many versions of the o%-the-shelf
components exist, but not all combinations are compatible, and because many of
them are not modularized for UAV platforms, they need to be interfaced. Also, the
components overall are interconnected and constrain each other in a complex way.
For these reasons, we designed a custom printed circuit board to interface the com-
ponents. The S-drone interface printed circuit board (PCB) includes power modules
and connectors for peripherals, powers the flight controller and other components,
and provides reliable data communication between the onboard computer and the
flight controller and other components. The S-drone also includes custom cables and
some custom mechanical components.

Built with these components, the S-drone is a quadrotor based on the DJI F450
airframe, with a diagonal motor-to-motor wheelbase of 450 mm (corresponding to ap-
proximately 0.32 m rotor spacing along the roll and pitch axes), an overall footprint
of about 0.32↑0.32 m in the horizontal plane, an overall height of about 0.25 m when
resting on its landing gear (excluding propellers), a total take-o% weight of approx-
imately 2.5 kg (including battery and sensors). Its basic operational characteristics
are:

• a maximum flight time of approximately 15 minutes in hover (as built, without
extensions),

• a maximum velocity of 25 m/s,

• an operational angular velocity of 220°/s on roll and pitch axes and 15°/s on
the yaw axis,

• a maximum altitude while flying autonomously without external infrastructure
(i.e., by relying on its downward-facing single-point LiDAR and optical flow
sensor) of approximately 12 m,

• can detect tags at a rate of five frames per second (FPS) with an input resolu-
tion of 700 ↑ 700 pixels when flying at an altitude of 1 m and using the default
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AprilTag and camera configuration.

We also aim to supply an approach for local inter-UAV tracking that is straight-
forward for swarm robotics researchers to use on our S-drone or implement on another
UAV platform. We have therefore included in our S-drone platform an open-source
approach for local inter-UAV tracking in laboratory environments that does not re-
quire specialist sensor technology nor expertise. The onboard capability requirements
for our approach are: downward-facing visual camera(s), a single-board computer,
and the ability to send messages between specific UAVs when in close physical prox-
imity.

The S-drone is equipped for autonomous vision-based waypoint navigation, using
AprilTags (Olson, 2011) in the environment (see Sec. IV for demonstrations). The
AprilTag detection used for individual waypoint navigation is also used for inter-
UAV tracking. When two S-drones have the same AprilTag in their field of view,
they can detect each other indirectly, using feature-level cooperative sensor fusion
between UAVs (see Fig. 3.2). E%ectively, each UAV knows its own ID and can
detect the IDs and relative poses of any AprilTags in its onboard cameras’ fields
of view. Then, each UAV broadcasts the IDs of the AprilTags it currently detects,
along with its own ID. If a UAV receives a message that contains an AprilTag ID
matching one of those it currently detects, it unicasts the feature-level information it
has about the respective AprilTag to the ID of the respective message sender. Thus,
when two UAVs detect the same AprilTag, they both receive the pose information
of that AprilTag, relative to the other UAV’s body frame. Using this information,
each UAV can calculate the pose of the other UAV, relative to its own body frame.
The S-drone platform is equipped with this simple cooperative sensor fusion and
includes all software components needed for operation. We demonstrate inter-UAV
tracking with the S-drone in scenarios of multi-UAV formations and cooperative
object transport.

In the remainder of this section, we describe the details of the S-drone’s electron-
ics, mechanical components, and software.
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Figure 3.2: Illustration of tag-based localization and cooperative sensor fusion in the
S-drone. When a UAV detects an AprilTag, it rotates and translates the tag’s relative
pose information from the camera’s optical frame to the UAV body frame. If two
UAVs simultaneously detect the same AprilTag, they exchange information about
the tag. Using this exchanged information, each UAV calculates the relative pose
of the other UAV, with respect to its own body frame. The field-of-view coverage
of the onboard ToF range sensors is also depicted for completeness; however, these
ToF sensors are not used in the subsequent experiments presented in this work. For
details, please see the open-source repository. (Based on a figure from (O&uz et al.,
2024)

.)
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3.2 Electronic components

The electronic components of the S-drone can be categorized in four groups: 1) the
flight control electronics, 2) the interface PCB, 3) the propulsion electronics, and 4)
the autonomy electronics. The connectivity diagram of the components can be seen
in Fig. 3.3.

3.2.1 Flight control electronics

The S-drone’s flight control electronics are responsible for controlling the UAV’s
attitude, position, and trajectory. These components are all commercially available
for modularized UAV platforms.

In the S-drone, we use a Pixhawk4 flight controller from the manufacturer Holy-
bro. The Pixhawk4 is based on an open-source project (Meier et al., 2011) and is
optimized to run the open-source autopilot software called PX4. Its primary purpose
is to fly and control the UAV without constant ’hands-on’ remote control by a human
operator being required. It has a central STM32F765 processor, an I/O STM32F100
processor, an accelerometer, a gyroscope, a magnetometer, barometric air pressure
sensors, five serial ports, three I2C ports, and four SPI buses. In the S-drone, the
Pixhawk4 is connected to the interface PCB via a serial port. Through the interface
PCB, it communicates with the Up Core at 921 600 baud rate and 80 000 bytes/sec-
ond data rate. The Pixhawk4 is operated at 4.9-5.5 V voltage and is powered from
an external PM07 power module, which is manufactured specifically for the Pixhawk
and also manages power distribution to the ESC modules for the brushless motors.
The PM07 power module also sends information to the Pixhawk4 about the battery
voltage and current supplied to the motors.

For relative position estimation, the S-drone includes a downward-facing PX4Flow
optical flow smart camera module from Holybro. To help in precision hovering,
terrain following, and precision landing, the S-drone also includes a downward-
facing TFMini single-point LiDAR from Benawake. The optical flow sensor captures
752↑480 pixels images and estimates the UAV’s velocity at 400 Hz. The single-point
LiDAR is low-cost and low-power, has a range of 12 m, and provides measurement
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data at 100 Hz at a baud rate of 115 200. These sensors work indoors and outdoors
without the need for an external supplement, e.g., external illumination for the flow
sensor.

3.2.2 Interface PCB

The S-drone has a two-sided interface PCB that allows communication between
electronic components and provides connectors for peripherals. Here we describe the
main components of the PCB (see Fig. 3.3).

The S-drone also includes some removable components to optionally support
manual piloting, which can be important, e.g., during development phases, even
when working with swarm algorithms for autonomous drones. Using a DSMX remote
receiver from Spektrum, an operator can remotely control the UAV’s movement (e.g.,
speed, direction, throttle, yaw angle, etc.), switch between the flight modes, or engage
a kill-switch in an emergency. Using SiK telemetry radios from Holybro, which
provide a wireless data link between a ground control station and the Pixhawk4, an
operator can adjust control gains and review telemetry data in real-time, which is
useful for development phases.

3.2.3 Propulsion electronics

The propulsion system of a UAV is crucial: it determines key performance metrics
such as flight time, payload capacity, flying speed, and range. The propulsion elec-
tronics of the S-drone comprise motors, ESC modules, and a battery. Note that,
although there are many possible versions of these components, only a few combina-
tions are compatible. Poor combinations would result in UAVs that either fail under
system stress or cannot take o% at all.

The S-drone has four MN-series brushless DC motors from T-Motor. The current
fed to the motors is controlled by four 30 A ESC modules with SimonK firmware.
The ESC modules control the speed of the motors based on the PWM signal from
the Pixhawk4. Finally, the S-drone is powered by a lithium-ion polymer (LiPo)
5000 mAh four-cell battery.
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Figure 3.3: (a) Connectivity diagram for the electronics of the S-drone. (b) The
interface PCB. (Reprinted from (O&uz et al., 2024).)
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On the top face of the PCB, located next to the LiPo battery connector, there
is a power switch to turn the PCB power on and o%. The top face also has two
step-down voltage regulators (a 3.3 V regulator for the control circuitry and a 5 V
regulator for the Up Core) and a docking connector for the Up Core. On its bot-
tom face, the PCB includes a standard docking socket for an XBee WiFi module,
which communicates with a router in a 2.4 GHz frequency band. For experiment
management (e.g., triggering the start of an experiment or engaging a kill-switch for
safety), this module provides a two-way communication link between the experiment
Supervisor software and the UAV. Both sides of the PCB also include connectors for
autonomy electronics (refer to Sec. II.A.4): USB ports with custom JST connectors
for cameras and UART ports for ToF distance sensors with 27-degree field-of-view
flash LiDAR. To orchestrate the data coming from many ToF sensors, the PCB in-
cludes three low-voltage four-channel I2C multiplexers, which are each responsible
for sending the distance information from up to four ToF sensors to the Up Core via
I2C (i.e., supporting up to twelve ToF sensors in total).

On the top face of the PCB there are also 12 through-hole round RGB LEDs
and four surface mounted diode (SMD) LEDs. The through-hole RGB LEDs are
driven by a 16-bit LED driver from NXP, used to set the brightness of the RGB
channels and for color mixing. The colors of the through-hole RGB LEDs can pro-
vide visual state indicators for a developed swarm algorithm and the colors of the
surface-mounted LEDs provide visual feedback about the on/o% status of the PCB,
Pixhawk4, Up Core, XBee WiFi module, and S-drone autonomous mode.

3.2.4 Autonomy electronics

The autonomy electronics of the S-drone comprise an Up Core single-board computer,
four downward-facing cameras, and an optional attachment for collision avoidance
using twelve ToF distance sensors with 27-degree field-of-view flash LiDAR. While
the field-of-view coverage of these ToF sensors is documented for completeness, this
collision-avoidance attachment is not used in the experiments reported in this thesis.
Similar ToF-based range-and-bearing sensing has been employed in micro air vehicle
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swarms such as in (Bilalo&lu et al., 2022). Note that the attachment for collision
avoidance is considered optional (i.e., not required for flight) because the S-drone
can operate without it, and the attachment is designed to be easily mechanically
interchangeable with other custom sensor attachments. Substitutions can be made
by customizing the provided open-access design files.

The Up Core single-board computer is responsible for processing sensing and con-
trol information, as needed for autonomy and swarm algorithms. It communicates
with the flight controller, the cameras, and extensions for further autonomy such as
the ToF distance sensors. The Up Core has an Intel Atom X5 Z8350 processor, an
Intel Gen. 8 HD Graphics 400 GPU, 4 GB DDR3L RAM, 64 GB eMMC, two USB
2.0 ports, one UART port, and an embedded WiFi module.

The cameras of the S-drone are used for autonomous vision-based navigation and
detection of other robots during decentralized coordination. The camera modules are
manufactured by Leopard Imaging, are based on a 5 MP OV5650 image sensor from
OmniVision, and have a 2.8 mm manual focus lens. The pixel data from the image
sensors are routed from these connectors to the low-power USB 2.0 hub controllers
called USB4715 from Microchip. Then, the USB hub controller routes the pixel data
to the Up Core’s USB 2.0 data port.

The optional ToF distance sensors are intended to increase the situational aware-
ness capabilities of the S-drone for purposes such as collision avoidance. The at-
tachment includes twelve VL53LOX flash LiDAR ToF distance sensors from Pololu.
They have a composite field of view that covers most of the circumference directions
of the UAV and can measure the distance of an object at up to 2 meters.

3.3 Mechanical components

The S-drone includes several 3D printed components, which have been designed ac-
cording to mechanical sti%ness, anti-vibration, and manufacturing constraints. The
components have been designed to reduce volume as much as possible (and there-
fore reduce both weight and manufacturing costs) while maintaining appropriate
mechanical properties.
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It is important to note that the camera mounts need to be carefully designed
to meet anti-vibration requirements. The UAV is relatively heavy and therefore
the motors are quite powerful and produce strong vibrations. Also, the cameras
need to be mounted su"ciently away from the body of the UAV in order to have
an unobstructed view, e%ectively creating cantilever beams, which can easily deflect
with significant magnitude on the unsupported end (i.e., the end with the camera).
Any customization of the S-drone will need to take this consideration into account.

3.4 Software components

The software components for the S-drone allow for transferring code from simulation
to real hardware and support simulations using the accompanying simulator ARGoS.
The seamless transition from simulation to real hardware enables swarm algorithms
to be developed in the simulation environment before deploying them on real UAVs,
reducing the amount of testing on real hardware and the potential for crashes during
the development phase. The full firmware and support software are provided in the
Open Science Framework repository.

The S-drone uses the Yocto Project3 to automatically build a custom embedded
Linux distribution at runtime. In the Yocto build system, layers define a specific
version and configuration of the Linux kernel alongside userspace configuration and
software. We use a Docker image to partially automate the configuration of the build
system and to provide a clean and consistent environment for the build process.

The custom layer meta-drone for the Yocto build system includes a Linux kernel
based on Linux Yocto 5.2 with several patches.4 The layer meta-drone also contains
configuration segments that are combined to form the defconfig for the kernel,
which results in the necessary kernel modules being compiled and installed, and the
ACPI configuration to communicate the location and configuration of all the devices

3https://www.yoctoproject.org
4Patches are an upstream version of PCA954x I2C multiplexer driver for compatibility with

ACPI (Advanced Configuration and Power Interface), a workaround for USB video class (UVC)
bandwidth calculation (so that multiple cameras can operate on the same bus), and an update to
the VL53l0X ToF driver to incorporate sampling based on the industrial input-output (IIO) kernel
API.

https://www.yoctoproject.org
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to the Linux kernel drivers.
The S-drone preinstalled software includes LibIIO (a userspace library for the

kernel industrial input-output API), Intel’s threading building blocks (TBB) library,
the AprilTag library, MJPEG streamer, the PX4 flight system library, and Python
3 (with packages for libjpeg-turbo, pymavlink, pySerial, and V4L2). We have also
included a custom JSON-based RPC service called Fernbedienung,5 which allows us
to run programs remotely and interact with them over the standard input, output,
and error streams. This service is written in Python and is started automatically on
boot using Systemd.

For running experiments, we use an executable control interface of the UAV
defined in the ARGoS simulator. By using this executable and the ARGoS libraries,
we are able to use the same control software in simulation as we do on real UAVs.
The executable can be passed configuration settings (e.g., identifiers, message router
configuration settings) as arguments and provides an implementation of all of the
sensors and actuators defined in the control interface for the S-drone. To give a few
examples, the flight system is implemented using the PX4 library; the camera system
is implemented using the V4L2, Intel TBB, and AprilTag libraries; the ToF distance
sensors are implemented using LibIIO; and the LEDs are implemented on top of the
sysfs virtual filesystem.

We also use a custom Supervisor program for starting, monitoring, and shutting
down multi-robot experiments. The program provides a web-based user interface
in which the user can record data from an Optitrack tracking system, log messages
sent between robots, and capture ARGoS’s standard output and standard error from
each UAV during an experiment. The Supervisor program has been written in Rust.
The back-end is built on top of the Tokio asynchronous framework/runtime and the
front-end (compiled to WebAssembly for the browser) is built on top of the Yew
web framework. The front-end and back-end communicate with each other over a
WebSocket.

For S-drone controllers, and for the development of swarm algorithms or other
types of control, the S-drone uses Lua control software, including Lua scripts which

5https://github.com/iridia-ulb/fernbedienung-python

https://github.com/iridia-ulb/fernbedienung-python
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run on top of the Lua bindings for the sensors and actuators defined in the control
interface. By writing our controllers in Lua, there is no need for recompilation
each time a change is made to our control software. Also, because Lua has a small
footprint and is fast and portable, it can be easily embedded, avoiding potential
problems with, e.g., incompatible instruction sets or linking libraries. Experiments
with the S-drone use an XML configuration file to define the sensors and actuators
in use and the update rate of the controller.

3.5 Mathematical modeling

The preliminary information needed for the UAV modeling includes the reference
frames, the rotation matrix for transformations between reference frames, the UAV
states, and the sensor and motor information.

3.5.1 Reference frames

The S-drone is modeled using the body frame (denoted B) and the inertial frame
(denoted I), as shown in Fig. 3.4.

The body frame is a relative coordinate system that represents the body of the
S-drone . The origin of the frame is the S-drone center of mass, the x-axis of the
frame is the S-drone roll axis (i.e., longitudinal axis, directed to the front), the y-axis
is the pitch axis (i.e., transverse axis, directed to the right), and the z-axis is the
yaw axis (i.e., vertical axis, directed to the bottom).

The inertial frame is a fixed coordinate system defined at an arbitrary point on
the Earth’s surface and can be defined at any point on the surface. The inertial
frame uses a North-East-Down (NED) configuration, in which the x-axis is directed
northward, the y-axis is directed eastward, and the z-axis is directed downward.

To transform vectors defined in the body frame B into the inertial frame I, we
construct a zyx rotation matrix using Euler angles (roll, pitch, yaw). A zyx rotation
involves three rotations (see Fig. 3.5): the frame is rotated around the z-axis (yaw
rotation), then around the y-axis (pitch rotation), and lastly around the x-axis (roll
rotation). The zyx rotation matrix R

I
B(!, ”, #) = Rz(#)Ry(”)Rx(!) is defined
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Figure 3.4: Reference frames. (Reprinted from the supplementary materials of (Zhu
et al., 2024).)

as:

R
I

B(!, ”, #) =





cos # cos ” cos # sin ” sin ! → sin # cos ! cos ! sin ” cos # + sin ! sin #
sin # cos ” sin # sin ” sin ! + cos # cos ! cos ! sin ” sin # → sin ! cos #

→ sin ” sin ! cos ” cos ! cos ”





(3.1)

z

x

y

x'

y'

z''

x''

y''

z'z

x

y

x'

y'

z' z

x

y

x'

y'

z''

x''

y''

z'

z'''

y'''

x'''

Figure 3.5: The zyx rotation configuration. (Reprinted from the supplementary
materials of (Zhu et al., 2024).)
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3.5.2 State variables

The S-drone has both inertial and body frame states, which can be used to describe
its position, attitude, and velocity (see Table 3.1). The inertial frame states, which
are defined relative to a fixed reference point, include the UAV’s position coordi-
nates (x, y, z), its rotational angles (ω, ε, ϑ), and its linear and angular velocities
(ẋ, ẏ, ż, ω̇, ε̇, ϑ̇). The body frame states, which are defined relative to the UAV itself,
include the body frame linear velocities (u, v, w) and body frame angular veloci-
ties (p, q, r). These states are important for understanding the UAV’s motion and
internal dynamics.

Vector Description

ωI =
[
x y z

]
Positions in the inertial frame

εI =
[
ω ε ϑ

]
Euler angles (roll, pitch, yaw) in the inertial frame

VI =
[
ẋ ẏ ż

]
Linear velocities in the inertial frame

ϑI =
[
ω̇ ε̇ ϑ̇

]
Angular velocities in the inertial frame

VB =
[
u v w

]
Linear velocities in the body frame

ϑB =
[
p q r

]
Angular velocities in the body frame

Table 3.1: State vectors.

3.5.3 Sensor models

To control the S-drone, it is necessary to observe the states. The simulation model of
the UAV uses the following measurement models for the inertial sensors: a three-axis
accelerometer, a three-axis gyroscope, and a three-axis magnetometer.

Remark 1: The S-drone does not rely on external localization information, such
as GPS signals, so we do not consider those types of sensors. Instead, we use inertial
sensors in our UAV to measure the platform’s orientation, velocity, and acceleration.
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These sensors provide independent and non-jammable measurements of the platform,
as described in (Farrell, 2008).

The gyroscope measures angular rotation around the body frame axis by measur-
ing the Coriolis Force, which acts on objects in a rotating reference frame (Farrell,
2008). In our measurement model, we assume that the gyroscope measures body
frame angular velocities (p, q, r) directly, which can be integrated over time to com-
pute the orientation of the sensor (ω, ε, ϑ). The measurement model for the gyroscope
is as follows:

ϑ
m
B = ϑB + b(t) + µ

ḃ(t) = ϖg13↑1
(3.2)

where ϑ
m
B ↓ R3 represents the measurement value of the angular velocities (p, q, r)

in the body frame, the slowly time-varying bias term b(t) ↓ R3 changes with white
Gaussian noise ϖg, µ ↓ R3 is the measurement noise term, and 13↑1 is a matrix of
1s in the shape 3 ↑ 1 matrix.

The accelerometer detects the forces present and uses them to calculate acceler-
ation, according to the mass of the object and D’Alembert’s force principle (Farrell,
2008). Our measurement model for the accelerometer determines the forces acting
on the UAV and calculates its acceleration as follows:

a
m
B = a

l
B + R

B
Ia

g
Ib(t) + µ

ḃ(t) = ϖa13↑1
(3.3)

where a
l
B ↓ R3 is the linear acceleration vector in the body frame, a

g
I ↓ R3 is

the gravitational acceleration vector in the inertial frame, the slowly time-varying
bias term b(t) ↓ R3 changes with the white Gaussian noise ϖa, and µ ↓ R3 is the
measurement noise term.

The magnetometer measures the strength and direction of the earth’s magnetic
field, is used to help the UAV maintain a stable hover, and is used in the autonomous
navigation and positioning processes happening onboard. Our measurement model
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for the magnetometer is:

H
m
B = R

B
IHI + µ

HI =





Hx

Hy

Hz



 = ↔HI↔ ·





cos ϖ

0
sin ϖ





(3.4)

where HI ↓ R3 is the magnetic field vector and ϖ is the magnetic inclination. If
the measurements of the roll and pitch angles are already known, the yaw angle can
then be calculated as:

ϑ = arctan
Hm

x cos ε + (Hm
y sin ω + Hm

z cos ω sin ε)
Hm

x sin ω → Hm
y cos ω

(3.5)

3.5.4 Actuator dynamics

We represent the dynamics of the motors using a first-order transfer function (Bouab-
dallah and Siegwart, 2007), which allows for modeling the time-varying behavior of
the motors and thereby accurately predicting the response of the UAV to control in-
puts. The transfer function describes the relationship between the input and output
of the motor and can be used to design control algorithms that accurately regulate
the speed and torque of the motors. The model is given as

$
$d

= 1
Trots + 1

(3.6)

where Trot is a time constant, $d is the desired motor speed, and $ is the calculated
motor speed.

3.5.5 Nonlinear system representation

For our nonlinear model of the S-drone’s dynamic behavior, we make the follow-
ing assumptions, as in (Bouabdallah and Siegwart, 2007), to simplify some of the
modeling calculations:
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• the UAV body structure is rigid,

• the UAV is symmetrical in all axes,

• the propeller structure is rigid and the oscillation on the UAV body does not
show motion in the vertical direction,

• the body frame coincides with the UAV’s center of gravity,

• motors are identical,

• motors are positioned perpendicular to the body frame,

• propeller thrust and drag moment are directly proportional to the square of
the motor speed,

• the ground e%ect is neglected,

• the gyroscopic e%ect of the motors is neglected.

3.5.6 Kinematic models

To study the motion of the quadrotor using kinematics, we use the rotation matrix
(3.1) to transform linear velocities measured in the body frame to the inertial frame,
as follows:

ω̇I = VI = R
I

BVB

R
B

I = ( R
I

B)T
(3.7)

Then, to transform the angular velocities from the body frame to the inertial
frame, we use the angular transformation matrix T

I
B , defined as

T
I

B =





1 sin ω tan ε cos ω tan ε

0 cos ω → sin ω

0 sin ω sec ε cos ω sec ε



 and T
B

I = ( T
I

B )T (3.8)
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We can then transform the angular velocities from the body frame to the inertial
frame, as

ε̇I = T
I

B ϑB (3.9)

and write the quadrotor kinematics as


ω̇I

ε̇I



 =


 R
I

B 03↑3

03↑3 T
I

B







VB

ϑB



 (3.10)

where 03↑3 is a matrix of 3s in the shape 3 ↑ 3 and

ω̇I =






ẋ = w[sin ω sin ϑ + cos ω cos ϑ sin ε] → v[cos ω sin ϑ + cos ϑ sin ω sin ε] + u[cos ϑ cos ε]

ẏ = →w[cos ϑ sin ω → cos ω sin ϑ sin ε] + v[cos ω cos ϑ + sin ω sin ϑ sin ε] + u[cos ε sin ϑ]

ż = w[cos ω cos ε] + v[cos ε sin ω] → u sin ε

(3.11)
and

ε̇I =






ω̇ = p + r[cos ω tan ε] + q[sin ω tan ε]

ε̇ = q cos ω → r sin ω

ϑ̇ = r cos ω
cos ε + q sin ω

cos ε

. (3.12)

3.5.7 Dynamic models

For the dynamics of the quadrotor, we need to consider the mass and inertia, the
forces, and the torques acting on the body.

To derive the di%erential equations describing the quadrotor dynamics using the
Newton-Euler method (Fossen, 1994), we start with the following equalities:



FB

ϱB



 =


mI3 03↑3

03↑3 J







V̇B

ϑ̇B



 +


ϑB ↑ mVB

ϑB ↑ JVB



 (3.13)
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FB =






Fx = m(u̇ + qw → rv)

Fy = m(v̇ → pw → ru)

Fz = m(ẇ + pv → qu)

, ϱB =






ϱx = ṗJx → qrJy + qrJz

ϱy = q̇Jy + prJx → prJz

ϱz = ṙJz + pqJx + pqJy

where I3 is a 3 ↑ 3 identity matrix, J is a 3 ↑ 3 diagonal inertia matrix, m is the
mass of the quadrotor, and FB =

[
Fx Fy Fz

]T
↓ R3, ϱB =

[
ϱx ϱy ϱz

]T
↓ R3 are

force and torque vectors that act on the body. The force vector (FB) is composed
of the gravitational force and the thrust force generated by the propulsion system.
Similarly, the torque vector (ϱB) is composed of the roll, pitch, and yaw moments as
well as the gyroscopic moments generated by the propulsion system. They can be
expressed as

FB =
the gravity e!ect︷  
mg R

B
I .êz →

the thrust force︷  
U1.ê3

ϱB = Uϑ︷
the moment vector

→ ϱg︷
the gyroscopic moment

(3.14)

where g is the gravitational acceleration, êz is the z-axis unit vector in the inertial
frame, ê3 is the z-axis unit vector in the body frame, and the total thrust force
U1 (i.e., the combination of forces F1, F2, F3, and F4) provides the lift necessary
for the quadrotor to ascend or descend (see Fig. 3.6). The moment vector Uϑ =[
U2 U3 U4

]T
includes moments U2, U3, and U4. U2 and U3 are generated through

the arms of the quadrotor and correspond to roll and pitch moments, respectively,
whereas U4 is the total yaw moment, which is the combination of moments M1, M2,
M3, and M4 (see Fig. 3.6). The gravitational force mg acting on the quadrotor is
defined in the inertial frame and transformed to the body frame using the rotation
matrix R

B
I . In addition to these forces, the quadrotor’s propulsion system generates

a gyroscopic moment ϱg, which arises due to the change in the direction of the
angular momentum vector of the motors as the quadrotor rolls and pitches, that can
be expressed as

ϱg =
4

i=1
J(ϑB ↑ ê3)(→1)i+1$i (3.15)

where J is the inertia of the motors and is one of the moments acting on the quadro-
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Figure 3.6: The moments and forces acting on the quadrotor body. (Reprinted from
the supplementary materials of (Zhu et al., 2024).)

tor, and $i is the angular velocity of the i-th motor. Because two of the motors on
the quadrotor rotate clockwise and the other two rotate counterclockwise, the total
angular velocity of the motors can be expressed as $T = $1 → $2 + $3 → $4. Then,
we can rewrite the gyroscopic moment (3.15) as

ϱg = J









p

q

r



 ↑





0
0

$T







 (3.16)

The motor inertia J is minimal compared to the other moments acting on the
quadrotor (Bouabdallah and Siegwart, 2007). Therefore, when building the model of
the quadrotor, it is generally safe to neglect the gyroscopic e%ect of the motors, the
ground e%ect during takeo% or landing, the dynamic e%ects of the propellers’ airflow
and blade flapping, or other aerodynamic e%ects that might be observed during flight.
Using these simplifications, and under the assumptions previously mentioned, we can
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construct the dynamics model of the quadrotor as follows:

→mg sin ε = m(u̇ + qw → rv)

mg cos ε sin ω = m(v̇ → pw → ru)

mg cos ε cos ω → U1 = m(ẇ + pv → qu)

U2 = ṗJx → qrJy + qrJz

U3 = q̇Jy + prJx → prJz

U4 = ṙJz + pqJx + pqJY

(3.17)

In this model, U1 is the total thrust force and only acts in the z-axis direction of
the body frame. Assuming KT is a constant thrust coe"cient, U1 can be defined as

U1 =





0
0

KT ($2
1 + $2

2 + $2
3 + $2

4)



 (3.18)

such that the total thrust force is a function of the square of the rotational speed of
the motors. U2 is the roll angular moment, which is generated about the x-axis of
the body frame, and is defined as

U2 = lxKT (→$2
1 → $2

2 + $2
3 + $2

4) sin 45→ (3.19)

where lx is the moment arm distance of the motor frame from the x-axis of the body
frame.

U3 is the pitch angular moment, which is generated about the y-axis of the body
frame, and is defined as

U3 = lyKT ($2
1 → $2

2 → $2
3 + $2

4) sin 45→ (3.20)

where ly is the moment arm distance of the motor frame from the y-axis of the body
frame.

U4 is the yaw angular momentum, which is generated about the z axis of the
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body frame, and is defined as

U4 = KM($2
1 → $2

2 + $2
3 → $2

4) (3.21)

where KM is a constant moment coe"cient that reflects the inherent moment-
generating capabilities of the motor-propeller system. Note that there is no moment
arm coe"cient included here because, in our quadrotor, there is no distance between
the point at which the moment is applied and the yaw axis.

By combining equations (3.18), (3.19), (3.20), and (3.21), the forces and moments
generated by the propulsion system of the quadrotor can be obtained as



U1

Uϑ



 =





U1

U2

U3

U4




=





KT KT KT KT

→KT lx
↓

2
2 →KT lx

↓
2

2 →KT lx
↓

2
2 →KT lx

↓
2

2
KT ly

↓
2

2 →KT ly
↓

2
2 →KT ly

↓
2

2 KT ly
↓

2
2

KM →KM KM →KM









$2
1

$2
2

$2
3

$2
4




(3.22)

The inverse of the transformation matrix in Eq. (3.22) can then be used to determine
the motor angular velocities needed to produce the desired forces and moments, as
follows: 



$2
1

$2
2

$2
3

$2
4




=





1
4KT

→ 1
4KT lx

1
4KT ly

1
4KM

1
4KT

→ 1
4KT lx

→ 1
4KT ly

→ 1
4KM

1
4KT

1
4KT lx

→ 1
4KT ly

1
4KM

1
4KT

1
4KT lx

1
4KT ly

→ 1
4KM









U1

U2

U3

U4




(3.23)

3.5.8 State-space representation

To construct the quadrotor model we use for control and simulation, we now express
the model in state space form, which combines the kinematic and dynamic equations.
To create the state space representation of the quadrotor’s model, we define the
following state vector:

X = [ x y z u v w ω ε ϑ p q r ]T (3.24)
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Then, the complete model of the quadrotor can be written using the equation sets
in Eq. (3.11) (3.12) and (3.17), as

Ẋ =





ẋ

ẏ

ż

u̇

v̇

ẇ

ω̇

ε̇

ϑ̇

ṗ

q̇

ṙ





=





w(sin ω sin ϑ + cos ω cos ϑ sin ε) → v(cos ω sin ϑ + cos ϑ sin ω sin ε) + u cos ϑ cos ε

→w(cos ϑ sin ω → cos ω sin ϑ sin ε) + v(cos ω cos ϑ + sin ω sin ϑ sin ε) + u cos ε sin ϑ

w cos ω cos ε + v cos ε sin ω → u sin ε

rv → qw → g sin ε

pw → ru + g cos ε sin ω

qu → pv + g cos ε cos ω → U1
m

p + r cos ω tan ε + q sin ω tan ε

q cos ω → r sin ω

r cos ω
cos ε + q sin ω

cos ε

qr Iy↔Iz

Ix
+ U2

Ix

pr Iz↔Ix
Iy

+ U3
Iy

pq Ix↔Iy

Iz
+ U4

Iz





(3.25)
The model given in Eq. (3.25) includes states that are defined in the body frame,

namely translational acceleration states (u̇, v̇, ẇ) and rotational acceleration states
(ṗ, q̇, ṙ). Because it is more convenient to work with calculations in the inertial
frame for control studies (Bouabdallah and Siegwart, 2007), we redefine the body
frame states of the state vector in the inertial frame. To express the translational
states (u̇, v̇, ẇ) in the inertial frame, we apply the rotation matrix R

I
B as follows:

FB = m
[
u̇ v̇ ẇ

]T

FB = mg R
B

I .êz → U1.ê3

R
I

BFB = mgêz → U1 R
I

Bê3

(3.26)
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Then we can obtain the translational states in the inertial frame, denoted as (ẍ, ÿ, z̈):

R
I

BFB = mgêz → U1 R
I

Bê3

mV̇I = mgêz → U1 R
I

Bê3

m





ẍ

ÿ

z̈



 = mgêz → U1 R
I

Bê3





ẍ

ÿ

z̈



 = gêz → U1 R
I

Bê3
m

=





→U1
m (sin ω sin ϑ + cos ω cos ϑ sin ε)

→U1
m (→ cos ϑ sin ω + cos ω sin ϑ sin ε)

g → U1
m cos ω cos ε





(3.27)

To express the rotational states (ṗ, q̇, ṙ) in the inertial frame, we establish the
relationship between the body frame and the inertial frame, using equation (3.9), as





p

q

r



 = T
I

B





ω̇

ε̇

ϑ̇



, T
I

B =





1 0 0
0 1 0
0 0 1









p

q

r



 =





ω̇

ε̇

ϑ̇





. (3.28)

Remark 2: In the equation, (3.28), we make the assumption that the quadro-
tor primarily hovers or moves with small angles, meaning that the roll and pitch
angles are approximately zero. This assumption, known as the small-angle approx-
imation (Bouabdallah and Siegwart, 2007), allows us to simplify the angular trans-
formation matrix given T

I
B to a 3 ↑ 3 identity matrix.

With the relationship established and the corresponding equalities for (ṗ, q̇, ṙ) in
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Eq. (3.25), we can obtain the transformed rotational states (ω̈, ε̈, ϑ̈) as




ω̈

ε̈

ϑ̈



 =





ϑ̇ε̇ Iy↔Iz

Ix
+ U2

Ix

ω̇ϑ̇ Iz↔Ix
Iy

+ U3
Iy

ω̇ε̇ Ix↔Iy

Iz
+ U4

Iz



 (3.29)

Then, the model in Eq. (3.25) becomes

Ẋ = g(X, U )

= f(X) +
4

i=1
ai(X)Ui

(3.30)

where

X = [ x y z ω ε ϑ ẋ ẏ ż ω̇ ε̇ ϑ̇ ]T

Ẋ = [ ẋ ẏ ż ω̇ ε̇ ϑ̇ ẍ ÿ z̈ ω̈ ε̈ ϑ̈ ]T

f(X) = [ ẋ ẏ ż ω̇ ε̇ ϑ̇ 0 0 g (ϑ̇ε̇)Iy → Iz

Ix
(ω̇ϑ̇)Iz → Ix

Iy
(ω̇ε̇)Ix → Iy

Iz
]T

(3.31)
and

a1 = [ 0 0 0 0 0 0 a7
1 a8

1 a9
1 0 0 0 ]T

a7
1 = → 1

m
(sin ω sin ϑ + cos ω cos ϑ sin ε)

a8
1 = → 1

m
(→ cos ϑ sin ω + cos ω sin ϑ sin ε)

a9
1 = → 1

m
cos ω cos ε

a2 = [ 0 0 0 0 0 0 0 0 0 1
Ix

0 0 ]T

a3 = [ 0 0 0 0 0 0 0 0 0 0 1
Iy

0 ]T

a4 = [ 0 0 0 0 0 0 0 0 0 0 0 1
Iz

]T

(3.32)
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3.5.9 Linearized system representation

In order to design a linear flight controller, for instance, a proportional–integral–derivative
(PID) controller, it is necessary to linearize the model (3.30) around an operating
point that brings the system to an equilibrium state. This process is described,
following (Koo and Sastry, 1998), as

Ẋ = g(X̄, Ū ) ↗ 0 (3.33)

where the control input vector U =
[
U1 U2 U3 U4

]T
consists of the total thrust

U1 and control moments. X̄ represents an operating point with a constant input Ū ,
which is known as the trim condition and is defined as

Ū =
[
mg 0 0 0

]T (3.34)

where mg represents the total thrust required to counteract the inertial force along
the +z-axis (due to gravity and to the weight of the quadrotor) and maintain the
hover state of the quadrotor.

To get the linearized model of Eq. (3.30) around the operating point X̄ =
[ x̄ ȳ z̄ 0 0 0 0 0 0 ]T with the constant input Ū , we use Taylor expan-
sion as follows:

Ẋ = g(X̄, Ū ) + ςg

ςX
|
X̄

ςX + ςg

ςU
|
Ū

ςU + 1
2

ς2g

ς2X
|
X̄

ς2
X + 1

2
ς2g

ς2U
|
Ū

ς2
U + . . .

(3.35)
where ςX and ςU represent deviations from the trim condition, with ςX = X → X̄

and ςU = U → Ū .
To simplify the Taylor expansion, we can ignore higher-order terms and consider

only the first-order terms. Since g(X̄, Ū ) ↗ 0, Eq. (3.35) becomes:

Ẋ ↘ φg

φX


X̄

ςX + φg

φU


Ū

ςU ↘ AX + BU (3.36)



3.6. Control architecture 61

where

A =





0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 →g 0 0 0 0 0 0 0
0 0 0 g 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0





B =





0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1
m 0 0 0
0 1

Ix
0 0

0 0 1
Iy

0
0 0 0 1

Iz





3.6 Control architecture

The overall structure of the flight control system for the simulation studies is shown
in Fig. 3.7. This system is based on the controllers used in the real quadrotor. We
use a cascaded control structure that e%ectively decouples the position (position and
linear velocity) and attitude (angle and angular velocity) control loops.

