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Abstract

Stochastic Local Search algorithms (SLS) are a class of methods used to
tackle hard combinatorial optimization problems. Despite not providing, in
most cases, any guarantee on the quality of the final solution, they are often
able to produce high quality solutions in a relatively short time. They are
therefore routinely used in countless real world applications, and their wide
applicability generates in turn a lot of research interest, both from a theo-
retical perspective and with applications on countless problems. There are
several research lines that not only propose SLS algorithms to solve prob-
lems, but that also try to understand how SLS methods work, and to explain
the results obtained by an algorithm. All these works are however focused
on specific problems and instances, or address one particular point of view,
and it is therefore difficult to connect the information provided. Hence, de-
spite the amount of research, how exactly SLS algorithms work is still an
open research question.

In this thesis I take an experimental approach to study how one of the
most popular SLS algorithms, simulated annealing (SA), works. I note that
many instantiations of SA have been proposed to solve different problems,
implementing new ideas over the original formulation, and that other algo-
rithms appearing in the SLS literature with a different name can be repre-
sented in the simulated annealing structure. Thus, I collect these ideas into
an algorithmic framework, classifying them by the specific role they have in
the algorithm. We use automatic algorithm configuration tools to automat-
ically improve the behaviour of existing SA algorithms for a set of problems,
and to automatically generate new SA algorithms able to outperform the
existing ones. By analyzing the composition of the resulting algorithms, I
observe the different characteristics that high quality SA algorithms need to
exhibit to successfully tackle different problems.

I then investigate the relationship between the algorithm structure and
a scenario, to understand how the characteristics of problems and instances
impact the performance of SA algorithms. I consider two SA variants and
evaluate them on a variety of scenarios. I then measure the conditions en-
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countered by the algorithms, and relate them to the results obtained by the
algorithms. I observe that a fixed-temperature variant of simulated anneal-
ing works well when the structure of the neighbourhoods is similar in dif-
ferent areas of the search space. The traditional cooling simulated annealing
is instead a better option when the conditions to escape path towards locally
optimal solutions change for different regions of the landscape.

Finally, I propose a causal framework that models the interplay between
the elements involved in the solution of an optimization problem. I show
how under this framework it is possible to represent several research direc-
tions, disambiguating the questions addressed by various works. I also show
how the clarification of the relationships between problems, instances, algo-
rithms and results is useful to approach open problems. We provide a proof
of concept of a transfer learning approach for algorithm configurations that
works across different problems.
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Introduction 1

1.1 Context andmotivation

Many real-world problems require to minimize or maximize a certain objec-
tive. For example, taking the shortest road to reach the desired destination,
completing a task as early as possible, packing as many objects as possible in
a certain space, minimizing the estimated error that a mathematical model
will have when deployed to unseen data, designing the wings of an airplane,
and many more. Sometimes the problem might require to optimize sev-
eral, possibly conflicting goals. When we choose a restaurant for dinner, we
consider both the quality of the food and the price, which are expected to
be negatively correlated; that is, we have two or possibly more objectives to
optimize. In this case we talk about multi-objective or multi-criteria opti-
mization. When there is uncertainty in either the entities involved or the
measurement of the outcome of the decision, we have stochastic optimiza-
tion. For example, if two different roads between two locations have the
same length, we normally prefer the one where we expect to find less con-
gestion. Finally, a problem can change over time, like a navigation system
that needs to recompute the best road to suggest to its user as the drive goes;
this is an example of time-varying or dynamic optimization. Optimization
problems are often complicated by the presence of constraints that we need
to satisfy, such as a budget that cannot be exceeded, or a mimimum amount
of certain objects to take. Constraints can take the softer form of prefer-
ences, that we would like to satisfy, but that we know they might not be
possible to accommodate.
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1. INTRODUCTION

Several fields study how to solve optimization problems in theory and
practice, often with important application in real life. In business, economics
and management, optimization is used to guide the decision making pro-
cess in companies [1, 2]. In computational biology, several tasks like align-
ing genomes or assembling DNA fragments can be framed as optimization
problems [3]. Many machine learning problems are effectively optimization
problems, often requiring to minimize an error or loss function or maximiz-
ing a certain score [4]. Researchers and practitioners use optimization to
plan the allocation of resources to prepare for emergencies and to react in
the most efficient way possible [5, 6, 7]. Even seemingly unrelated fields
such as architecture face issues that can be defined as optimization prob-
lems. For the new Hamburg concert hall, the Elbphilharmonie, acoustic
designers used an optimization algorithm to shape and place gypsum-fiber
acoustic panels in order to enhance the listening experience of the audience.1
The shape of the award-winning YEZO retreat in Hokkaido, Japan was de-
signed by algorithms with the goal of minimizing both the production costs
and the ecological impact of the building.2

Real world problems often include domain-specific details that might
hide the real optimization proces. Cutting a wooden plank and allocating
frequencies to several broadcasters are very different problems on the surface,
but both are examples of a particular problem called two dimensional bin
packing [8, 9]. To derive specific solutions we need of course to consider the
characteristic of the specific problems, but the optimization part in itself can
often be abstracted and treated independently, at least to a certain extent.