3.6.1 Position control

We use a position controller with a cascaded P/PID structure, with the first stage
being a 3D position controller and the second stage being a linear velocity controller.
Note that the quadrotor position control system is underactuated (Hua et al., 2013),
therefore, the position control for the xy-axes can be achieved through attitude
control. The position controller uses a P controller and its outputs for the xy axes
produce the desired acceleration values ẍd, ÿd in the inertial frame. The outputs of
the position controller for the xy axes produce the desired acceleration values ẍd,
ÿd in the inertial frame. These values are then used to generate the desired roll ωd
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Figure 3.7: The flight control system. (Reprinted from the supplementary materials
of (Zhu et al., 2024).)

and pitch εd angles for the attitude controller to use. The overall structure of the
position controller (see Fig. 3.8) is given as

Altitude control : U1 = KP zeV z + KIz


eV z → KDz ˆ̇z + mg

Desired roll and pitch angles : ωd = m

U1
(→ẍd sin ϑ̂ + ÿd cos ϑ̂)

εd = m

U1
(→ẍd cos ϑ̂ → ÿd sin ϑ̂)

where ẍd = KP xeV x + KIx


eV x → KDx ˆ̇x

ÿd = KP yeV y + KIy


eV y → KDy ˆ̇y

(3.37)

3.6.2 Attitude control

We use an attitude controller with a cascaded P/PID (proportional/proportional-
integral-derivative) structure, with the first stage being an angle controller and the
second stage being an angular velocity controller.

The angle controller uses a P controller that produces an output signal propor-
tional to the error between the desired and actual values. The output of the angle



3.7. Simulation and real experiment environment 63

Position Controller

Desired Positions

Estimated
Positions

-

Desired Velocities

KP

KI

KD

Desired  
Accelerations

Estimated
Linear Velocities  

d/dtLPF

- -

Linear Velocity Controller

Position Controller

Total Thrust

Acceleration
to 

Attitude

Desired  
Angles

mg

+

Estimated
Yaw Angle

KP

Figure 3.8: The cascaded position controller. (Reprinted from the supplementary
materials of (Zhu et al., 2024).)

controller becomes the desired value for the angular velocity controller, which uses a
PID controller.

The outputs of the angular velocity controller, U2, U3, and U4, are the control
moments that are used to manipulate the quadrotor’s attitude. The overall structure
of the attitude controller (see Fig. 3.9) is given as

Roll control : U2 = KP ωeϖω + KIω


eϖω → KDω

ˆ̇ω

Pitch control : U3 = KP εeϖε + KIε


eϖε → KDε

ˆ̇ε

Yaw control : U4 = KP ϱeϖϱ + KIϱ


eϖϱ → KDϱ

ˆ̇ϑ

(3.38)

These controllers are used for both the real and simulated quadrotors.

3.7 Simulation and real experiment environment

We conduct our simulated experiments in the ARGoS multi-robot simulator (Pin-
ciroli et al., 2012), a widely used simulator for swarm robotics research (see Fig. 3.10).

In ARGoS, sensors and actuators are plug-ins that have either read-only access
or the ability to modify specific entities in the simulated 3D space (Pinciroli et al.,
2012). In our experimentation setups, to control robots in a way that is replicable
in simulation, we use the libraries and robot models of ARGoS as an interface to the
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Figure 3.9: The cascaded attitude controller. (Reprinted from the supplementary
materials of (Zhu et al., 2024).)

(a) (b)

(c) (d)

Figure 3.10: The (a) real and (b) simulated aerial robot. A (e) real and (f) simulated
physical obstacle; not to size. (Reprinted from the supplementary materials of (Zhu
et al., 2024).)
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low-level control of the robots. Specifically, we use executables based on the libraries
of ARGoS that we have custom-developed for this study. These executables initialize
the sensors and actuators of the robots in such a way that the provided high-level
control interface matches that of the sensor and actuator plug-ins of our robot models
in the ARGoS simulator. In other words, each robot’s control interface provided by
the ARGoS libraries is an abstraction layer on top of the physical hardware which is
also used to create simulation models of the robots in ARGoS. Therefore, we can run
exactly the same control software on both the real robots and the simulated robots,
using C++ and the Lua scripting language.

For the models of the robot sensors and actuators in simulation, we conducted
a trial-and-error calibration process to tune the speed and noise parameters. The
speed parameters of the robot actuators in simulation have been tuned so that the
speeds of the real robots match those of the simulated robots when receiving the
same target linear and angular velocities output by the control algorithms. This cal-
ibration is straightforward, thus the resulting maximum and average speeds of the
simulated and real robots are equivalent when receiving the same target velocities.
By contrast, noise is influenced by many (often unknown) factors and therefore the
noise parameters are much more challenging to calibrate and the result often under-
estimates the noise present in reality. In our setup, we tuned noise parameters of the
quadrotor gyroscope and accelerometer.

To assess the noise displayed in multi-robot missions with interactive behaviors
(i.e., those used in our experiments), we measure the di%erence in error in the results
of our real robot experiments and the results of matching simulated setups. The
di%erence is most noticeable in portions of the missions when multiple robots are
in a steady phase and trying to remain stationary with static relative positions: in
these steady phases, much of the observed di%erence in error between simulation and
reality can be attributed to the noise present in the aerial robot’s hovering behavior,
especially when the robot it is referencing for relative positioning is also trying to
remain in place but has noise present. This is due to the fact that simulation models
of the robots have been tuned according to the noise observed in sensors of a single
robot, not the noise observed in interactive multi-robot behaviors.
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For the interactions between the robots and their environment, objects on the
ground (such as obstacles to be avoided, see Fig 3.10c,d) are also simulated using
ARGoS’s 3D-dynamics engine based on the ODE library, so that the ground robots
can physically interact with them.

Regarding networking, in the simulations robots are allowed to send messages
to other robots in their FoV every 0.2 s, which approximates the message rate in
experiments with real robots, because the real robots have a step interval of 0.2 s
according to their own internal clock.

(a) (b)

Figure 3.11: The (a) real and (b) simulated arenas. Note that the blue circles around
robots in (b) are for visualization purpose only and are not part of the robot models.
Without these blue circles, the dimensions of the robots proportional to the arenas
in the real and simulated environments can be seen to be equivalent. The flight zone,
outlined in black in (a) and outlined in blue in (b), is 6 m ↑ 10 m with a height of
3 m above the floor. (Reprinted from the supplementary materials of (Zhu et al.,
2024).)

For the di%erent experiment setups, customized environments in ARGoS are cre-
ated using a python script to generate the .argos setup file. This generation can
include arena walls, environmental features composed of obstacles that occur at cer-
tain positions relative to the size of the arena, and uniformly random initial positions
of robots and positions of obstacles. In simulated experiment setups that are sup-
posed to match a real experiment exactly (see Fig. 3.11), the generated arena walls
in ARGoS match the border dimensions of the real arena floor. In other simulated
experiments, in which more robots are used than in any real experiments, the arena
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size is generated to be large enough for the respective system size.
In all experiments, the time step in the simulator is equivalent to 0.2 seconds.

Data logging is executed at each time step and records the global position and
orientation of each robot.

Our simulated experiments were run either on the experimenter’s local machine
or on our in-house IRIDIA computing cluster. The two cluster nodes we used have
the following hardware: 2 AMD EPYC 7452 (32-core, 2.35GHz, 128MB L3 cache),
512GB RAM. Regarding computation work that was assessed using CPU clock cycles,
note that each simulated robot was run as a single-threaded program and analysis
was done in terms of clock cycles per robot.

To assist with experiment management, we use an “experiment supervisor" soft-
ware custom-developed for this study. The experiment supervisor software is used:
1) before the experiment, to confirm all robots are active, correctly configured, seen
by the motion capture system, and in the correct state; 2) to send a signal to all
robots to start the experiment at the same time; 3) to record experiment data dur-
ing the experiment; and 4) to send a signal to all robots to end the experiment at
the same time. During each experiment, the experiment supervisor software records
the positions and orientations output from the motion capture system as well as all
information output from the robots.

During the experiments (i.e., between the signals sent to start the experiment
and end the experiment), the robots do not receive any centralized commands or
global information. The robots are allowed to communicate only with each other,
and only under certain conditions. Communication between the robots occurs over
a wireless network, and two robots are only allowed to communicate with each other
if they are ’connected’ or if one of them is in the other’s field of view. In our indoor
arena, the robots communicate using a wireless LAN. Messages between robots are
routed by the experiment supervisor software, which has access to the MAC address
associated to each robot ID.

During an experiment, the experiment supervisor software records the messages
passed between robots, for the purpose of data logging. Note that, during an exper-
iment, the robots do not receive any commands or information originating from the
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experiment supervisor software; robots only communicate with each other.

3.8 Experiment environment

We conduct our experiments with real robots in an indoor arena custom-built for this
thesis inside a multi-use room (see Fig. 3.12). The arena consists of an unobstructed
flight zone and floor area surrounded by a safety bu%er and removable security net-
ting, with mounting positions above the center of the flight zone and around the
perimeter. The arena is mounted with visual cameras and an optical motion capture
system used for recording experiment data. Note that information from the motion
capture system is not accessible by the robots and is only used for data logging.

Figure 3.12: Wide-angle photograph of the indoor arena. (Reprinted from the sup-
plementary materials of (Zhu et al., 2024).)

The arena perimeter consists of a truss system built on top of permanent metal
fixtures (see Fig. 3.13) from modular 2-point trussing segments (Global Truss F32
Ladder Truss family). This results in a rigid frame around the arena that allows
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the visual and motion capture cameras to consistently record from the same fixed
physical locations and orientations over experimentation periods of several months.

Figure 3.13: Perspective view of the truss system of the arena. There are 10 motion
capture cameras (red) mounted on the truss around the perimeter of the arena.
(Reprinted from the supplementary materials of (Zhu et al., 2024).)

We use an infrared motion capture system with 10 cameras that each have a 56→

field of view (OptiTrack Flex 13 family, 56→ FOV, 5.5 mm, 800 nm long-pass IR, see
Fig. 3.14).

The flight zone is 6 m ↑ 10 m with a height of 3 m above the floor. The motion
capture cameras are mounted in an 8 m ↑ 12 m rectangle centered around the flight
zone, at a height of 3.4 m above the floor. The cameras are mounted 4 m apart from
each other (one in each corner, one in the center point of each of the shorter perimeter
sides, and two at the one-third midway points of each of the longer perimeter sides,
see cameras marked in red in Fig 3.13). Note that the truss system is larger than
the rectangle of the camera mounting positions. With the cameras mounted in these
positions, motion capture of the ground robots at the floor level and of the aerial
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Figure 3.14: Motion capture cameras (red) at a side location (left) and corner location
(right) in the arena. (Reprinted from the supplementary materials of (Zhu et al.,
2024).)

robots at the altitude of 1.5 m above the floor is reliable everywhere in the 6 m ↑
10 m flight zone, except in the corners. Therefore, the corners of the arena are cut
at a 45→ angle, 0.5 m away from the original corner point, to form the final octagonal
arena shape used in the simulated and real experiments.

The 10 cameras are connected via cable to four USB hubs (OptiHub 2) that
manage camera syncing. The hubs are each connected via cable to one PC station
with motion capture software (OptiTrack Motive) that outputs the position and
orientation data of the tracked rigid bodies.

In the experiments, we track each aerial or ground robot as a rigid body, using
four passive markers (OptiTrack precision spheres with 3M 7610 reflective tape) af-
fixed to the robot. In order for the robot positions and orientations to be tracked
correctly, the four markers of one robot need to be mounted in a 2D planar configura-
tion that is asymmetrical along both axes formed between a marker and its opposite
(i.e., between two opposite vertices of the quadrilateral formed by the four mark-
ers). The marker configurations of the robots also need to be geometrically unique,
including when they are rotated in 2D or 3D (i.e., each marker configuration must
be unique in any rotated position). The unique marker configurations are provided
by custom mounting plates made for this study (see example mounting plate designs
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in Fig. 3.15) and are associated to the correct robot IDs using the motion capture
software (OptiTrack Motive) at the beginning of each experiment session.

Figure 3.15: 2D mounting plate designs for unique and asymmetrical passive marker
configurations for each robot, for use by the motion capture system. Three example
designs for ground robots are shown. Large red circles near the outer perimeter of
each plate indicate the mounting positions of the four passive markers. (Reprinted
from the supplementary materials of (Zhu et al., 2024).)

Besides recording the motion capture data, we also record experiment videos. We
use two visual cameras: an HD action camera (GoPro) mounted to the ceiling, above
the center of the arena, and a DSLR camera (Canon EOS 5D Mark IV) mounted to
the truss system along the perimeter.

3.9 Demonstrations of the S-drone

In this section, we demonstrate the S-drone in basic flight operations and cooperative
behaviors: single-UAV take-o% and hover flight, single-UAV vision-based navigation,
and two swarm demonstrations (one multi-UAV flight in a dynamic formation, and
one multi-UAV object transport).

3.9.1 Take-o% and hover flight

This experiment validates stable hover flight of the S-drone and reports deviation
from the target position. In this setup, the S-drone tracks a static target position
and hovers for 10 minutes after autonomous take-o%. The take-o% position is set as
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Figure 3.16: Autonomous indoor hover performance. (a) 10-minute flight data is
visualized in the xy-plane. The UAV is commanded to hover at a fixed horizontal
position. (b) Time evolution of the x position (red) relative to its constant reference
value (green). (c) Time evolution of the y position (red) relative to its constant
reference value (green). In both cases, the horizontal position remains within ap-
proximately ±0.1 m of the target over the entire 10-minute experiment. (d) Relative
z-coordinate values in the North-East-Down frame; the target altitude is constant
and the maximum deviation is about 0.1 m. (e) Relative z-coordinate values read by
the downward-facing distance sensor. (Reprinted from (O&uz et al., 2024).)
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the target position in the xy-plane, and the altitude target position is set to 1 m.
Using the cascaded PID controller of the S-drone, the target position is fed to the
position controller, which triggers the roll and pitch as control inputs.

Fig. 3.16(a) shows the xy-position of the S-drone during flight. The S-drone
stays within a 0.2 m radius of the target xy-position, which is comparable to the
performance of a human operator using a joystick to actuate pitch and roll. This
deviation is reasonable for a UAV that uses onboard sensors for localization and does
not use an external positioning system.

The x- and y-coordinates relative to the target position during flight are given
in Figs. 3.16(b-c). For the x values, the maximum deviation from the target posi-
tion (green line) during hover is 0.126 m and during take-o% is 0.148 m. The mean
deviation for the whole flight is approx. 0.13 m, with a standard deviation of 0.05 m.
For the y-coordinate values, the maximum deviation from the target position during
hover is 0.18 m and during take-o% is 0.098 m. The mean deviation is approx. 0.16 m,
with a standard deviation of 0.06 m. The slightly larger deviation on one axis com-
pared to the other is because, in practice, the thrust of the rotors will never be
perfectly balanced, and therefore some adjustment is required as the UAV gains
altitude (i.e., it might pitch forward or backward).

The altitude (z-coordinate) values are given in Figs. 3.16(d-e). Fig. 3.16(d) shows
the take-o% altitude and the relative z-coordinate values during flight. Due to barom-
eter and IMU sensor noise, the initial relative z-coordinate value during the experi-
ment is 0.1 m. Therefore, the target position of 1 m above the initial take-o% altitude
is set at 1.1 m. The relative z-coordinate values of the UAV are around 1.1 m during
the flight, with a maximum deviation of approx. 0.1 m and an average deviation of
approx. 0.05 m, and a standard deviation of 0.03 m. Fig. 3.16(e) shows the altitude
values measured by the downward-facing single-point LiDAR. The take-o% altitude
read from the LiDAR is 0.3 m (when the S-drone is sitting on the ground). Therefore,
a LiDAR reading of 1.3 m during flight indicates a true relative altitude of 1 m. The
LiDAR measurements fluctuate around 1.3 m with small variations (standard devi-
ation 0.03 m), confirming that the S-drone maintains the desired 1 m hover altitude
throughout the experiment.
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Figure 3.17: Autonomous indoor hover performance during a 10-minute flight. (a)
Roll angle. (b) Pitch angle. (c) Yaw angle. (d) Control signals that are sent to the
individual motors. (Reprinted from (O&uz et al., 2024).)

Another important metric for UAVs is attitude control performance during hover.
The attitude controllers must keep the attitude angles (i.e., roll, pitch, and yaw
angles) in certain intervals during hover. In Figs. 3.17(a–c), the recorded roll, pitch,
and yaw values of the S-drone remain close to their respective constant reference
values. Roll and pitch stay within approximately ±1.5→ around their references, and
the yaw angle shows only small variations around a fixed heading. The standard
deviations of the roll, pitch, and yaw errors are on the order of ↼ω ↘ 0.5→, ↼ε ↘ 0.6→,
and ↼ϱ ↘ 0.7→, respectively. These oscillations are small enough that they are not
visually observable during flight, indicating stable attitude control.

The attitude control performance of a UAV is directly linked to the motor control
signals. Fig. 3.17(d) reports the signals sent to the individual motors of the S-drone
over the 10-minute hover experiment. These values remain between the configured
minimum and maximum PWM limits (here, from 1 000 to 2 000 µs) and do not ex-
hibit excessive noise. Fig. 3.17(d) also reflects the mass distribution of the specific
S-drone used in this experiment (a second, separately assembled S-drone would show
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slightly di%erent traces). Two motors (labelled Output 2 and Output 3) operate with
somewhat higher average thrust than the other two, indicating a slight mass imbal-
ance introduced during assembly. This imbalance may reduce the available thrust
margin and put more load on those motors; however, the onboard flight controller
compensates for it so that overall flight stability is not a%ected.
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Figure 3.18: Unit step input responses of the S-drone controllers. The red arrows
indicate the time interval required for the response to rise from 10% to 90% of its
final value. The vertical green lines show the settling time, which is the time it takes
for the response to be stably within a certain range of the final value (horizontal
green lines). (a) The step response of the roll rate controller. (b) The step response
of the pitch rate controller. (Reprinted from (O&uz et al., 2024).)

Finally, another metric for UAVs is the unit step input response of the controllers.
The step response is important because large and rapid deviations from the long-
term steady state can potentially have extreme e%ects on a UAV. Formally, the step
response of a controller provides information about the overall stability of the vehicle
and its ability to reach a steady state. From a practical point of view, it is important
to know how a UAV responds to sudden input changes. Fig. 3.18 shows the step
response of the roll and pitch rate controllers of the S-drone with rising and settling
times. The rise time of both the roll and pitch rate responses is approx. 0.09 s and the
settling time is approx. 0.2 s without overshoot. In this demonstration, the responses
of the S-drone were fast enough to maintain stability and the steady state errors
remained relatively small.
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3.9.2 Vision-based navigation

This experiment validates autonomous flight and vision-based navigation with the
S-drone in a GPS-denied environment. In this setup, the S-drone autonomously
takes-o%, hovers, and flies with a velocity of 0.2 m/s while performing waypoint
navigation by guiding itself with fiducial markers (tags).
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Figure 3.19: Control algorithm flow chart for vision-based navigation with the S-
drone. (Reprinted from (O&uz et al., 2024).)

The flow chart of the control algorithm used for vision-based navigation is given
in Fig. 3.19. After it receives a command to start and take-o%, the S-drone flies
upward until it reaches its target altitude and then begins searching for tags in order



3.9. Demonstrations of the S-drone 77

to start navigating the environment. When it finds a tag, the S-drone processes the
frame, retrieves the tag information, estimates the position and orientation of the tag
relative to itself, and prepares to fly towards the tag. It calculates a two-dimensional
vector for its new target position (i.e., the tag position) relative to its current position.
The target position is then provided to the Pixhawk4 flight controller and the S-drone
moves towards the detected tag and hovers above its center (within a specified o%set).
After the first waypoint is achieved, the S-drone looks for new tags. If the S-drone
detects a new tag, it repeats the process described above. If no tag is detected at
first, the S-drone waits for a certain amount of time and makes another detection
attempt while hovering and holding its current position. After a certain number k

of unsuccessful detection attempts, it decides to land.

Figure 3.20: Autonomous vision-based waypoint navigation. (Reprinted from (O&uz
et al., 2024).)

In the experiment shown in Fig. 3.20, the S-drone uses this control algorithm to
follow an ellipse-like path composed of seven waypoints. Fig. 3.20 shows the setup of
this vision-based navigation experiment and reports the xy positions of the S-drone
during flight.
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3.9.3 Swarming capabilities

We conduct two multi-UAV demonstrations. The first is Flying in a formation,
in which three S-drones fly together in a formation, while updating and rotating the
shape, forming a series of target formations during flight. To establish, maintain, and
reconfigure these formations, each S-drone needs to determine the current di%erences
between (a) the real relative distances and relative orientations of neighboring S-
drones and (b) the current targets. This inter-robot tracking is accomplished using
our method for cooperative feature-level sensor fusion between robots. Using this
inter-robot tracking, each S-drone determines its relative spatial relationship with
neighboring S-drones and attempts to reach its targets. This first demonstration
(see Fig. 3.21 and the online movie 6) shows the following procedure: (1) Take-o%:
Each of the three UAVs takes o%, stabilizing near a target altitude of 1.5 m. (2)
Triangle Formation: After take-o%, the UAVs establish a triangular formation.
(3) Formation Rotation: With the triangular formation shape intact, the UAVs
undertake a synchronized turn. (4) Line Formation: The UAVs then reconfigure
into a linear arrangement according to new targets for their relative positions and
orientations.

The second demonstration is Cooperative object transport, in which two
S-drones collaborate to transport a hung payload (i.e., an object hanging from two
attachments, one to each S-drone). Here, the S-drones again use inter-robot tracking
via cooperative feature-level sensor fusion to maintain their target relative spatial re-
lationship, in this case while collaboratively lifting and transporting a hung payload.
This demonstration (see Fig. 3.22) shows the following procedure: (1) Take-o%:
With the payload securely attached, the UAVs execute a coordinated take o%, keep-
ing the payload supported on both sides, and stabilizing near a target altitude of
1.5 m. (2) Object Transport and Formation Maintenance: After take-o%, the
UAVs move towards a target landmark while maintaining a side-by-side formation
with fixed target UAV–UAV x, y distances. The UAVs need to continuously adjust
to each other’s movements in order to maintain this formation despite disturbances

6https://osf.io/h9azb
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introduced because of the hung payload. (3) Endpoint Descent: When reach-
ing the target landmark, the UAVs execute a coordinated landing to achieve gentle
placement of the payload.

3.10 Chapter conclusions

In this chapter, we have presented the S-drone, a completely open-source UAV plat-
form designed to support the testing and validation of the algorithms and methods
proposed in this thesis. The S-drone represents a significant step forward in enabling
practical swarm robotics research with UAVs, particularly by leveraging onboard
sensors and positioning systems to achieve autonomous operation without reliance
on external infrastructure.

We outlined the challenges associated with UAV swarm robotics, emphasizing
the need for platforms that are modular, extensible, and cost-e%ective. In response,
we designed the S-drone with a flexible hardware and software architecture to en-
able rapid prototyping and seamless deployment of swarm algorithms. To comple-
ment this, we provided the software framework for simulating and validating swarm
behaviors, e%ectively bridging the gap between theoretical models and real-world
implementations.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 3.21: Demonstration of multi-UAV flight in a dynamic formation: (a) Initial
random placement of the three UAVs. (b) Take-o% procedure. (c) Establishment of
a triangle formation. (d) Alternative perspective of the established triangle forma-
tion. (e) Start of formation rotation. (f) UAVs in rotation. (g) Completion of the
rotation. (h) Final reconfiguration transitioning from triangular to linear formation.
(Reprinted from (O&uz et al., 2024).)
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(a) (b)

(c) (d)

Figure 3.22: Demonstration of multi-UAV object transport: (a) Coordinated take-
o%. (b) UAVs navigating the environment. (c) Arrival at the target destination. (d)
Coordinated descent ensuring safe payload placement. (Reprinted from (O&uz et al.,
2024).)



Chapter 4

Self-organizing Hierarchy for Robot Swarms

This chapter1 presents the Self-organizing Nervous System (SoNS), a robot swarm
architecture based on self-organized hierarchy. The SoNS approach enables robots to
autonomously establish, maintain, and reconfigure dynamic multi-level system archi-
tectures. For example, a robot swarm consisting of n independent robots could trans-
form into a single n-robot SoNS and then into several independent smaller SoNSs,
where each SoNS uses a temporary and dynamic hierarchy. Leveraging the SoNS ap-
proach, we show that sensing, actuation, and decision making can be coordinated in
a locally centralized way, without sacrificing the benefits of scalability, flexibility, and
fault tolerance. We demonstrate that the capabilities of the SoNS approach greatly
advance the state of the art in swarm robotics. The missions are conducted with a
real heterogeneous aerial–ground robot swarm, using the robotic platforms introduced
in the previous chapter. We also demonstrate the scalability of the SoNS approach
in swarms of up to 250 robots in a physics-based simulator, and demonstrate several
types of system fault tolerance in simulation and reality.

The experiments in this chapter make use of the hardware, software, simulation
environment, and support software for managing experiments that were presented in
Chapter 3.

1The content of this chapter was previously published in (Zhu et al., 2024); the results presented
in Section 4.3 were included in the supplementary materials of (Zhu et al., 2024).

82
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4.1 Approach and contributions

In the SoNS concept, robots self-organize into dynamic multi-level system architec-
tures using ad-hoc remote bidirectional connections. The result is a swarm composed
of a number of reconfigurable Self-organizing Nervous Systems—SoNSs, see Fig. 4.1.
In each SoNS instance, each “child” robot has chosen to temporarily grant explicit
supervisory powers to a “parent” robot in the level above it, culminating in a single
“brain” robot that acts as a temporary coordinating entity. The structure of a SoNS
instance is defined both by the topology of its connections and the relative robot
poses associated with those connections. Thus, the underlying graph of a SoNS is a
rooted tree with bidirectional edges and a set of attributes.

One of the aims of the SoNS concept is that the key benefits of self-organization
should be maintained in the SoNS architecture. The first key benefit that should be
present is scalability. For instance, a new connection should not become any more
di"cult to establish if a SoNS has more members. For this reason, each connection
in a SoNS is managed solely by the two robots sharing the connection, and each
robot only communicates with robots in its field of view. In other words, unlike
in a centralized system with a root node, the brain robot does not communicate
with all its members directly. The second key benefit that should be present is fault
tolerance. For this reason, every robot in a SoNS is replaceable—even the brain. If
any robot fails or is lost, another robot in its SoNS or recruited from its surroundings
can replace it automatically. If no extra robots are available, a SoNS can reconfigure
using the robots it already has and try to continue with its mission.

Another aim of the SoNS concept is that the members of one SoNS should be
able to act seamlessly as a single entity despite only communicating with nearby
robots. For this reason, at each connection in a SoNS, the child robot sends sensor
information upstream and the parent robot sends actuation instructions downstream,
allowing the brain to steer reactions of the SoNS as a whole. However, to be able to
react in an agile way to its environment and task requirements, the actions of robots
in a SoNS should not be strictly hierarchical. The SoNS should be able to adjust
its inter-level control distribution—that is, the e%ective degree of centralization or
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Figure 4.1: The Self-organizing Nervous System (SoNS) concept. Robots self-
organize reconfigurable multi-level system architectures using communication only
with nearby robots. (A) In a SoNS, each “child” robot has chosen to temporarily
grant explicit supervisory powers to a “parent” robot in the level above it, culminat-
ing in a single “brain” robot that acts as a temporary coordinating entity. At each
bidirectional connection, the child robot sends sensor information upstream and the
parent robot sends actuation instructions downstream. (B) Any robot at any level of
hierarchy can be interchanged with another robot—even the brain. (C,D) At initial-
ization, each robot is the brain of its own single-robot SoNS and has a target graph.
If it encounters another SoNS, it can choose to accept recruitment and merge with it,
thereby abdicating its “brain” status. (E) The process by which robots establish and
maintain SoNS connections is self-organized and SoNS topologies can be reconfig-
ured by reallocating robots (i.e., removing and adding connections within the same
SoNS), merging two or more SoNS, or splitting a SoNS. Here, we see a five-robot
SoNS (right) that merges with a 20-robot SoNS (left). (F) The SoNS topology is
used to organize supervisory powers and send actuation instructions downstream,
but child robots are still semi-autonomous and can adjust the inter-level control
distribution in the SoNS, adapting the e%ective degree of centralization or decentral-
ization in the decision-making processes of the SoNS. (Reprinted from (Zhu et al.,
2024).)
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decentralization of decision making. Therefore, the inter-level control distribution
in a SoNS is not strictly determined by the connection topology. Rather, any robot
in a SoNS can set its own local actuation goals (e.g., avoid a small obstacle) as
well as “global” (SoNS-wide) actuation goals that will be sent both upstream and
downstream (e.g., for avoiding a mobile source of danger in an emergency). Also,
when a robot in a SoNS combines its local goals with instructions received from its
parent and any global (SoNS-wide) goals, it can adjust the weighting according to
its available sensor information.

The final aim of the SoNS concept is that a user should be able to program the
whole robot swarm as if it were a single robot with a reconfigurable morphology. For
this reason, the system architecture and behavior of a SoNS can be reorganized by
the brain on demand (see Fig. 4.1). Thus, in a single program that runs on every
robot, the user can directly code not only actions to be taken by the brain, but
also actions to be taken by the whole SoNS. This can include changes to the target
topology, target relative poses, target motion trajectories, and other actuation goals.
In principle, the user should also be able to program multi-SoNS behaviors as if they
were multi-robot behaviors.

4.2 SoNS control algorithm

At initialization, each robot is an independent single-robot SoNS, of which it is the
brain by default. A multi-robot SoNS is established by merging two or more SoNSs
(initially, two single-robot SoNSs). Each robot, when it initializes as a brain, starts
with mission-specific goals and the target graph of the SoNS that it would like to
build downstream from it, running a local copy of the SoNS control algorithm (see
Fig. 4.2). As a robot attempts to fulfill its goals and complete its target graph, it
will participate in self-organized multi-robot behaviors by receiving inputs from and
sending outputs to robots in its field of view. The key components of the SoNS
control algorithm (see Fig. 4.2) running on each robot are: A) update target graphs,
B) update node attributes, C) manage connections to neighbors, D) transform input
vectors (i.e., reference vectors received from neighbors) to own coordinate frame,
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E) classify sensor information, and F) update actuation instructions. Using these
key algorithm components robots self-organize the following multi-robot behaviors:
merging, node allocation, splitting, collective sensing, and collective actuation.

Merging. Every robot, whether it is a brain or the child of another robot, tries to
recruit any robot that appears in its field of view (FoV). When two robots appear in
each other’s FoV, they send each other messages to compete for recruitment. When a
robot receives a recruitment message, it rejects the recruitment if it is or recently was
in the same SoNS as the competitor, or if the quality (which by default is randomly
generated but can be redefined in mission-specific ways) of the competitor’s SoNS is
lower than its own; otherwise, it accepts. If a robot accepts recruitment, it becomes
the child of its competitor, splitting from its previous parent if it had one; if it
receives an acceptance, it becomes the parent of its competitor. When a recruitment
is accepted, the new child and all its downstream robots (if it has any) will merge
into the SoNS of the new parent. For a recruited child to be assigned to a node in
its parent’s target graph, it needs to undergo node allocation.

Node allocation. Each robot has a graph describing the targets of the robots
downstream from it, but not a graph of their current configuration. The current con-
figuration can di%er from the target graph in terms of topology or graph attributes,
which include relative poses. For the configuration of a SoNS or SoNS branch to
approach the target graph associated with it, robots in a SoNS need to self-organize
their node allocation operations in the following manner. During node allocation,
any robot with at least one child can either assign its children to nodes in its target
graph or pass them upstream to be handled by its parent. To make these decisions,
the robot tries to pair its children with nodes in its and its parent’s target graphs,
based on the current and target relative poses and downstream vertex cardinalities.
All children, including those already assigned to a node in the robot’s target graph,
can be (re)allocated at every time step. Thus, a parent can replace one of its al-
ready assigned children with a new unassigned one that is currently a better match
for the target node, e%ectively demoting the formerly assigned child to unassigned
status until the next allocation iteration. Because of this replacement possibility, the
robots in a SoNS can redistribute themselves continuously within the structure of
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Figure 4.2: The key components of the SoNS control algorithm. Each robot (A)
updates its target graph (i.e., the target connection topology and target relative
poses) and those of its children, (B) updates its node attributes, (C) manages its
connections to neighbors, (D) transforms its input vectors into its own coordinate
frame, (E) classifies sensor information, and (F) updates its actuation instructions.
These components receive inputs from and send outputs to other components of
the SoNS algorithm (black arrows between components), the robot’s other software
layers (green), parent (blue) and/or children (pink), and other robots appearing in
its field of view (FoV) (yellow). (Reprinted from (Zhu et al., 2024).)
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their SoNS.
Collective sensing. A robot in a SoNS can directly react to sensor information

it gathers itself or receives from any children, using feature-level representations
(e.g., symbolic representations of detected object types and their relative poses).
Each robot that has a parent classifies features it has detected or received as either
features to react to or features to forward to its parent. Features that it decides
to react to are classified as either requiring standard (local) reactions or emergency
(SoNS-wide) reactions. If a robot has no parent (i.e., is a brain), it inputs the sensor
information it gathers or receives to a mission-specific BrainProgram.

Collective actuation. When a robot is a brain, its mission-specific Brain-
Program becomes active. Using this module, a brain defines and follows its own
actuation instructions (i.e., its target linear and angular velocities and its target
graph) independently of the robots downstream from it, except in the case of global
reactions. When a robot has a parent, it acts as a semi-autonomous follower, tak-
ing into account three types of reference vectors. The first type is local, based on
environment features from its own sensor information; the second is hierarchical,
based on the target relative pose the robot receives from its parent; and the third is
global, based on any environment features that require a SoNS-wide reaction, such
as emergencies. Global references can be received from any directly connected robot
(parent or child) or can be generated based on features from the robot’s own sensor
information. Each robot forwards any global references it generates or receives to
every robot it is directly connected to, except for the robot that sent the respective
reference. Using these reference vectors (local, hierarchical, global), each child robot
then defines its own target linear and target angular velocities.

Splitting SoNSs. A robot in a SoNS can expel a child, for instance based on
a command received from its parent. If it chooses to expel a child, or if the child
is unintentionally disconnected, the SoNS splits into two. The expelled child will
automatically resume being the brain of its own SoNS and will update its target graph
accordingly. If the expelled robot has any children, all its downstream connections
are maintained. The downstream connections can then be reorganized in the next
time steps, using the robots’ updated target graphs and node allocation iterations.



4.2. SoNS control algorithm 89

The primary contribution of the SoNS robot swarm architecture is that a robot
system can integrate the manageability advantages of centralized systems without
sacrificing the scalability, flexibility, and fault-tolerance advantages of self-organized
systems. This contribution is founded on the novel combination of four impactful
features for robot swarms (see Fig. 4.1): self-organized controllable hierarchy, in-
terchangeable leadership (i.e, interchangeability of the brain), explicit inter-system
reconfiguration, and reconfigurable swarm behavior structures. Together, these fea-
tures enable robot swarms to self-organize reconfigurable multi-level system archi-
tectures, including their communication structures, control distributions, and system
behaviors.

Self-organized controllable hierarchy. The SoNS approach allows a robot
swarm to self-organize a temporary hierarchical communication structure that (i) is
built and maintained using communication only with nearby robots, (ii) is not im-
posed from the outside, and (iii) is comprehensively controllable (that is, the SoNS-
wide multi-level structure can move from any initial state to any desired state in its
configuration space of directed acyclic graphs). In other words, a SoNS hierarchy can
be explicitly defined and redefined by the brain and the desired changes occur through
robots configuring and reconfiguring their local connections in a self-organized way.
Self-organized controllable hierarchy has been shown in physically-connected robots
but is novel in robot swarms, which so far have shown only emergent hierarchy (for
example, (Firat et al., 2020)), not controllable hierarchy. The remote connections
of robot swarms bring significantly di%erent requirements than physical connections.
The physical locations and topology constrain each other less under remote connec-
tions than under physical connections, which provides much more flexibility in how
a SoNS can be organized, but also adds the challenge that physical location and
topology must both be actively (and sometimes separately) maintained.

Interchangeable leadership. In a SoNS, all robots occupy an explicitly defined
position in a hierarchy, but any robot, at any level of hierarchy, can be interchanged
autonomously and on demand. This interchange is self-organized by the robots, using
communication only with nearby robots. This means that, if the brain fails, the
SoNS self-organizes to automatically and immediately substitute it with the nearest
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robot, which continues to specify the same SoNS structure and mission goals as the
previous leader. This is a novel feature for robot swarms that base their behaviors on
communication with nearby robots and yet contain explicit leaders, which so far have
used static (and sometimes manually defined) leadership. It is also a departure from
many other types of multi-robot systems, which often use indiscriminate followers
or groups of followers, but have not yet developed approaches for an explicit control
hierarchy that is self-organized using communication only with nearby robots.

Explicit inter-system reconfiguration. The SoNS approach allows reconfigu-
ration between multiple SoNS—that is, several SoNSs can split and merge themselves
in a self-organized way that is coordinated by the brains of the SoNSs and uses com-
munication only with nearby robots, without losing the existing sub-structures that
could be retained. For example, several independent SoNSs could agree to merge
simultaneously, and the robots would reorganize themselves around the new shared
brain, retaining sub-sections of the old structures when possible. Robot systems in
the literature have shown splitting and merging of sub-swarms or sub-teams, but
with the non-leader members being unranked (for example, (Ducatelle et al., 2009,
2011)), so no reconfiguration of explicit sub-system architectures was demonstrated.