Unfortunately, many optimization problems with great practical rele-
vance are difficult to solve, that is, there is no known algorithm that com-
putes a provably optimal solution in time polynomial in the size of the input
instance. In the general case it takes a time exponential in the size of the
input. This makes the exact solution of mid-to-large instances impractical
for most problems. Therefore often, and especially in practical applications,
one has to settle for a solution that is good enough for the desired goal, re-
nouncing to theoretical guarantees about the solution quality in exchange
for a hopefully high quality solution computed in a relatively short time.

Many of such heuristic algorithms to compute suboptimal solutions be-
long to a family of algorithms called stochastic local search algorithms and the
particular class of metaheuristic algorithms [10, 11]. These methods can be
seen as problem-independent templates that provide general guidelines to
design an effective heuristic algorithm for a certain problem [12].

1https://www.wired.com/2017/01/happens-algorithms-design-concert-hall-stunning-elbphilharmonie/
2https://www.yankodesign.com/2021/01/04/algorithms-helped-design-the-shape-of-this-japanese-holiday-retreat/
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1.1. Context and motivation

In principle, different instances generate a different set of solutions and
therefore different algorithms are needed. In particular, a good SLS al-
gorithm needs to implement a mechanism to move between solutions that
is successful in both moving away rapidly from poor quality solution and
thoroughly covering regions of good solutions. These are contrasting objec-
tives that require a delicate balancing, known in the optimization literature
as the diversification/intensification or, equivalently, exploration/exploitation
tradeoff. For single-solution SLS algorithms, the ones to which this thesis is
devoted, this tradeoff is achieved in two, non mutually exclusive, main ways:
accepting worsening moves, and potentially excluding improving moves by
considering only subsets of candidate solutions. The idea is to avoid the most
immediate improvement to bet on a greater reward later on.

Over the years dozens of different such methods have been proposed and
applied to thousands of problems, thus building a huge body of literature.
There are, however, a few main families into which these methods can be
usually be classified, depending on which mechanism they employ to bal-
ance diversification and intensification. Very often these method introduce
a minor modification to the generic template, to better cope with the specific
scenario considered. The literature on SLS algorithms is therefore extremely
vast, and an interested practicioner is often left with the doubt of what al-
gorithm to use for his or her specific case, or, after having made a choice
and obtained some results, whether a different algorithm would have been
better. To navigate the body of literature the practitioner has virtually no
viable alternative than to follow the most common choice for related cases,
trying a few alternatives and injecting his or her own biases and preferences
in the process.

The problem is made worse by the current standard publication practices
in the field. In order to publish a new algorithm or new algorithmic results,
authors have to demonstrate the superiority of their method with respect to
existing alternatives. This practice creates a pressure on authors to “raise the
bar” in terms of performance, but at the same time no corresponding incen-
tives are placed on properly explaining the results. It is therefore tempting to
look for the case, the scenario or the settings where the newmethod shines in
comparison to the alternatives, or the alternatives that make the new method
shine. In some extreme cases, this opened the door to malpractices and doc-
umented frauds. But even when the authors are in good faith and the results
are reliable, it becomes difficult to evaluate the extent to which they can be
consider valid when a different scenario is to be considered. The outcome of
this development process is, with any probability, a suboptimal algorithm.

The most efficient way of making use of this knowledge corpus is then
to collect all these algorithms into flexible algorithmic frameworks, identifing
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1. INTRODUCTION

and classifying their particular contributions, and to make use of automatic
configuration and design tools to obtain an algorithm tailored for a specific
application scenario. These tools make it possible to build an algorithm that
is tailored for a specific problem and set of instances, by performing extensive
experiments without human intervention, exploring a broader set of alterna-
tives than what a human operator could do, removing not only the tedium
but also the user biases from the process. The resulting algorithm is therefore
expected to be of high quality, and this new way of developing optimization
algorithms has consistently obtained state-of-the-art results where applied.
This approach is known as the automated algorithm design paradigm.

On the other hand, despite the widespread adoption and success of SLS
algorithms, a proper understanding of how they actually work is still an open
fundamental research question [13]. A precise mathematical modeling of
the algorithm behaviour requires simplifications and assumptions that are
not necessarily met in practice. The complex analyses required are also not
easily transferrable onto the development of an algorithm. Experimental
analyses are the only way of analyzing complex real-world scenarios, but the
insights they can provide are limited by the boundaries and limitations of
the experimental observations. For example, from a comparison between
two algorithms for a specific problem we cannot infer any additional insight
about the performance of the algorithms on a different scenario, or about
the possible existence of a third, better algorithm for that problem. More-
over, often the specific research questions discussed in different papers that
deal with the same algorithms are not easily related to each other. For ex-
ample, the simple definition of superiority of an algorithm over a competing
alternative is ambiguous and requires to be framed in a precise context.