Reconfigurable swarm behavior structures. The inter-level control distribu-
tion and system behaviors within a SoNS (for example, the global structure defining
which information sources influence which actions) can be negotiated and explicitly
reconfigured without breaking the system architecture. Reconfiguration can occur (i)
locally and temporarily to balance conflicting global and local goals; (ii) SoNS-wide
for the purpose of global sensing, actuation, and decision-making goals set by the
brain; but also (iii) locally for internal reorganization of a SoNS (for example, robots
automatically redistributing themselves to compensate for a failed robot). Based on
this capacity for internal reorganization, if the needed changes to behavior are too
substantial to be managed by inter-level negotiation, an entirely new SoNS architec-
ture can be initialized by the brain and self-organized by the robots. No existing
work has presented a robot swarm architecture with these explicit reconfiguration
capabilities.
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4.2.1 Details

Each robot in a SoNS runs a local copy of the SoNS control algorithm which consists
of key components for updating target graphs, updating node attributes, manag-
ing connections to neighbors, transforming input vectors to own coordinate system,
classifying sensor information, and updating actuation instructions.

Within the SoNS control algorithm, there is one module that has no default def-
inition and therefore is always mission-specific: the BrainProgram. This module
serves as the primary programming interface, allowing a user to program the whole
SoNS as if it were a single robot with a reconfigurable morphology. The other key
functions used in the SoNS control algorithm have default definitions but can be
treated as parameters depending on the robot platforms utilized and/or task re-
quirements.

A visual overview of the SoNS control algorithm running on each robot is provided
in Fig. 4.3. Definitions of the referenced variables and message types are listed in
Tables 4.1 and 4.2. Key functions are presented both as equations (see Eqs. F1-F9 in
Table 4.3) and as pseudocode (see Algs. 1-5). Each version of the BrainProgram
is detailed in Alg. 6, while the parameterized function is provided in multiple versions
in Alg. 7.

4.2.2 Functions of the SoNS algortihm

The key functions of the SoNS control algorithm are described below.
Target graphs: Each robot ri updates its target graph and mission status

either based on information received from its parent or, if it is a brain, according
to its own information. It then updates its target downstream vertex cardinality
VertexCard→

ri
using the function TargetCard (Eq. F1) on its target graph H

→

ri
.

If the robot has children, it extracts the target graph for each child H
→

cri
from its own

target graph using the function Subgraph (Eq. F2) and sends it to the respective
child.

Node attributes: Each robot estimates its actual downstream vertex cardinal-
ity VertexCard→

ri
and vertex height VertexHigh→

ri
using the functions SumCard
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Figure 4.3: The SoNS control algorithm. Variables are colored according to their
source: from the robot’s own SoNS algorithm (red), from the robot itself but from
outside the SoNS algorithm (green), from the parent (blue), from a child (pink), from
both parent and children (purple), or from a robot in the field of view (yellow). The
BrainProgram is the primary software module by which the user can e%ectively
program the whole SoNS as if it were a single robot with a reconfigurable morphology.
It is programmed for each mission separately. (Reprinted from (Zhu et al., 2024).)
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Variable Description

ri The robot on which the local copy of the algorithm is running
RobotIDri Arbitrary unique identifier of robot ri

Quality
ri

SoNS quality of robot ri

SonsIDri SoNS identifier of robot ri

SonsIDOLD
ri

SoNS identifier of the most recent former SoNS of robot ri

t
OLD
ri

Estimated time steps since leaving the most recent former SoNS of robot ri

VertexCardri Downstream vertex cardinality of robot ri

VertexHighri Vertex height of robot ri

H
→
ri

Target graph that robot ri is currently attempting to have built downstream from it
Status The status that robot ri will use if it is or becomes a brain

cri ↓ Cri Child of robot ri

pri Parent of robot ri

fri ↓ Fri Robot in the FoV of robot ri

Ari Environment features detected by robot ri (directly, or via any children)
d

→
cri

, q
→
cri

Target displacement and relative orientation of a child of robot ri

dfri
, qfri

Sensed displacement and relative orientation of a robot in the FoV of robot ri

v
→
ri

, ϑ
→
ri

Target linear velocity and target angular velocity of robot ri

v
LOCAL

, ϑ
LOCAL Reference vectors, see Eqs. F6-F8 in Table 4.3

v
HIER

, ϑ
HIER

v
GLOBAL

, ϑ
GLOBAL

Table 4.1: Key variables used in the SoNS control algorithm. (Reprinted from (Zhu
et al., 2024).)

Message type Recipient type Message contents

all — RobotID of sender, RobotID of target recipient, message type,
optional instruction to modify any parameter(s)

Recruit fri SonsID and Quality of sender

RejectRecruitment fri —

AcceptRecruitment fri —

Split cri destination node in target graph H
→
cri

HandOver cri RobotID of target parent, v
HIER

, ϑ
HIER towards target parent

UpdateParent pri VertexHighri , VertexCardri , a subset of Ari ,
and optionally v

GLOBAL
, ϑ

GLOBAL

UpdateChild cri Quality
ri

, SonsIDri , H
→
cri

, Status, v
HIER

, ϑ
HIER

and optionally v
GLOBAL

, ϑ
GLOBAL

Table 4.2: Key message types that can be output by robot ri using the SoNS control
algorithm, along with the robot types that can receive them and their key contents.
(Reprinted from (Zhu et al., 2024).)
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Function name Default equation

TargetCard (Eq. F1) VertexCard→
ri

=
rj ↓ V (H→

ri
)


Subgraph (Eq. F2) H
→
cri

=


V (H→
cri

), E(H→
cri

)


=


R
+
H→

ri
(r→

j
) ≃ r

→
j

↓ V (H→
ri

), eij |i ↓ V (H→
rj

)


Note: V (G) and E(G) denote the vertices and edges of graph G, respectively, and

R
+
G

(v) denotes all vertices in the directed graph G reachable from vertex v.

SumCard (Eq. F3) VertexCardri =


cri →Cri
VertexCardcri

+ 1

SumHigh (Eq. F4) VertexHighri = max(VertexHighcri
|cri ↓ Cri) + 1

Transform (Eq. F5) dria = drirj + RT(drja, qrirj )
vri = RT(vrj , qrirj )
qria = H(qrirj , qrja)
ϑri = RT(ϑrj , qrirj )

Note: RT(x, y) is a function to rotate vector y by unit quaternion x using the

Euler–Rodrigues formula, with the Euler parameters given by the

coe!cients of quaternions y
p = (0, y) and x.

H(x, y) takes the Hamilton product of two quaternions x and y.

Local (Eq. F6) v
local
ri

=






v
max ↑ ⊋da ri if ϖ < k1

min


v
max

, →k2 log


ω↑k1
k3↑k1


↑ ⊋da ri if k1 < ϖ < k3

0 otherwise

Hier (Eq. F7) v
hier
cri

=






v
default ↑ ⫅̸d→

cri cri
→ if

d→
cri cri

→

 > k4

v
default ↑

d→
cri cri

→

↑k5



k4↑k5
↑ ⫅̸d→

cri cri
→ if k5 <

d→
cri cri

→

 < k4

0 otherwise

Global (Eq. F8) v
global
ri

= v
max ↑ ⊋da ri

Note: ϖ denotes Euclidean distance from a to ri and k1-k5 are scalar parameters

to be tuned based on the hardware platform used.

Equivalents of Eqs. 6-8 are used to calculate ϑ
local

ri
, ϑ

hier

ri
, and ϑ

global

ri
.

If robot ri is a brain, then v
local

ri
, v

hier

ri
, ϑ

local

ri
, ϑ

hier

ri
= [0, 0, 0],

and v
global

ri
, ϑ

global

ri
are output by the BrainProgram.

Tar (Eq. F9) v
→
ri

=


v
local
ri

+ v
hier
ri

+ v
global
ri

+


v
global
rj

with max. magnitude |vmax|
ϑ

→
ri

=


ϑ
local
ri

+ ϑ
hier
ri

+ ϑ
global
ri

+


ϑ
global
rj

with max. magnitude |ϑmax|

Table 4.3: Default equations used in the SoNS control algorithm. (Reprinted
from (Zhu et al., 2024).)
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(Eq. F3) and SumHigh (Eq. F4), based on the estimated downstream vertex cardi-
nalities and heights received from its children (VertexCard→

cri
, VertexHigh→

cri
),

if it has any. It also updates its SoNS identifier and quality metric, either based on
information received from its parent or, if it is currently a brain, according to its own
information.

Vector transformation: Each robot ri uses the function Transform (Eq. F5)
to convert all input vectors received from any parent or child robot rj into its own
coordinate frame. This includes reference vectors vrj , ϑrj and sensor information
drja, qrja for any feature a, which are then used in other functions.

Update reference vectors for actuation instructions: Robot ri uses the
function Local (Eq. F6) to update its own local reference vectors, if it is not cur-
rently a brain; uses the function Hier (Eq. F7) to update hierarchical reference
vectors to send to its children, if it has any; and, if it determines that a feature it
sees requires a SoNS-wide reaction, uses the function Global (Eq. F8) to update
a global reference to send to any robot connected to it (parent or child).

Update target velocities: If it is not currently a brain, robot ri uses function
Tar to update its own target velocities.

The following functions detailed in pseudocodes are related to feature classifica-
tion and connection management in the SoNS control algorithm. The functions are
used as follows:

Adding connections: Each robot ri uses the Compete function (Alg. 1) to
send, accept, or reject recruitment messages when a robot enters its field of view
(FoV), determining whether that robot will become its parent, child, or neither.
It compares its quality metric and other node attributes to those of the inquiring
robot before deciding. Simultaneously, ri uses the Bid function (Alg. 2) to adjust
its quality metric for future iterations of Compete if necessary (see message types
in Table 4.2).

Breaking connections: Each robot uses the Break function (Alg. 3) to remove
connections with any robots that have left its field of view (FoV) or with which it has
decided to break intentionally. If it disconnects from its parent, the robot updates its
quality metric for future recruitment competitions and becomes a brain by default.
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Algorithm 1 Compete function. (Reprinted from (Zhu et al., 2024).). If robot ri

receives a recruitment message from any robot fri in its field of view, it will respond
with acceptance or rejection. It rejects recruitment if it is currently a member of
the SoNS of fri or recently left it, or if its SoNS quality is higher than that of fri ;
otherwise, it accepts. If robot ri accepts, it updates its parent to fri . Robot ri also
sends a recruitment message to any robot in its FoV that did not recently reject it.
If robot ri receives an acceptance from any robot fri , it adds fri to its set of children.
1: function Compete
2: t

OLDri ⇐ t
OLDri + 1

3: for robot fri ↓ Fri do
4: if AcceptRecruitment message is received then
5: Cri ⇐ Cri + fri

6: else if Recruit message is received then
7: if SonsIDfri

= SonsIDri then
8: send RejectRecruitment message
9: else if (SonsIDfri

= SonsIDOLD
ri

) ⇒ (tOLD
ri

⇑ VertexHighri) then
10: send RejectRecruitment message
11: else if Quality

ri
⇓ Quality

fri
then

12: send RejectRecruitment message
13: else
14: send AcceptRecruitment message
15: pri ⇐ fri

16: end if
17: end if
18: if no RejectRecruitment message was received in the last t

RejectTimer time steps then
19: send Recruit message
20: end if
21: end for
22: end function

Algorithm 2 Bid function. (Reprinted from (Zhu et al., 2024).) If robot ri

updates its bid for recruitment competitions, it breaks its link with its parent pri

and updates its Quality according to its new bid value.
1: function Bid
2: if Split message is received from pri then
3: BidValue ⇐ randomly generated
4: pri ⇐ empty
5: Quality

ri
⇐ BidValue

6: end if
7: end function



4.2. SoNS control algorithm 97

This function also updates the robot’s node attributes accordingly if its connection
with its parent is lost, either intentionally or accidentally.

Algorithm 3 Break function. (Reprinted from (Zhu et al., 2024).) If robot ri

no longer has its parent or one of its children in its FoV, it removes its connection
to that robot. If the parent of robot ri has been updated or made empty by any
function, robot ri updates its SonsID and Quality.
1: function Break
2: for cri ↓ Cri do
3: if cri has not been in the field of view of ri in the last t

BreakTimer time steps then
4: Cri ⇐ Cri → cri

5: end if
6: end for
7: if pri has not been in the field of view of ri in the last t

BreakTimer time steps then
8: pri ⇐ empty
9: end if

10: if pri has been modified during this function or functions Compete 1 or Bid 2 then
11: if pri is not empty then
12: SonsIDri ⇐ SonsIDpri

13: Quality
ri

⇐ Quality
pri

14: else
15: SonsIDri ⇐ RobotIDri

16: if pri was made empty during this function or function Compete then
17: Quality

ri
⇐ randomly generated

18: end if
19: end if
20: SonsIDOLD

ri
⇐ former SonsIDri

21: t
OLD
ri

⇐ 0
22: end if
23: end function

Managing connections: Each robot ri manages and (re)allocates its children
at each step by using the Allocate function (Alg. 4). This involves assigning
children to nodes within its own target graph or reallocating them to be managed
by its parent, as necessary. These (re)allocation actions are guided by comparing
the current states of ri and its children with the target states specified in the target
graph (see HandOver message in Table 4.2).

Feature classification: Each robot that is not currently a brain uses the Clas-
sify function (Alg. 5) to categorize environmental features as meriting a local reac-
tion, a SoNS-wide (global) reaction, or forwarding to its parent for handling further
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Algorithm 4 Allocate function. (Reprinted from (Zhu et al., 2024).) Robot ri

allocates each of its current children to one of its target child positions c→

ri
↓ C

→

ri
or

to be handed over to its parent.
1: function Allocate
2: TargetMatch(Cri ≃ ri, C

→
pri

) {Self and children as sources; targets of parent and self}
3: for source robot in CB

↑ returned by TargetMatch do
4: if source robot matches the same target node in CB

↑ that is matched by ri then
5: add source robot to the set C

↓
ri

to be used in the next allocation steps
6: else
7: assign source robot to parent and send HandOver message
8: end if
9: end for

10: for source robot rj in C
↓
ri

do
11: if ShortestDistance(pri , p

→
ri

, rj) < ShortestDistance(pri , p
→
ri

, ri) then
12: assign source robot to parent and send HandOver message
13: end if
14: end for
15: TargetMatch(C ↓

ri
, C

→
ri

) {Any remaining children as sources; targets of self}
16: for source robot in CB

↑ do
17: if source is uniquely matched to target in CB

↑ then
18: assign source robot to target node
19: else if multiple source robots rj are matched to the same target r

→
j

then
20: select the source robot rj with the lowest ShortestDistance(ri, r

→
j
, rj)

21: assign remaining source robots to the selected rj and send HandOver messages
22: else if one source is matched to multiple targets then
23: send the list of targets to the source robot for use in its Allocate function
24: else
25: assign source robot to parent and send HandOver message
26: end if
27: end for{Algorithm continues on the next page}
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Algorithm 4 Allocate function (cont’d). (Reprinted from (Zhu et al., 2024).)
1: for cri ↓ Cri do
2: if the connection from ri to cri spatially intersects with another detected con-

nection then
3: if the intersecting connection is with another cri then
4: swap their node assignments
5: else
6: send HandOver message towards the parent of the detected connection
7: end if
8: end if
9: end for

10: end function
11: function ShortestDistance(rk, rl, rm)
12: return drkrl

· d
→
rkrm

↗d→
rkrm ↗

13: end function
14: function TargetMatch Cri ,C→

ri

15: define CB as all unique combinations of entries cri ↓ Cri and c→

ri
↓ C

→

ri

16: S
d ⇐ dricri

⇔cri ↓ Cri {Source displacements}
17: S

card ⇐ VertexCardcri
⇔cri ↓ Cri {Source downstream cardinalities}

18: T
d ⇐ d

→

ricri
⇔c→

ri
↓ C

→

ri
{Target displacements}

19: T
card ⇐ VertexCard→

cri
⇔c→

ri
↓ C

→

ri
{Target downstream cardinalities}

20: W
d ⇐ ||Sd

j → T d
j ||2 ⇔ (cri , c→

ri
) ↓ CB {Displacement costs}

21: Scapac, T capac ⇐ ||Scard
j ||, ||T card

j || ⇔ (cri , c→

ri
) ↓ CB {Source capacity and Target

capacity}
22: construct a network flow graph Gflow using the defined matrices
23: apply the NetworkFlow algorithm (Cormen et al., 2001; Wayne, 1999) to

Gflow to obtain the maximum flow rate network G↘
flow

24: use G↘
flow to select the source in S

d, S
card to match to each target in T

d, T
card

25:
26: return matches (cri , c→

ri
) ↓ CB

↑ {Matches are candidates for node assignments}

27: end function
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upstream in the hierarchy. If the robot is currently a brain, it processes features
according to its BrainProgram.

Algorithm 5 Classify function. (Reprinted from (Zhu et al., 2024).) Robot
ri classifies features it detects directly or receives from any children into features
that: can be handled locally, can be handled by the parent, or require a SoNS-wide
reaction.
1: function Classify
2: for a ↓ Ari do
3: if a is a feature type that can be avoided locally e.g., a

SmallObstacle then
4: use a in function Local Eq. F6
5: else if a is a feature type that requires a SoNS-wide reaction then
6: use a in function Global Eq. F8
7: else forward a to pri

8: end if
9: end for

10: end function

4.2.3 Mission-specific modules of the SoNS control algorithm

Most functions within the SoNS algorithm have default versions but can be ad-
justed as parameters to meet specific task requirements. However, two key func-
tions, BrainProgram and Bid, are designed to be mission-specific, enabling the
entire SoNS to operate as if it were a single robot with a reconfigurable structure.
The versions of these functions used in this study are provided in the pseudocode
below. Table 4.4 summarizes the primary functions and variables utilized within the
BrainProgram.

4.3 Convergence and stability analysis

To verify our SoNS architecture, we consider a distance-based positioning approach
(in which every robot can reference a single other nearby robot) and a reactive
control law to establish and maintain the target relative positions using onboard
measurements. This simple approach can be understood as a performance baseline
for the tracking of target positions within a SoNS.
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Function name Default equation

StopMoving v
→
ri

= (0, 0, 0), ϑ
→
ri

= (0, 0, 0)

MoveForward v
→
ri

= (0.2, 0, 0), ϑ
→
ri

= (0, 0, 0)

MoveToObject v
→
ri

= (ax, ay, 0), ϑ
→
ri

= (0, 0, ar)

Note: ax, ay, ar are calculated for movement towards

and alignment with object a.

Variable Description

H
→Label labeled target graph

H
Label labeled matrix of target graphs H

→ with attributes

Table 4.4: Key functions and variables used in the BrainProgram modules.
(Reprinted from (Zhu et al., 2024).)
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Algorithm 6 Brain Program. (Reprinted from (Zhu et al., 2024).) Primary
module through which a multi-robot SoNS can e%ectively be programmed as if it
were a single robot with a reconfigurable morphology.

Input: Ari , Status, optionally VertexCardri and VertexCard→
ri

Output: v
→
ri

, ϑ
→
ri

, H
→
ri

, optionally Status or other outputs for cri ↓ Cri

Alg. 6a Variation used in the Establishing self-organizing hierarchy mission. When
robot ri is the brain, it tries to stay in its current position and does not change its target
graph.
function BrainProgram
H

→
ri

⇐ H
→Default

StopMoving
end function

Alg. 6b Variation used in the Balancing global and local goals mission. When robot
ri is the brain, it tries to move forward until it detects the final destination object and
does not change its target graph.
function BrainProgram
H

→
ri

⇐ H
→Default

if a
Destination ↓ Ari or Status = Destination then

Status ⇐ Destination
if a

Destination is near the target relative position then StopMoving
else MoveToObject
end if
else MoveForward

end if
end function

Alg. 6c Variation used in the Collective sensing and actuation mission. When robot
ri is the brain, it tries to move forward until it detects the final destination object. If
it detects any walls, it selects the target graph with the widest shape that will still fit
between the walls.
function BrainProgram
A

LeftWall ⇐ the set of all a
Wall ↓ Ari that are to the left of the body frame of ri

A
RightWall ⇐ the set of all a

Wall ↓ Ari that are to the right of the body frame of ri

if a
Destination ↓ Ari or Status = Destination then

Status ⇐ Destination
H

→
ri

⇐ H
→Final

if a
Destination is near the target relative position then StopMoving

else MoveToObject
end if

else if (ALeftWall ↖= ↙) ⇒ (ARightWall ↖= ↙) or Status = FitsBetween then
Status ⇐ FitsBetween
estimate ShortestDistance from any a

Wall ↓ A
LeftWall to any a

Wall ↓ A
RightWall

H
FitsBetween ⇐ the set of all H

→ ↓ H
DifferentWidths with Width < ShortestDistance

H
→
ri

⇐ H
→ ↓ H

FitsBetween with maximum Width
MoveForward

else
H

→
ri

⇐ H
→Default

MoveForward
end if
end function {Algorithm continues on the next page}
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Algorithm 6 Brain Program (cont’d). (Reprinted from (Zhu et al., 2024).)
Alg. 6d Variation used in the Binary decision-making mission. When robot ri is the

brain, it tries to move forward until it detects the final destination object. If it detects a
wall in front of it, it stops moving unless it detects an opening in the wall. If it detects
an opening, it switches to a target graph with a narrow shape and tries to move forward.

function BrainProgram.
if a

Destination ↓ Ari or Status = Destination then
Status ⇐ Destination
H

→
ri

⇐ H
→Final

if a
Destination is near the target relative position then StopMoving

else MoveToObject
end if

else if Ari includes a a
LeftEdge that is positioned to the left of a a

RightEdge or Status =
Narrow then

Status ⇐ Narrow
H

→
ri

⇐ H
→Narrow

MoveForward
else

H
→
ri

⇐ H
→Default

MoveForward
end if
end function

Alg. 6e Variation used in the Splitting and merging mission. When robot ri is a brain
with default status and its target graph is incomplete, it instructs a robot in its SoNS to
temporarily split. When robot ri is a brain with Search status, it follows walls in the
environment until its target graph is complete, then retraces its previous path.
function BrainProgram
if Status=Search then

H
→
ri

⇐ H
→Search

if VertexCardri < VertexCard→
ri

then
if a

Wall ↓ Ari then
FollowWall
else MoveForward

end if
else RetracePreviousPath

end if
else

H
→
ri

⇐ H
→Default

else StopMoving
if Status=Default and VertexCardri < VertexCard→

ri
after t

Check time steps then
construct Split message with added instruction to set Status = Search at destination
send Split message to child cri that is upstream from target destination r

→
j

Status ⇐ Waiting
else if VertexCardri ⇓ VertexCard→

ri
then

Status ⇐ Default
end if

end if
end function
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Algorithm 7 Bid function variations. (Reprinted from (Zhu et al., 2024).). The
default Bid function (Alg. 2) is used in most experiment setups in this study. The
exception is the following two mission types, in which it is used as a mission-specific
parameter.
Alg. 7a Variation used in the Binary decision-making mission. Robot ri increases

its Quality if the features in its environment are favorable for the next mission step:
specifically, if it detects that it is near an opening in a wall blocking its path, it increases
its Quality according to the detected width of the wall opening.
function Bid
if A includes a a

LeftEdge that is positioned to the left of a a
RightEdge then

estimate Distance from a
LeftEdge to a

RightEdge

BidValue⇐Distance
pri ⇐ empty
Quality

ri
⇐ Quality

ri
+ BidValue

end if
end function

Alg. 7b Variation used in the Splitting and merging mission. Robot ri decreases its
Quality slightly when it is instructed to split. The e"ect is that, when robot ri later
returns and the two SoNS re-merge, robot ri will lose the recruitment competition and
will revert to being a child in the SoNS from which it split.
function Bid
if Split message is received from pri then

BidValue⇐ →0.01
pri ⇐ empty
Quality

ri
⇐ Quality

ri
+ BidValue

end if
end function



4.3. Convergence and stability analysis 105

To provide theoretical analyses and mathematical proofs regarding the conver-
gence of the position errors and closed-loop stability of position tracking in a SoNS
with respect to the control inputs, we represent a SoNS as a system of robot pairs,
use a proportional control law that is strictly reactive, and derive the leader–follower
tracking kinematics assuming the robots cannot access any global information or
external reference frame, instead using only local sensing of relative information that
is available in our real setup.

Specifically, we represent a SoNS of n robots as a multi-robot formation and
decompose it into n → 1 sub-formations of leader-follower pairs. To study the inter-
actions and stability bounds of a SoNS, we analyze the local leader-follower formation
tracking problems of these pairs. We use a standard reactive control law (Krick et al.,
2009; Oh and Ahn, 2011) to generate appropriate inputs for the follower robot, in
order to maintain the desired relative position with respect to its leader. This strictly
reactive control law is the same approach we use in our real robot experiments; it
establishes a performance baseline for the tracking of target positions within a SoNS.
We assess the convergence and closed-loop stability of position tracking in the system,
utilizing the leader-to-formation stability notion (Tanner et al., 2004).

At the end of this section, we discuss other types of control laws that could be
combined with the SoNS architecture to improve performance beyond the baseline
established using a strictly reactive control law.

4.3.1 Modeling

Consider a SoNS with n robots (including both aerial robots and ground robots).
The translational motion in R2 space of a robot Ri, i ↓ {1, 2, . . . , n}, is governed
by(Oh and Ahn, 2011):

↽̇pi = ↽ui (4.1)

where ↽pi =
[
xi yi

]T
↓ R2 is the absolute position in a global coordinate system FI

used for analysis and ↽ui ↓ R2 is the control input.
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4.3.2 Control of a leader-follower pair

We first analyze the interactions of a single leader-follower pair, before extending to
multiple leader-follower pairs.

Leader-follower kinematics

We derive the leader-follower kinematics for a formation consisting of a single robot
pair. Consider the leader-follower setup in Fig. 4.4, where ↽pi =

[
xi yi

]T
is the

position of the leader robot Ri, ↽pj =
[
xj yj

]T
is the position of the follower robot

Rj, ↽dij ↓ R2 is the desired displacement of Rj w.r.t. Ri and is defined according
to the control outputs of the SoNS software, all expressed in the global coordinate
frame used for the analysis. From this setup, we can define ↽zij = ↽pi → ↽pj as the
displacement of the follower Rj with respect to the leader Ri, ↔↽zij↔ ↓ R as the
Euclidean norm of that displacement, ↔↽dij↔ = ↔↽dji↔ ↓ R as the Euclidean norm
of the desired displacement ↽dij, ↽p d

j = ↽pi → ↽dij as the desired position of Rj, and
↽eij = ↽zij → ↽dij ↓ R2 as the formation tracking error.

With this notation, the kinematics of a leader-follower pair can be defined as

↽̇eij = ↽̇pi → ↽̇pj

= ↽ui → ↽uj

(4.2)

Remark 3: Note that robots in a SoNS are assumed to not have access to
any global position information or external reference frame. Each robot can only
access the relative positions ↽zij of its neighbors j ↓ Ni, with respect to its own local
reference frame. Global position information is used exclusively for analysis.

Problem formulation

The control law that generates inputs for the follower robot to move from its current
position ↽pj to the desired position ↽p d

j can be expressed as follows.
Problem definition: The goal is to ensure that the formation tracking of the
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Figure 4.4: An example leader-follower pair. (Reprinted from the supplementary
materials of (Zhu et al., 2024).)

follower robot Rj adheres to the motion model given in Eq. (4.1) and conforms to
the leader-follower kinematics given in Eq. (4.2), using the following control law ↽uj

for the follower robot:
↽uj = f(t, ↽zij, ↽dij) ↓ R2 (4.3)

where ↽zij is the displacement with respect to the leader and ↽dij is the desired displace-
ment. The function f(·) generates the required control inputs to move the follower
robot from its current position ↽pj to the desired position ↽p d

j , such that the norm of
the formation tracking error ↔↽eij↔ ↗ 0 and ↔↽zij↔ ↗ ↔↽dij↔.

Control law design and analysis

Based on the leader-follower kinematics given in Eq. (4.2), we use the following
standard reactive controller (Krick et al., 2009; Oh and Ahn, 2011) for the follower
robot Rj:

↽uj = K
j(↽zij → ↽dij)

= K
j↽eij

(4.4)
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where K
j = (Kj)T =



kj
1 0

0 kj
2



 is a symmetric positive-definite matrix, the con-

stants kj
1 and kj

2 are control gains, and ↽uj ↓ R2 is the input for maintaining the
desired displacement ↔↽dij↔ of the follower with respect to the leader. The control
law is independent of any global position information; it uses only relative position
information between the follower and the leader, making it independent of any global
position information.

Input-to-state stability and bounding of formation tracking errors

We first analyze the stability properties of the leader-follower kinematics Eq. (4.2) in
the case of zero external input based on the following definition of Lyapunov stability.

Definition 1: (exponential stability (Khalil and Grizzle, 2002)) For a time-
invariant system ẋ = f(x) where f : D ∝ Rn ↗ Rn is a locally Lipschitz function
and x = 0 ↓ D is an equilibrium point of the system, exponential stability can be
established through the use of a Lyapunov function V (x) that satisfies the following
conditions:

• V (x) is C1 (i.e., continuously di%erentiable)

• c1↔x↔a ⇑ V (x) ⇑ c2↔x↔a

• and V̇ (x) ⇑ →c3↔x↔a

where a > 0, c1 > 0, c2 > 0, and c3 > 0.
Theorem 1: For a leader-follower robot pair with the motion model Eq. (4.1),

an initial condition ↽pi(0) ↖= ↽pj(0), and control input ↽ui = 0, the controller Eq. (4.4)
guarantees exponential stability of ↽eij ↗ 0 as t ↗ ′, in the system given in Eq. (4.2).

Proof 1: By substituting the control law Eq. (4.4) into the motion model
Eq. (4.1), we obtain the following closed-loop system:

↽̇pj = K
j↽eij (4.5)
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The leader-follower kinematics Eq. (4.2) can then be expressed as

↽̇eij = →K
j↽eij + ↽ui (4.6)

We consider the Lyapunov function candidate V1 = 1
2↽eT

ij↽eij that satisfies the following
condition:

cj
1↔↽eij↔ ⇑ V1 ⇑ cj

2↔↽eij↔ (4.7)

where aj = 2, 0 < cj
1 = min(kj

1, kj
2), and 0 < cj

2 = max(kj
1, kj

2). Note that the
constants kj

1 and kj
2 are the gains of the matrix K

j defined in Eq. (4.4). Then,
di%erentiating Eq. (4.7) with respect to time yields

V̇1 = ↽eT
ij↽̇eij

= ↽eT
ij(↽ui → K

j↽eij)

= →↽eT
ijK

j↽eij + ↽eT
ij↽ui

⇑ →2cj
1↔↽eij↔2 + ↔↽eij↔↔↽ui↔ ⇑ →cj

3↔↽eij↔2 ⇑ 0, ⇔ ↔↽eij↔ ⇓ ↔↽ui↔
2cj

1ε

(4.8)

where cj
3 ↭ 2cj

1(1 → ε), ε ↓ (0, 1).The proof is concluded by substituting ↽ui.
With minor modification and following the lines of (Seibert and Suarez, 1990),

the same proof can be used also to show that if the control input ↽ui ↗ 0 then the
formation tracking error ↔↽eij↔ converges to 0.

If the leader is moving with other velocity regimes, then there is a lower bound
that the formation tracking error can attain, according to ↽ui. In order to ensure that
the quadrotors maintain stability within some flight safety requirements, it is crucial
to bound the error amplitudes in the worst-case scenario. We use the input-to-state
stability (ISS) notion (Isidori, 1985; Khalil and Grizzle, 2002; Sontag et al., 1995)
to establish an upper limit for the formation tracking error and an upper limit for
the admissible leader input ↽ui that can maintain flight safety at all times. We then
use the analysis of the formation’s ISS to establish a link between the magnitude of
the leader’s input and the evolution of the formation tracking errors, i.e., the error
dynamics given in Eq. (4.6).
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Definition 2: (input-to-state–stability (Sontag et al., 1995)) Let a leader-follower
pair be input-to-state stable. Then, there is a class KL function ϖ and a class K
function ⇀ such that, for any initial formation tracking error ↽eij(0) and for any
bounded input of the leader ↽ui(t), the solution ↽eij(t) exists for all 0 ⇑ t and satisfies
the following inequality (Tanner et al., 2004):

↔↽eij(t)↔ ⇑ ϖij(q, t) + ⇀ij (r) (4.9)

where the functions ϖij(q, t) and ⇀ij(r) are transient and asymptotic ISS gain func-
tions, respectively. These functions help to measure the a%ect of the initial conditions
and the leader’s input on the formation tracking errors (Tanner et al., 2002).

In order to further analyze the ISS properties of the leader-follower pair, we treat
the error dynamics given by Eq. (4.6) as a perturbed system and derive an upper
bound on the error norm ↔↽eij(t)↔. This bound provides a measure of the rate at which
the formation tracking error converges and indicates that it is ISS with respect to
the leader’s velocity ↽ui (Isidori, 1985; Khalil and Grizzle, 2002; Tanner et al., 2002).
Using the initial error norm ↔↽eij(0)↔ we can then rewrite the inequality Eq. (4.9) as

↔↽eij(t)↔ ⇑ ϖij(↔↽eij(0)↔, t) + ⇀ij



sup
0≃ϑ≃t

↔↽ui(ϱ)↔


⇑ ϖ̂ij↔↽eij(0)↔e
↔

c
j
3

c
j
2aj

t
+ ⇀̂ijsup

ϑ≃t
↔↽ui(ϱ)↔

, (4.10)

where the terms ϖ̂ij and ⇀̂ij are gain estimates that provide insight into the relation-
ship between the initial error, the leader’s input, and the observed interconnection
errors observed. They are defined as

ϖ̂ij ↭


cj
2

cj
1

 1
aj

, ⇀̂ij ↭
cj

2

cj
1ε

(4.11)
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By substituting the gain estimates from Eq. (4.11) into Eq. (4.10), we obtain

↔↽eij(t)↔ ⇑


cj
2

cj
1

 1
aj

↔↽eij(0)↔e
↔

c
j
3

c
j
2aj

t
+ cj

2

cj
1ε

sup
ϑ≃t

↔↽ui(ϱ)↔ (4.12)

We use the formation ISS measure as a metric to help provide an upper bound on
the leader’s input and ensure that the formation remains within desired specifications.
Additionally, we use it to compare the stability properties of di%erent formation
shapes and connection schemes.

Definition 3: (formation ISS measure (Tanner et al., 2002)) Consider a leader-
follower pair that is ISS with gain functions ϖij(q, t) and ⇀ij(r). Assume that ⇀ij(r) ↓
C1 (i.e., it is continuously di%erentiable) and let U ∞ Rn be a compact neighborhood
of the origin containing all ↽ui ↓ U that are of interest. The formation tracking error
↽eij always satisfies the following inequality if the leader-follower pair is ISS:

lim
t⇐⇒

↔↽eij(t)↔ ⇑ ⇀ij (r) (4.13)

If we consider a specification such as the first leader’s input bounded inside a
unit sphere where r = 1, we can derive the formation’s ISS performance measure
PISS ↓ [0, 1], based on the performance measure of leader-to-follower stability PLF S

in (Tanner et al., 2004), as follows:

PISS ↭ 1
⇀ij(1) (4.14)

Formation tracking error with bounded leader inputs

Consider a leader-follower pair as depicted in Fig. 4.4, where the initial positions
are ↽pi(0) = [5, 10]T and ↽pj(0) = [0, 0]T , the desired displacement vector is given as
↽dij = [3, 4]T , and the controller gain matrix K

j has kj
1 = 5 and kj

2 = 5.
Remark 4: In the real-robot and simulated experiments in this study, we use

a strictly reactive control law; there is no feedforward control nor preview of the
reference signal. We use this reactive control with the aim of establishing a perfor-
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mance baseline for the tracking of target positions within a SoNS—in other words,
to study the lower bounds of performance that the formation tracking error can at-
tain. For a discussion of incorporating feedforward information in SoNS for improved
performance, see the end of this section.

Under a stationary leader (i.e., ↽ui = [0, 0]), the formation tracking error exponen-
tially converges to zero (see Fig. 4.5a). The upper bound defined in Eq. (4.10) decays
with respect to the initial formation tracking error and the lower bound defined in
Eq. (4.8) is always 0 (the error norm converges to 0).
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Figure 4.5: Norm of the formation tracking error without feed-forward information.
(a) Error norm under a stationary leader, with the upper bound (UB) and lower
bound (LB). Note that the lower bound line (green) is along the bottom of the graph.
(b) Error norm under a moving leader with di%erent velocity regimes. (Reprinted
from the supplementary materials of (Zhu et al., 2024).)

For cases of moving leaders, we consider the lower bound that the error can
attain under velocity regimes that span the conditions occurring in our real robot
experiments. We consider the example error norms ↔eij↔1, ↔eij↔2, and ↔eij↔3, which
represent the formation tracking errors under leader velocities ↽u1

i = [10, 10]T , ↽u2
i =

[5, 5]T , and ↽u3
i = [2, 2]T , respectively. Under these velocity regimes, the error norms

converge to a lower bound (see Fig. 4.5b). For instance, when the leader velocity is
↽u2

i and ε = 0.5, the norm of the formation tracking error ↔eij↔2 converges to a lower
bound around 1.5.
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4.3.3 Control of multiple leader-follower pairs

We also assess how stability bounds are propagated in formations composed of mul-
tiple leader-follower pairs.

Graph theory preliminaries

For a SoNS, we define a target topology G = (V, E, D), where V = {v1, . . . , vn} is a
set of vertices, E = {⇁ij = (→→↗vj, vi) | vj, vi ↓ V, vi ↖= vj} is a set of edges, and D = ↽p d

j is
a set of formation attributes that includes information such as the desired positions.
Each vertex vi has a set of neighbors Ni = {vj ↓ V | (i, j) ↓ E}. We also define an
adjacency matrix An = [aij] ↓ Rn↑n to represent the connections between vertices.
For example, if vertices vi and vj are connected, the corresponding entry aij in the
adjacency matrix will be non-zero. An entry of the adjacency matrix is defined as

aij =






0, i = j

0, (i, j) ↖↓ E

1, (i, j) ↓ E

(4.15)

The Laplacian matrix L = [lij] ↓ Rn↑n related to the adjacency matrix A for i ↓
{1, 2, . . . , n} and j ↓ {1, 2, . . . , n} is defined as

lij =






n
k=1 aij, i = j

→aij, i ↖= j
(4.16)

Remark 5: Note that, in the SoNS approach, a directed edge between vertices
vj and vi represents a communication and control link between the corresponding
follower robot Rj and the leader Ri, and the indegree of each vertex is 1 (i.e., each
follower has only one leader). Therefore, an n-node graph has n→1 edges and can be
considered an n-robot formation with n → 1 pairs of leaders and followers. For each
pair, the control law Eq. (4.4) drives the follower robot to its desired position. If
Theorem 4.3.2 is satisfied for all pairs, the formation of n robots will be stable (Das
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et al., 2002).

Propagation of the stability bounds

As we demonstrate in Eq. (4.12), a leader-follower pair has input-to-state stability
(ISS). Input-to-state stability is preserved in cascaded connections (Isidori, 1985),
such that ISS bounds are calculated from one robot to another, from the first leader
to the last follower of the formation. However, the upper bound of the formation’s ISS
depends on the initial magnitude of the formation tracking error, ↔↽eij(0)↔, and this
error term tends to increase as more leader-follower pairs form complex structures.
Thus, the formation’s ISS depends on the longest path length of information passed
from leaders to their respective followers (i.e., the length of the path from the first
leader to the last follower) in the formation. Any formation can be constructed
from two types of 3-robot primitives: either with cascaded connections or parallel
connections. We analyze the ISS properties of these formation primitives.

(a) (b)

Figure 4.6: Formation primitives. (a) Cascaded formation primitive. Robot Rj

follows the first leader of the formation Ri, and robot Rk in turn follows robot Rj.
Dashed arrows denote information passed from leader to follower. (b) Cascaded
formation primitive. Robot Rj follows the first leader of the formation Ri, and robot
Rk in turn follows robot Rj. Dashed arrows denote information passed from leader
to follower. (Reprinted from the supplementary materials of (Zhu et al., 2024).)

In a formation primitive of three robots with cascaded connections (see Fig. 4.6a),
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the control laws for each follower robot Rj and Rk are defined as

↽uj = K
j(↽zij → ↽dij) = K

j↽eij

↽uk = K
k(↽zjk → ↽djk) = K

k↽ejk

(4.17)

The ISS bounds of each pair can be expressed as follows:





↔↽eij(t)↔ ⇑ ϖij(↔↽eij(0)↔, t) + ⇀ij



sup
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↔↽ui(ϱ)↔


⇑


cj
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cj
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) 1
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j
2aj

t
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2
cj

1ε
sup
ϑ≃t

↔↽ui(ϱ)↔

↔↽ejk(t)↔ ⇑ ϖjk(↔↽ejk(0)↔, t) + ⇀jk



sup
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

⇑

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) 1
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↔
ck
3

ck
2 ak

t
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2
ck
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sup
ϑ≃t

↔↽uj(ϱ)↔

(4.18)

The proof of Proposition III.1 in (Tanner et al., 2004) shows that the error norm
↔↽ejk(t)↔ between two followers can be expressed in terms of the first leader’s velocity
↽ui, as follows:

↔↽ejk(t)↔ ⇑ ϖjk(↔↽ejk(0)↔, t) + ⇀jk



sup
0≃ϑ≃t

↔↽ui(ϱ)↔


ϖjk(↔↽ejk(0)↔, t) ↭


ck
2

ck
1

 1
ak

↔↽ejk(0)↔e
↔

ck
3

ck
2 ak

t
, ⇀jk



sup
0≃ϑ≃t

↔↽ui(ϱ)↔


↭ ck
2cj

2
ck

1ε
sup
ϑ≃t

↔↽ui(ϱ)↔

(4.19)
To demonstrate that the ISS of the first leader-follower pair (robots Ri and Rj)
can be extended to the second pair (robots Rj and Rk) in the cascaded formation
primitive in Fig. 4.6a, we can construct the following composite error vector:

↽eik ↭ [↽eij ↽ejk]T (4.20)

A system composed of two cascaded ISS systems is also ISS (Isidori, 1985; Khalil
and Grizzle, 2002). Therefore, the composite formation tracking error of two systems
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↽eik satisfies the inequality

↔↽eik(t)↔ ⇑ ϖik(↔↽eik(0)↔, t) + ⇀ik



sup
0≃ϑ≃t

↔↽ui(ϱ)↔


(4.21)

where

ϖik(↔↽eik(0)↔, t) = ϖik1(↔↽eik(0)↔, t) + ϖik2(↔↽eik(0)↔, t)

ϖik1(↔↽eik(0)↔, t) = ϖjk


2ϖjk(↔↽eik(0)↔,

t

2) + ⇀jk(2ϖij(↔↽eik(0)↔,
t

2)) + 2⇀jk(2ϖij(↔↽eik(0)↔, 0))
)

,
t

2

)

ϖik2(↔↽eik(0)↔, t) = ϖij(↔↽eik(0)↔, t)
(4.22)

and

⇀ik



sup
0≃ϑ≃t

↔↽ui(ϱ)↔


= ⇀jk(2⇀ij(sup ↔↽ui(ϱ)↔) + 2 sup ↔↽ui(ϱ)↔) + ϖik(2⇀jk(2⇀ij(sup ↔↽ui(ϱ)↔)

+ 2 sup ↔↽ui(ϱ)↔), 0) + ⇀ij(sup ↔↽ui(ϱ)↔)
(4.23)

Then, Eqs. (4.22) and (4.23) can be transformed into

ϖik(q, t) = ϖjk


2ϖjk(q,

t

2) + 2⇀jk(2ϖij(q, 0)), t

2

)
+ ⇀jk


2ϖij(q,

t

2)
)

+ ϖij(q, t)

⇀ik(r) = ⇀jk(2⇀ij(r) + 2r) + ϖik(2⇀jk(2⇀ij(r)) + 2r), 0) + ⇀ij(r)
(4.24)

where q = ↔↽eik(0)↔ and r = sup ↔↽ui(ϱ)↔.
Because a system composed of two ISS systems is also ISS (Isidori, 1985; Khalil

and Grizzle, 2002), the composite formation tracking error satisfies the inequality

↔↽eijk(t)↔ ⇑ ϖijk(↔↽eijk(0)↔, t) + ⇀ijk



sup
0≃ϑ≃t

↔↽ui(ϱ)↔


(4.25)
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where

ϖijk(↔↽eijk(0)↔, t) = ϖij(↔↽eij(0)↔, t) + ϖik(↔↽eik(0)↔, t)

⇀ijk



sup
0≃ϑ≃t

↔↽ui(ϱ)↔


= ⇀ij(sup ↔↽ui(ϱ)↔) + ⇀ik(sup ↔↽ui(ϱ)↔)
(4.26)

Then, Eq. (4.26) can be rewritten as

ϖijk(q, t) = ϖij(q, t) + ϖik(q, t)

⇀ijk(r) = ⇀ij(r) + ⇀ik(r)
(4.27)

In a formation primitive of three robots with parallel connections (see Fig. 4.6b),
both follower robots Rj and Rk can be assumed to be equivalent to the first follower
robot Rj in the cascaded formation primitive shown in Fig. 4.6a.

Error norm between the first leader and the first follower

(a) (b)

Figure 4.7: Two example formations of three robots. The arrows denote graph
connections, where information is passed from leader to follower. (a) Cascaded con-
nections. (b) Parallel connections. (Reprinted from the supplementary materials
of (Zhu et al., 2024).)

We assume that both formations move along the y-axis. The closed-loop kine-
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matics for the connections can be given as

↽uj = K
j(↽zij → ↽dij)

↽uk = K
k(↽zjk → ↽djk)

(4.28)

where K
j and K

k are controller gain matrices and kj
1 = kj

2 = kk
1 = kk

2 = 5. Note
that the initial positions of the robots are ↽pi(0) = [5, 10]T , ↽pj(0) = [1, 3]T , and
↽pj(0) = [3, →2]T . We set the constant reference velocity and desired displacement
vectors as ↽ui = [0, 10]T , ↽dij = [6, 0]T , ↽djk = [6, 0]T , ↽dik = [12, 0]T .

To calculate the formation ISS measure PISS for the cascaded connections (shown
in Fig. 4.7a), we redefine the asymptotic ISS gain Eq. (4.24) by setting r = 1, q = 1,
and t = 0. This bounds the inputs of the first leader inside the unit ball and ensures
that PISS varies in the range of [0, 1]. This results in the following expression:

⇀ik(1) = ⇀jk(2⇀ij(1) + 2) + ϖik(2⇀jk(2⇀ij(1) + 2), 0) + ⇀ij(1)

= 2⇀̂jk⇀̂ij + 2⇀̂jk + 4ϖ̂jk⇀̂jk⇀̂ij + 4ϖ̂jk⇀̂jk + ⇀̂ij

(4.29)

where ϖ̂ij ↭

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2
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) 1
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2), ck

2 ↭ max(kj
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2), and aj = ak = 2. This results in
the following PISS value:

P c
ISS = 1

1 + ⇀ik(1) = ε2

ε2 + 7ε + 6 (4.30)

where ε ↓ (0, 1).
The follower robots Rj and Rk with parallel connections (see Fig. 4.6b) can be

assumed to be equivalent to the first follower robot Rj with cascaded connections
(see Fig. 4.6a). A follower that is directly connected to the first leader has a lower
magnitude of relative errors with respect to the first leader’s velocity than a follower
that is instead connected to another follower. Fig. 4.8a shows a comparison of the
error norm for the first leader and its first follower in the two formations. In both
formations, Rj is in the first hierarchy layer and therefore the error norms ↔eij↔ for
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Rj are the same. However, in the cascaded connections, robot Rk follows Rj, while
in the parallel connections, Rk directly follows Ri. As a result, the error norm ↔eik↔
for Rk in the cascaded connections is higher than that for all other followers in both
formations.
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Figure 4.8: Comparison of two formations’ tracking error evolutions. (a) Error norm
between the first leader Ri and first follower Rj. Note that the lines for the cascaded
and parallel cases are the same (i.e., the red and blue lines of the graph are in the
same position, and therefore not fully visible). (b) Error norm between the first
leader Ri and last robot Rk. (Reprinted from the supplementary materials of (Zhu
et al., 2024).)

ISS gains calculation for n-robot formations

To obtain the total ISS gains for a formation of multiple leader–follower pairs, we
start from the terminal nodes (i.e., vertices with outdegree of 0) and apply Eqs. (4.22),
(4.23), and (4.26) iteratively based on the algorithm given in (Tanner et al., 2004),
thus reducing the original graph to a depth of one.

To illustrate this calculation for a specific target topology, consider a graph G =
(V, E, D) with an n ↑ n adjacency matrix A, where ai represents the i-th row. Begin
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by defining the following vectors:

ϖ̂0 ↭ [ϖ̂1
0

. . . ϖ̂n
0
]T (4.31)

⇀̂0 ↭ [⇀̂1
0 . . . ⇀̂n

0]T (4.32)

where ϖ̂ and ⇀̂ are the gain estimates defined in Eq. (4.11).
After k + 1 iterations, we obtain:

ϖ̂k+1 ↭ [ϖ̂1
k+1

. . . ϖ̂n
k+1

]T

⇀̂k+1 ↭ [⇀̂1
k+1 . . . ⇀̂n

k+1]T
(4.33)

Then, ϖ̂k+1 and ⇀̂k+1 can be calculated as

ϖ̂k+1 = ϖ̂k + ηn↔kck
ς

⇀̂k+1 = ⇀̂k + ηn↔kck
φ

ηn↔k = [0 . . . 0 ︷ 
n ↔ k ↔ 1

1 . . . 0]T

ck
ς = an↔kϖ̂kan↔k⇀̂kϖ̂k

n↔k + (an↔kϖ̂k)2

ck
φ = an↔kϖ̂kan↔k⇀̂k⇀̂k

n↔k + an↔k⇀̂k⇀̂k
n↔k

(4.34)

For any formation, the algorithm that is iteratively applied, Eqs. (4.22), (4.23),
and (4.26), will terminate in at most n → 1 steps (i.e., the maximum path length in
a graph with n vertices).

It is important to note that the depth of a formation’s graph will a%ect its stabil-
ity: the higher the depth of the graph, the larger the ISS gains will be. Similarly, the
depth of the graph will a%ect its robustness (Wang et al., 2009) in response to noisy
local information (i.e., under random disturbances in the information transferred
between robots).
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4.3.4 Incorporating feed-forward information

If a follower robot receives velocity information (feed-forward) from its leader without
any time delay, the control law Eq. (4.3) can be rewritten as follows:

↽uj = f(t, ↽zij, ↽dij) + ↽ui

= K
j(↽zij → ↽dij) + ↽ui

= K
j↽eij + ↽ui

(4.35)

where the first term in the control input is used to maintain the desired displacement
from the leader and the second term is used to follow the leader’s reference velocity.

If we substitute the control law given by Eq. (4.35) into the equation for the
motion model given by Eq. (4.1), we obtain

↽̇pj = K
j↽eij + ↽ui (4.36)

Then, the leader-follower kinematics given by Eq. (4.2) can be rewritten as

↽̇eij = →K
j↽eij (4.37)

By solving the di%erential equation Eq. (4.37), we then obtain

↽eij(t) = Ce↔(Kj)T t (4.38)

where C is any positive constant. Since (Kj)T = K
j is positive definite, then

↔↽eij(t)↔ ↗ 0. As t ↗ ′, ↽̇pj (or ↽uj) approaches ↽ui, such that the leader can steer the
follower with the velocity ↽ui.

Remark 6: Unlike the control law given by Eq. (4.4), the control law in Eq. (4.35)
is not influenced by the leader’s velocity, due to the use of feed-forward information.
This means that the stability of the leader-follower pair is not a%ected by whether
the leader is stationary or moving.

To demonstrate the benefit of using feed-forward information, we conduct a simu-
lation using the same parameters as the previous case, but with the follower robot re-
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ceiving the leader’s velocity information without any delay. The results in Fig. 4.9a,b,
demonstrate that the error norm indeed approaches zero regardless of the leader’s
velocity.
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Figure 4.9: Norm of the relative formation tracking error with feed-forward infor-
mation. (a) Stationary leader with the upper bound (UB) and lower bound (LB) of
the error norm. Note that the lower bound line (green) is along the bottom of the
graph. (b) Moving leader under di%erent velocity regimes. Note that the lines for
the three velocity regimes are the same (i.e., the red, blue, and green lines of the
graph are all in the same position, and therefore not fully visible). (Reprinted from
the supplementary materials of (Zhu et al., 2024).)

4.4 Results

We demonstrate the capabilities of the SoNS approach in experiments using real
heterogeneous aerial-ground swarms consisting of standard di%erential drive e-puck
robots (Millard et al., 2017; Mondada et al., 2009) and our custom-developed S-drone
quadrotors (see Chapter 3 for the details). To also demonstrate the SoNS capabilities
in swarms larger than our real robot arena allows, we run experiments in a simulator
that is cross-verified against the behavior of the real robots (using ARGoS (Pinciroli
et al., 2012). Within each experiment, all robots run local copies of the same SoNS
algorithm and operate fully autonomously—without any global positioning system,
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remote control station, or o%-board sensing. The robots use vision-based relative
positioning and are allowed to communicate wirelessly only if one robot is in the
other’s field of view. Actuation in the experiments is confined to motion.

4.4.1 Analysis metrics

For our empirical evaluation, we quantify each robot’s deviation from its eventual
settled pose by defining an actuation error εri for robot ri. Denote the current time
by t, the completion time of the present target graph by Final, the pose of robot ri

at time t by s
t
ri

, its destined pose at time Final by s
⇑Final
ri

, the brain’s pose at time
t by s

t
Brain, and the brain’s pose at time Final by s

Final
Brain. Using disp(x, y) for the

displacement of x relative to y in y’s body frame and the Euclidean norm || · ||, we
compute:

εt
ri

=
∥∥∥∥ disp


s

t
ri

, s
t
Brain


→ disp


s

⇑Final
ri

, s
Final
Brain

∥∥∥∥ (4.39)

and the swarm’s mean actuation error at time t as

Et = 1
n

n

i=1
εt

ri
(4.40)

where n is the number of robots.
To benchmark performance, we introduce a lower bound Bt on the mean error,

representing the scenario in which each robot travels straight to its target at max-
imum speed along the shortest path (ignoring obstacles, reconfiguration overhead,
and inter-robot collisions), and adjusting for aerial hover error. First, for each robot:

bt
ri

=
∥∥∥∥ disp


s

Start
ri

, s
Start
Brain


→ disp


s

⇑Start
ri

, s
Start
Brain

∥∥∥∥ → ▷i


t → Start


(4.41)

and then the swarm’s lower bound:

Bt =






1
n

n

i=1
bt

ri
→ 2h, if 1

n


bt

ri
> 0,

0, otherwise.
(4.42)
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Here, Start marks the beginning of the current target graph, s
Start
ri

and s
⇑Start
ri

are
the robot’s actual and intended poses relative to s

Start
Brain, ▷i is robot ri’s maximum

speed, and h is the mean hover error for aerial units (the 2h term compensates for
possible mutual drift that could artificially shrink pairwise distances). Although each
bt

ri
decreases linearly at rate ▷i, the aggregate Bt often tapers nonlinearly as robots

begin from varied displacements.

4.4.2 Robot missions

We conduct proof-of-concept robot missions that together demonstrate the key ca-
pabilities and novel features of the SoNS approach. All missions demonstrate self-
organized controllable hierarchy, the first feature of the SoNS approach: hierarchy
was maintained despite external disturbances. The novel features of interchange-
able leadership and explicit inter-system reconfiguration are both demonstrated in
the splitting and merging mission, as robots reconfigure into di%erent SoNSs and
also reconfigure their leadership allocations during the splits and merges. Note that
interchangeable leadership is also demonstrated in the later fault-tolerance experi-
ments. Together, these missions demonstrate the ability to self-organize multi-level
system architectures, including their communication structures, inter-level control
distributions, and system behaviors.

For each mission, we report at least five trials with real robots and 50 trials
in simulation (with up to 65 robots), with a maximum run time of 15 minutes
(constrained by the battery capacity of the quadrotor platform). The goals and
scope of possible behaviors for each mission were designed o’ine. We give the mission
schematics, show that the qualitative goals of the mission were achieved, and assess
the results in terms of mean actuation error E with respect to a lower bound B. The
mean error E with respect to lower bound B is meant to be a comprehensive metric
that encapsulates all types of actuation error that can originate in the SoNS, such
as errors in sensing, in decision making, during reconfiguration, or while converging
on a single shared SoNS.



4.4. Results 125

Establishing self-organized hierarchy

Figure 4.10: Establishing self-organized hierarchy. In this experiment, independent
robots in arbitrary starting positions need to self-organize into a single SoNS with
the target multi-level communication structure and target relative poses. Mission
schematic: (1) Starting on the ground, some robots are positioned in tight clusters,
which increases the possibility for interference between robots. (2) To self-organize
into the target graph, first the aerial robots take o% and all robots begin searching
for peers. Then, robots start forming connections, merging their respective SoNSs,
and reallocating themselves into positions that match the target graph. During this
process, robots continually adjust their relative positions while coordinating locally
to avoid collisions, until (3) the target graph is complete (figure continued on next
page). (Reprinted from (Zhu et al., 2024).)

The first proof-of-concept mission demonstrates the establishment of SoNSs (see
Fig. 4.10): independent robots in arbitrary start positions need to self-organize into
a single hierarchical system with the target multi-level communication structure,
including the correct topology and correct relative positions. In the two mission
variants, robots start on the ground either (i) with some of the robots clustered tightly
(and therefore resulting in robot–robot interference) in varying arbitrary locations, or
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Figure 4.10: (cont’d) (B-E) Results of real robot experiments. (B) Trajectories of
robots over time, in a trial with 12 robots, with the initial and final positions indicated
in color and in black, respectively, and (C) actuation error E (mean and confidence
interval per robot over time, see Eq. 4.40, with lower bound B, see Eq. 4.42, plotted
for reference) in an example trial. (D,E) Violin plots of E →B, actuation error minus
lower bound, in all experiment trials, for both mission variants: (D) clustered start,
six trials, and (E) scattered start, five trials. In this and following figures, the violin
plots show that the given example trial is not an outlier and is indicative of the
overall results of the respective mission. (Reprinted from (Zhu et al., 2024).)
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(ii) with all robots scattered in varying arbitrary positions throughout the arena. All
robots run local copies of the same SoNS algorithm and begin as independent single-
robot SoNSs, of which they are the brain by default. As robots enter each other’s
FoV, they compete to recruit each other, with many merging operations happening
simultaneously. Meanwhile, robots with children also continuously (re)allocate them
based on their target graphs. Thus, the robots self-organize not only to converge
on a single SoNS but also to approach the target relative poses indicated by the
attributes of the brain’s target graph.

In all experiments, the robots complete the mission: they converge on one SoNS
and establish the correct topology and relative positions for the target communication
topology (see example trial in Fig. 4.10B). The progression of a typical experiment
can be seen in the example trial (see Fig. 4.10C), in which the robots converge to the
correct topology and reach a low steady-state actuation error. All trials reach a low
steady-state error, with the clustered start variant displaying slightly higher average
error than the scattered start variant (see Figs. 4.10D,E).

Splitting and merging

The last proof-of-concept setup with real robots is a search-and-rescue mission (see
Fig. 4.11), in which SoNSs split and merge in order to reunite with missing robots. At
initiation, one or more single-robot SoNSs are isolated somewhere in the environment
and wait there to be found by a rescue team. There is also a primary multi-robot
SoNS somewhere in the environment. This SoNS notices that it is incomplete and
starts a rescue mission to find any missing robots (see Fig. 4.11A). The brain issues
instructions downstream for a specific node in its target graph to split away and
activate the ‘rescuer’ program. When the robot at that node receives the message, it
splits from its parent and automatically becomes a brain. It also lowers its quality,
so that it can resume its old membership upon returning. When robots in the
newly split ‘rescuer’ SoNS detect objects. The brain of this new SoNS uses sensor
information about these objects to follow them until it recruits a new robot, and
therefore acquires the correct number of children for its target graph. It then uses
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Figure 4.11: Splitting and merging. In this experiment, robots needed to con-
duct multi-SoNS search-and-rescue to reunite with missing robot(s). {(A) Mission
schematic: (1) Robots started in a SoNS that was missing a member. (2) The brain
instructed one of the robots to split and temporarily form its own multi-robot SoNS
as a rescue team. The rescue team SoNS searched a passage in the environment
until it found the missing robot and merged with it. (3) The rescue team SoNS re-
turned to the initial split location and re-merged with the remaining SoNS, reuniting
all robots. (B-D) Results of real robot experiments, in trials with 8 robots. (B,C)
In a real robot example trial: (B) trajectories of robots over time, with the initial
(in color) and final (in black) positions indicated, and (C) mean actuation error E
(Eq. 4.40) with lower bound B (Eq. 4.42) plotted for reference. (D) Violin plot of E
(Eq. 4.40) minus B (Eq. 4.42) in all five trials. (Reprinted from (Zhu et al., 2024).)
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sensor information to backtrack along the same objects. When it encounter its former
SoNS, it gets re-recruited, and as a result the two SoNS re-merge.

In all trials, the robots successfully complete the mission goals. The actuation
error rises during the period of reorganizations, but all robots re-merge into one SoNS
and the system returns to a low steady-state error (see Fig. 4.11C,D).

This mission includes three di%erent variants, two run in experiments with real
robots and one run in simulation (see Figs. 4.12–4.16) In an alternative mission
variant, the primary SoNS knows the direction of its missing robot, but needs to
physically push an obstruction out of the way, then merge with the missing robot
and guide it out of a convex barrier.

Fig. 4.12 shows a representative split-and-merge cycle during a search-and-rescue
mission in an obstacle-filled arena. In panel (a) the full SoNS is assembled but
one or two robots remain missing (greyed-out). Panel (b) captures the moment
when the SoNS “brain” issues a split command, detaching a small sub-team to form
an independent rescue group. Panels (c) and (d) depict how this rescue sub-team
fans out around obstacles, performs a systematic corridor sweep, locates the missing
robot, and immediately merges their local maps and beliefs. Finally, panels (e)
and (f) illustrate the return journey: the augmented rescue SoNS retraces its path
through the passage and rejoins the original group, completing the reunification.

Fig. 4.13 summarizes the quantitative results from five independent real-robot
trials, each with eight ground robots. In each row, the left plot shows the overhead
trajectory log for one run (with colored lines for individual robot paths, while the
right plot shows the error to the missing robot over time. Across all five trials the
rescue sub-team departs correctly, reduces error sharply upon locating its target,
and completes the final merge in under 90 s, converging to within 0.5 m of the
missing robot with low variance. The split phase consistently delivers rapid coverage,
driving average error below 3 m within 20–30 s, and the subsequent merge phase
refines localization to sub-meter accuracy. Despite real-world disturbances—wheel
slip, sensor noise, intermittent communications—the split-merge strategy reliably
reunites all robots with steady-state error below 1 m, demonstrating the robustness
of the SoNS framework in cluttered environments.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.12: Splitting and merging systems, search and rescue: Key frames. (a)
When robots start, they are in a SoNS that is missing one or two of its members.
(b) The SoNS-brain instructs one of the robots to split from it and temporarily form
its own multi-robot SoNS as a rescue team. (c,d) The rescue team SoNS searches
the environment until it finds the missing robot(s) and merges with it/them. (e,f)
The merged rescue team SoNS then returns to the location where it initially split
o% and re-merges with the remaining SoNS, so that all robots are reunited, and
the mission is complete. Note that, in the experiments, there are more obstacles in
the environment, forming the walls of an arbitrary passage that the robots need to
navigate to complete the search and rescue mission. (Reprinted from (Zhu et al.,
2024)).
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Figure 4.13: Splitting and merging systems, search and rescue: Real robot trials.
Five trials with real robots were conducted, each with eight robots (figure continued
on next page). (Reprinted from (Zhu et al., 2024).)
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Figure 4.13: (cont’d) Splitting and merging systems, search and rescue: Real robot
trials. Five trials with real robots were conducted, each with eight robots. (Reprinted
from (Zhu et al., 2024).)
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Figure 4.14 presents a sequence of six key frames from a single push-away mission
in an obstacle-cluttered arena. In panel (a) the full SoNS is assembled but one robot
remains trapped behind a barrier. Panel (b) shows how the SoNS “brain” directs
the free units to search until they locate the missing robot. Panel (c) captures the
instant when the team reorganizes into a multi-robot pushing formation around the
obstruction. Panels (d) and (e) illustrate the collaborative push as the ground robots
lever the barrier out of the way, allowing the missing robot to rejoin. Finally, panel
(f) depicts the reconfigured SoNS adopting its target topology once the obstruction
has been cleared and all eight robots are reunited.

Figure 4.15 summarizes five independent real-robot trials of the push-away vari-
ant. In each row the left-hand plot shows the overhead trajectory of all eight robots
(colored lines), with black markers indicating the push formation point, a red star
marking the location of the trapped robot, and filled squares at the final merge. The
corresponding right-hand plot traces the error between the free SoNS and the missing
robot over time. All runs exhibit an initial error of 1–2m during the search phase,
a transient rise to 2–2.5m when the obstruction is encountered, and a sharp decline
below 0.5m as the team completes the push and merges. Steady-state error remains
under 0.6 m with narrow confidence bands, despite wheel slip and sensor drift.

The push-away strategy thus achieves reliable reunification and obstacle removal
in under 90s on average. During the search phase the SoNS locates the trapped
robot in 20–40s, then transitions smoothly into a pushing formation that reduces
localization error by over 75% in under 15s. The final merge with the rescued robot
consistently brings residual error below 0.5m, demonstrating that the SoNS frame-
work can coordinate both exploratory search and heavy-load manipulation under
real-world disturbances.

Figure 4.16 shows three representative simulation trials of the simple split-and-
merge variant executed 50 times with 50 robots. In each row the left panel depicts
the overhead trajectories: robots depart from an initial lattice, execute a split at the
central waypoint (black circle), traverse the corridor in two sub-teams, and reform
at the merge point (filled square). Colored traces indicate individual robot paths,
illustrating uniform coverage and collision avoidance across all agents. The right
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(a) (b)

(c) (d)

(e) (f)

Figure 4.14: Push away an obstruction: Key frames. (a) When robots start, they
are in a SoNS that is missing a member. (b) The SoNS searches the environment
and finds the missing robot trapped by obstacles. (c) The SoNS reorganizes into a
shape that allows its ground robots to collaboratively push a large obstruction. (d,e)
The robots push the obstruction away and the SoNS merges with the missing robot,
so that all robots are reunited. (f) The robots reorganize into the target SoNS and
the mission is complete. (Reprinted from (Zhu et al., 2024).)
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Figure 4.15: Splitting and merging systems, push away an obstruction: Real robot
trials. Note that the highlighted keyframes shown here are from an intermediary time
step, not the end of the trial. Five trials with real robots were conducted, each with
eight robots (figure continued on next page). (Reprinted from (Zhu et al., 2024).)
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Figure 4.15: (cont’d) Splitting and merging systems, push away an obstruction:
Real robot trials. Note that the highlighted keyframes shown here are from an
intermediary time step, not the end of the trial. Five trials with real robots were
conducted, each with eight robots. (Reprinted from (Zhu et al., 2024).)
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panel plots the error between the split sub-team’s centroid and the mission waypoint
over time. The solid blue line is the mean error across all 50 trials, the dark and light
shaded regions correspond to the 95% and 90% confidence intervals, respectively. The
split phase drives error from roughly 1.2m to below 0.3m within 30s, after which error
remains near zero during traversal. A transient peak of 0.7–1.0m appears around
150–180s as the sub-teams merge, before the error converges back to under 0.2m
in the final steady-state. The consistently narrow confidence intervals demonstrate
that, even without search-and-rescue subtasks, the simple split-and-merge primitives
scale robustly to large teams under simulated sensor noise and communication delays,
achieving reliable reunification with sub-meter accuracy in under three minutes.

We demonstrate several aspects of fault tolerance in SoNS, in real and simulated
swarms. First, using real robots, we show replacement of a single robot that has
failed permanently, including a failed brain. In these demonstrations, one robot was
remotely triggered to fail (for the aerial robots, this included immediately landing in
place). Then, a new robot of the same hardware type was manually placed in the
arena and switched on, after which it was recruited by the SoNS. When a brain robot
or a robot at an inner hierarchy level failed, it was immediately and automatically
replaced by another robot already in the SoNS, and the robots redistributed around
the change. Then, when a new robot was recruited, it filled the vacancy in the
reorganized SoNS.

Using real robots, we also demonstrate reorganization in high-loss conditions
(Fig. 4.17A-C), i.e., after arbitrary permanent failures when the failed robots cannot
be replaced, with five trials run. The robots started the mission as one SoNS and,
after failure occurred, the SoNS continued the mission with the robots still available.
The full set of results shows that when ground robots failed, the rest of the robots
were able to stay connected in one SoNS and complete the mission, whereas when an
aerial robot failed, some of the ground robots downstream from it were disconnected
from the primary SoNS, but the remaining connected robots were able to continue
the mission. For example, in the trial shown in Fig. 4.17A,B, one of the aerial
robots failed (see purple star in A) at approx. 85 s (see red dotted line in B). The
only aerial robot that remained functional recruited the ground robots that remained



4.4. Results 138

Figure 4.16: Splitting and merging systems, simple split and merge: Example sim-
ulation trials. This variant consists simply of split and merge operations, without
search-and-rescue or other constituent tasks. 50 trials were conducted in simulation,
each with 50 robots. (Reprinted from (Zhu et al., 2024).)
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Figure 4.17: Fault tolerance. Results with real robots and in simulation, testing
both permanent failures (up to two-thirds of robots) and temporary system-wide
failures of communication or vision. (A-C) High-loss conditions with real robots:
arbitrary permanent failures of multiple robots in an 8-robot SoNS. (B,C) In a
real robot example trial: (A) trajectories of robots over time, with the initial (left),
an example intermediate, and final (right) SoNS indicated in black, with the failed
robots indicated in purple at their shutdown positions, and (B) mean actuation error
E (Eq. 4.40) with lower bound B (Eq. 4.42) plotted for reference. (C) Violin plot
of E (Eq. 4.40) minus B (Eq. 4.42) in all five trials. (D-F) High-loss conditions
in simulation: 33.3% or 66.6% failure probabilities in a 65-robot SoNS. (B,C) In a
simulated example trial with 66.6% probability for each robot to fail: (D) trajectories
of robots over time, with the initial (left) and final (right) SoNS indicated in black,
with the failed robots indicated in purple at their shutdown positions, and (E) mean
actuation error E (Eq. 4.40) with lower bound B (Eq. 4.42). (F) Violin plot of E →B
in all trials with both 33.3% and 66.6% failure probabilities, 50 trials per probability.
(Reprinted from (Zhu et al., 2024).)
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Figure 4.18: Fault tolerance. Results with real robots and in simulation, testing both
permanent failures (up to two-thirds of robots) and temporary system-wide failures
of communication or vision. (G-H) System-wide vision failure for 30 s in simulation,
in a 65-robot SoNS: (G) E in an example trial and (H) violin plots of E → B in all
50 trials, compared to 50 trials without failure. (I-J) System-wide communication
failure for 30 s in simulation, in a 65-robot SoNS: (I) E in an example trial and (J)
violin plots of E→B in all 50 trials, compared to 50 trials without failure. (Reprinted
from (Zhu et al., 2024).)
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functional and reachable, and continued with the mission, eventually reaching the
object marking the final destination. In all trials in which at least one robot of each
type remained functional, the SoNS was able to reorganize itself with the remaining
robots and continue with the mission, resulting in relatively low overall error for all
trials (Fig. 4.17C).

In simulation, we ran the same setup with a larger swarm of 65 robots (Fig. 4.17D-
F), to test task performance under high-loss conditions. In these experiments, each
robot had probability p to fail, regardless of hardware type or brain status. We tested
two variants by setting p = 0.3 or p = 0.6, with 50 trials per variant. In the example
trial in Fig. 4.17D-F, after two-thirds of robots failed, including the brain, the SoNS
continued with the mission and eventually reached the final destination object. In all
trials, the SoNS was able to reorganize itself with available robots (i.e., robots that
had not failed and were not stuck in place), returning to a low steady-state error
(Fig. 4.17E).

Also in simulation in a swarm of 65 robots, we tested two types of temporary
system-wide failures that would be likely to occur in practice (Fig. 4.18G-J): vision
failure (for example, because of an obstruction in the environment) and wireless
communication failure. We tested visibility and wireless communication failures with
durations of 0.5 s, 1.0 s, and 30 s, with 50 trials per duration for each failure type.
In all trials, the SoNS was able to re-establish itself after the system-wide failure,
continuing with the mission and leaving behind less than 5% of robots (i.e., three
robots or less) in any trial. In all trials, the actuation error increased after failure
occurred (see red dotted lines in Fig. 4.18G,I) but by the end of the mission returned
to low steady-state error.

The fault tolerance setups include four variants (see Figs. 4.19-4.23) that are
all based on the same robot mission, with one variant run in experiments with real
robots and the other three run in simulation.
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Figure 4.19: Multiple permanent failures: Real robot trials. Five trials with real
robots were conducted, each with eight robots. Failures are triggered uniformly
randomly. Note that in the third trial shown here, both aerial robots failed, and
therefore the remaining functional robots (all ground robots) did not fulfill the re-
quirements of the mission and did not continue with the mission after the failures
occurred (figure continued on next page). (Reprinted from (Zhu et al., 2024).)
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Figure 4.19: (cont’d) Multiple permanent failures: Real robot trials. Five trials
with real robots were conducted, each with eight robots. Failures are triggered
uniformly randomly. Note that in the third trial shown here, both aerial robots
failed, and therefore the remaining functional robots (all ground robots) did not
fulfill the requirements of the mission and did not continue with the mission after
the failures occurred. (Reprinted from (Zhu et al., 2024).)
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Figure 4.20: High-loss conditions, 33.3% probability to fail: Example simulation
trials. 50 trials were conducted in simulation, each with 65 robots. (Reprinted
from (Zhu et al., 2024).)
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Figure 4.21: High-loss conditions, 66.6% probability to fail: Example simulation
trials. Note that in some trials under this condition, the SoNS was able to re-
establish itself after the failures occurred, but was not able to complete other portions
of the mission due to, for example, functional ground robots in the SoNS becoming
trapped by the failed ground robots (as in the middle trial shown here). 50 trials
were conducted in simulation, each with 65 robots. (Reprinted from (Zhu et al.,
2024).)
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Figure 4.22: Temporary system-wide vision failure: Example simulation trials of
three di%erent failure durations (from top to bottom, 0.5, 1.0, and 30 s). 50 trials per
duration were conducted in simulation, each with 65 robots. (Reprinted from (Zhu
et al., 2024).)
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Figure 4.23: Temporary system-wide communication failure: Example simulation
trials of three di%erent failure durations (from top to bottom, 0.5, 1.0) 50 trials per
duration were conducted in simulation, each with 65 robots. (Reprinted from (Zhu
et al., 2024).)
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4.5 Chapter conclusions

The results demonstrate that the SoNS approach greatly expands the state of the
art in swarm robotics, enabling qualitatively new swarm behaviors and behavior
combinations. Using the SoNS approach, we have shown that robot swarms can
self-reconfigure their communication, control, and behavior structures on demand,
coordinating sensing, actuation, and decision making SoNS-wide without sacrificing
agility, scalability, or fault tolerance. Finally, the proof-of-concept missions reflect
the relative ease of behavior design provided by the SoNS approach, allowing a user to
program a whole swarm as if it were a single robot with a reconfigurable morphology.