It is therefore not easy to relate the many insights about SLS perfor-
mance discussed in the literature and also for this reason the field of under-
standing how optimization algorithms work has not been able to keep the
pace of advancement of its applicative counterpart. The lack of a unified,
structured understanding of SLS algorithms is the ultimate reason behind
the statement of some authors who claimed that the field of metaheuristics
has not yet reached its maturity, despite decades of existence and several
thousands of published works [14]. The focus on competition at the detri-
ment of understanding and empirical rigor has been observed and decried in
another fast-advancing field, machine learning, which shares with the field
of metaheuristics a widespread drive towards better results above anything
else. Some authors even argued that this sort of practice is actually slowing
down the progress in the field [15]. While the advancement in terms of
better methods and better results is of course a desired outcome, this should
not happen at the detriment of our understanding and, ultimately, control.
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1.2. Contributions

1.2 Contributions

My research focused on using automatic methods to generate efficient al-
gorithms to study algorithmic behaviour. The goal of an optimization al-
gorithm is to obtain the best possible results on a certain scenario, so its
goodness is defined solely on the quality of the results it obtains. The idea
at the heart of this thesis is therefore that only by taking an algorithm to
its maximum potential we can really understand how and why it works, and
why it does not. There are in fact many reasons why an algorithm can obtain
bad results, but only by identifying what makes an algorithm good we can
gain knowledge that is useful in developing new, more powerful algorithms.

I have studied the behaviour of one of the oldest and most popular SLS
algorithms, simulated annealing (SA), on a set of unconstrained combinato-
rial optimization problems. SA is a metaheuristic based on the probabilistic
acceptance of worsening moves, and under its most general definition we
can also include several other SLS algorithms as SA variants. SA makes
use of a parameter called temperature to control the exploration/exploitation
tradeoff and alter its behaviour during the search. Starting from an extensive
literature review, I have identified the exact modifications introduced over
the original SA template in the literature, classified them according to their
function, and collected them into an algorithmic framework. By pairing this
framework with automatic configuration tools, I have been able to reproduce
and improve existing SA algorithms from the literature and to automatically
obtain new, high-performing SA algorithms. By performing extensive sys-
tematic experiments, I have observed how different SA implementations
perform on the various scenarios and what a good SA for a certain scenario
looks like. I have then identified the most important components of a SA al-
gorithm, that is, what parts of a SA impact the most its results, and therefore
to what a practitioner should pay attention when designing a SA algorithm
for a given scenario [16]. In a subsequent study I analyzed the impact of the
various choices for the most important component of a SA algorithm, the
acceptance criterion [17].

Having established how different SA characteristics are required to per-
form well on different scenarios, we move on to relate these characteristics
to the particular scenarios encountered by the algorithms. In particular, we
focused on two of the most interesting variants of SA from both a theoret-
ical and experimental perspective, its original formulation and the so-called
fixed temperature variant (FTA). By again using the automated algorithm
design paradigm I have obtained the best possible SA and FTA algorithms
for various scenarios. I have subsequently analyzed the conditions under
which the algorithms operated in the various scenarios, and I have deter-
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mined what are the conditions required for each algorithm to work well. To
the best of my knowledge, this is the first cross-problem analysis of SA and
FTA in combinatorial optimization that relates the algorithm characteristics
to the solution landscape [18].

The final main contribution of this thesis is the proposition of a novel
causal framework thatmodels the relationships between the entities involved
in the solution of an optimization problem [19]. This work comes from an
attempt to generalize the approaches followed in the previous works, provid-
ing a solid conceptual framework to support them. I show that this frame-
work is useful in representing the specific research questions discussed in the
optimization literature, disambiguating the goals and the findings reported.
This is an essential step towards building a coherent connection between the
many works in the literature that deal with analyzing, understanding and ex-
plaining the performance of optimization algorithms. I also show how this
conceptual framework is useful in practice, by applying it to show how exist-
ing tools can be used to exploit the knowledge obtained on a set of problems
to automatically instantiate an effective algorithm for a new, unseen prob-
lem [20]. To the best of my knowledge this is the first example of transfer
learning in combinatorial optimization that works across different objective
functions.