Firstly, the self-organized controllable hierarchy of the SoNS approach, which is
novel for robot swarms, is demonstrated in all missions through the maintenance
and reconfiguration of hierarchical communication structures. The topology and
relative positions are both controllable (sometimes separately), without any external
intervention. The second novel feature of the SoNS approach—its self-organization of
explicit and interchangeable leadership roles—enables robot systems to establish and
reorganize themselves flexibly, without having to reinitialize the whole architecture
if, for example, a brain loses connection or some of the robots at an inner hierarchy
level experience environmental disturbances. This feature can be seen in the fault
tolerance experiments, in which SoNSs are able to automatically reorganize after a
brain is lost or a majority of robots fail, continuing their mission without having to
backtrack on past progress or synchronize with an external reference. Thirdly, inter-
system reconfiguration is demonstrated during all SoNS establishment operations
and splitting and merging operations, such as in the splitting and merging mission.
The fourth novel feature of the SoNS approach is the ability to reconfigure the
system’s internal behavior structures, for instance by renegotiating the inter-level
control distribution.

In short, we have shown the SoNS system architecture to provide a reconfigurable
explicit control hierarchy for robot swarms, which is in itself novel. Beyond that,
because the SoNS approach allows the system architecture to be multi-level and
dynamic while still being self-organized, it enables qualitatively new behaviors and



4.5. Chapter conclusions 149

behavior combinations in robot swarms. Using the SoNS approach, we have shown
that robot swarms can handle increased mission complexity, self-reconfiguring their
communication, control, and behavior structures on demand. We have also shown
that the SoNS approach retains the fault tolerance advantage for which robot swarms
are often studied. Any robot, including the brain, is shown to be immediately and
automatically replaceable in both reality and simulation, and SoNSs are able to re-
cover and continue missions in high-loss conditions, as well as recover from temporary
system-wide failures of detection or communication. In these fault tolerance experi-
ments, we specifically tested a SoNS’s ability to recover without adapting its overall
mission, to assess baseline performance. If robots had instead been allowed to search
for each other after experiencing disconnections (as shown in the search-and-rescue
mission), then more robots could have been retained. Furthermore, the communica-
tion plateaus at less than 0.6 kB per robot, which in SoNSs of up to 250 robots is less
than 120 kB of messages per step, remaining well below the bandwidth limitations
of several types of wireless communication technologies. Overall, the results show
that, using the SoNS, sensing, actuation, and decision making can be coordinated
SoNS-wide, without sacrificing scalability, flexibility, and fault tolerance.



Chapter 5

Reconfigurable Frameworks for Self-organized
Hierarchy

The previous chapter introduced a self-organizing hierarchical swarm architecture and
conducted comprehensive experiments for its validation. This chapter1 builds on the
theoretical foundations required to use this architecture for the formation control of
large swarms. We focus on the systematic and mathematically analyzable organi-
zation and reorganization of hierarchical frameworks in a robot swarm. Although
methods for framework construction and formation maintenance via rigidity theory
exist in the literature, they do not address cases of hierarchy in a robot swarm. To
achieve this, in this chapter, we extend bearing rigidity to directed topologies and ex-
pand Henneberg constructions to generate self-organized hierarchical topologies with
bearing rigidity. We investigate three key self-reconfiguration problems: framework
merging, robot departure, and framework splitting. We derive the mathematical con-
ditions for these problems and develop algorithms that preserve rigidity and hierar-
chy using only local information. Our approach can be used for formation control
generally, as in principle it can be coupled with any control law that makes use of
bearing rigidity. To demonstrate and validate our proposed hierarchical frameworks
and methods, we apply them to four scenarios of reactive formation control using an
example control law.

1The content of this chapter was previously published in (Zhang et al., 2023).
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5.1 Approach and contributions

This chapter addresses self-reconfigurable hierarchical frameworks in robot swarms,
for the purpose of formation control, enabled by bearing rigidity theory and the
notion of hierarchy. Our hierarchical frameworks can construct and reconstruct
themselves comprehensively (through robot addition, framework merging, robot de-
parture, and framework splitting) using only local measurement and local commu-
nication. To demonstrate our hierarchical frameworks and validate our theoretical
results, we implemented the frameworks within a simple controller and evaluated it
across four experimental scenarios.

The main technical contributions of this chapter can be summarized as follows:

1. We extend bearing rigidity theory (Zhao and Zelazo, 2019) to directed graphs
with lower triangular structure. This is non-trivial because of the analysis
di"culty associated with the lack of symmetry, which must be handled in
directed graphs. We also show that to evaluate rigidity under such a topology,
in addition to the concept of infinitesimal bearing rigidity, the concept of bearing
persistence is required. We provide the necessary and su"cient conditions to
uniquely determine a framework under a directed topology with asymmetric
and lower triangular structure.

2. We propose a novel Hierarchical Henneberg Construction (HHC) to integrate
the concepts of bearing rigidity and hierarchy. Compared to the bearing-based
Henneberg Construction proposed in (Trinh et al., 2018), which analyzes rigid-
ity from a geometric perspective using a global reference frame, our method can
establish rigidity intrinsically and in a decentralized way (i.e, without global
references). The only existing approach to analyze bearing rigidity in a decen-
tralized way without a global reference is (Schiano et al., 2016), which has few
constraints on topology, but still, assumes that the topology has already been
established. Our approach, by contrast, uses hierarchy to construct and main-
tain the necessary topology and intrinsically establish rigidity, without relying
on an absolute reference, system-wide broadcast, or other global mechanisms.
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3. We propose the mathematical conditions and design the distributed algorithms
to preserve rigidity and hierarchy during framework construction (including
robot addition), framework merging, robot departure, and framework splitting.

5.2 From bearing rigidity to bearing persistence

Notation: Rd is the d-dimensional Euclidean space. 0 is a zero matrix with appro-
priate dimension; The d ↑ d identity matrix is denoted by Id and the n ↑ 1 vector
of all ones is denoted by 1n. rank (·) and Null (·) are the rank and null space of a
square matrix; card (·) denotes the number of elements in a set. ↔·↔ is the Euclidean
norm of a vector.

Consider a set of n (n ⇓ 2) robots in Rd (d = 2, 3). pi (t) ↓ Rd denotes the position
of robot i ↓ {1, 2, . . . , n} at time t and the vector p (t) =

[
pT

1 (t) , pT
2 (t) , . . . , pT

n (t)
]T

↓
Rdn describes the configuration of the robot swarm at time t. Interactions among
the robots are characterized by a graph G = (V , E), where |V| = n and |E| = m. If
eji = (ej, ei) ↓ E , then the i-th robot can receive information from the j-th robot.
G is undirected if ⇔eji ↓ E , there exists eij ↓ E ; otherwise, G is directed. We
define the parent set of vertex vi as Pi = {vj ↓ V|eji ↓ E}, and the child set of vi as
Ci = {vj ↓ V|eij ↓ E}.

It is assumed that for each edge eji ↓ E , robot i can continuously measure the
bearing of robot j where the bearing vector is gij = pij/↔pij↔ and where pij = pj → pi

is the displacement vector.
We define a framework as a graph G associated with a configuration p, i.e., (G, p).

According to whether the underlying graph is directed or not, the framework is either
an undirected framework or a directed framework.

In the next subsection we will recall some classical concept concerning the so-
called bearing rigidity of undirected frameworks, and in the subsequent subsection
we will report a series of new results on directed frameworks that will be used in this
chapter.
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5.2.1 Bearing rigidity in undirected frameworks

To describe all the bearings in (G, p), define the bearing function FB as FB (p) !=[
gT

1 , gT
2 , . . . , gT

m

]T
, where gk corresponds to the k-th edge in graph G. Then, we can

define the bearing rigidity matrix as

RB (p) != φFB

φp
↓ Rdm↑dn (5.1)

Definition 1 – Infinitesimal bearing rigidity (Zhao and Zelazo, 2019): An
undirected framework (G, p) in Rd is infinitesimally bearing rigid (IBR) if and only
if the positions of all robots in the framework can be uniquely determined up to a
translational and scaling factor.

Throughout this chapter, we refer to frameworks that satisfy Definition 1 as
infinitesimally bearing rigid (IBR), and to those that do not as non-infinitesimally
bearing rigid (non-IBR).

Lemma 1 (Zhao and Zelazo, 2019): An undirected framework (G, p) in Rd is
IBR if and only if rank (RB (p)) = dn → d → 1, or equivalently Null (RB (p)) =
span {1n ∈ Id, p}.

Another equivalent definition for an IBR framework is that all the infinitesimal
bearing motions are trivial2, i.e., translation and scaling are the only robot motions
that preserve the relative bearings between robots connected by an edge. Examples
of non-infinitesimally bearing rigid frameworks are presented in Fig. 5.1(a), where
there clearly exist non-trivial infinitesimal bearing motions (see red dashed arrows),
under which the framework will deform. By contrast, Fig. 5.1(b) shows examples of
rigid frameworks where the only infinitesimal motions possible are rigid translation
and scaling of the frameworks. Note that the cases reported in Fig. 5.1(b) are
obtained by rigidifying the examples in Fig. 5.1(a), by adding edges (see blue edges)
to eliminate non-trivial infinitesimal bearing motions.

2Two kinds of trivial infinitesimal bearing motions exist: translational and scaling of the entire
framework. More details are given in (Zhao and Zelazo, 2019).
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(a)

(b)

Figure 5.1: (a) Examples of non-IBR frameworks. The red arrows represent non-
trivial infinitesimal bearing motions, under which the framework will deform and
cannot be uniquely determined. (b) Examples of IBR frameworks. In contrast
to examples in (a), the newly added edges (blue edges) can eliminate non-trivial
infinitesimal bearing motions, such that the configuration is uniquely determined.
(Reprinted from (Zhang et al., 2023)).
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Figure 5.2: Examples to illustrate the concepts of bearing rigidity (Zhao and Zelazo,
2015) and bearing persistence in directed frameworks. (a) An infinitesimally bear-
ing rigid (IBR) but non-bearing persistent (non-BP) framework. (b) A framework
that is both IBR and bearing persistent (BP). (c) A Non-IBR but BP framework.
(Reprinted from (Zhang et al., 2023).)
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5.2.2 Bearing persistence in directed frameworks

It is worth noting that rigidity is fundamentally an undirected notion, and therefore is
not su"cient to characterize directed frameworks (Hendrickx et al., 2007). Consider
the framework in Fig. 5.2(a). Although it is IBR (because of the rank of RB), this
framework cannot always be determined uniquely. In this framework, Robot 1 has
no bearing constraints, therefore it can be placed arbitrarily in space. After the
position of Robot 1 is determined, Robot 2 and Robot 4 can be subsequently placed.
However, Robot 2 and Robot 4 only have one bearing constraint and they can be
randomly placed along edges e12 and e14. Once the positions of Robots 1, Robot 2,
and Robot 4 are determined, it is clear that the position of Robot 3 is not always
feasible, because it has three bearing constraints to be satisfied. The position of
Robot 3 is feasible if and only if ↔p21↔ = ↔p41↔. Therefore, rigidity is not su"cient to
characterize the framework in Fig. 5.2(a). By contrast, the framework in Fig. 5.2(b)
can be uniquely determined as an undirected framework.

This example indicates that more conditions are required to guarantee the ex-
istence and uniqueness of a directed framework. Therefore, in this chapter we will
also use the condition of bearing persistence (BP). Before defining this notion, we
introduce another bearing-related matrix B ↓ Rdn↑dn, namely the bearing Laplacian,
which is defined as (Zhao and Zelazo, 2019)

Bij =






0, i ↖= j, eji /↓ E

→ Pgij , i ↖= j, eji ↓ E


vk⇓Pi
Pgik

, i = j

(5.2)

where Bij ↓ Rd↑d is the ijth block of a submatrix of B, and Pgij is an orthogonal
projection operator defined as Pgij

!= Id → gijgT
ij. It can be proved that Pgij is

positive semi-definite, 0 is a simple eigenvalue of Pgij , Null

Pgij


= span (pi → pj),

and rank

Pgij


= d → 1.

Lemma 2 (Zhao et al., 2017): rank (Bii) = d if and only if there exist at least
two vertices vj, vk ↓ Pi such that gij ↖= gik. (Zhao and Zelazo, 2015): A directed
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framework (G, p) in Rd is bearing persistent (BP) if Null (B) = Null (RB). Frame-
works that do not satisfy this property will be referred to as non-bearing persistent
(non-BP).

For undirected frameworks, the bearing Laplacian matrix B is symmetric positive
semi-definite, which satisfies Null (B) = Null (RB) (Zhao and Zelazo, 2015). For
directed frameworks, however, only Null (RB) ∝ Null (B) is guaranteed. Note that
bearing persistence is independent of rigidity. An example is illustrated in Fig. 5.2(c),
which is not IBR but is still BP.

Even when using persistence, whether all IBR and BP directed frameworks can be
uniquely determined is still an open problem (Zhao and Zelazo, 2019). This research
focuses on directed graphs with a hierarchical structure. Specifically, each robot only
observes and tracks two immediate neighbors with higher hierarchy (i.e., parents),
which results in a lower triangular structure (cf. (Nagy et al., 2010)). Therefore, the
bearing Laplacian of these special directed graphs can be written as

B =





0 0
B2,1 B2,2

... ... . . .
Bn,1 Bn,2 · · · Bn,n




(5.3)

Lemma 3: Consider a directed framework (G, p) in Rd. If the corresponding
bearing Laplacian matrix B is lower triangular, the following statements are equiv-
alent.

(1) (G, p) is IBR and BP.

(2) (G, p) can be uniquely determined up to a translational and scaling factor.

(3) Null (B) = Null (RB) = span {1n ∈ Id, p}.

(4) rank (B) = dn → d → 1.

(5) rank (B2,2) = d → 1 and rank (Bii) = d, ⇔i ⇓ 3.
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Proof : According to the definitions of infinitesimal bearing rigidity and bearing
persistence, (1) ∋ (3) ∋ (4) is straightforward. We therefore only show (2) ∋ (3)
and (4) ∋ (5).

(2) △ (3): To demonstrate Null (B) = span {1n ∈ Id, p}, it is equivalent to show
⇔q =

[
qT

1 , · · · , qT
n

]T
↓ Null (B), q = ap + 1n ∈ b, where a ↓ R \ {0} and b ↓ Rd.

For robot 1, q1 can be chosen randomly according to Eq. (5.3), thus it is always
possible to find a and b, such that q1 = ap1 + b.

For robot 2, q2 satisfies B2,1 (q2 → q1) = 0. If B2,1 = 0, there is no bearing con-
straint for robot 2, thus robot 2 can be placed randomly, which contradicts statement
(2). Therefore, q2 → q1 ↓ Null (B2,1) = span {p2 → p1}, i.e., q2 → q1 = ◁ (p2 → p1) with
◁ ↓ R \ {0}. Now, we claim that qi = q1 + ◁ (pi → p1) for all 1 ⇑ i ⇑ n, and use
mathematical induction to check whether this claim is true.

For robot 3, the constraint is (B3,1 + B3,2) q3 = B3,1q1 + B3,2q2. Using q2 → q1 =
◁ (p2 → p1), the constraint can be rewritten as

(B3,1 + B3,2) q3 = (B3,1 + B3,2) q1 + ◁B3,2 (p2 → p1)

= (B3,1 + B3,2) (q1 + ◁ (p3 → p1))
(5.4)

where the last equality uses B3,1 (p3 → p1) + B3,2 (p3 → q2) = 0. Under Lemma 2,
B3,1 + B3,2 is not singular if and only if g3,1 and g3,2 exist, and are not collinear. If
g3,1 (or g3,2) does not exist, robot 3 only has one bearing constraint, thus it has a
non-infinitesimal bearing motion (such as robot 3 in Fig. 5.2(c)), thus the framework
cannot be uniquely determined. If g3,1 are collinear with g3,2, robot 3 still only has
one bearing constraint, and the framework will not be unique. This implies that
B3,1 + B3,2 is not singular, and we obtain q3 = q1 + ◁ (p3 → p1).

Now, we assume that qk = q1 + ◁ (pk → p1) is true for 1 ⇑ k ⇑ i → 1. For robot i,
we have i↔1

j=1 Bijqi =
i↔1

j=1 Bijqj

=
i↔1

j=1 Bijq1 + ◁
i↔1

j=1 Bij (pj → p1)

=
i↔1

j=1 Bij (q1 + ◁ (pi → p1))

(5.5)
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where the last equality uses i↔1
j=1 Bij (pi → pj) = 0. Via similar analysis for robot 3,

the uniqueness of the framework ensures that i
j=1 Bij is non singular, and further

that qi = q1 + ◁ (pi → p1).
By the above induction, we prove that qi = q1 + ◁ (pi → p1) is true for all robots.

Moreover, it can be derived that q = ◁p + 1n ∈ (q1 → ◁p1). This implies that ⇔q ↓
Null (B), q ↓ span {1n ∈ Id, p}.

(3) △ (2): Consider an IBR and BP framework (G, p). For a configuration
q ↓ Rn, we say q is a realization of directed graph G, if Ppi↔pj (qi → qj) = 0 for all
eij ↓ E . Denote the set of all realizations of G as SG. Our objective is to demonstrate
that ⇔q ↓ SG, q ↓ span {1n ∈ Id, p}. This can be directly verified via the bearing
Laplacian. Given that

Bq =





...
i↔1

j=1 Bij (qi → qj)
...




= 0 (5.6)

then q ↓ Null (B) = span {1n ∈ Id, p}.
(4) △ (5): According to Eq. (5.2), rank (B2,2) = d→1 if e12 ↓ E , and rank (B2,2) =

0 otherwise. Assume e12 /↓ E , then p1 and p2 can be placed arbitrarily, which is a
contradiction with statement (2). For robot i (i ⇓ 3), under Lemma 2, we assume
rank (Bi,i) ↖= d, then robot i only has at most one bearing constraint, such that it can
either be randomly placed in Rd if card (Pi) = 0, or randomly placed along a line, if
either card (Pi) = 1 or ⇔vj, vk ↓ Pi, gij = gik. In each of these cases, the framework
cannot be unique. Therefore, rank (Bii) = d.

(5) △ (4): By the property of block matrices, rank (B) ⇓ n
i=2 rank (Bii) =

dn → d → 1. Note that rank (B) ⇑ dn → d → 1 exists, hence rank (B) = dn → d → 1.
Lemma 3 gives necessary and su"cient conditions to uniquely determine a di-

rected framework with a lower triangular matrix B. Note that the structure of B

can be di%erent under distinct labeling rules. Here, we only require that one label-
ing rule exists, such that B is lower triangular, then Lemma 3 will be applicable
immediately.
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Infinitesimal bearing rigidity and bearing persistence are generic properties, which
are mainly determined by the structure of the underlying graph, rather than the
configuration. To highlight this fact, we introduce the following definition:

Definition 3 – Generically Bearing Rigid and Bearing Persistent (GBR-
BP) graph: A directed graph G is GBR-BP in Rd if there exists at least one
configuration p ↓ Rdn such that (G, p) in Rd is IBR and BP.

Lemma 4: Consider a directed graph G = (V , E), with a lower triangular bearing
Laplacian matrix B. G is GBR-BP if and only if card (P2) = 1 and card (Pi) ⇓ 2,
⇔i ⇓ 3.

Proof : Necessity: If G is GBR-BP, there exists a configuration p such that
(G, p) is IBR and BP. Therefore, statement (5) in Lemma 3 should be satisfied.
Since rank (B2,2) = d → 1, robot 1 should be the parent of robot 2. For i ⇓ 3,
rank (Bi,i) = d if and only if at least two of {gik}k⇓Pi

are not collinear. Thus,
card (Pi) ⇓ 2. Su"ciency: If card (P2) = 1 and card (Pi) ⇓ 2 exists, we should find
a configuration p =

[
pT

1 , pT
2 , . . . , pT

n

]
↓ Rdn, such that (G, p) is IBR and BP. For p1,

it can be selected randomly. For p2, because robot 1 is the parent of robot 2, we
only need to select p2 ↖= p1, which guarantees rank (B2,2) = d → 1. For pi (i ⇓ 3),
because the position of its parents have been determined, pi can be selected such
that there exist at least two vertices vj, vk ↓ Pi with gij ↖= gik, which guarantees
rank (Bi,i) = d. In this way, we find one configuration p, such that statement 5 in
Lemma 3 is satisfied. Thus, G is GBR-BP.

Lemma 4 provides an admissible solution to construct directed GBR-BP graphs,
and provides the theoretical basis needed to develop construction and re-configuration
strategies later. GBR-BP graphs have the following two properties.

Lemma 5: Consider a GBR-BP graph G = (V , E), with a lower triangular
structure. Add an edge eji to the graph G, where vi, vj ↓ V and j < i. The resultant
graph G+ = (V , E+) with E+ = E ≃ {eji} is GBR-BP.

Lemma 6: Consider a GBR-BP graph G = (V , E), with a lower triangular
structure, delete an edge eki ↓ E , and add an edge eji /↓ E with j < i. Then, the
resultant graph G ↘ = (V , E ↘) with E ↘ = (E\eki) ≃ {eji} is GBR-BR.

Lemma 5 and Lemma 6 can be directly derived from Lemma 4, and thus the proofs
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are omitted. In other words, Lemma 5 allows us to connect new parent vertices to
any vertex vi (i ⇓ 3). Lemma 6 allows us to change the parent vertices of any vertex
vi (i ⇓ 3). This provides us flexibility in adjusting the topology of a robot swarm
dynamically, while the bearing rigidity and persistence are guaranteed.

5.3 Problem statement

Based on the concepts of bearing rigidity and bearing persistence, the objective of this
chapter is to investigate the construction and reconstruction of self-reconfigurable
hierarchical frameworks in a robot swarm. The following three questions will be
addressed:

1. Given a swarm of n robots capable of onboard bearing measurements, how can
the robots construct a hierarchical and GBR-BP graph?

2. Given the constructed graph, how can the hierarchy and rigidity properties
be preserved in self-reconfiguration scenarios, specifically in merging of frame-
works, robot departure, and splitting of frameworks?

3. Given the hierarchical frameworks, when coupled with an example control law
that makes use of bearing rigidity, how can the robot swarm achieve and re-
configure an arbitrary target formation with moving leaders while preserving
the hierarchy and rigidity properties during self-reconfiguration scenarios?

5.4 Framework construction

An important precondition to use Lemma 4 is that the bearing Laplacian of the
framework is lower triangular. In this section, we extend Henneberg constructions
by introducing the notion of hierarchy, which not only guarantees the rigidity and
persistence requirement, but also ensures the lower triangular feature of the bearing
Laplacian. Our proposed algorithm is inspired by (Trinh et al., 2018), and is defined
as follows.
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Hierarchical Henneberg construction (HHC). Consider a group of n robots
(n ⇓ 2). The first step is to arbitrarily choose two robots in the group as the leader
robots, denoted by v1 and v2, and add an edge e1,2 connecting them. Define the
hierarchy h(vi) of a generic robot vi as the length of its longest path from vi to v1

in the directed graph G. The hierarchy of v1 and v2 is 0 and 1, respectively, i.e.
h (v1) = 0, h (v2) = 1. In subsequent steps, we utilize one of the following two
operations:

1. Vertex addition: Add a new vertex vi to the existing graph, incorporating two
directed edges eji and eki to two existing vertices vj and vk in the graph. Then
the hierarchy of vertex vi is defined as h (vi) = max (h (vj)) , h (vk))) + 1.

2. Edge splitting: Consider an existing vertex vk in the graph, which has two
parents vj and vp in the graph. Remove an edge ejk from the graph and add
a new vertex vi together with three edges eik, eji and eli, where vertex vl is
selected such that h (vl) ⇑ h (vk). Then update the hierarchy of vi as h (vi) =
max (h (vj) , h (vl))+1 and the hierarchy of vk as h (vk) = max (h (vi) , h (vp))+1.

An example of HHC for a group of eight robots is presented in Fig. 5.3(a). An
important feature of HHC is that all the robots, except the two that are arbitrarily
selected as leaders, have exactly two parents. Moreover, each follower can form a
connection with each of its two parents, forming a minimal structure as shown in
Fig. 5.3(c). The child receives commands from its parents and obtains its parents’
states via communication or sensing, and then uses this information to coordinate
with its parents. On the basis of the hierarchical framework, shown in Fig. 5.3(b),
the framework can also be viewed as an acyclic tree, with the first of the two leaders
as the root.

We define a layer-by-layer labeling rule to verify that the bearing Laplacian matrix
of a framework generated by HHC is lower triangular. Let nl denote the number
of vertices with hierarchy l. Vertices with hierarchy 0 are labeled from v1 to vn0 .
Vertices with hierarchy l ⇓ 1 are labeled from vnl↑1+1 to vnl

. Note that there is no
order requirement when labeling vertices with the same hierarchy layer. Based on
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Figure 5.3: An example of HHC for a group of 8 robots. (a) Four steps of construc-
tion, with the added vertex and edges in blue and red, respectively. Vertex addition
is employed in steps 1–3 and edge splitting is used in step 4. (b) The hierarchy layers
of the framework resulting from the construction process in (a), in which the two
leaders are on the first and second layers (i.e., 0 and 1). (c) The minimal structure,
where P1 and P2 are parents and C is the child. (Reprinted from (Zhang et al.,
2023).)

this labeling rule, the bearing Laplacian B can be rewritten as

B =





0 0
B2,1 B2,2

... ... ... . . .
0 →Bij 0 →Bik Bii

... ... ... ... ... . . .





(5.7)

A graph G = (V , E) generated via Henneberg construction is called a Laman
graph (Laman, 1970). It was proved in citezhao2017laman that an undirected Laman
graph is generically bearing rigid. Here, we further shows that a directed Laman
graph is GBR-BP.

Theorem 1. A graph G, generated by HHC, is GBR-BP.
Proof. Following Lemma 4, G is GBR-BP if and only if card (P2) = 1 and

card (Pi) ⇓ 2, ⇔i ⇓ 3. Denote the graph consisting of n vertices as Gn = (Vn, En).
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Firstly, we consider the case of n = 2. G2 = (V2, E2) is defined as V2 = {v1, v2}
and E2 = {e1,2}. Note that the bearing Laplacian matrix of G2 is lower triangular,
and card (P2) = 1. Therefore, the claim is true for n = 2.

Secondly, suppose that the claim is true for 2 ⇑ l ⇑ n → 1. Now, we consider the
case of l = n, i.e., a new vertex vn will be added to Gn↔1. According to HHC, there
are the following two cases.

Vertex addition: Select two distinct vertices vj and vk from Gn↔1. We add edges
ejn and ekn. It is trivial to verify that the bearing Laplacian matrix is still lower-
triangular, as j, k < n. Moreover, given that Gn↔1 is GBR-BP and card (Pn) = 2,
then Gn is GBR-BP under Lemma 4.

Edge splitting: We select three vertices vk, vj, and vl from Gn↔1, according to
the requirements specified in the operation description. Then the new graph is given
by Gn = (Vn, En), where Vn = Vn↔1 ≃ {vn} and E ↘ = E \ ejk ≃ {ejn, eln, enk}. We
relabel the vertices according to our labeling rule, such that the bearing Laplacian
matrix is verified to be lower triangular. We verify that card (Pi) = 2 is guaranteed
⇔3 ⇑ i ⇑ n. It follows from Lemma 3 that Gn is GBR-BP.

The constructed framework can be considered centralized, in the sense that two
leaders have the ability to indirectly control the whole swarm. It can also be con-
sidered decentralized, because each follower only needs the local information asso-
ciated with its parents. This reflects the targeted Mergeable Nervous Systems con-
cept (Mathews et al., 2017), supporting parallel processing even in large-scale robot
swarms.

Our proposed construction process contributes frameworks that exhibit the fol-
lowing key properties:

1. The framework benefits from rigidity and hierarchy. These two features provide
a theoretical basis to predict the motion of each robot, and can facilitate human
operators controlling the behavior of the swarm.

2. On the basis of rigidity and hierarchy, we can dynamically change the size of
the framework via the framework reconstruction strategies proposed in Sec.
V. This flexibility of swarm size enables regulation of frameworks according to
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Algorithm 1 Constructing a hierarchical GBR-BP graph of n (n ⇓ 2) robots in Rd

(d ⇓ 2)
1: i ⇐ 0;
2: Choose arbitrarily two robots from the swarm to define as leaders v1 and v2;
3: G ⇐ add vertices v1 and v2, and edge e2,1 = (v2, v1);
4: i ⇐ i + 2;
5: h (v1) ⇐ 0, h (v2) ⇐ 1;
6: while i ⇑ n do
7: i ⇐ i + 1;
8: if Vertex addition is performed then
9: Choose arbitrarily two robots to define as vj and vk from G;

10: G ⇐ Add a vertex vi and two edges eij and eik;
11: h (vi) ⇐ max (h (vj)) , h (vk))) + 1;
12: else if Edge splitting is performed then
13: Choose arbitrarily one robot to define as vk from G, which has two parent

robots vj and vp;
14: Choose arbitrarily one robot to define as vl from G, satisfying h (vl) ⇑ h (vk);

15: G ⇐ Remove edge ekj, add one robot vi and three edges eki, eij and eil;
16: h (vi) ⇐ max (h (vj) , h (vl)) + 1;
17: h (vk) ⇐ max (h (vi) , h (vp)) + 1;
18: end if
19: end while
20: return G;
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task requirements and environment constraints.

3. The framework has no reliance on external position or distance measurements,
instead using only bearing measurement. When coupled with an example con-
trol law, e.g., for reactive formation control with moving leaders, the robot
swarm can achieve self-organized formations using only relative bearing mea-
surement and local interactions, as shown in Sec. VI.

Remark 1: The concept of hierarchy has been reflected in the field of bearing-
based formation control, in formation maneuvering (Trinh and Ahn, 2021) and Hen-
neberg Construction (Trinh et al., 2018). However, our research di%ers from these
and contributes in two major ways. 1) Bearing rigidity was not discussed in (Trinh
and Ahn, 2021). We address this gap by analyzing the rigidity of hierarchical frame-
works based on the notion of bearing persistence. 2) Hierarchy was introduced as
a concept in (Trinh et al., 2018), but not fully investigated. We expand on the ex-
isting work and propose self-reconfiguration algorithms on the basis of hierarchical
structures.

5.5 Framework reconstruction

In this section, we address the problem of framework reconstruction. The case of
adding a new robot can be addressed directly by the vertex addition and edge split-
ting operations introduced in Sec. IV. The remaining cases of reconstruction are
more challenging and require explication. Accordingly, in this section, we address
the cases of merging frameworks, robot departure, and splitting frameworks.

5.5.1 Merging frameworks

This section concerns the problem of merging two frameworks. A merging strategy
for undirected frameworks that considers maintenance of bearing rigidity has been
proposed in (Trinh et al., 2019). We build upon (Trinh et al., 2019) by extending to
the case of directed graphs and maintenance of the hierarchical structure and bearing
persistence.
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First, consider two directed hierarchical frameworks: (Ga, pa) with na robots,
and (Gb, pb) with nb robots, where na, nb ⇓ 2. Fundamentally, we need to find the
minimum number of new edges to be added, in order to maintain bearing rigidity
and persistence.

Theorem 2. Consider two graphs Ga = (Va, Ea) and Gb = (Vb, Eb), generated
by HHC. Denote two leaders of framework (Gb, pb) as vb1 and vb2 and perform the
following sequence of operations: 1) Select two vertices vai , vaj ↓ Va; 2) Add three
edges e1 = (vai , vb1), e2 =


vaj , vb1


, and e3 =


vaj , vb2


. The resulting post-merged

graph Ḡ =

V̄ , Ē


defined by V̄ = Va ≃ Vb and Ē = Ea ≃ Eb ≃ {e1, e2, e3} is GBR-BP.

Proof. We add two edges to vb1 and one edge to vb2 , which results in card (Pi) = 2
for all 3 ⇑ i ⇑ na + nb. We can therefore employ Lemma 4 to verify that the post-
merged graph is GBR-BP.

Theorem 2 implies that, after adding three edges, the post-merged graph is GBR-
BP. In addition, the hierarchical structure of the framework is preserved. After the
merging operation, the hierarchy of robots in the framework (GB, pB) should be
updated as h (vBi) ⇐ h (vBi) + max


h (vai) ,


vaj


+ 1. An example of merging two

frameworks is given in Fig. 5.4.
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Figure 5.4: An example of merging two frameworks. (a) A cube framework is con-
structed by merging two square frameworks (added edges in red). (b) The hierarchy
layers of the post-merged framework. (Reprinted from (Zhang et al., 2023).)



5.5. Framework reconstruction 167

Motivated by Theorem 2, we extend the merging strategy to the case of m graphs,
as summarized in Algorithm 2. It should be noted that, using Algorithm 2, merging
processes can be performed in series or in parallel. In the case of m graphs, the
merging processes can be grouped into a minimum of 1 groups (i.e., all in parallel)
and a maximum of m→1 groups (i.e., all in series), such that the time complexity will
be between O(1) and O(m). Therefore, with the proposed merging operation, we can
accelerate the construction process of large-scale robot swarms. For instance, we can
construct various hierarchical and rigid frameworks simultaneously via Algorithm
1, and at the same time, Algorithm 2 can be utilized to merge these frameworks,
achieving a faster self-organization process via parallelization.

Algorithm 2 Merging m GBR-BP graphs G1, G2, . . . , Gm into one GBR-BP graph
Ḡ in Rd (d ⇓ 2)

1: Ḡ ⇐ G1;
2: for k = 2 ↗ m do
3: Select two vertices vi and vj from Ḡk↔1;
4: Select leader vertices vk1 and vk2 from Gk;
5: Add edges e1 = (vi, vk1), e2 = (vj, vk2), and e3 = (vj, vk2);
6: Ḡ =


V̄ , Ē


, where V̄ ⇐ V̄ ≃ Vk and Ē ⇐ Ē ≃ Ek ≃ {e1, e2, e3};

7: Update the hierarchy of vertices in Gk as h (vki) ⇐ h (vki)+max (h (vi) , (vj))+
1;

8: end for
9: return Ḡ;

5.5.2 Robot departure

In this subsection, we consider the removal of a robot from the framework. According
to whether a robot has a child or not, the robots in the swarm can be classified into
two categories: outer node (i.e., no child) and inner node (i.e., at least one child).
We consider the robot departure problem in both cases.

Case 1: Removal of an outer node.
We first consider the case with an outer node robot, e.g., v7 and v8 in Fig. 5.5(a).

Consider a directed hierarchical framework (G, p) with n robots (n ⇓ 2). We assume



5.5. Framework reconstruction 168

that the vertex vn is an outer node and its parent vertices are relabelled as vi and
vj.

Theorem 3: Given a GBR-BP graph G = (V , E) generated by HHC, remove an
outer node vertex vn and two associated edges ein and ejn, the graph G↔ = (V↔, E↔)
defined by V↔ = V\ {vn} and E↔ = E\ {ein, ejn} is GBR-BP.

The proof of Theorem 3 is omitted here, because the removal of an outer node
is an inverse operation of “vertex addition" in HHC. Lemma 3 can be used to verify
the rigidity of the framework after the deletion of an outer node.

Case 2: Removal of an inner node.
When an inner node robot leaves the framework (e.g., v4 in Fig. 5.5(a)), the

rigidity of the framework is destroyed and needs to be repaired. To repair the rigidity
and maintain the hierarchical structure, the following corollary can be derived.
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Figure 5.5: An example of robot departure when using Algorithm 3. Step 1: Vertex
v4 (yellow) is removed from the framework. Step 2: Vertex v5 (blue) is shifted
to replace v4 and vertex v7 (blue) is shifted to replace v5. (a) and (b) show the
frameworks and the corresponding hierarchy layers, respectively, of the two steps.
(Reprinted from (Zhang et al., 2023).)

Corollary 1: Given a graph G = (V , E) generated by HHC, if an inner vertex vk

leaves the framework, let its position in the framework (including hierarchy and con-
nected edges) be inherited by the one of its children vertices vm that has the highest
hierarchy in Ck. In other words, ⇔vj ↓ Ck, h (vm) ⇓ h (vj). If vm is an outer node,
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Theorem 3 yields that the resultant graph after performing the inheritance opera-
tion is GBR-BP. If vm is an inner node, we can continue performing the inheritance
operation until an outer node is reached.

The strategy stated in Corollary 1 is summarized in Algorithm 3 and an example
is given in Fig. 5.5. With the help of our proposed algorithm, we can remove any
robot from the framework without destroying rigidity, persistence, and hierarchical
architecture. One advantage of the proposed method is that only local information is
required to perform the inheritance operation. The time complexity of our proposed
robot departure algorithm can be calculated as O(n). In contrast to our approach,
existing methods such as (Hou and Yu, 2016) require an optimal repairing solution
from the global perspective to find the necessary edges to maintain the rigidity.