1.3 List of publications
The research reported in this thesis has been published in the several works.

The component-based analysis of simulated annealing and its acceptance
criterion was published in

[16] Alberto Franzin, Thomas Stützle. “Revisiting Simulated Annealing: a
Component-Based Analysis”. Computers and Operations Research,
2019; 104, 191-206,

[17] Alberto Franzin, Thomas Stützle. “Comparison of Acceptance Crite-
ria in Randomized Local Searches.” 13th International Conference
on Artificial Evolution (EA2017), 2017; 16-29.

A preliminary version of this research was presented in

[21] Alberto Franzin, Thomas Stützle. “Exploration ofMetaheuristicsThrough
Automatic AlgorithmConfigurationTechniques andAlgorithmic Frame-
works.” 6th Workshop on Evolutionary Computation for the Auto-
mated Design of Algorithms (ECADA @ GECCO), 2016; 1341-
1347.
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1.3. List of publications

The landscape-based analysis of fixed temperature and simulated annealing
has been submitted to an international journal, and at the time of writing is
under review and available as an institutional Technical Report:

[18] Alberto Franzin, Thomas Stützle. “A Landscape-based Analysis of
FixedTemperature and SimulatedAnnealing”, Technical Report 2021-
005, IRIDIA, Université Libre de Bruxelles, Belgium (2021).

The causal framework for optimization algorithms and its application to the
transfer learning of algorithm configurations are the subjects of a manuscript
currently in preparation to be submitted to an international journal. Prelim-
inary versions of this work and of its results have been published in

[19] Alberto Franzin, Thomas Stützle. “A causal framework for under-
standing optimisation algorithms.” Foundations of Trustworthy AI
- Integrating Learning, Optimization and Reasoning (TAILOR @
ECAI2020), Santiago de Compostela, Spain (online), 2020; 140-
145.

[20] Alberto Franzin, Thomas Stützle. “Towards transferring algorithm
configurations across problems.” Learning Meets Combinatorial Al-
gorithmsWorkshop (LMCA@NeurIPS2020), Vancouver, Canada (on-
line), 2020; 1-6.

1.3.1 Other contributions

In addition to themain contributions that compose this thesis, I have worked
on other subjects, related to various extents to the topics of this thesis.

I have contributed to the automatic algorithm configuration problem by
studying the impact of parameter transformations, aimed to improve the
performance of automatic configurators, in general, and irace, in particular.
This work has been published as

[22] Alberto Franzin, Leslie Pérez Cáceres, Thomas Stützle. “Effect of
Transformations of Numerical Parameters in Automatic Algorithm
Configuration.” Optimization Letters, 2018; 12(8), 1741-1753.

The application of automatic methods in less traditional domains is the
subject of another series of works I participated to. The automatic configu-
ration of the GCC C/C++ compiler is the focus of

[23] Leslie Pérez Cáceres, Federico Pagnozzi, Alberto Franzin, Thomas
Stützle. “Automatic configuration of GCC using irace.” 13th Interna-
tional Conference on Artificial Evolution (EA2017), 2017; 202-216.
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I have also worked on the automatic configuration of databases, to show
how an easy to use general-purpose configurator is effective in optimizing
the performance of a database.

[24] Moisés Silva-Muñoz, Alberto Franzin, Hugues Bersini. “Automatic
configuration of the Cassandra database using irace”. PeerJ Computer
Science, 2021; 7:e634.

To be successful, the configuration of a database requires a careful setup that
allows for consistent observations. The determination of such experimental
setup is the subject of another work, presented in the following paper.

[25] Moisés Silva-Muñoz, Gonzalo Calderon, Alberto Franzin, Hugues
Bersini. “Determining a consistent experimental setup for bench-
marking and optimizing databases.” 6th Workshop on Industrial Ap-
plication of Metaheuristics (IAM @ GECCO), 2021; 1614-1621.

Duringmy time in IRIDIA, I have also worked onmore different topics.
I have developed and released an R package to learn and use Bayesian Net-
works from data that contains missing values, a common scenario in many
practical applications such as medicine and biology.

[26] Alberto Franzin, Francesco Sambo, Barbara di Camillo. “BNSTRUCT:
an R package for Bayesian Network structure learning in the presence
of missing data.” Bioinformatics, 2017; 33 (8), 1250-1252.

[27] Francesco Sambo, BarbaraDiCamillo, Alberto Franzin, Andrea Facchinetti,
Liisa Hakaste, Jasmina Kravic, Giuseppe Fico, Jaakko Tuomilehto,
Leif Groop, Rafael Gabriel, Tiinamaija Tuomi, Claudio Cobelli. “A
Bayesian Network analysis of the probabilistic relations between risk
factors in the predisposition to type 2 diabetes.” 37th Annual Interna-
tional Conference of the IEEE Engineering in Medicine and Biology
Society (EMBC), 2015; 2119-2122.

Finally, I have worked on a technology transfer project between academia
and industry, contributing to the development of an anomaly detection ap-
plication aimed at monitoring networks of Internet of Things (IoT) sensors
using packet metadata.