Algorithm 3 Removal of vertex vk from GBR-BP graph G in Rd (d ⇓ 2)
1: V ⇐ V\ {vk} , E ⇐ E\ {eij|vi or vj = vk};
2: while vk is not an outer node vertex do
3: Select vertex vm ↓ Ck, such that ⇔vj ↓ Ck, h (vm) ⇓ h (vj);
4: G ⇐ Remove the edges associated with vm;
5: G ⇐ Add edges from vertices in Pk to vm;
6: G ⇐ Add edges from vm to vj ↓ Ck\vm;
7: h (vm) ⇐ h (vk);
8: vk ⇐ vm;
9: end while

10: return G;

Remark 2: Note that for the case of multiple robots being removed at the same
time, it might not always be possible to employ the inheriting operation as introduced
in Corollary 1, because the hierarchical structure would not always be maintained.
To reconstruct frameworks under such a scenario, based on Lemma 4, each follower
should possess at least two parent vertices. For this reason, Algorithm 4 presents a
protocol for the followers of removed robots to select new parents under the hierarchy
constraint.
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Algorithm 4 Removal of k (k ⇓ 2) vertices from GBR-BP graph G in Rd (d ⇓ 2)
1: V ⇐ V\ {vm1 , . . . , vmk

} , E ⇐ E\ {eij|vi or vj /↓ V};
2: Select two vertices vl1 , vl2 ↓ V such that h (vl1) ⇑ h (vl2) ⇑ h (vi) , ⇔vi ↓ V ;
3: h (vl2) ⇐ h (vl1) + 1;
4: h (vi) ⇐ h (vi) + 2, ⇔vi ↓ V\ {vl1 , vl2};
5: for vi ↓ V\ {vl1 , vl2} do
6: while card {Pi} < 2 do
7: G ⇐ add new edge eqi, where vq ↓ V is chosen such that vq /↓ Pi and

h (vq) < h (vi);
8: end while
9: Update h (vi) according to the hierarchy of its parents;

10: end for
11: return G;

5.5.3 Splitting frameworks

In this subsection, we consider the case where a framework with at least four robots
is split into several disjoint sub-frameworks, each consisting of at least two robots.
Similar to the merging operation, the main di"culty of the splitting operation is
preservation of the bearing rigidity, persistence, and hierarchy of the sub-frameworks
after splitting. Note that the splitting operation can be considered a generalized
extension of robot departure. Without loss of generality, we first consider the strategy
for splitting one framework into two sub-frameworks.

We use a special graph called Z-link, originally proposed in (Olfati-Saber and
Murray, 2002) and employed in (Carboni et al., 2014) for undirected graphs. We
extend this existing research to directed Z-links. We denote Z-link by Z = (VZ , EZ),
where |VZ | = 4 and |EZ | = 3, as shown in Fig. 5.6. The following definition deter-
mines the existence of a Z-link in a graph G.

Definition 4 – Z-link: Consider a directed graph G = (V , E). Two disjoint
subgraphs Ga = (Va, Ea) and Gb = (Vb, Eb) are said to be connected via a Z-link if the
following two conditions hold.

1. There exist four distinct vertices va1, va2 ↓ Va and vb1, vb2 ↓ Vb, such that the
graph among these four vertices is a Z-link.
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Figure 5.6: Two possible configurations of directed Z-links (marked in red), based
on undirected Z-links (Carboni et al., 2014). (Reprinted from (Zhang et al., 2023).)

2. Va ≃ Vb = V , Va ▽ Vb = ⫆̸, Ea ▽ Eb = ⫆̸, and E = Ea ≃ Eb ≃ EZ .

Theorem 4: Given a GBR-BP graph G = (V , E), let Ga = (Va, Ea) and Gb =
(Vb, Eb) be two disjoint subgraphs of G, which are connected via a Z-link. Then, Ga

is GBR-BP ∋ Gb is GBR-BP.
Proof: We only show that Ga is GBR-BP △ Gb is GBR-BP, because the reverse

is the same.
Given that G is GBR-BP, there exists a configuration p =

[
pT

1 , . . . , pT
n

]T
↓

Rdn, such that (G, p) is IBR and BP. Let pa =
[
pT

1 , . . . , pT
na

]T
↓ Rdna and pb =

[
pT

na+1, . . . , pT
n

]T
↓ Rd(n↔na). Let Bb be the bearing Laplacian matrix of (Gb, pb).

Without loss of generality, we assume that Va ▽ VZ = {va1, va2} and Vb ▽ VZ =
{vna+1, vna+2}. We add edge e(na+1)(na+2) to the graph G. Then, the resultant graph
G+ =


V , E ≃ e(na+1)(na+2)


is still GBR-BP under Lemma 5. Denote B+ as the

bearing Laplacian matrix of (G+, p).
We augment Ga to G+

a = (V+
a , E+

a ), defined by V+
a = Va ≃ {vna+1, vna+2} and

E+
a = Ea ≃EZ ≃e(na+1)(na+2). Denote B+

a as the bearing Laplacian matrix of (G+
a , p+

a ),
where p+

a =
[
pT

a , pT
na+1, pT

na+2
]T

↓ Rd(na+2).
As a result, we can write the bearing rigidity matrix B+ as

B+ =


 B+
a

0
0
0



 +


 0
0

0
Bb



 (5.8)

Consider equation Bbq = 0. If Gb is not GBR-BP, then there exists a configuration
qb =

[
qT

na+1, . . . , qT
n

]
↓ Rd(n↔na) such that qna+1 = pna+1 and qna+2 = pna+2, but
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qi ↖= pi, ⇔i ↓ {na + 3, . . . , n}.
Let q

↓ =
[
pT

1 , . . . , pT
na+1, pT

na+2, qna+3 . . . , qn

]T
. Eq. (5.8) yields B+q

↓ = 0. Note
that q

↓
/↓ span {1n ∈ Id, p}, i.e., G+ is not GBR-BP, which is a contradiction. There-

fore, Gb is verified to be GBR-BP. ↫
Theorem 4 indicates that, for any GBR-BP graph, if there exists a Z-link con-

necting two disjoint subgraphs Ga and Gb, one of which is guaranteed to be GBR-BP,
then the other subgraph is also GBR-BP. This lemma leads us to develop the follow-
ing splitting strategy: we firstly find a GBR-BP subgraph Ga, and secondly construct
a Z-link between Ga and Gb. After the removal of the Z-link edges, we obtain two
GBR-BP subgraphs. We now present our 2-step algorithm to split the framework,
exploiting the triangularity in Eq. (5.7).

Step 1: Find a GBR-BP subgraph Ga.
Given a framework generated by HHC with n robots, the Bearing Laplacian

submatrix of the first na robots always satisfies a triangular structure (cf. the trian-
gularity in Eq. (5.7). Therefore, we can verify Ga as GBR-BP according to the first
na robots, as stated in the following Theorem.
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Figure 5.7: An example of splitting one framework G into two sub-frameworks Ga and
Gb when using Algorithm 5. (a) First, vertices v5 and v6 are chosen as the leaders for
Gb. Second, a Z-link (marked in red) is constructed between the two sub-frameworks
(newly added edges are marked as dashed arrows). Third, the Z-link is removed,
resulting in two separate frameworks. (b) The corresponding hierarchy layers after
Z-link construction (before Z-link removal). (Reprinted from (Zhang et al., 2023).)
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Lemma 7: Given a GBR-BP graph G = (V , E) generated by HHC, let Ga =
(Va, Ea) represent a subgraph describing the interactions corresponding to first na

vertices, i.e., Va = {v1, . . . , vna}. Then, Ga is GBR-BP.
Proof: Denote B as the bearing rigidity Laplacian matrix of (G, p), where p ↓

Rnd is a configuration. Then B can be partitioned as

B =


 Ba 0
Bb1 Bb2



 (5.9)

where Ba ↓ Rdna↑dna denotes the bearing Laplacian matrix for the first na vertices.
Then we can apply statement (5) of Lemma 3 to verify the rank of matrices on
diagonal of Ba, which shows that Ga is GBR-BP. ↫

Step 2: Construct a Z-link between two subgraphs.
Let Gb = (Vb, Eb) represent the interactions among the remaining vertices, i.e.,

Vb = {vna+1, . . . , vn}. Corresponding to Definition 4, Z-link construction comprises
the following two parts.

1. Let Pna+1 = {vp1, vp2}. Remove the ingoing edges of vna+2, then add edges
e(na+1)(na+2) and ep1(na+2).

2. ⇔vi ↓ Vb\ {vna+1, vna+2}, if its parent vj ↓ Va, then remove eji. To preserve
rigidity, add new edge eki, where new parent vk ↓ Vb is chosen such that
vk /↓ Pi and h (vk) < h (vi).

Here, Lemma 6 is repeatedly employed to satisfy Definition 4, therefore the re-
sultant graph is still GBR-BP.

Finally, we can use the above splitting strategy for the case of m graphs, as
summarized in Algorithm 5. Similar to the merging process, according to the for-
loop structure of the splitting algorithm, the time complexity can be calculated as
O(mn). Note that multiple splitting processes can happen in parallel. This is because
the robots have been divided into m subsets Vk =


vnk↑1+1, . . . , vnk↑1+nk


, and each

follower is required to change its parent vertex such that ⇔vi ↓ Vk, Pi ∝ Vk. For
instance, we can simultaneously apply the splitting algorithm to all subsets m; then
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Algorithm 5 Splitting one GBR-BP graph G into m GBR-BP graphs: G1, G2, . . . , Gm

in Rd (d ⇓ 2).
1: n0 = 0;
2: for k = 1 ↗ m do
3: Vk ⇐


vnk↑1+1, . . . , vnk↑1+nk


;

4: Select vertex vnk↑1+1 as the first leader of Gk, and denote its parents as vp1
k

and
vp2

k
;

5: Select vertex vnk↑1+2 as the second leader of Gk;
6: G ⇐ Remove the ingoing edges of vnk↑1+2;
7: G ⇐ Construct Z-link by adding two ingoing edges to the second leader: ek1 =

vnk↑1+1, vnk↑1+2


and ek2 =

vp1

k
, vnk↑1+2


;

8: h

vnk↑1+2


⇐ h


vnk↑1+1


+ 1;

9: h (vi) ⇐ h (vi) + 2, ⇔i ↓ {nk↔1 + 3, . . . , nk↔1 + nk};
10: for i = nk↔1 + 3 to nk↔1 + nk do
11: for vj ↓ Pi do
12: if vj /↓ Vk then
13: G ⇐ remove edge eji;
14: G ⇐ add new edge eqi, where vq ↓ Vk is chosen such that vq /↓ Pi and

h (vq) < h (vi);
15: end if
16: end for
17: Update h (vi) according to the hierarchy of its parents;
18: end for
19: Ek ⇐ {eij ∝ E|vi, vj ↓ Vk};
20: end for
21: G ⇐ Remove all constructed Z-links by deleting two ingoing edges of vnk↑1+1 and

edge ek2 ;
22: return G1, G2, . . . , Gm;
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the time complexity will be determined by the maximum subset size, so it will be
reduced to O(max {nk}). Therefore, in practice, the time complexity will often be
lower than O(mn). A splitting example is presented in Fig. 5.7. Note that Algorithm
5 can split the framework into at least two subgraphs with arbitrary size no less than
2, which provides flexibility in managing the size of the framework.

5.6 Validation with an example control law

In this section, to demonstrate and validate our theoretical results, we couple our
proposed hierarchical frameworks with an example formation control law and then
apply them to four example scenarios of reactive formation control in an aerial robot
swarm with moving leaders. In the first scenario, we establish a target formation
based on our proposed hierarchical framework and validate Theorem 1. In the second,
we merge two formations under Algorithm 2 and validate Theorem 2. Third, we show
robot departure from a formation under Algorithm 3 and validate Theorem 3 and
Corollary 1. Fourth, we split a formation under Algorithm 5 and validate Theorem
4 and Lemma 7.

We consider a group of n mobile robots moving in Rd (d ⇓ 2), the model of which
is described by a single integrator ṗi = ui, where pi ↓ Rd is the inertial position of
ith robot and ui ↓ Rd is the control input. The main purpose of this section is
to validate our proposed construction and reconstruction algorithms, when coupled
with an example control law, using experimental results in simulation. Therefore,
only a single-integrator model is considered. (For further results on formation control
with two-leader directed frameworks, please refer to (Zhang et al., 2022).)

5.6.1 Example scenario 1: Achieving the desired formation

Consider a swarm with n robots with a hierarchical topology, characterized by a
directed graph G = (V , E) generated by Algorithm 1. The robots are located at
p1, . . . , pn in Rd, and each robot does not know the global position pi but can sense
the bearing vectors with regard to its parent robots, i.e., {gij|vj ↓ Pi}. We assume
that the positions of the neighboring robots do not coincide, i.e., ⇔eij ↓ E and t ⇓ 0,
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pi (t) ↖= pj (t), which guarantees the bearing vectors to be well-defined.
In our hierarchical framework, two robots denoted by v1 and v2 are chosen as

the leaders, while the others are followers. Given a set of feasible desired bearings
g⇑

ij|eji ↓ E


among the robots3, the desired robot formation is uniquely charac-
terized, but for rigid translation and scaling. This last ambiguity of the graph is
resolved by fixing the position of the first robot, and the distance of the first two
robots. Define p⇑(t) as the vector of desired position of the robots over time, and
d⇑

ij(t) = ||p⇑
i (t)→p⇑

j(t)|| as the distance between the desired position of robot i and of
robot j. The relationship between p⇑(t) and


g⇑

ij|eji ↓ E


is characterized by Lemma
1 in (Trinh et al., 2018).

According to Lemma 1 in (Trinh et al., 2018), given the position of two leaders, a
framework constructed by HHC can be uniquely determined. Moreover, the desired
translational and scaling maneuvers of the formation are uniquely determined by
the reference motion of the first two “leader robots." This inherent property also
shows the possibility of using centralized decision-making behaviors with our self-
organized hierarchical frameworks, because we can control the translation and scale
of the formation via two leader robots, which reduces the complexity of formation
management.

In this chapter, for the sake of simplicity, we do not consider the motion control
of leaders, and we assume that the two leaders move along predefined trajectories,
i.e., p1 (t) = p⇑

1 (t) and p2 (t) = p1 (t)→d⇑
2,1(t)g⇑

2,1, at all time t > 0 4. In order to drive
the followers to achieve the desired formation, the following bearing-only formation
control law for robot vi (i ⇓ 3) is used

ṗi = ui = →c

Pgij g

⇑
ij + Pgik

g⇑
ik


+ ṗ⇑

i (5.10)

where c is a positive constant to be tuned and ṗ⇑
i is a feedforward term given below.

ṗ⇑
i (t) =


Pg→

ij
+ Pg→

ik

↔1 
Pg→

ij
ṗ⇑

j(t) + Pg→
ik

ṗ⇑
k(t)


(5.11)

3The feasibility conditions are specified in Assumption 2 in (Trinh et al., 2018).
4Note that this assumption is not limitative and that all the results of this chapter hold true by

using suitable control laws for the two leaders ensuring convergence to the desired trajectories.
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and each agent can compute ṗ⇑
i (t) by receiving ṗ⇑

j(t) and ṗ⇑
k(t) from its parents.






p1 (t) = [0.3t, 40 sin (0t/200) , 40 sin (0t/200)]T , d⇑
2,1 (t) = 20 → 10 sin (0t/200) , t ⇑ 100

p1 (t) = [0.3t, 40, 40]T , d⇑
2,1 (t) = 10, 100 ⇑ t ⇑ 300

p1 (t) = [0.3t, 40 sin (0 (t → 200)/200) , 40 sin (0 (t → 200)/200)]T , d⇑
2,1 (t)

= 20 → 10 sin (0 (t → 200)/200) , t ⇓ 300
(5.12)

Remark 3: The control law (5.10) is inspired by (Trinh et al., 2018), in which the
formation is static. To extend this zero-velocity control law to moving formations,
we introduce the feedforward term ṗ⇑

i (t) to guarantee zero steady-state error. Note
that transmission and computation of feedforward terms through the hierarchy is not
instantaneous and will introduce delays. There are several approaches to handle such
delays (e.g., su"cient preview of the reference signal, or relaxing the perfect tracking
requirement and proving ISS-like properties assuming a purely reactive control law).
However, such analyses are nontrivial and are beyond the scope of this chapter. The
specific control law used (5.10) is just an example to demonstrate the e%ectiveness
of our proposed framework; any control law that makes use of bearing rigidity could
in principle be coupled with our frameworks.

By employing a similar stability analysis as shown in Theorem 1 of (Trinh et al.,
2018), we can also demonstrate that the formation tracking error ei (t) = p (t)→p⇑ (t)
asymptotically converges to zero using the control law (5.10). Note that the im-
plementation of control law (5.10) requires only local measurement and local com-
munication from parents to children, which supports the decentralized coordination
targeted in a reactive swarm approach.

Remark 4: The only parameter to be tuned in Eq. (5.10) is the control gain c.
c should be positive, and an increase of c will speed up the formation achievement,
but will also result in a larger velocity amplitude. Therefore, the trade-o% between
convergence speed and velocity amplitude should be considered when defining c.

A simulation example is shown in Fig. 5.8. We consider a group of eight robots
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Figure 5.8: Simulation results in Example scenario 1: Achieving the desired forma-
tion. (a) Trajectories of robots. (b) Formation tracking errors of robots. (Reprinted
from (Zhang et al., 2023).)

with hierarchical framework shown in Fig. 5.3(a), and the target formation is a cube.
The motion of leader v1 and time-varying distance d⇑

2,1 are shown in Eq. (5.12). The
controller parameter is chosen as c = 5. Fig. 5.8(a) depicts the trajectory of eight
robots. As can be seen, the target formation can be achieved while the centroid and
scale of the framework is time-varying in order to pass through narrow passages. In
this example, the trajectories of leaders are predefined (but known only to leaders).
In practical missions, the leaders can generate trajectories in realtime according
to task requirements and environment constraints. The formation tracking errors
in Fig. 5.8(b) also converge to zero asymptotically, but with various convergence
rates. Robots v3 and v4 have lower hierarchy and therefore will converge faster than
the others. The simulation results in Fig. 5.8 validate Theorem 1 of our proposed
approach.

5.6.2 Example scenario 2: Formation merging

Consider two robot swarms (Swarm A and Swarm B), with graphs constructed by
Algorithm 1, that need to merge. Following Algorithm 2, three directed edges need
to be added for the two frameworks to be merged, such that the two leaders of Swarm
B become followers of Swarm A. Then, having been given a new target formation
with desired bearing vectors such that the post-merged framework is IBR and BP,
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the robots of the post-merged swarm will move under the formation control law to
achieve the target formation.

A simulation example is shown in Fig. 5.9. In the first 50 s, the two frameworks
each achieve the target square via control law (5.10), but with di%erent scales. From
50 s, following Algorithm 2, three edges are newly added to merge the two frame-
works, and the target cube is achieved at 150 s. Note that the scale of Swarm B
is increased to that of Swarm A after performing the merging operation, which also
demonstrates that Swarm B integrates successfully into Swarm A. The simulation
results in Fig. 5.9 validate Theorem 2 of our proposed approach.

5.6.3 Example scenario 3: Robot departure from formation

In this example, the robot departure shown in Fig. 5.5 will be validated. In other
words, robot v4 will be removed and then Algorithm 3 will be performed to guarantee
both the hierarchy and rigidity of the framework. Fig. 5.10 depicts the simulation
results. From 0-50 s, the target formation will be achieved via the control law 5.10.
From 50 s, robot v4 will keep moving along a straight line and then robot v5 will
replace the position of v4 in the framework, while v7 will further replace the position of
v5, since v5 is not an outer node robot. The simulation results show that the rigidity
of the resulting framework is preserved, because the formation is not destroyed after
the removal of robot v4, thus validating Theorem 3 and Corollary 1 of our proposed
approach.

5.6.4 Example scenario 4: Formation splitting

This example validates the splitting process as presented in Fig. 5.7(b), where a
framework (G, p) (i.e., Pre-split Swarm in Fig. 5.11) including eight robots is split
into two sub-frameworks (Ga, pa) (i.e., Swarm A in Fig. 5.11) and (Gb, pb) (i.e., Swarm
B in Fig. 5.11), each with four robots.

The simulation result is given in Fig. 5.11. At t = 50 s, Z-link is constructed. From
50 s to 100 s, it can be noticed that the formation of the framework is maintained after
Z-link construction, and also that the Z-link construction does not a%ect the rigidity
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Figure 5.11: Formation evolution in Example scenario 4: Formation splitting.
(Reprinted from (Zhang et al., 2023).)

of the framework. At t = 100 s, Z-link will be removed and two sub-frameworks will
result. Thus, from 100 s to 200 s, robots v5 and v6 will be the leaders of Swarm B and
the two sub-frameworks will move separately. The simulation results show that two
sub-frameworks satisfy the bearing rigidity, because the formations are maintained
after splitting, thus validating Theorem 4 and Lemma 7 of our approach.

5.7 Chapter conclusions

In this chapter, we demonstrated the construction of self-reconfigurable hierarchical
frameworks for formation control of robot swarms, based on bearing rigidity under
directed topologies.

Self-organized hierarchical control had previously been identified as a promis-
ing approach to ease the design and management of collective behaviors in robot
swarms (Dorigo et al., 2020), and hierarchical frameworks had already been demon-
strated in practical studies using the Mergeable Nervous Systems paradigm (Math-
ews et al., 2017; Zhu et al., 2020). However, strong theoretical foundations were still
needed, especially for self-organized hierarchy to be viable for large-scale swarms
of fast robots. In this chapter, we provided the first systematic and mathemati-
cally analyzable protocol for the implementation of self-reconfigurable hierarchical
frameworks in robot swarms.

To enable self-organized hierarchical control with mathematically provable prop-
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erties, we introduced a hierarchy property into conventional Henneberg construction
and extended bearing rigidity to directed graphs with lower triangular structure.
We studied self-reconfigurable hierarchical frameworks in three key reconstruction
problems: merging, robot departure, and splitting. Finally, we demonstrated our
frameworks by combining them with an example formation controller, and validated
our theoretical results concerning hierarchy and rigidity preservation during recon-
figuration via simulation experiments in four example scenarios.



Chapter 6

Proactive Fault Tolerance in Self-organized
Hierarchy

This chapter1 addresses the problem of intermittent faults—transient errors that spo-
radically appear and disappear—in robot swarms. These faults pose significant ob-
stacles to reliable communication and formation control, which are crucial for e!ec-
tive swarm coordination. Existing fault-tolerance strategies often focus on permanent
faults and assume perfect communication, which is unrealistic in real-world scenarios.
Building upon the self-organized hierarchical frameworks introduced in the previous
chapters, we propose a novel proactive-reactive fault-tolerance method to manage in-
termittent faults. Proactively, robots employ an adaptive biased minimum consensus
protocol to self-organize dynamic backup communication paths before faults occur.
Then, they use a one-shot likelihood ratio test to detect faults early and reactively
reroute communication through backup paths, maintaining reliable information flow.
We demonstrate the e!ectiveness of this approach in multi-robot formations using
self-organized hierarchical networks, showing that it prevents intermittent faults from
disrupting convergence to desired formations.

1The content of this chapter has been submitted to IEEE Transactions on Robotics for publica-
tion and is currently under review. Preprint available at arXiv:2509.19246.
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6.1 Approach and contributions

In fault tolerance for multi-robot systems, both proactive and reactive mechanisms
are important (Ghedini et al., 2017). In this chapter, we propose a novel proactive–
reactive method to detect and mitigate IFs in robot swarms. In the proposed
proactive–reactive method, the robots first use distributed consensus to preemptively
self-organize dynamic backup communication paths before IFs are detected. Then,
the robots compare information received via primary and backup paths to detect
IFs, using a one-shot likelihood ratio test. When IFs are detected, the robots react
by rerouting communication through the dynamic backup paths. In this chapter, we
apply the proposed proactive–reactive method to a scenario of intermittently faulty
relative positional information within multi-robot formations that have a hierarchical
structure towards a fault-free leader, and demonstrate that the method mitigates IFs
and robots are able to continue with the desired formations.

The main technical contributions of this chapter can be summarized as follows:

1. We address a current gap in robot swarm networking, specifically how to es-
tablish back-up communication paths for leader–follower formation control in
a self-organized robot swarm. We address this gap by extending the biased
minimum consensus (BMC) (Zhang and Li, 2017) protocol for shortest path
planning in static graphs. We introduce the adaptive biased minimum consen-
sus (ABMC) protocol for dynamic graphs—addressing time-varying topologies,
node neighborhoods, and costs. We demonstrate that our ABMC protocol ad-
dresses the minimum-cost path problem, with two objectives integrated into a
single cost function: to minimize the number of hops to the destination (the
leader robot) and to minimize the degree of network congestion (by minimiz-
ing the occurrence of parallel edges). We provide the mathematical properties
and stability analysis of the ABMC protocol as a distributed consensus mech-
anism in dynamic graphs with piecewise constancy, including providing the
necessary and su"cient conditions to uniquely determine an equilibrium point
representing a minimum-cost backup path.
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2. We address a current gap in robot swarm fault tolerance, specifically tolerance
against intermittent faults (IFs). We address this gap by proposing a novel
proactive–reactive fault-tolerance strategy for detection and mitigation of IFs
in robot swarms. Our proposed strategy uses the ABMC protocol to construct
backup network layers and combines it with a distributed likelihood ratio (LR)
protocol to dynamically reroute tra"c in the constructed multiplex network.
We propose the mathematical conditions and design the distributed algorithms
for backup layer construction and for execution of the proactive–reactive strat-
egy for IF detection and mitigation. We also provide the time and space com-
plexity and e"ciency properties of both distributed algorithms. Finally, we
demonstrate the proactive–reactive fault-tolerance strategy in formations of 20
robots with moving leaders.

Regarding the existing literature on network routing (Bekmezci et al., 2013;
Guillen-Perez et al., 2021; Oubbati et al., 2019), the proposed framework realizes
a distributed, hierarchy-based multi-path routing protocol that combines proactive
backup-path construction with reactive, detection-driven rerouting in response to
intermittent data faults, tailored to self-organized hierarchical robot swarms.

6.2 Preliminaries

In this section, we introduce notations and graph-theoretic definitions used in this
chapter, as well as the biased minimum consensus (BMC) protocol for distributed
path planning in static undirected networks (Zhang and Li, 2017).

6.2.1 Directed graphs and hierarchical frameworks

Notation: Consider a swarm of n ⇓ 2 robots operating in the d-dimensional Eu-
clidean space Rd (with d = 2 or 3). The robots are capable of establishing directed
logical connections. The resulting graph G = (V , E) is a rooted directed graph
where the vertex set V = {v1, v2, . . . , vn} represents the robots and the edge set
E = {eij = (vi, vj) | vi, vj ↓ V , vi ↖= vj} models the logical connections between
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them, where an edge eij indicates that the child vi can receive information from the
parent vj.

Because the graph G is HHC-constructed (see Chapter 5), it is constructed in-
crementally from a two-robot kernel. The two starting robots are designated as the
leader v1 (the root) and the first follower v2 (a unique child of the leader). This
designation is not preassigned; any two robots can assume v1 and v2. Every other
robot added to the graph is a follower with exactly two parents. For each robot vi

in G, we define the following:

• parent set Pi,

• neighbor set Ni (i.e., both the parents and children),

• in-degree ςin
i ,

• out-degree ςout
i , and

• hierarchy level Hi, which is calculated as the hop count of the longest directed
path from vi to v1.

The graph G is paired with the position configuration Q, which describes the
physical formation of the robots using pairwise relative positions. The configuration
at time t is given by Q(t). For each robot pair (vi, vj) in the graph, we denote the
true relative position of robot vi with respect to vj by qij. The true relative position
qij is supposed to be transmitted from robot vj to vi, however, the information might
be corrupted by, e.g., sensor faults, communication errors, or malicious interference.
Therefore, the (potentially compromised) relative position that is actually received
by robot vi is denoted as q̃ij.

6.2.2 The biased minimum consensus (BMC) protocol

The biased minimum consensus (BMC) protocol (Zhang and Li, 2017) is a distributed
mechanism designed for static undirected graphs in which nodes update local states
through interactions with neighbors, for the purpose of constructing paths to desti-
nation nodes. Each node vi maintains a scalar state si(t) ↓ R: its current estimate
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of the quantity of interest (such as Euclidean distance). By relying only on infor-
mation exchanged with neighbors (i.e., nodes directly connected to vi by an edge in
graph G), consensus on a path can be reached without requiring centralized control
or monitoring.

The BMC protocol operates by first partitioning the node set V into two: V1, a
set of destination nodes for paths, and the remainder set V2 = V \ V1. All nodes vi

in V2 iteratively update their scalar state si(t) to seek the minimum cost available
through their respective neighbor sets Ni and thus collectively construct minimum-
cost paths to destinations in V1. Each node vi assesses costs according to weights
aij = aji > 0 biasing its edges eij. The dynamics of this process are governed by:

ηṡi(t) =






0, vi ↓ V1

→si(t) + min
vj⇓Ni

{sj(t) + aij}, vi ↓ V2
(6.1)

where parameter η > 0 is a rate factor that influences the speed of convergence.
The states si(t) gradually converge to a shared steady-state value s⇑

i . In this equi-
librium state, destination nodes in V1 retain their initial states, while the remaining
nodes in V2 settle on the minimum biased state value among their neighbors, as
follows (Zhang and Li, 2017):

s⇑
i (t) =






si(0), vi ↓ V1

min
vj⇓Ni

{sj(t) + aij}, vi ↓ V2
(6.2)

When applying the BMC protocol to the shortest path problem based on Eu-
clidean distance (Mo et al., 2021; Zhang and Li, 2017), a node’s state si(t) can be
interpreted as the distance from node vi to a destination, and the bias term aij as the
distance from vi to vj. Through iterative updates, guided by Bellman’s optimality
principle, the protocol can establish shortest-distance paths from any source node to
the given destination node(s) (Zhang and Li, 2017).
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6.3 Problem Statement

In a self-organizing hierarchical swarm (see Chapter 4), a robot occupying the leader
position uses information accumulated from its downstream robots to make decisions
and then issues instructions to its downstream robots. However, the leader interacts
directly only with its direct children, using multi-hop communication to interact
with the rest of the robots in the swarm. Therefore, maintaining reliable multi-
hop communication paths between the leader and all other robots in the swarm is
crucial for e%ective coordination. These communication paths can become disrupted
or ine"cient when intermittent faults (IFs) are present. The objective of this chapter
is to develop a proactive-reactive fault tolerance mechanism to mitigate the e%ect of
IFs on a swarm’s ability to maintain accurate positional information for performing
formation tasks, in a robot swarm with a self-organizing hierarchical architecture
(HHC-constructed). The following three questions will be addressed:

1. Given a swarm of n robots in an HHC-constructed formation, how can the
robots collectively self-organize dynamic minimum-cost backup paths to the
leader that maintain the hierarchy conditions of the original graph and also
adapt to its reconfigurations, using only local information from nearby robots?

2. Given the constructed backup paths, how can the robots use them to detect
the presence of IFs in their original paths to the leader?

3. Given some detected IFs, how can the robots use the constructed backup paths
to mitigate the e%ect of those IFs while present, and to switch back to their
original paths to the leader once the respective IFs have stabilized?

6.4 Adaptive Minimum-cost Backup Paths

In a scenario in which some robots in a swarm are subject to IFs, a robot vi can
circumvent faulty information being transmitted by an intermediary robot (i.e., one
lying between it and the leader v1) by constructing a new “backup" path to v1

that circumvents the faulty robot. This section presents our distributed method to
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construct backup paths that adapt to dynamic networks, by allowing follower robots
to independently determine their own upstream connections.

Using locally available information, vi selects a robot from among those in its
communication range to become its preferred backup parent (that is, its backup
next hop towards the leader v1). As follower robots in a swarm repeatedly update
their preferred backup parents at each step, the resulting chains of distributed parent
choices form a minimum-cost backup path Bi = {vi, . . . , v1} for each follower robot
vi.

6.4.1 Adaptive biased minimum consensus protocol (ABMC)

To address the minimum-cost path problem in rooted directed graphs, we propose
our adaptive biased minimum consensus (ABMC) protocol. Because the scenario
we consider is that of communication paths among networked robots, we aim to
construct paths that are both 1) e"cient (minimizing the number of hops to the root)
and 2) maximally disjoint (minimizing communication congestion and bottlenecks
from di%erent paths sharing common edges and vertices), using a single composite
cost. For this aim, our ABMC protocol leverages the structure of the graph by
restricting next-hop candidates to upstream nodes and by considering the outdegree
ςout of the robots.

The ABMC protocol extends the BMC protocol by introducing a dynamic neigh-
bor set and dynamic bias term. The original BMC was designed for selecting pre-
existing edges from a static network based on static biases. The ABMC, by contrast,
is designed to construct new edges that might not be present in the original network,
based on the dynamic topology of the original network, the dynamic positions of the
robots, and the dynamic biases associated to potential new paths. The ABMC is
designed as follows:

ηṡi(t) =






0, vi ↓ V1

→si(t) + min
vj⇓Pcand

i (t)
{sj(t) + aij(t)} , vi ↓ V2

(6.3)
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where, si(t) is the state value representing the estimated number of hops at time t

from robot vi to the leader, Pcand
i (t) is the candidate parent set of robot vi at time

t, aij(t) is the bias against selecting robot vj as the next hop for communication at
time t, and aij ↖= aji. The parameter η is the convergence rate factor, determining
how quickly the hop count estimates converge to the final values. V1 is the set of the
leader and first follower, for which the hop count estimate remains constant, and V2

is the set of all other robots in the network.
The candidate parent set Pcand

i (t) in Eq. (6.3) is a departure from the neighbor
set Ni in the existing BMC (Eq. (6.1)), because it is dynamic, includes nodes that are
not connected to vi in the original graph, and leverages graph directionality towards
the destination. The candidate parent set Pcand

i (t) includes any node vj that meets
the following criteria at time t:

1. In-range: vj is within communication range r of vi.

2. Non-adjacent: vi and vj are not connected by an edge in the primary network
G).

3. Leader-proximate: vj is fewer hops than vi from the leader v1 (i.e., Hj < Hi).

Formally, these criteria are given by:

Pcand
i (t) =

{
vj ↓ V \ {vi}

 (vi, vj) /↓ E , Hj < Hi, |vi, vj| ⇑ r
}

(6.4)

where |i, j| denotes the Euclidean distance between i and j, and r > 0 is the com-
munication range.

In BMC, the bias term is static and typically represents Euclidean distances
between fixed positions associated with nodes of the original (static) network. By
contrast, in ABMC, the bias term is dynamic and accounts for both hierarchy di%er-
ences and the potential network congestion at each node. The dynamic bias aij(t)
in Eq. (6.3) is defined as follows:

aij(t) = max
{

1 → 1

Hi(t) → Hj(t)


+ ϑ ω


ςout

j (t), ▷d


, ⇀

}
(6.5)
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where 1 > 0 is a weighting factor adjusting the influence of hierarchy di%erences
on the bias term, and ϑ ⇓ 0 serves as a penalty weight that scales the impact of
node congestion on the dynamic bias. We define the congestion penalty function as
ω


ςout

j (t), ▷d


= max


0, ςout

j (t) → ▷d


where ςout

j (t) is the outdegree of robot vj at
time t, ▷d is the outdegree threshold, and ⇀ > 0 is a small positive value ensuring
aij(t) never falls below a specified minimum cost.

Remark 1: The parameter 1 will usually be close to 1, ensuring moderate
hierarchy di%erences do not excessively lower the term 1 → 1(Hi(t) → Hj(t)). This
prevents the bias term from frequently saturating at its lower bound, allowing it
to remain responsive to meaningful hierarchical variations without overly penalizing
larger hierarchy gaps.

Remark 2: The parameter ϑ is used to design how strongly the penalty term
discourages node usage once the outdegree ςout

j (t) surpasses a threshold ▷d. A su"-
ciently large value of ϑ can simulate a hard constraint, virtually eliminating paths
through overloaded nodes, or a moderate ϑ can permit a balance between hop min-
imization and congestion management. Simultaneously, a higher ▷d value increases
the number of next-hop candidates, but also increases the likelihood of bottlenecks,
while a lower ▷d reduces the search space, thus lowering the likelihood of bottlenecks
but also reducing the availability of next-hop candidates.

Remark 3: The relationship between hierarchy di%erence and hop count is non-
monotonic because the topology of the primary network G determines the hierarchy
levels, while the position configuration Q determines which robots are in range r for
robot vi and therefore are candidates to be in the set Pcand

i . In short, larger hierarchy
di%erences do not necessarily correspond to fewer hops in the backup path.

Hierarchy levels depend on the dynamic reconfiguration of the primary network
G. In practice, a stable topology is often maintained over extended periods, allowing
us to model the hierarchy levels as piecewise constant functions over time intervals
between reconfiguration events. Let {tk}N

k=0 ∝ [0, T ] denote the discrete time instants
at which reconfiguration events occur, where N is the total number of events. These
instants satisfy 0 = t0 < t1 < · · · < tN ⇑ T , with T representing the total operational
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time. Between these reconfiguration events, the hierarchy levels remain constant:

Hi(t) = Hi(tk), ⇔t ↓ [tk, tk+1), ⇔vi ↓ V (6.6)

This implies that the hierarchy di%erence Hi(t) → Hj(t) and, consequently, the bias
term aji(t) defined in Eq. (6.5), remain constant within each interval [tk, tk+1):

aij(t) = aij(tk), ⇔t ↓ [tk, tk+1), ⇔vi, vj ↓ V (6.7)

When a reconfiguration of G occurs, hierarchy levels are recalculated as:

Hi(t+
k ) = max

vj⇓Pi

{Hj(t+
k )} + 1, ⇔vi ↓ V (6.8)

where t+
k denotes the time immediately after tk.