[28] Alberto Franzin, RaphaëlGyory, Jean-CharlesNadé, GuillaumeAubert,
Georges Klenkle, Hugues Bersini. “Philéas: Anomaly Detection for
IoT Monitoring.” 32nd BeNeLux Conference on Artificial Intelli-
gence (BNAIC2020), 2020; 56-70.
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1.4. Thesis outline

1.4 Thesis outline
The next chapter is devoted to review the preliminary concepts of optimiza-
tion problems and the algorithms to tackle them, with a focus on SLS meth-
ods. The chapter continues with an introduction to the problems of auto-
matically configuring and generating an optimization algorithm for a given
scenario, and a review of the main approaches proposed. These techniques
are the starting point for our subsequent analysis of simulated annealing.

Chapter 3 is devoted to simulated annealing and its variants. By mak-
ing use of automatic algorithm configuration and design tools, I am able
to reimplement several existing SA algorithms from the literature, improve
their performance, and identify the key components that determine how ef-
fective a SA is for a certain scenario.

In Chapter 4 we investigate the relationship between algorithmic struc-
ture and solution landscape. We compare the performance of two SA vari-
ants, with the traditional cooling scheme and with a fixed temperature, on
different problems and instance classes. We measure properties of the land-
scape as seen by the algorithms and relate them to the results obtained by the
algorithm, observing the conditions under which algorithm perform best.

Chapter 5 is then devoted to the development of a causal framework
whose goals are to relate the elements involved in the solution of an opti-
mization problem and to relate various approaches in the literature proposed
to understand optimization algorithms. We then show how to exploit this
conceptual framework to perform transfer learning of algorithm configura-
tions across different objective functions.

In Chapter 6 we finally summarize the contribution of this thesis and
outline several potential research directions to improve, apply and expand
the work here presented.

Two additional documents are included as appendices. In Appendix A
we include a comparison of acceptance criteria in SLS algorithms. We ex-
perimentally compare several acceptance criteria that appear in the literature
in algorithms that can be considered SA variants, and observe which ones
perform consistently well. Appendix B contains instead the analysis of the
impact of different transformations on the parameter space. We study how
certain modifications of the parameter space affect the efficiency of config-
uration tools, both with positive and negative effects, and how the choice of
the appropriate transformation to use is non-trivial. We then propose an au-
tomatic procedure to select the appropriate transformation of the parameter
space to use in a practical configuration task.
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Background 2

In this section we revise the preliminary concepts upon which this research is
based. We start by reviewing the field of optimization, focusing on compu-
tationally hard problems. We then describe the various approaches to tackle
those problems, in particular the family of methods called Stochastic Lo-
cal Search algorithms. We then proceed to review automatic methods to
optimize and generate state-of-the-art methods with limited human inter-
vention.

2.1 Optimization

2.1.1 Optimization problems

One classic example of an optimization problem is called Traveling Salesper-
son Problem (TSP). Given a set of locations and the distances between every
two locations, the TSP requires a salesperson to visit all the clients one sin-
gle time before returning to the starting point, traveling the shortest distance
possible [29, 30]. The TSP is arguably one the most studied optimization
problems, and the one often taken as example, due to the simplicity of the
formulation and the practical importance. It arises not only when planning
a trip, but also when drilling holes in a circuit board or sequencing DNA
segments, just to name a couple of examples. Several variants of the classic
TSP definition also exist: partitioning the locations into different subroutes
results in a new problem called Vehicle Routing Problem [31, 32], while if
each location can be visited only in predefined instants we have the Traveling
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2. BACKGROUND

FIGURE 2.1: Commis Voyageur tour through 25 cities in Germany, from the
manual “DerHandlungsreisende - wie er sein soll undwas er zu thun hat, um
Auftraege zu erhalten und eines gluecklichen Erfolgs in seinen Geschaeften
gewiss zu sein - Von einem alten Commis-Voyageur” (1832) [29]

Salesperson Problem with Time Windows [33]. A common variant of the
TSP is themetric TSP, whose distances satisfy the triangle inequality: going
from point a to point b, and from point b to point c cannot be quicker than
going directly from a to c. The TSP is symmetric, without directionality on
the edges; another variant is the Asymmetric TSP, where the cost of (u, v)
can be different from (v, u) [34, 35].