Remark 4: We distinguish between two di%erent categories of topology changes
in our scenario: transient disruptions versus desired semi-permanent changes. On
one hand, there can be transient interruptions of some edges, for example because of
temporary sensor occlusion or communication disruption. These transient topology
interruptions because of minor edge disturbances are negligible to the ABMC con-
sensus time scale, because such disturbances are much shorter-lived than the ABMC
convergence process. On the other hand, there can be semi-permanent reconfigura-
tions of the desired topology, which trigger HHC-reconstruction events (see (Zhang
et al., 2023)) to rebuild the graph and the hierarchy states. After such a recon-
figuration event, the ABMC protocol then adapts to the resulting semi-permanent
graph, re-converging on new backup paths (until the next reconfiguration event).
Accordingly, between two reconfiguration instants tk and tk+1, both the hierarchy
states and the ABMC candidate parent sets are treated as piecewise constant; the
topology is fixed within each interval [tk, tk+1). This permits the use of standard
convergence analysis for consensus on each interval. The overall stability of the pro-
tocol is preserved provided the dwell time tk+1 → tk is su"ciently large relative to the
convergence rate set by η (Moreau, 2005; Olfati-Saber and Murray, 2004; Ren and
Beard, 2005).
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The operation of the ABMC protocol on an example HHC-constructed primary
network G and formation Q is illustrated in Fig. 6.1. The figure shows how a robot
identifies potential next hops within its communication range r and creates a backup
edge towards the leader.

Figure 6.1: Illustration of constructing a minimum-cost backup path using the
ABMC protocol, in an example hierarchical swarm of 14 robots with seven hier-
archy levels H0 to H6. The left panel shows the primary network G. The middle
panel shows how robot v13 checks the robots in its communication range (dashed cir-
cle) and determines its potential next hops (blue) toward the leader v1, by excluding
direct parents (v7 and v11; red) and any robots that fail to meet hierarchy require-
ment (v12 and v14; also red). The right panel depicts the minimum-cost backup path
(blue edges) from v13 to v1 that results from each robot in the swarm executing sev-
eral iterations of the ABMC protocol, in a fully decentralized way.

6.4.2 Mathematical properties and stability analysis of ABMC protocol

Standard consensus analysis using graph Laplacians relies on symmetric interac-
tions (Bullo et al., 2018). The ABMC introduces directional bias terms, breaking
symmetry and invalidating spectral methods to understand convergence behavior
(i.e., methods that rely on the eigenvalues and eigenvectors of the graph Laplacian).
We therefore provide specialized mathematical foundations and stability analysis for
the asymmetric interactions of the ABMC protocol.

Let ϖi(t) represent the right-hand side of Eq. (6.3). The upper bound of ϖi,
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denoted by ϖ̄, is defined as the maximum value of ϖi across all robots, given by
ϖ̄ = max

vi⇓V
{ϖi}. The set of robots that attain this maximum is denoted by S =

arg max
vi⇓V

{ϖi}. Similarly, the lower bound ϖ and the corresponding set S are defined
analogously as ϖ = min

vi⇓V
{ϖi} and S = arg min

vi⇓V
{ϖi}, respectively.

Let Pback
i represent the backup parents that vi selects from among its candidate

parents Pcand
i . Pback

i is defined as a subset of Pcand
i that minimizes the sum of the

state value and the bias term, as follows:

Pback
i := arg min

vj⇓Pcand
i (t)

{sj(t) + aij(t)} (6.9)

Note that, because the leader robot v1 originates the positional information in the
swarm, its backup parent set is empty, Pback

1 = ↙: it does not require an alternative
information path.

We now present a series of four lemmas that establish the properties of the ABMC
protocol. The first lemma demonstrates that the robots’ hop count estimates evolve
in a controlled manner. Specifically, it establish that the maximum and minimum
values of ϖi(t)—which are directly related to the rates of change of the robots’ hop
count estimates—are monotonically non-increasing and non-decreasing, respectively.
This ensures that the updates neither accelerate nor decelerate in an unbounded
manner.

Lemma 1: The upper bound ϖ̄(t) = maxvi⇓V ϖi(t) is monotonically non-increasing,
and the lower bound ϖ(t) = minvi⇓V ϖi(t) is monotonically non-decreasing.

Proof: Recall ϖi(t) and the definition of Pback
i in Eq. (6.9). For vi ↓ V1, ϖ̇i(t) = 0.

For vi ↓ V2, set mi(t) = minvj⇓Pcand
i (t)


sj(t) + aij(t)


. Because the min operator

may be non-di%erentiable, we use the upper right Dini derivative D+ and Clarke’s
chain rule (Clarke, 1990). It yields D+mi(t) ↓ conv

{
ṡj(t)+ȧij(t) : vj ↓ Pback

i

}
. By

Remark 4, aij(t) is piecewise constant on [tk, tk+1), hence ȧij(t) = 0 there. Therefore
D+ϖi(t) ↓ → ṡi(t) + conv

{
ṡj(t) : vj ↓ Pback

i

}
.
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Thus, there exist weights wj ⇓ 0 with 
vj⇓Pback

i
wj = 1 such that

D+ϖi(t) = → ṡi(t) +


vj⇓Pback
i

wj ṡj(t) (6.10)

Using the update rule η ṡ↼(t) = ϖ↼(t), we have ṡ↼(t) = ϖ↼(t)/η for all 2. Substituting
into (6.10) gives

D+ϖi(t) = 1
η



vj⇓Pback
i

wj


ϖj(t) → ϖi(t)


(6.11)

Now consider ϖ̄(t) = maxvi⇓V ϖi(t). By Clarke’s max rule,

D+ϖ̄(t) ⇑ max
vi⇓S(t)

D+ϖi(t) ⇑


vi⇓S(t)
ςi D+ϖi(t) (6.12)

for some ςi ⇓ 0 with 
vi⇓S(t) ςi = 1, where S(t) = {vi : ϖi(t) = ϖ̄(t)}. Substituting

(6.11) yields
D+ϖ̄(t) ⇑



vi⇓S(t)



vj⇓Pback
i

ςiwj

η


ϖj(t) → ϖi(t)


(6.13)

For vi ↓ S(t) we have ϖi(t) = ϖ̄(t) ⇓ ϖj(t) for all vj, hence each di%erence ϖj(t) →
ϖi(t) ⇑ 0. Since ςi ⇓ 0, wj ⇓ 0, and η > 0, every term in (6.13) is ⇑ 0, so
D+ϖ̄(t) ⇑ 0. Thus ϖ̄(t) is monotonically non-increasing.

For the lower envelope ϖ(t) = minvi ϖi(t), note that ϖ(t) = → maxvi(→ϖi(t)).
Applying the same argument to →ϖi(t) gives D+ϖ(t) ⇓ 0, i.e., ϖ(t) is monotonically
non-decreasing. This completes the proof. ↫

The second lemma describes the long-term interaction dynamics among the robots.
It shows that, over time, the robots influencing the state of those achieving the max-
imum and minimum rate of change are themselves among the robots achieving the
maximum and minimum rate of change, respectively.

Lemma 2: As t ↗ +′, for every robot vi that attains the upper bound ϖ̄(t)
(i.e., vi ↓ S), its backup parent set satisfies Pback

i ∝ S. Similarly, for every robot vi

that attains the lower bound ϖ(t) (i.e., vi ↓ S), we have Pback
i ∝ S.

Proof: From Lemma 1, we have ϖ(0) ⇑ ϖ(t) ⇑ ϖi(t) ⇑ ϖ̄(t) ⇑ ϖ̄(0), ⇔ vi ↓



6.4. Adaptive Minimum-cost Backup Paths 196

V , t ⇓ 0. Since ϖ̄(t) is monotonically non-increasing and bounded below, the Mono-
tone Convergence Theorem (Royden and Fitzpatrick, 1988) implies limt⇐+⇒ ϖ̄(t) =
c1, with ϖ(0) ⇑ c1 ⇑ ϖ̄(0). By definition, for every vi in S = {vi ↓ V | ϖi(t) = ϖ̄(t)},
we have limt⇐+⇒ ϖi(t) = c1. For any vj ↓ Pback

i , noting that ϖj(t) ⇑ ϖ̄(t), we ob-
tain limt⇐+⇒ ϖj(t) ⇑ c1. As t ↗ +′ (with ϖ̄(t) ↗ c1), using the upper right Dini
derivative and Eq. (6.13) gives

0 ⇓ lim sup
t⇐+⇒

D+ϖ̄(t) ⇓ lim sup
t⇐+⇒



vi⇓S⇔V2



vj⇓Pback
i

ςiwj

η


ϖj(t) → c1

)

(6.14)

where ςi ⇓ 0, 
vi⇓S ςi = 1, and wj ⇓ 0, 

vj⇓Pback
i

wj = 1. Since each coe"cient is
nonnegative, the only way for the limit superior of this weighted sum of nonpositive
terms to be zero is that each active term satisfies ϖj(t) → c1 ↗ 0. Hence

lim
t⇐+⇒

ϖj(t) = c1, ⇔ vj ↓ Pback
i (6.15)

By LaSalle’s Invariance Principle (Isidori, 2013), the system trajectories converge
to the largest invariant set where D+ϖ̄(t) = 0. In this invariant set, we must have
Pback

i ∝ S, ⇔ vi ↓ S, i.e., as t ↗ +′, robots with maximum ϖi(t) interact only
with robots that also achieve ϖi(t) = c1. This completes the proof. ↫

The third lemma shows the boundedness of the protocol states. This ensures that
the state values of the robots do not increase indefinitely and thus protocol stability
is maintained.

Lemma 3: si(t) ⇑ Smax, t > 0, ⇔vi ↓ V2.
Proof: Since the candidate parent set Pcand

i (t) is finite, there exists at least one
robot vn ↓ Pback

i such that minvj⇓Pcand
i (t){sj(t) + aij(t)} = sn(t) + ain(t). Therefore,

by the update rule we have si(t) = sn(t) + ain(t) → ϖi(t). Since ϖi(t) ⇓ ϖ(0), we have

si(t) ⇑ sn(t) + ain(t) → ϖ(0) (6.16)
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More generally, for any vj ↓ Pcand
i (t),

si(t) = min
vω⇓Pcand

i (t)
{s↼(t) + ai↼(t)} → ϖi(t) ⇑ sj(t) + aij(t) → ϖ(0) (6.17)

so (6.16) applies to each backup parent.
To extend this local bound to a global one, we use the reachability via backup

parents assumption: for every robot vi ↓ V2 there is a finite directed backup path
connecting it to the leader robot v1 ↓ V1, say {vi, . . . , vn, . . . , v1}, where for each
consecutive pair (vn, vn+1) along the path we have vn+1 ↓ Pcand

n (t). Then, for each
link along the path, sn(t) ⇑ sn+1(t) + an,n+1(t) → ϖ(0). If we define C = amax → ϖ(0),
where amax is an upper bound on all link costs, then for each link we have sn(t) ⇑
sn+1(t) + C. By chaining these inequalities from the robot vi to the leader robot v1

(across, say, n → 1 links) gives si(t) ⇑ s1(0) + (n → 1)C. Let nmax be the maximum
number of hops needed for any robot in V2 to reach the leader robot along backup
parents. Then, by taking the worst-case path we define Smax = s1(0) + (nmax → 1)C.
Hence, for every vi ↓ V2 and all t > 0, si(t) ⇑ Smax. This completes the proof. ↫

Finally, the fourth lemma demonstrates that as time approaches infinity, the
leader will be included in the set of robots with the minimum state value. By
aligning its state with the minimum, the leader follows the same protocol as other
robots, promoting network stability and preventing divergence.

Lemma 4: As t ↗ +′, S ▽ V1 ↖= ↙, where S.
Proof: Recall that ϖ1(t) = 0 for all t. Suppose, for contradiction, that S(t)▽V1 =

↙ for arbitrarily large t. Then, since ϖ(t) = mini ϖi(t) and ϖ1(t) = 0, we must have
ϖ(t) < 0 for those t.

From the definition of Pback
i , we have Pback

i ↖= ↙ for every vi ↓ S(t). Moreover, by
Lemma 2 (lower-bound case), Pback

i ∝ S(t) for all vi ↓ S(t) for su"ciently large
t. For any such t, pick vi ↓ S(t) and any vn ↓ Pback

i . Using

ϖi(t) = → si(t) + min
vj⇓Pcand

i (t)


sj(t) + aij(t)



= → si(t) + sn(t) + ain(t)
(6.18)



6.4. Adaptive Minimum-cost Backup Paths 198

we obtain
si(t) = sn(t) + ain(t) → ϖi(t) (6.19)

Since ϖi(t) = ϖ(t) < 0 and ain(t) ⇓ ⇀ > 0, (6.19) gives the strict inequality

si(t) > sn(t) + ⇀ > sn(t) (6.20)

for all vn ↓ Pback
i ∝ S(t).

Now define sm(t) := minvω⇓S(t) s↼(t) and choose vi ↓ S(t) attaining this minimum.
Then si(t) = sm(t) ⇑ sn(t) for every vn ↓ S(t), which contradicts (6.20). Therefore,
our supposition must be false, and S(t) ▽ V1 ↖= ↙ for all su"ciently large t. This
completes the proof. ↫

Having established the properties of the ABMC protocol through lemmas 1–4,
we now present two theorems that demonstrate its stability—that is, the ability of
the consensus protocol to reliably reach a state of equilibrium (Ren et al., 2005).

Theorem 1: Fix [tk, tk+1) on which H, Ni, and aij are constant. Let G =
(V , E) be an HHC-constructed graph with the leader robot v1 and first follower v2;
destination set V1 = {v1, v2}, remainder set V2 = V \ V1. For each vi ↓ V2, the
candidate parent set Pcand

i is defined in Eq. (6.4) and reachability of V1 via the
candidate parents holds: ⇔ vi ↓ V2 ̸ m and a sequence vk0 , . . . , vkm with vk0 = vi,
vkω+1 ↓ Pcand

kω
, and vkm ↓ V1. Each robot vi maintains a scalar state si(t) ↓ R,

interpreted as its current estimate of the minimum cumulative bias from vi to V1

along converged paths. Each robot adheres to the ABMC protocol given in Eq. (6.3).
Then on [tk, tk+1), there exists a unique s⇑ ↓ R|V| for each vi ↓ V with:

s⇑
i (t) =






si(0), vi ↓ V1

min
vj⇓Pcand

i (t)


s⇑

j(t) + aij(t)


, vi ↓ V2
(6.21)

For any s(0) ↓ R|V|, the solution s(t) converges globally and asymptotically to s⇑.
Proof:
Building on Lemma 1, there exist constants c1, c2 ↓ R such that limt⇐⇒ ϖ̄(t) = c1



6.4. Adaptive Minimum-cost Backup Paths 199

and limt⇐⇒ ϖ(t) = c2. By Lemma 4, there exists an increasing, unbounded sequence
{tk}k⇓N with tk ↗ ′ such that S(tk) ▽ V1 ↖= ↙ for all k ↓ N. For each k, pick
vi ↓ S(tk) ▽ V1. Since ϖj(t) = 0 for all vj ↓ V1 and all t, we have ϖ(tk) = 0 for every
k. Hence lim inft⇐⇒ ϖ(t) = 0. Because ϖ(t) has a (finite) limit c2, it follows that
c2 = 0; that is, limt⇐⇒ ϖ(t) = 0.

Now, consider the definition of ϖ̄(t), which implies ϖ̄(t) ⇓ ϖ(t). For any time t

and any robot vi ↓ S(t), the ABMC protocol dictates that ηṡi(t) = ϖi(t) = ϖ̄(t).
Summing over all robots and using that every non-maximizer has ϖi(t) ⇓ ϖ(t), we
obtain the pointwise bound

η


vi⇓V
ṡi(t) =



vi⇓V
ϖi(t) ⇓ |S(t)| ϖ̄(t) +


|V| → |S(t)|


ϖ(t) (6.22)

Fix 3 > 0. Since ϖ(t) ↗ 0, there exists T↽ such that ϖ(t) ⇓ →3 for all t ⇓ T↽.
Integrating (6.22) from T↽ to ϱ and using Lemma 3 (boundedness of si(t)) yields that
the left-hand side is uniformly bounded in ϱ , whereas the right-hand side is

 ϑ

Tε

|S(t)| ϖ̄(t) dt → (|V| → 1) 3 (ϱ → T↽) (6.23)

Since |S(t)| ⇓ 1, if lim supt⇐⇒ ϖ̄(t) > 0 the integral would diverge to +′
(for 3 arbitrarily small), a contradiction. Hence limt⇐⇒ ϖ̄(t) = 0. Combined with
limt⇐⇒ ϖ(t) = 0, we have maxvi⇓V |ϖi(t)| ↗ 0, which implies ṡi(t) ↗ 0 for all vi ↓ V .

Let s⇒ be any limit point of s(t). Passing to the limit in the ABMC update gives,
for each vi ↓ V ,

0 = lim
t⇐⇒

ϖi(t) =






0, vi ↓ V1,

→ s⇒
i + minvj⇓Pcand

i
{s⇒

j + aij}, vi ↓ V2

so s⇒ satisfies Eq. (6.21). By uniqueness of the equilibrium, s⇒ = s⇑ and therefore
s(t) ↗ s⇑ globally. This establishes global asymptotic stability of the equilibrium.
↫

Building upon the global convergence of the ABMC protocol, we now examine
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the relationship between the equilibrium state and the minimum-cost backup path.
The following theorem establishes the equivalence between the equilibrium point of
the protocol and the solution to the minimum-cost path problem.

Theorem 2: If the initial state of the leader robot is s1(0) = 0, then the equilib-
rium point of the ABMC protocol serves as a solution to the minimum-cost variant
of the shortest-path problem.

Proof: In the classical shortest-path problem, the goal is to determine a path that
minimizes the cumulative (nonnegative) edge cost from any node vi to a designated
source, with the corresponding optimal cost si satisfying the recursive relation

si = min
vj⇓Pcand

i

{ sj + cij }, ssource = 0 (6.24)

where cij ⇓ 0 is the cost of (vi, vj). This is Bellman’s equation (Bellman, 1958).
On the fixed interval [tk, tk+1), the sets Pcand

i and biases aij are constant. In our
formulation, the state si represents the minimum cumulative bias along a directed
backup path from vi to the leader v1, and the classical edge cost cij is replaced by the
bias aij ⇓ ⇀ > 0. Hence the recursion becomes si = minvj⇓Pcand

i
{ sj +aij }, s1 =

0. This is exactly Bellman’s equation with edge costs aij.
Define the (time-invariant on [tk, tk+1)) Bellman operator

(Ts)i := min
vj⇓Pcand

i

{ sj + aij }, i ↓ V2, (Ts)1 := 0 (6.25)

The operator T is monotone and nonexpansive in the max norm: ↔Ts → Ts̃↔⇒ ⇑
↔s → s̃↔⇒. Moreover, by construction of Pcand

i with Hj < Hi, every admissible hop
strictly decreases hierarchy, so directed backup paths are acyclic and finite, and v1 is
reachable from every vi ↓ V2. On a finite acyclic graph with nonnegative edge costs
and boundary s1 = 0, the system s = Ts has a unique solution equal to the vector
of minimum cumulative costs to v1 (standard dynamic programming/shortest-path
argument, e.g., induction over increasing hierarchy).

By Theorem 1, the ABMC state converges to a unique equilibrium s⇑ satisfying
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the same fixed-point equation s⇑ = Ts⇑. Hence, for each vi ↓ V ,

s⇑
i = min

⇀: vi↬v1



(vp⇐vq)⇓⇀

apq (6.26)

i.e., s⇑
i equals the minimum cumulative bias along any directed backup path from vi

to the leader v1 (and s⇑
1 = 0). ↫

Remark 5: Upon convergence of each robot’s state to the solution of the afore-
mentioned nonlinear equation, the backup path from any robot in V2 to the leader
robot can be constructed by recursively tracing the sequence of backup parent robots.

Remark 6: Theorems 1 and 2 guarantee that all robots’ state values converge
to their respective backup paths, regardless of their initial states.

6.5 Backup Network Layers

Collectively, the backup paths generated by the ABMC protocol form the backup
network layer (Fig. 6.2). The backup network layer allows each robot to receive
positional information along multiple paths from the leader, via its primary parents
and its backup parents. The backup layer thus provides the structure for a feedback
mechanism, enabling independent verification of the accuracy of information flowing
along di%erent paths through the swarm. The backup network layer is self-organized
using local information from nearby robots and it adaptive to changes in the original
graph, thus maintaining the adaptability to current conditions that is crucial for
addressing intermittent faults.

6.5.1 Algorithm for backup layer construction

Algorithm 1 details the process of constructing backup paths for an individual robot,
for a robot swarm deployed in R2. The paths constructed throughout a swarm are
aggregated to form the backup network layer.

First, for each follower robot vi ↓ V2, the algorithm begins by initializing two
sets: one for the minimum-cost backup edge (Emin) and one for alternative backup
edges (Ealt). Note that while the ABMC protocol is originally formulated in contin-
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Figure 6.2: Visualization of a backup network layer established by the ABMC pro-
tocol for a 50-robot swarm. Each robot (grey circles) independently establishes
minimum-cost backup edges (red lines; darker red indicates a higher number of edges
between the two respective nodes) that collectively form backup paths to the leader
robot. These backup paths collectively form the backup network layer (red) that
complements the primary network (green).
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uous time (see Eq. (6.3)), in practical implementations the di%erential equation is
discretized. Here, the iteration index k corresponds to discrete time instants t = k%t

for a chosen sampling interval %t, and the update si[k + 1] approximates the state
si(t + %t). Define the step size ∫ := %t/η ↓ (0, 1]. We use the forward-Euler update
si[k + 1] = (1 → ∫) si[k] + ∫


sj→ [k] + aij→ [k]


, where j⇑ indexes the minimum-cost

candidate parent at step k. This convex-combination form preserves nonnegativ-
ity for hop-like states when si[0] ⇓ 0. Consequently, the convergence criterion
|si[k + 1] → si[k]| < 4, with a predefined threshold 4 > 0, serves as a discrete-time
analogue to the continuous-time derivative approaching zero.

Then, the minimum-cost backup path is reconstructed by backtracking from the
candidate parent vj→ using the edges stored in Emin. Here vj→ := arg min

vj⇓Pcand
i [k]


sj[k] +

aij[k]


is the minimum-cost candidate parent, and it is thus selected as the backup
parent for vi at iteration k; equivalently, the directed edge (vi, vj→) is the link stored
for path construction. The algorithm ensures that each robot in the backtracked
path is connected to its predecessor via a valid edge from the minimum-cost edge
set, Emin. In the final iteration, for each robot vj ↓ Pcand

i [k], if vj ↖= vj→ and the
di%erence between the alternative candidate’s cost and the minimum-cost path’s cost
is within an acceptable range, i.e.,



sj[k] + aij[k]


→ si[k + 1]

 < ϱ (6.27)

then the edge (vi, vj) is added to the alternative edge set.
The threshold ϱ > 0 is a predefined parameter that allows slight variations in

the path costs, ensuring that an alternative path is considered viable only if its cost
is only marginally higher than the minimum-cost path’s cost. Subsequently, the
alternative paths are obtained by backtracking from each eligible robot vj using the
edges stored in Ealt. Upon completion of the backtracking processes, the algorithm
stores the resulting minimum-cost backup path Bmin

i and the set of alternative backup
paths Balt

i (along with their associated costs and edge sets) for robot vi in the set Bi.
Remark 7: The discrete next-hop selection vjϑ ↓ arg min

vj⇓Pcand
i [k]


sj[k] + aij[k]


is
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Algorithm 1 Construction of backup paths for Robot vi

Require: η: Convergence rate factor, 1: Weight adjusting the hierarchy’s impact
on the bias term, ϑ: Weight scaling the contribution of congestion penalty to
the overall bias, ▷d: Maximum robot outdegree, Hi: Robot’s hierarchy, K: Max-
imum iterations, ϱ : Alternative path cost threshold, 4: Convergence tolerance,
r: Communication range, %t: Sampling interval with 0 < %t/η ⇑ 1

Ensure: Bi: Set of backup paths (minimum-cost Bmin
i and alternatives Balt

i ) for vi.

1: Initialize:
2: Emin ⇐ ↙, Ealt ⇐ ↙, Bmin

i ⇐ ↙, Balt
i ⇐ ↙

3: si[0] ⇐ ′, converged ⇐ False, k ⇐ 0
4: while k ⇑ K and not converged do
5: Compute the candidate parent set Pcand

i [k] according to Eq. (6.4)
6: for all vj ↓ Pcand

i [k] do
7: Compute aij[k] using Eq. (6.5)
8: end for
9: vj→ ⇐ arg min

vj⇓Pcand
i [k]


sj[k] + aij[k]

)

10: si[k + 1] ⇐ (1 → ∫) si[k] + ∫

sj→ [k] + aij→ [k]


{Euler step; preserves si ⇓ 0}

11: Set backup parent: Pback
i ⇐ v⇑

j

12: Let edge eij→ ⇐ (vi, vj→)
13: Emin ⇐ Emin ≃ eij→

14: converged ⇐


|si[k + 1] → si[k]| < 4
)

15: k ⇐ k + 1
16: end while
17: if converged then
18: Bmin

i ⇐ Backtrack from vi using the edges in Emin (cf. Remark 5)
19: end if
20: for all vj ↓ Pcand

i [k] such that vj ↖= vj→ and
(sj[k] + aij[k]) → si[k + 1]

 < ϱ do
21: Let edge eij ⇐ (vi, vj)
22: Ealt ⇐ Ealt ≃ eij

23: Balt
i ⇐ Backtrack from vi using the edges in Ealt

24: end for
25: Bi ⇐ {’minimum-cost’: Bmin

i , ’alternatives’: Balt
i }

26: return Bi
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set-valued under ties or near-ties, which can lead to chattering even when si[k] has
settled. This can be suppressed using a hysteresis policy (often used to suppress chat-
tering and limit rapid switching (Hespanha et al., 2003; Lin and Antsaklis, 2009)):
in short, retain the current parent unless a candidate provides a clearly better local
cost, or the improvement is consistently observed over several updates.

6.5.2 Properties of backup layer construction

Runtime: The time complexity of Algorithm 1 for a single robot vi is primarily
determined by the main loop, which iterates up to K times, where K is a constant
representing the maximum number of iterations. Each iteration involves several
key steps: candidate parent selection, computation of bias terms and state updates,
identification of the minimum-cost parent, and a convergence check.

Robot selection is e"ciently handled using a grid-based method (Thrun, 2002),
which runs in O(1 + |Pcand

i |) time. For each node vj ↓ Pcand
i , the computation of

the bias aij[k] and the update of the state value si[k + 1] are constant-time oper-
ations, yielding a total per-iteration cost of O(|Pcand

i |) for these steps. Identifying
the minimum-cost parent v⇑

j (i.e., the one that minimizes the cost sj[k] + aij[k])
requires scanning through all candidate parents, which also takes O(|Pcand

i |). The
convergence check—determining whether |si[k + 1] → si[k]| falls below a predefined
threshold 4—is an O(1) operation. Hence, each iteration runs in O(1 + |Pcand

i |)
time. Since K is constant, the cumulative time complexity over the main loop is
O(K(1 + |Pcand

i |)) = O(|Pcand
i |).

Once convergence is achieved, the algorithm backtracks the minimum-cost path
from the selected parent v⇑

j using the stored edges Emin. This backtracking process
has a time complexity of O(L), where L is the length of the path (i.e., the number of
hops) to the leader robot. Additionally, the algorithm backtracks alternative paths
from each eligible robot vj ↓ Pcand

i . For each such robot—if it satisfies the condition
in Eq. (6.27), an alternative path is backtracked using the stored edges Ealt. As there
may be up to |Pcand

i | alternative paths, each requiring O(L) time, this step has a
complexity of O(|Pcand

i |L).



6.6. Proactive–Reactive Fault Mitigation 206

Combining all steps, the overall time complexity—including the main loop and
the backtracking processes—is O(1+|Pcand

i |+L+|Pcand
i |L). Since constant terms and

lower-order terms are absorbed by the dominant factor, and given that L is generally
small compared to the total number of robots, the final complexity simplifies to
O(|Pcand

i |L).
Memory space requirements: In terms of the memory space required for a

single robot to run Algorithm 1, storing the minimum-cost path Bmin
i requires O(L)

space, while storing all alternative paths Balt
i requires up to O(|Pcand

i |L) space, since
there may be as many as |Pcand

i | alternative paths (each of length L). Thus, the total
space complexity for storing all paths is O(|Pcand

i |L).
E&ciency: The e"ciency of Algorithm 1 for a single robot can be influenced by

the spatial layout of the robots in the formation. In sparser areas, where the number
of robots in in the communication range r of robot vi is much smaller than the total
number of robots in the swarm, the algorithm performs more e"ciently in both time
and space, making it suitable for real-time applications. In denser formations, where
the number of robots in |Pcand

i | increases w.r.t. the total number of robots in the
swarm, performance will be more a%ected by the number of candidate parents

6.6 Proactive–Reactive Detection and Mitigation of Intermittent Faults

Intermittent faults cause transient deviations (biases, o%set errors, noise), and thus
can perturb the statistical properties of transmitted data, particularly the mean and
variance (Muhammed and Shaikh, 2017). At each time t, robot vi in R2 receives
relative position data from: (1) a path of direct parent robot vj ↓ Pi that may
exhibit o%set faults, and (2) a fault-free backup path Bi[b] ↓ Bi from a leader robot.

We model o%set faults as:

fxij (t) = oxij s(t) w(t), fyij (t) = oyij s(t) w(t) (6.28)

where oxij , oyij are constant o%sets, s is a Bernoulli random variable with probability
Pf , and w is a function indicating fault duration.
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The potentially faulty data q̃ij(t) = [ xij(t) + fxij (t), yij(t) + fyij (t) ]T follows a
Gaussian distribution:

q̃ij(t) ∀ N







xij(t) + Pf ↑ oxij

yij(t) + Pf ↑ oyij



 ,



Pf ↑ (1 → Pf ) ↑ o2
xij

0
0 Pf ↑ (1 → Pf ) ↑ o2

yij









(6.29)
where N denotes the Gaussian (normal) distribution.

Conversely, the fault-free backup data is:

qij(t) =


xij(t)
yij(t)



 ∀ N


xij(t)
yij(t)



 , 0
)

(6.30)

Each relative-position packet transmitted from robot vj to vi traverses a binary-
symmetric channel with bit-error probability Pe. Equivalently, we approximate the
e%ect of bit errors as an additional additive noise term,

qrx
ij (t) = qij(t) + εij(t), εij(t) ∀ N


0, ↼2

e(Pe)I


(6.31)

where the noise variance ↼2
e is chosen proportional to Pe to reflect the expected

distortion caused by random bit flips.
In our scenario, in which backup paths to the leader have already been con-

structed, the detection task can be reduced to checking whether the distribution of
primary data di%ers significantly from that of the backup data. To check this, we
adopt a Likelihood Ratio (LR) test for the data from the primary parents compared
to the data from the backup parents, contrasting two hypotheses:

• Null hypothesis H0: the data are consistent with the backup (no fault
present).

• Alternative hypothesis H1: the data distribution is perturbed (fault present).

Note that we use the log-Likelihood Ratio (LLR) for numerical stability and addi-
tivity, which yields the same decisions as the LR because log(·) is monotone. Each
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robot computes LLR values for its parents and uses them to decide whether a fault
is present and, if so, whether to switch to a backup path.

6.6.1 Algorithm for fault detection and mitigation

First, Algorithm 2 collects N data points from both the primary parents Pi and
the backup parents Pback

i of robot vi, and the sample means and covariances are
calculated for these data points. Then, log-Likelihood Ratio (LLR) tests are com-
puted for robot vi across its all backup paths Bi[b] ↓ Bi, comparing the likelihood of
the potentially faulty data under the Alternative hypothesis (i.e., faulty hypothesis)
against the Null hypothesis (i.e., fault-free hypothesis). To calculate the LLRs, we
first calculate LR. Let Q̃ij ↭ {q̃ij[k] : k = 1, 2, . . . , N} denote the N samples from
the potentially faulty parent robot, and Qij[b] ↭ {qij[k] : k = 1, 2, . . . , N} the N

samples from the fault-free backup path Bi[b] ↓ Bi.
We first compute sample means. For the parent robot path:

µQ̃ij
= 1

N

N

k=1
q̃ij[k] =

[
µX̃ij

, µỸij

]
(6.32)

where
µX̃ij

= 1
N

N

k=1
x̃ij[k], µỸij

= 1
N

N

k=1
ỹij[k]

Similarly, for the fault-free backup path:

µQij [b] = 1
N

N

k=1
qij[k] =

[
µXij [b], µYij [b]

]
(6.33)

where
µXij [b] = 1

N

N

k=1
xij[k], µYij [b] = 1

N

N

k=1
yij[k]

Next, the sample covariance for the parent robot path is

!Q̃ij
= 1

N → 1

N

k=1


q̃ij[k] → µQ̃ij


q̃ij[k] → µQ̃ij

T
(6.34)
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Algorithm 2 Proactive–reactive fault detection and mitigation
Require: Bi: Set of backup paths for robot vi to the leader robot (from Algorithm

1), including: Bmin
i : Minimum-cost backup path (a list of (robot, cost) tuples),

and Balt
i : Alternative backup paths (each a list of (robot, cost) tuples); Q̃ij ↭

{q̃ij[k] : k = 1, 2, . . . , N}: Potentially faulty data set includes N number q̃ij

data; Qij[b] ↭ {qij[k] : k = 1, 2, . . . , N}: Fault-free data set includes N number
qij data from backup path Bi[b] ↓ Bi; use_backup: Boolean flag indicating if the
backup path is in use; T lock: Timer to prevent rapid switching; T dur: A positive
real number defining the minimum time between decision changes; %t: Sampling
interval

Ensure: Fault detection decision for robot vi

1: for all parent robots vj ↓ Pi do
2: LLRij ⇐ ↙
3: for all backup path Bi[b] ↓ Bi do
4: µQ̃ij

⇐Eq.(6.32), µQij [b] ⇐ Eq.(6.33),
5: !Q̃ij

⇐ Eq.(6.34), and !Qij [b] ⇐ Eq.(6.35)
6: LLRij[b] ⇐ Eq. (6.38)
7: LLRij ⇐ LLRij ≃ {LLRij[b]}
8: end for
9: Q1 ⇐ Eq.(6.40) and Q3 ⇐ Eq.(6.41)

10: 5IQR
ij ⇐ Eq.(6.42) and 5ij ⇐ Eq.(6.39)

11: 5recover
ij ⇐ Eq.(6.43)

12: nfaulty ⇐ 
Bi[b]⇓Bi

I[b]
13: if nfaulty ⇓ & and T lock ⇑ 0 then
14: B

cand
i ⇐ {Bi[b] ↓ Bi | LLRij[b] > 5ij}

15: if Bmin
i ↓ B

cand
i then

16: Bi[b⇑] ⇐ Bmin
i

17: else
18: Bi[b⇑] ⇐ arg maxBi[b]⇓B

cand
i

LLRij[b]
19: end if
20: use_backup ⇐ True
21: T lock ⇐ T dur

22: else if use_backup and 5med
ij < 5recover

ij and T lock ⇑ 0 then
23: use_backup ⇐ False
24: T lock ⇐ T dur

25: end if
26: T lock ⇐ max(0, T lock → %t)
27: end for
28: return Fault detected or no fault – Continue with chosen data source
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For the fault-free backup path, we assume zero covariance:

!Qij [b] =


0 0
0 0



 (6.35)

The LR compares the probability of the observed parent robot data Q̃ij under
the fault hypothesis H1 versus the no-fault hypothesis H0. Under H1, the Gaussian
PDF parameters (mean and covariance) are estimated directly from the parent data
Q̃ij. Under H0, the Gaussian PDF is defined by the parameters estimated from
the fault-free backup path data Qij[b]. In this formulation, the backup data do not
appear explicitly in the likelihood product; rather, they determine the nominal model
parameters.

LRij[b] = Pr{Q̃ij | H1}
Pr{Q̃ij | H0}

(6.36)

where
Pr{Q̃ij | H1} =

N∏

k=1
f


q̃ij[k]; µQ̃ij

, !Q̃ij



and
Pr{Q̃ij | H0} =

N∏

k=1
f


q̃ij[k]; µQij [b], !Qij [b]


.

Here, f(·; µ, !) denotes the Gaussian PDF with mean µ and covariance !.
Substituting these PDFs, the closed-form LR is

LRij[b] =


 |!Qij [b]|
|!Q̃ij

|




N/2

exp


 → 1
2

N

k=1

[

(q̃ij[k] → µQ̃ij
)T !↔1

Q̃ij
(q̃ij[k] → µQ̃ij

)

→ (qij[k] → µQij [b])T !↔1
Qij [b](qij[k] → µQij [b])

]

 (6.37)

The use of a zero covariance matrix for the fault-free backup path may lead to
numerical issues. In particular, a zero covariance results in a zero determinant and a
non-invertible matrix, which renders the Gaussian likelihood calculations undefined.
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To avoid these singularities and account for minimal inherent noise, it is common
practice to introduce a small positive constant to the diagonal entries of the covari-
ance matrix.

The log-likelihood ratio (LLR) is:

LLRij[b] = N

2 ln


 |!Qij [b]|
|!Q̃ij

|



 → 1
2

N

k=1

[

(q̃ij[k] → µQ̃ij
)T !↔1

Q̃ij
(q̃ij[k] → µQ̃ij

)

→ (qij[k] → µQij [b])T !↔1
Qij [b](qij[k] → µQij [b])

]
(6.38)

Because ln of small determinant values can cause further numerical issues, one
can impose a lower bound on |!Qij [b]| to avoid excessive underflow in practical im-
plementations.