Formally, we define an instance I of a problem P as a pair (S, f ), where
f is a question to be answered, and S, called the search space or solution space,
is a set of possible (candidate) solutions s, that is, answers to f that are correct
for I . The problem P is therefore the collection of all possible I that share
the same f .1

An optimization problem is a problem for which f defines a (possibly
non strict) total ordering over S, usually f : S 7→ R. In this case f is
called objective function. If the problem is a multiobjective optimization one,
then f : S 7→ RNobj , where Nobj is the number of objectives; the total

1Here we distinguish between different problems only based on the objective function,
without considering the different possible structures for the S. We consider different struc-
tures for the S as different variants for the same problem; however, certain special structures
are sometimes considered standalone problem. We will ignore this ambiguity and treat dif-
ferent structures for S as different problems or different problem variants on a case-by-case
basis according to existing conventions, as it does not affect the rest of this thesis.
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2.1. Optimization

ordering is relative to each objective, while across objectives there may be
only a partial ordering, and the relations between solutions are defined in
terms of dominance. In what follows we consider single objective problems;
the extension to multiobjective ones is straightforward.

An optimization problem can be either a minimization or a maximiza-
tion one. The set of optimal solutions S∗ ⊆ S of an instance I of a generic
minimization problem P is defined as

S∗ = {s∗ | f (s∗) ≤ f (s) ∀s∗ ∈ S∗, s ∈ S}. (2.1)

The goal is to find one s∗ ∈ S∗, and for ease of notation we write

s∗ | f (s∗) ≤ f (s) ∀s ∈ S. (2.2)

Sometimes we will denote f (s∗) as z∗. If the problem is instead a maxi-
mization one, the goal is to find a s∗ such that f (s∗) ≥ f (s) ∀s ∈ S. Since
f (s∗) ≥ f (s) ∀s ∈ S⇔ − f (s∗) ≤ − f (s) ∀s ∈ S, it is easy to transform a
maximization problem into a minimization one. Without loss of generality,
unless otherwise specified, we will consider minimization problems.

A decision problem is a problem for which f : S 7→ {Y, N}. Typical
decision problems ask whether feasible solutions exist, or there are feasible
solutions that respect some desired characteristics. For example, the decision
form of aminimization problem requires to find, given a parameter k, if there
exists s ∈ S such that f (s) ≤ k.

If S has finite cardinality for any possible I of P, then P is a combinato-
rial or discrete optimization problem [36]. Combinatorial optimization prob-
lems arise in many fields, whenever a problem can be formulated in terms
of choosing subset of elements from a (finite) set, ordering a set of objects,
and in general, counting elements. Several typical combinatorial optimiza-
tion problems, including the TSP, are defined over graphs, or translated into
graph problems. A problemwhere at least some of the variables are restricted
to integer values is called an integer programming problem. Combinatorial
optimization and integer programming problems compose the class of dis-
crete optimization problems. These three classes are closely related, and in
practice, with a slight and often innocuous abuse of terminology, can be
considered the same.

Conversely, continuous optimization deals with problems for which S has
infinite possible solutions, usually because the solutions in S are real-valued.
Many machine learning problems belong to this category. Some problems
are said to be mixed-integer, if the solutions contain both a discrete and a
real-valued part.
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Sometimes it is convenient to represent a problem as amathematical pro-
gram, that explicitly relates the objective function, the constraints, and the
variables of the instance. A generic formulation is

min f (x) subject to (2.3)
Ax ≤ b (2.4)
x ∈ X (2.5)

where the objective function f is explicitated for the set of variables x, A
is a matrix containing the coefficient for the constraints, b is the vector of
right-hand-side coefficients, and X is the domain of admissible values for
the x.

If the objective function is linear, the constraints can be formulated as
linear inequalities, and x ∈ R, the problem can be formulated as a lin-
ear program (LP). If the model is linear but x ∈ Z the formulation is an
integer programming (IP) model; if variables can be either real-valued or in-
teger we have a mixed-integer (linear) program (MIP or MILP, that usually
include IP). The same formulation can, however, be used to represent non-
linear, nonconvex, or semidefinite programs, whose definition goes beyond
the scope of this thesis.

For our example the TSP, an instance I is a complete graph G = (V, E)
with n nodes and n · (n− 1)/2 edges. The graph is weighted, meaning that
there is cost function c : E 7→ R that for every edge e = (u, v), c(e) = cuv
computes the cost of going from u to v; the cost function is symmetric, that
is, cuv = cvu ∀(u, v) ∈ E. If an edge em is missing, we can consider its cost
c(em) = ∞. The objective is to find a permutation π of the nodes in V that
minimizes

cπ(1)π(n) +
n−1

∑
i=1

cπ(i)π(i+1). (2.6)

The TSP is an IP problem for which several formulations have been pro-
posed [37]. In such models the variables x are often binary variables asso-
ciated to the edges, where xij = 1 if the edge (i, j) is in the solution, and
0 otherwise. From this point of view the solution is composed by a set of n
edges, that is, n variables set to 1, and the remaining ones to 0. The con-
straints are needed to ensure that, for example, each node has degree 2, or
no cycle of length shorter then n exists. However in our case we will always
consider feasible solutions for the TSP, as permutations of the n nodes; in
cases like this, the constraint matrix is implicit and can be omitted.
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2.1.2 Computational complexity

Optimization problems can be classified according to how difficult it is to
solve them, that is, how fast it is the best algorithm for them, when mea-
sured in terms of worst-case runtime with respect to the size of I . Here we
give a brief and somewhat rough overview of computational complexity; a
more precise explanation can be found in references such as [38]. We say
that an algorithm isO( f (x)) if its runtime for sufficiently large sizes grows
asymptotically with f (x), in the worst case [39].

Many problems of interest are said to belong to the complexity class
NP , for non-deterministic polynomial. A problem is in NP if, given a
solution s for an instance I , we can verify that s is actually a valid solution
for I in polynomial time.

Let’s consider another classic optimization problem, theMinimumSpan-
ning Tree (MST). Given a weighted graph G = (V, E), a graph whose set
of nodes is V and whose edges e ∈ E have an associated cost c(e), the goal
is to find a set of edges E∗ such that (i) every node in V is touched by at least
one edge in E∗, and (ii) the total cost of the edges in E∗ is minimum. For
the MST there are algorithms (Kruskal and Prim, [40, 41]) that run in time
O(|V|2 log |V|), as the size of a graph is usually defined with respect to the
number of its nodes |V|. These algorithms are provably optimal, meaning
that they return the correct solution, and that no algorithm that does it in a
lower asymptotic time exists. Prim’s algorithm can be faster for dense graphs
when appropriate data structures are used; other more complex algorithms
can be faster for specific classes of graphs. The MST is also trivially inNP ,
since the construction of the optimal solution serves also as verification.

Another notable optimization problem is the Assignment problem that
models the assignment of n tasks to n different people, and admits an op-
timal algorithm that runs in O(n3) [42]. This is higher than the algo-
rithms for MST, meaning that the problem is more difficult, but it still
runs in a time polynomial in the size of the instance. Both problems be-
long to the complexity class P , the class of algorithms for which an optimal,
polynomial-time algorithm is known; problems in P are informally said to
be easy.

Formany other common optimization problem inNP , such as the TSP,
there is instead no known algorithm that produces one optimal solution in
time polynomial in the instance size. They are informally said to be hard,
as the best known algorithms run in superpolynomial or exponential time,
and it can be proved that each one of these problems is “as hard” as the other
ones; we call them NP-hard [43]. This means that, for any one of them,
we can transform (reduce) an instance of a NP-hard problem P1 into an

15



2. BACKGROUND

instance of another NP-hard problem P2 in polynomial time.
A problem can be as hard as anyNP problem, meaning that any prob-

lem in NP can be reduced to it in polynomial time, but not be in NP .
Problems that are both in NP and NP-hard are said to be in the NP-
complete class. In particular, decision problems, and the decision version of
optimization problems, belong to this class.

The first problem shown to be NP-complete is Circuit (or Boolean)
Satisfiability (SAT) [44, 45], a basic problem in propositional logic that asks
to find, if it exists, an assignment of Boolean variables that satisfy a given
formula. The corresponding optimization problem requires to find the as-
signment that minimize the number of violated clauses. Soon after, sev-
eral other problems have been reduced to SAT [46], and the list of NP-
complete problems continues growing today.

Whether the NP-hard problems actually admit a polynomial time al-
gorithm or not is still an open question, known as the P vs NP problem.
Finding a polytime algorithm for any of theNP-hard problemswouldmean
that all the problems in NP can be solved in polynomial time; many re-
searchers believe this is not the case, and such an algorithm does not exist.
In practice, we prefer to assume that P is not equal toNP , abandoning the
idea of finding a polytime algorithm for NP-hard problems, and revert to
other techniques, described in Section 2.2.

It is not always easy to tell whether a problem is actually inP or not. For
example, SAT instances of a particular variant called 2-satisfiability, where
boolean formulas are in the form of disjunctions of conjunctions of couples
of literals (2-CNF, where a literal is either a variable or its negation) can be
solved in polynomial time, while if the literals are grouped in triplets the
problem (3-CNF) is NP-complete. A LP can be solved in polynomial time
[47], but solving a MIP isNP-hard [46]. Problems with certain structures
are solvable in polynomial time; for example, problems structured as ma-
troids can be solved optimally with (polynomial) greedy algorithms, such as
the MST.

A common misconception is thatNP-hardness is related to the (expo-
nential) size of the solution space. This is however not true, and a simple
counterexample is the 2-CNF variant of SAT mentioned above: for n vari-
ables there are in total 2n possible assignments, but as we have seen we can
solve an instance in polynomial time. However, an instance of a NP-hard
problem necessarily has a superpolynomial number of candidate solutions,
otherwise enumerating and evaluating all of them would be a polytime al-
gorithm for the problem.