After calculating the LLRs, they are stored in a set, LLRij = {LLRij[b] | Bi[b] ↓
Bi}. Next, the algorithm calculates two thresholds.

Detection threshold: 5ij is computed based on the median and interquartile
range (IQR) of N LLR values sorted in ascending order, denoted as LLRsorted. This
threshold ensures robust error detection and is defined as

5ij = 5med
ij + 1.5 ↑ 5IQR

ij , (6.39)

where 5med is the median value and 5IQR is the interquartile range computed as the
di%erence between the 75th percentile (Q3) and the 25th percentile (Q1) of the LLR
values. Here, let m = |LLRij| denote the total number of LLR values. Then, the
25th and 75th percentiles are given by

Q1 = LLRsorted
ij


∃0.25 ↑ m¬

)
, (6.40)

Q3 = LLRsorted
ij


∃0.75 ↑ m¬

)
. (6.41)
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Finally, the interquartile range is

5IQR
ij = Q3 → Q1. (6.42)

Recovery threshold: 5recover
ij is computed using the minimum and maximum

LLR values within the recent N LLR values, with a tunable factor ε. This ensures
that the system only switches back to the primary path when the LLR values have
stabilized across a narrow range. The recovery threshold is defined as

5recover
ij = 5min

ij + ε ↑ (5max
ij → 5min

ij ) (6.43)

where 5min is the minimum LLR value and 5max is the maximum LLR value within
the recent N LLR values. This formulation takes into account the spread of the
LLR values, ensuring that switching back to the primary path occurs only when the
system has su"ciently stabilized.

After calculating the thresholds, the presence of a fault is confirmed based on the
number of backup paths whose LLR exceeds the detection threshold 5ij. A binary
indicator variable I is set for each backup path based on whether the corresponding
LLR exceeds 5ij:

I[b] =






1, if LLRij[b] > 5ij

0, otherwise
(6.44)

A fault is declared if the number of paths indicating a fault, nfaulty, meets or exceeds
a majority threshold &, typically set to the ceiling of half the number of backup
paths:

nfaulty ⇓ &

Upon detecting a fault, the algorithm identifies a set of candidate backup paths,
B

cand
i , that have LLRs exceeding the detection threshold 5ij. The minimum-cost

backup path Bmin
i is selected if it is among the candidates; otherwise, an alternative

backup path Balt
i with the highest LLR is chosen.

Switching back to the primary path occurs when the fault condition resolves.



6.6. Proactive–Reactive Fault Mitigation 213

Detection of fault resolution is based on comparing the median LLR value, 5med
ij , with

the recovery threshold 5recover
ij . If the median LLR value drops below the recovery

threshold, it indicates that the system has stabilized, and it is safe to revert to the
primary path. This mechanism ensures that the switch back to the primary path
happens only when the fault has truly subsided, preventing premature switching in
the presence of temporary fluctuations in the LLR values.

To ensure stability, a lock-in timer T lock prevents frequent switching between
the primary and backup paths. After switching to a path, the system enforces a
waiting period (lock-in time) before reevaluating the conditions for switching back,
stabilizing the decision-making process.

6.6.2 Properties of fault detection and mitigation

Runtime: The time complexity of Algorithm 2 is primarily influenced by the compu-
tation of sample means, covariance matrices, the LLR values, and sorting the LLRs.
For each parent robot, these calculations are performed for every backup path and
involve operations over the N data points in each path. Computing the sample mean
µ of a dataset with N points in d-dimensional space (d = 2 here) requires O(Nd)
time; since d is constant, this is O(N) per dataset. Similarly, computing the sample
covariance ! takes O(Nd2) = O(N) (again d is constant). Thus, for each backup
path, the total to compute mean+covariance is O(N).

The per-path LLR can be evaluated in O(1) if we use the already computed
su"cient statistics (mean, covariance, and N) rather than re-summing over samples
(cf. Eq. (6.38) written in terms of su"cient statistics). Sorting the |Bi| LLR values
costs O(|Bi| log |Bi|). Therefore, for a single parent vj, the total time is O


N |Bi|


+

O

|Bi| log |Bi|


.

If the statistics of the potentially faulty parent stream Q̃ij are reused across
all backup paths (computed once), the bound remains the same. For completeness,
multiplying by the in-degree ςin

i gives a per-robot bound O

ςin

i (N |Bi|+|Bi| log |Bi|)

;

in our HHC setting ςin
i ↓ {1, 2}.

Memory space requirements: The space complexity is dominated by the



6.7. Validation 214

storage requirements for the data points, covariance matrices, and LLR values. Each
backup path requires storage for N data points of dimension d, totaling O(Nd) space
per path. For all backup paths, this amounts to O(Nd|Bi|). With d being constant,
this simplifies to O(N |Bi|). Each covariance matrix and mean vector requires O(d2)
and O(d) space, respectively, per dataset. Since d is constant, the total space for all
backup paths is O(|Bi|), which is negligible compared to the data storage. Storing
the LLR values for all backup paths requires O(|Bi|) space. Therefore, the overall
space complexity is: O(N |Bi|)

E&ciency: Given a limited number of backup paths |Bi| as well as reasonable
values of N , the algorithm remains e"cient and suitable for real-time fault detection.
The linear scaling with N in both time and space complexities indicates that the
algorithm can handle larger datasets without significant performance penalties.

6.7 Validation

Using experimental results in simulation, we first demonstrate the adaptability of
the backup network layer to reconfigurations in the original graph. This is shown
in a scenario with a static leader in which a high proportion of the swarm fails per-
manently, resulting in a substantial reconfiguration of the original HHC-constructed
graph. Second, we demonstrate our proactive-reactive fault tolerance strategy for
detecting and mitigating intermittent faults in an HHC-constructed formation with
a moving leader, and compare its detection of simple and complex IFs to that of a
centralized benchmark. Finally, we demonstrate IF detection and mitigation using
our proactive-reactive method in a proof-of-concept swarm of 200 robots.

6.7.1 Example scenario 1: Permanent faults

We consider a group of 20 robots in a 2-dimensional space, in an example HHC-
constructed graph with eight hierarchy levels. In Fig. 6.3(a), the HHC-constructed
graph and the spatial layout of the formation are shown, with the robots repre-
sented as nodes. The HHC-constructed graph was generated randomly, but with the
leader only allowed to have up to four children and each follower up to three. The
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hierarchical relationships among the robots are illustrated in Fig. 6.3(b).

(a) (b)

Figure 6.3: Example scenario 1: Example primary network. (a) A randomly
formed HHC-constructed graph of 20 robots. Node 1 is the leader robot. (b) The
hierarchical structure underlying the formation in (a), where robots are arranged in
levels based on their hop count from the leader (Level 0). Each robot is assigned a
level that is one higher than the highest level among its parent robots, and informa-
tion flows from higher levels (starting from Level 0) to lower levels.

In Fig. 6.4(a), the simulation results for node 11 (with parameters configured
as η = 0.1, ▷d = 6, and r = 2 meters) are shown as a representative example,
alongside its corresponding path in the primary network. The simulation results
established one minimum-cost and one alternative backup path for node 11. In
Fig. 6.4(b), it is shown that both the primary path and the minimum-cost backup
path have a hop count of 3, while the alternative backup path has a hop count of
4. Thus, in the event of a fault in the primary path, the minimum-cost backup
path can be used without increasing the number of hops, minimizing any potential
latency increase or disruption to network performance. Although the alternative
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backup path involves one additional hop, it can still serve as a fail-safe to maintain
communication. In Fig. 6.4(c) we group the backup-path hop counts according to
their respective primary-path hop counts. For primary paths of 2 and 3 hops, the
mean backup-path hop count was ↘ 2.0 ± 0.2 and ↘ 3.1 ± 0.3, respectively, showing
that approximately 90% of robots found an equally short or only one-hop-longer
backup path. For primary paths of 4 and 5 hops, the mean was ↘ 4.3 ± 0.5 and
↘ 5.0 ± 0.7 hops, respectively, showing larger variability in longer paths.

The adaptability of the ABMC protocol to network changes due to random,
permanent robot failures is shown in Fig. 6.5. Following the random removal of 9
out of 20 robots (45% of the swarm) in a representative example trial, the primary
network reconfigures using HHC-reconstruction. The new primary network is shown
in Fig. 6.5(a). Then, to construct new backup paths following the reconfiguration,
each robot re-executes the ABMC protocol to update its backup edges. In Fig. 6.5(b),
the simulation results for the new HHC-reconfigured graph are presented, comparing
the minimum-cost and alternative backup paths for node 11 to its path in the primary
network. In this case, the primary path had a hop count of 2, while both the
minimum-cost and alternative backup paths had a hop count of 3. In Fig. 6.5(c),
we plot the utilized backup-path hop counts according to their respective primary-
path hop counts, grouped by failure rate (5–9 robots, or 25–45% of the swarm, are
randomly removed in each trial). For primary paths of 2 hops, the mean backup-
path hop count increases only slightly from ↘ 2.1 hops at 5 failures to ↘ 2.2 hops
at 9 failures, with ↼ only increasing from ↘ 0.2 to ↘ 0.35. The failure rate has a
moderately increasing e%ect on primary paths of 3 and 4 hops, with an occasional
1 or 2 hop increase occurring for 3-hop primary paths and an occasional 2 or 3 hop
increase for 4-hop primary paths. For primary paths of 5 hops, the failure rate has
a much more marked e%ect on the backup-path hop count, but the relatively small
number of samples at this length might contribute to the spread. Overall, even with
up to 45% of robots removed, the ABMC protocol always finds a backup path, and
the backup paths are usually within 1–2 hops of the primary path (increases of 3 hops
occur only occasionally). Mean hop counts increase only modestly with the failure
rate, until reaching primary paths of 5 hops (for which there are few samples).
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(a) (b) (c)

Figure 6.4: Example scenario 1: Proactive construction of backup layer be-
fore permanent faults occur. (a) ABMC protocol performance for the formation
shown in Fig. 6.3. The shortest path to robot 11 (chosen as a representative example
robot) in the primary network is highlighted in gray. The minimum-cost backup path
to the leader robot generated by the ABMC protocol for robot 11 is highlighted in
red, while the alternative backup path is highlighted in blue. The shortest primary
path follows the sequence of robots 1 ↗ 4 ↗ 8 ↗ 11. In this notation, ↗ the single
arrow indicates a directed link, specifying the intended direction of communication
along the primary path. The minimum-cost backup path is 1 ↗ 3 ↗ 6 ↗ 11, and
an alternative path is 1 ↗ 3 ↗ 7 ↗ 11. (b) Comparison of the shortest path in
the primary network for robot 11 and the number of hops for the minimum-cost
and alternative backup paths. (c) Backup path performance aggregated by primary
path length across 20 independent ABMC trials on distinct graph realizations. For
each primary-path hop count (2–5 hops), the mean backup-path hop count (of all
follower robots, all 20 trials) is shown in red, with error bars denoting ± 1↼. The
individual backup-path hop counts are shown in blue. Note that path lengths of
1 hop are omitted, since only follower faults are considered in this study, and thus
direct connections to the leader do not require a backup path.
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Figure 6.5: Example scenario 1: Backup paths used when permanent faults
occur. (a) Reconfigured robot formation following the failures in the formation
shown in Fig. 6.3. Robots 12, 17, 8, 2, 4, 18, 14, 6, and 20 have been removed in this
representative example case. (b) In the reconfigured formation, the new shortest path
for robot 11 is shown in gray, while the minimum-cost backup and an alternative path
are depicted in red and blue, respectively. The revised primary path now follows the
sequence 1 ↗ 5 ↗ 11, with the backup path as 1 ↗ 5 ↗ 10 ↗ 11 and the alternative
path as 1 ↗ 5 ↗ 9 ↗ 11. (c) Aggregated backup-path performance under random
robot failures in 20 trials, with 5–9 robots (25%–45%) failing per trial. For each
failure rate, the mean backup-path hop count (of all surviving follower robots, all 20
trials) according to primary-path hop count is shown, with one-sigma error bars (no
interpolation).
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For the reconfiguration process, we assume that the robot dynamics adhere to a
single integrator model and utilize an illustrative distance-based formation control
law as provided in(Oh et al., 2015). The reconfiguration follows a process where each
surviving robot assesses its proximity to the desired formation configuration and
assumes the role of the nearest removed robot, as dictated by the reconfiguration
algorithm. For instance, robot 3 takes over the role of robot 2, robot 5 replaces
robot 4, etc. The formation tracking error for each robot post-reconfiguration is
depicted in Fig. 6.6 for the reconfiguration example given in Fig.6.5. The errors are
presented as a function of time, showing the asymptotic convergence to zero for all
robots, with varying rates depending on their hierarchical level. The tracking errors
for robots at lower hierarchical levels diminish rapidly, while those at higher levels
converge more slowly. This hierarchical convergence behavior ensures that the overall
formation stability is prioritized, with the root and critical robots in the formation
tree achieving stability first.

Figure 6.6: Formation tracking error for each robot following formation reconfigura-
tion.

6.7.2 Example scenario 2: Intermittent faults

To evaluate detection and mitigation of intermittent faults, we use a setup like that
in Sec. 6.7.1, but with a formation operating in 3D space while being subjected to
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intermittent faults on the x and y axes. The goal is to maintain the formation while
navigating, despite transient erroneous data.

The leader robot begins its motion along the z-axis at a constant speed. As the
leader robot moves, the rest of the formation follows, maintaining relative positions
as per the prescribed formation accompanying the HHC-constructed graph. Dur-
ing navigation, certain robots are exposed to intermittently faulty relative position
data with the fault occurrence probability Pf , combined with communication noise
modeled by the channel bit error probability Pe. In Fig. 6.7, the simulation result
is presented for the robot at node 11 in the formation given in Fig. 6.3, as a repre-
sentative example. The robot at node 11 is a%ected by faulty relative position data
intermittently reported by one of its primary parents (robot at node 8). Initially, they
follow a stable trajectory, moving along with the formation. Then, as intermittent
faults a%ect the relative position data received from node 8, deviations are observed
in their movement. These deviations, although minor initially, can accumulate over
time, leading to noticeable discrepancies in the formation.

6.7.3 Detection of simple and complex intermittent faults

To assess the detection accuracy and false positives rate of our proactive-reactive
method, we compare its performance to a benchmark case with a centralized detec-
tion network. In the centralized benchmark, the leader robot acts as an information
hub: it disseminates the correct reference values to all robots, gathers all measure-
ments returned by all robots (each corrupted only by channel bit error Pe), and then
decides whether the sender is faulty or not. The samples the leader receives are
randomly drawn from two overlapping distributions: f0 if the sender is not faulty
and f1 (shifted by the fault o%set) if the sender is faulty. To separate these noisy and
partially overlapping distributions, the leader applies the Bayes-optimal likelihood-
ratio test by computing ’ = f1/f0 and comparing this ratio with a fixed threshold
that maximizes 1

2(TPR + TNR) for the given noise level Pe.
In this section, we compare the performance of this centralized benchmark to

that of our proactive-reactive method, in the formation control scenario of Sec. 6.7.2
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(a)

(b)

Figure 6.7: Example scenario 2: The e%ect of intermittent faults without
the use of a fault tolerance mechanism. The e%ect of intermittent faults on a 3D
navigation scenario, using the example formation given in Fig. 6.3. In this example,
Pf = 0.5 and Pe = 0.02. Robots 11 and 14 are highlighted as illustrative examples,
with their trajectories shown in bold black: robot 11 experiences intermittent o%set
faults in the relative-position data from its parent, robot 8. The inset highlights the
moments when the error a%ects the trajectory of robots 11 and 14.
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(see Fig. 6.7). We test our proactive-reactive method in the cases of one faulty parent
and two faulty parents.

Fig. 6.8 presents the results of 20 independent Monte Carlo trials per fault prob-
ability Pf , with the channel bit error probability Pe held constant (at Pe = 0.02).
In Fig. 6.8(a), the 1↼ bands remain very narrow (under 3%) at low fault rates
(Pf ⇑ 0.10), indicating highly consistent behavior across trials. Variability grows
modestly at the mid fault rates (Pf ↘ 0.15–0.25), especially for the case of one
faulty parent. For the case of two faulty parents, only a few outlier runs remain be-
fore variability reaches nearly zero at the high fault rates (Pf ⇓ 0.40). For the case
of one faulty parent, the accuracy rises gradually from ↘ 22% to ↘ 90%. With two
faulty parents, accuracy climbs from ↘ 34% at Pf = 0.01 to over 90% by Pf = 0.30,
approaching the centralized bound. Similarly to the accuracy, the false-positive rate
variability (see Fig. 6.8(b)) reaches nearly 4% for the case of two faulty parents by
Pf = 0.35.

Fig. 6.9 presents the mean detection accuracy (sensitivity) and false positive
rate (specificity) of our proactive-reactive method, computed over 20 Monte Carlo
runs per grid cell, for varying fault occurrence probabilities Pf ↓ [0.01, 0.50] and
channel bit error probabilities Pe ↓ [0.01, 0.25]. For the case of one faulty parent,
Fig. 6.9(a) demonstrates that detection accuracy climbs steeply with Pf even under
light noise. At Pe = 0.01, accuracy rises from about 27% at Pf = 0.01 to cross
the 50% contour at Pf = 0.20, and the 75% contour once Pf ⊜ 0.35. Accuracy
only falls below 50% in the extreme low-Pf , high-Pe corner, and remains above 10%
across most of the (Pf , Pe) plane. Fig. 6.9(c) shows false positives beginning at 33%
for (Pf = 0.01, Pe = 0.01), and falling below the 10% contour for Pf ⊜ 0.35. The
60% accuracy and 10% false positives contours delineate a safe operating envelope
of roughly Pf ⊜ 0.35, Pe ≿ 0.10, within which the sensitivity versus specificity of
detection is balanced.

For the case of two faulty parents, Fig. 6.9(b) exhibits an even sharper rise in
accuracy: under minimal noise (Pe = 0.01), accuracy rises from ≿ 40% at Pf = 0.01
to cross the 50% accuracy contour by Pf = 0.05, and the 90% contour appears
near Pf = 0.20. As Pe increases these breakpoints shift rightward. In Fig. 6.9(d),
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(a)

(b)

Figure 6.8: Detection of simple intermittent faults. Performance of the fault de-
tection strategy under varying fault-occurrence probabilities for the formation control
scenario given in Fig. 6.7, at fixed channel bit error probability Pe0.02. (a) Detection
accuracy: 20 independent simulation runs for each case (two faulty parents shown
in blue, one faulty parent shown in green). Thin lines show individual trials; bold
lines show the mean ±1↼ across runs, with vertical error bars. Dashed horizontal
lines show the overall average accuracy across all fault probabilities for each case
(centralized benchmark is shown in red). (b) False positive rate, in the same plot
style as (a).
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false-positives start at about 21% and fall under the 10% contour by Pf = 0.15
at Pe = 0.01. The 75% accuracy and 10% false positive contours delineate a safe
envelope around Pf ⊜ 0.25, Pe ≿ 0.10, showing that even when both parents are
faulty, detection sensitivity versus specificity can be balanced e%ectively.

Compared to the centralized benchmark (Fig. 6.9(e,f)), our proactive-reactive
method sacrifices 10–30 % accuracy at very low fault rates or under heavy noise, yet
it narrows the gap to within a few percentage points of the upper bound established
by the centralized benchmark once moderate fault activity appears. It also achieves
lower false positive rates compared to the centralized benchmark in the high-Pf ,
low-noise regimes that pose the greatest risk during bursts.

6.7.4 Demonstration in a swarm of 200 robots

This section presents a proof-of-concept demonstration of a 200-robot swarm under
time-varying fault conditions, in the scenario of two faulty parents. We conducted
20 independent Monte Carlo simulation trials of a 200-robot HHC-constructed for-
mation exposed to IFs, both with our proactive-reactive method and in a baseline
swarm with no IF-tolerance strategy. In the simulation scenario, we first expose
both swarms to a low background probability (Pf = 0.1) of IFs occurring randomly
in robots at each second. Our proactive-reactive method performs almost perfectly
during this period, while the baseline swarm experiences full breakdown. Therefore,
to also study the limitations of our proactive-reactive method, we secondly expose
both swarms to a high-intensity fault burst (Pf = 0.35) modeled as a fixed time
interval (t = 30 to t = 50 seconds).

Fig. 6.10(a) presents the mean absolute tracking error e(t), averaged across all
robots and trials. Without any fault tolerance or mitigation strategy (red), errors
accumulate rapidly and exceed the breakdown threshold (dashed black line) well
before the burst, after which they remain saturated. With our proactive-reactive
method (green), error growth is well-contained during the background phase, but
increases more rapidly during the burst interval. The increase during the burst can
be attributed to the fact that, although per-fault detection accuracy improves as the
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(a) Mean accuracy: one faulty parent (b) Mean accuracy: two faulty parents

(c) Mean false-alarm: one faulty parent (d) Mean false-alarm: two faulty parents

(e) Centralized detection accuracy

(f) Centralized false positive rate

Fault occurrence probability

Figure 6.9: Detection of complex intermittent faults. (a-d) Detection perfor-
mance of our proactive-reactive method under joint o%set faults and channel noise, in
the cases of (a,c) one faulty parent and (b,d) two faulty parents. Heatmaps (20 trials
per grid-cell) showing the (a-b) mean detection accuracy and (c-d) false positives
rate as functions of fault occurrence probability Pf and bit-error probability per hop
Pe. (e) Mean detection accuracy, and (f) mean false positive rate of the centralized
benchmark, as a function of the fault occurrence probability Pf , for varying channel
bit-error probabilities Pe.
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fault occurrence rate increases (see Fig. 6.9), the total fault occurrence is so high that
the absolute rate of undetected faults can stay constant or rise (i.e., multiplying by a
larger Pf can outweigh the accuracy gain). For example, moving from Pf = 0.10 at
60% detection to Pf = 0.35 at 90% detection changes only from 0.10 ↑ 0.40 = 0.04
to 0.35 ↑ 0.10 = 0.035. Because each undetected fault contributes permanently to
cumulative error, the green curve in Fig. 6.10(a) still climbs during the burst—though
it remains below the threshold far longer than in the unmitigated case. After the
burst, error growth reverts to its slower background rate.

Fig. 6.10(b) shows the proportion of robots maintaining the formation with a
tracking error below the breakdown threshold, over time. Without any fault tolerance
or mitigation strategy (red), the formation fraction approaches zero (i.e., all robots
exceeding the allowable error) within 25 s and remains there. With our proactive-
reactive method (green), nearly all robots in the swarm hold the formation before
the burst, and during the burst they experience a gradual decline rather than a
catastrophic collapse. After the burst, the loss rate reduces substantially, but around
half of the robots have already been lost and the swarm cannot recover its pre-burst
rate (which was nearly no loss). Still, at the end of the trial at t = 100 s, a substantial
core of robots (> 30) is still active in the formation.

Overall, the method is extremely e%ective at detecting and mitigating IFs in low
background probability (Pf = 0.1) in a 200-robot swarm, especially compared to the
baseline swarm with no IF-tolerance method, which degrades completely even under
this low IF condition. During a high-intensity burst of IFs, although the per-fault de-
tection accuracy improves during the burst, the much higher volume of faults results
in the absolute rate of undetected faults still growing, so the total number of unde-
tected events remains substantial. In short, in large swarms experiencing substantial
high-intensity bursts of IFs, a fault saturation threshold does exist, after which for-
mation quality will still degrade when using our proactive-reactive method, in its
current form. However, under this fault saturation threshold, our proactive-reactive
method is highly e%ective, dramatically outperforming the unmitigated baseline and
enabling robust operation even in challenging conditions.
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(a)

(b)

Figure 6.10: Simulation results with a swarm of 200 robots. Tracking perfor-
mance of a 200-robot hierarchical swarm under time-varying IFs, with a burst period
(Pf = 0.35) from t = 30 to t = 50 s and a low background fault rate (Pf = 0.1) other-
wise. Results are averaged over 20 independent trials, with shaded regions indicating
±1↼ across trials. The orange band marks the fault burst interval. The impact of
the burst phase is governed by the rate of undetected faults, which is determined by:
undetected fault rate = Pf ↑ (1 → detection accuracy). (a) Mean absolute tracking
error e(t) in meters. Tracking errors are cumulative, and robots that exceed the
breakdown threshold (shown as dashed black line) are counted as irrecoverable for
the remainder of the trial. (b) Proportion of robots maintaining the formation as a
function of time.
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6.8 Chapter conclusions

In this chapter, we presented a novel proactive–reactive fault-tolerance strategy de-
signed to address the challenges posed by intermittent faults (IFs) in robot swarms,
particularly for establishing reliable multi-hop communication paths and maintaining
desired formations. Proactively, the strategy uses adaptive biased minimum consen-
sus (ABMC) for robots to self-organize dynamic backup communication paths before
faults occur. The ABMC protocol extends the existing biased minimum consensus
(BMC) to dynamic networks of mobile robots. ABMC incorporates dynamic network
characteristics, dynamic robot relative positions, and dynamic bias terms, and also
allows the establishment of new edges not already present in the original network.
This protocol ensures that each robot can continually adapt its backup path to the
leader robot, enhancing the swarm’s resilience to communication disruptions. Reac-
tively, the strategy uses one-shot likelihood ratio tests for fault detection and mitiga-
tion. By comparing information received via primary and backup paths, robots can
detect statistically significant deviations indicative of IFs. Upon IF detection along a
primary path, communication is temporarily rerouted through a backup path, until
the IF resolves. Thus, reliable flow of positional information is maintained and the
e%ect of IFs on the swarm’s formation control performance is minimized. Overall,
this chapter provides a proof-of-concept of proactive–reactive fault tolerance against
IFs in self-organized hierarchical robot swarms, a step towards addressing the broad
challenges posed by IFs in general.

The present work delivers a proof-of-concept of detecting and mitigating data-
centric IFs in a self-organized hierarchical robot swarm, but it would be important
for future work to expand the types of data-centric IFs that are considered. Firstly,
we have specifically addressed o%set faults. While o%set faults are indeed a common
issue across various sensor modalities, actuator types, and communication channels,
other data-centric intermittent faults, such as stuck-at and spike faults, also warrant
attention. Secondly, the present work assumes that some fault-free path exists among
the constructed multiplex network (primary paths and backup paths). However, in
real-world scenarios, there could be IFs that a%ect all possible paths in the multiplex
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network from a robot to its leader. Similarly, the present work assumes the leader
itself is fault-free, but this will not always be the case in real-world scenarios. Future
research could investigate fault tolerance methods for IFs that synchronously a%ect
many robots (e.g., a large proportion of the robots with few hops to the leader, or
a large proportion of the swarm overall) as well as IFs that e%ect the leader robot.
Finally, future work should also validate the approach with larger swarms exposed
to IFs in complex environments, as well as validate the approach with real robots
exposed to IFs in field experiments.



Chapter 7

Conclusions and Discussions

This chapter summarizes the main contributions of the thesis, discusses the current
limitations of the results, discusses the implications for aerial swarm robotics, and
outlines potential directions for future research.

7.1 Summary of contributions

This thesis advances resilient coordination in aerial robot swarms by integrating self-
organized hierarchy, reconfigurable network topologies, and proactive fault-tolerance
mechanisms. It also bridges the gap between theory and practice through the intro-
duction of the S-drone platform for experimental validation. Specifically, the thesis
makes the following key contributions:

1. Development of an open-source UAV platform (S-drone): Chapter 3
introduced the S-drone, a modular and extensible UAV platform for swarm
robotics research. Designed to support decentralized coordination and inter-
robot tracking, the platform can operate without any external infrastructure,
such as GPS or motion tracking. The S-drone platform thus facilitates ex-
perimental validation of swarm robotics algorithms, supporting tasks such as
cooperative transport and navigation. This contribution provides a practical
foundation for validating the resilient swarm behaviors and hierarchical frame-
works presented in the following chapter.
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2. Self-organizing hierarchy through the Self-organizing Nervous Sys-
tem (SoNS): Chapter 4 presented the SoNS framework to dynamically form
self-organizing hierarchical structures for scalable, flexible, and fault-tolerant
swarm coordination. Proof-of-concept missions demonstrated its ability in
tasks such as search-and-rescue. Through hierarchical coordination and dy-
namic leadership, the SoNS enables a whole robot swarm to be programmed as
if it were a single robot with a reconfigurable body. It enables mission-specific
reconfigurations and allows coordinated decision-making without sacrificing the
scalability or fault tolerance benefits of self-organization.

3. Graph-theoretic formulation for hierarchical frameworks: Chapter 5
extended bearing rigidity theory to self-organizing hierarchical frameworks, en-
abling distributed algorithms for construction and reconstruction. The pro-
posed Hierarchical Henneberg Construction (HHC) preserves rigidity and hier-
archy during framework merging, splitting, and reconfiguration, as well as the
addition or loss of individual robots, establishing a mathematically grounded
framework for resilient coordination in aerial robot swarms. The chapter also
provided guarantees of structural stability during dynamic reconfigurations and
permanent connection faults (e.g., losing a robot) when using HHC, thus estab-
lishing its scalability and resilience. The approach addresses both theoretical
challenges and practical needs for scalable and flexible aerial swarm formations.

4. Proactive–reactive fault tolerance strategy for intermittent faults
(IFs): Chapter 6 presented a decentralized approach to detect and mitigate
IFs: transient disturbances that intermittently corrupt sensor or communica-
tion data. Such faults can destabilize swarm coordination before traditional
reactive methods are able to respond, making them a critical challenge in aerial
swarm deployments operating in dynamic and uncertain environments. The
presented approach to address such faults included two key parts: proactive and
reactive. Proactively, the Adaptive Biased Minimum Consensus (ABMC) pro-
tocol was introduced, which adaptively re-weights local consensus updates in
order to establish and sustain backup multi-hop communication paths. In this
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way, alternative communication paths are already in place before a fault occurs,
reducing recovery delays. Reactively, a likelihood-ratio test (LRT) is applied
to prediction errors that represent the di%erence between data a robot receives
from di%erent paths through the network. Once the presence of faulty infor-
mation is detected by statistically monitoring the deviations, the a%ected links
are down-weighted or excluded, and information flow is immediately rerouted
through the proactively prepared backup paths. Overall, Chapter 6 has pro-
vided a practical and scalable proactive–reactive fault-tolerance approach that
directly addresses a failure mode common in real-world aerial swarms, thereby
enhancing their operational reliability in applications where continuous and
dependable performance is essential. This contribution strengthens swarm re-
silience by mitigating transient failures, ensuring seamless rerouting around
faulty robots and preserving mission continuity.

7.2 Limitations

To assess the applicability of the results to aerial swarm robotics in general, as well
as to guide directions for future research, I identify the following main limitations of
the current work:

• Scalability in real-world deployments: While simulations confirmed scal-
able performance for swarms containing up to 250 robots, practical demonstra-
tions have been limited to approximately 20 units. This limitation was due pri-
marily to practical constraints in laboratory infrastructure, including available
physical space, battery-management logistics, and bandwidth saturation un-
der heavy multi-agent communication loads. Such real-world bottlenecks pose
challenges not fully captured in simulation, particularly congestion-induced
communication failures or cascading fault events. Consequently, the lack of
empirical validation with swarms of real robots at larger scales presents an
important current limitation.

• Outdoor operation: The current S-drone platform utilizes sensor suites and
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control algorithms designed specifically for indoor operations at relatively low
speeds. Challenges related to outdoor operations, such as coping with external
disturbances (e.g., wind gusts, weather variability), and higher-speed dynamic
maneuvers (typical in realistic search-and-rescue scenarios at high speeds), have
not yet been addressed.

• Hierarchical reconfiguration in real-world deployments: The hierar-
chical coordination schemes presented 5 provide formal guarantees of bearing
rigidity, and 4 provides proof-of-concept demonstrations of self-organizing hier-
archy with real robots as well as simulated experiments testing some temporary
system-wide faults (sensor occlusion and communication outage). However,
real-world performance in a variety of practical contexts remains untested. In
practice, reconfiguration unfolds in network environments where communica-
tion links are imperfect—characterized by variable latency, intermittent packet
loss, and fluctuating bandwidth. These factors can potentially slow down or
destabilize coordination, which carries the risk of causing the intended hierar-
chy construction to lag behind the swarm’s physical motion and, in extreme
cases, fragment into disconnected sub-groups. Moreover, the current simplify-
ing assumptions in 5—including undirected lower-triangular graphs, obstacle-
free environments, and symmetric information flow—will not be able to be met
in all practical deployments.

• Fault-model coverage: The current proactive-reactive fault-tolerance strat-
egy presented in 6 targets intermittent faults (e.g., temporary sensor error) in
some of the robots in a swarm and presumes that it is possible to construct
backup paths with the remaining fault-free robots. Realistically, swarm de-
ployments may also experience more severe fault scenarios, including persistent
actuator or sensor faults ("stuck-at" conditions), as well as sudden system-wide
spikes characterized by short-duration, high-intensity bursts of erroneous data
or transient anomalies in data streams. In principle, multiple fault-tolerance
mechanisms for di%erent types of faults could be deployed in one system. How-
ever, the current IF fault-tolerance framework does not have a mechanism to
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distinguish persistent or system-wide faults from more isolated transient errors,
and thus critical failures could incorrectly be interpreted and responded to as
noise.

7.3 Implications and applications

The theoretical and experimental advances presented in this thesis pave the way for
more capable, resilient aerial robot swarms across a range of application domains.
Below we highlight three representative areas and explain how our key contributions
can translate into operational benefits:

• Search-and-Rescue in unstructured environments: Reliable coordina-
tion and adaptability make the methods presented in this thesis suitable for
missions in dynamic and unpredictable disaster environments. Hierarchical
frameworks enable distributed sensing, task allocation, and flexible reorgani-
zation in scenarios characterized by rapid state transitions, stringent latency
constraints, and limited bandwidth, thereby enhancing robustness and improv-
ing the likelihood of mission success.

• Large-scale environmental monitoring and mapping: Scalable swarms
can e"ciently cover large areas for ecological surveys or resource mapping, es-
pecially in remote and hard-to-reach areas. Self-organizing hierarchy supports
the division of tasks and dynamic adaptation to terrain constraints, ensuring
e%ective coverage.

• Persistent infrastructure inspection and monitoring: Fault-tolerant for-
mations support uninterrupted operation in industrial and urban settings,
supporting long-duration cooperative monitoring of infrastructure. The fault-
tolerance mechanisms developed in this thesis make hierarchical swarms reliable
even in harsh environments where intermittent faults are likely, such as during
inspection of bridges or of electrical and telecommunication infrastructure.
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7.4 Future research directions

Despite the impact our contributions can already have on a range of application do-
mains, several open challenges remain. In order to address the limitations identified
in Section 7.2 and to extend the applicability of the results presented in this thesis,
I propose the following directions for future investigation:

• Scalable outdoor deployment and validation: To address the scalability
gap between simulation and real-world experiments, as well as extend to out-
door scenarios, the following will need to be integrated: lightweight LTE/5G
ad-hoc mesh networks to support communication outdoors, automated bat-
tery management systems to facilitate rapid battery exchange or charging, and
cloud-based data logging infrastructures for post-hoc performance evaluation.
Empirical studies conducted in outdoor environments can expose potential op-
erational constraints, for example due to communication congestion or cascad-
ing fault propagation, thereby enabling the refinement of scalable coordination
strategies. Moreover, expanding the S-drone’s capabilities to outdoor environ-
ments or dynamic operational contexts would require additional hardware and
software modifications beyond those to support the already listed integrations,
such as support for extended state estimation.

• Generalization of hierarchical coordination and dynamic reconfigu-
ration: To expand hierarchical frameworks to scenarios with a wider range of
practical constraints, future theoretical developments should address scenarios
in which the assumptions of lower-triangular structures and symmetric com-
munication links made in 5 will fail. It will also be important to integrate
obstacle-aware navigation algorithms directly into the hierarchical reconfigura-
tion process, enabling UAV formations to adapt their communication topology
and spatial organization proactively as environmental conditions evolve.

• Comprehensive fault detection, isolation, and recovery: Future re-
search should expand the fault detection and isolation algorithms to handle a
wider range of fault scenarios, for example scenarios in which the possibility
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of constructing backup communication paths via some proportion of fault-free
robots cannot be assumed. Future research should also develop comprehensive
recovery mechanisms capable of maintaining operational integrity in realistic
multi-fault conditions (e.g., conditions that simultaneously include IFs in some
proportion robots as well as system-wide spikes of erroneous data). Incorporat-
ing machine learning methods—such as autoencoder-based anomaly detectors
for real-time sensor outlier rejection, graph neural networks for pinpointing
faulty links or agents, and multi-agent reinforcement learning policies that re-
assign roles and rewire connectivity on the fly—is a promising future direction
for adaptive fault management and rapid swarm reconfiguration after failures.

7.5 Concluding remarks

This thesis proposes a framework for resilient coordination in aerial robot swarms,
integrating self-organizing hierarchy that was demonstrated with real robots using
a custom-developed UAV platform, with reconfigurable network topologies, bearing-
based coordination frameworks, and proactive–reactive fault tolerance. By address-
ing scalability, adaptability, and fault tolerance, the thesis advances the state of the
art in aerial swarm robotics. The development of the S-drone platform also bridges
theoretical methods with real-world implementation, providing a practical founda-
tion for future research in aerial swarm robotics.

As a whole, the results presented in this thesis support distributed sensing, self-
organized formation control, and robust swarm coordination suitable for a range of
potential applications in dynamic and uncertain environments. The contributions
of this thesis lay the groundwork for more autonomous, flexible, scalable but also
manageable, robust, and trustworthy aerial robots. They provide practical tools and
methodologies to inspire further innovations in swarm intelligence, swarm robotics,
and multi-robot systems. Future research can build upon these foundations to ad-
dress remaining challenges and unlock new possibilities for resilient and intelligent
aerial swarm coordination.
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