Some important problems, such as factoring a number into its prime
factors, or checking whether a graph is isomorph to another one, are not
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proven to be NP-hard, but no polytime algorithm is known. For all the
practical purposes, they are treated as hard ones.

One important point to make is that this problem classification holds
at the worst case: while in theory all the NP-hard problems are as hard as
the other ones, in practice we can solve some of them more easily than other
ones. We can solve to optimality TSP instances with tens of thousands of
nodes, while for the quadratic assignment problem (QAP) we can find the
optimal solutions for problems with few tens of variables only for instances
belonging to special classes [48, 49]. Similar considerations can be made
for the algorithms. LPs can be solved in polynomial time by the Karmarkar
algorithm [47], but in practice the simplex algorithm is often preferred, de-
spite having exponential complexity at the worst case: in fact, for the average
case the simplex algorithm exhibits quadratic complexity [50]. Whether the
worst case complexity of the simplex algorithm can be lowered to polynomial
is still an open question.

2.1.3 SomeNP-hard problems

The TSP has already been introduced in the beginning of this section; here
we introduce the other NP-hard problems that will be used in the rest of
this thesis. These problems are computationally hard at the general case;
specific instance classes or instances of limited sizes can, however, be solved
to optimality by exact or heuristic algorithms (see Section 2.2).

QuadraticAssignmentProblem One of the most studied problems is the
Quadratic Assignment Problem (QAP) is a problem that models the assign-
ment of n facilities to n locations [51, 52]. Between two locations i and j
we are given the distance dij and the flow fij. An optimal solution of a QAP
instance is a permutation π of the facilities that minimizes

n

∑
i=1

n

∑
j=1

fijdπ(i)π(j). (2.7)

We will come back on the QAP in the remainder of the thesis.

Permutation Flow Shop Problem The Permutation Flow Shop Problem
(PFSP) models several real-world scheduling problems [53, 54, 55]. It re-
quires to schedule n jobs on m machines, in the same order on all the ma-
chines from 1 to m, finding a permutation π of the jobs such that some
objective is minimized. Each job i takes pij units of time to run on machine
j. All the jobs are available at time 0, and no preemption or concurrency are
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allowed. In this thesis we consider two common objectives, the Makespan
objective (PFSP-MS) [56], defined as the completion time of the last job
on the last machine

Cmax = Cπ(n),m (2.8)

and the Total Completion Time objective (PFSP-TCT) [57, 58], the sum
of the completion times of all the jobs on the last machine

n

∑
i=1

Cπ(i),m (2.9)

where Cij is the completion of job i on machine j.

2.2 SolvingNP-hard problems
Assuming that a problem does not admit a polytime algorithm does not
mean we cannot cope with it.

Several techniques exist, that we can choose depending on our goals and
possibilities. Some methods are guaranteed to obtain the (an) optimal solu-
tion, albeit in exponential time. The combinatorial explosion of the search
space makes these approaches infeasible for sufficiently large instances (de-
pending on the specific problem, and instance characteristics), so we might
need to forsake optimality and settle for “good” solutions that we can obtain
in a reasonably short time. Methods for this task, which we call heuristics,
can be divided in several categories: problem-specific algorithms, that in
some cases are guaranteed to find solutions that approximate the optimal
ones by a certain factor, and local search methods, that traverse the search
space following general ideas and need to be instantiated to the specific prob-
lem.

This classification is however not fixed, and a method from one category
can be hybridized with other ones or modified to fall into a different class:
heuristic algorithms can be made evaluating the entire search space, and
exact algorithms can be sped up by using heuristic search strategies, while
maintaining the certification of optimality for the final solution. Analogu-
ously, local search methods can easily be combined together, adopt simulta-
neously different approaches, or integrate limited exact exploration.

2.2.1 Exact methods

Exact or complete methods are algorithms that always return, in theory, an
optimal solution, or prove that no feasible solution exist.
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The simplest idea is to enumerate all the solutions in S and evaluate
them. As this quickly becomes infeasible for modest-sized problem in-
stances, smarter but still generic techniques perform an implicit enumer-
ation and employ clever techniques to prune the areas of the search space
for which it can be established that it does not contain the optimal solution.
At the worst case they have the same complexity of brute-force enumera-
tion, but in practice they can work quite well. The main example of such
techniques is the branch-and-bound [59, 60]. The set of solutions S is seen
as a rooted tree; each node contains a subset Sv of S, with the root contain-
ing the whole S. Branching on a node means to partition Sv according to
some choices, often assigning to a variable its possible values. Subtrees are
therefore consistent with the choices made at the upper levels, and disjoint
between them. At each node it is also possible to estimate upper and lower
bounds on the optimal solutions, or to establish infeasibility in the whole
subtree. This is useful to discard entire subtrees, when it can be proved that
the optimal solution is somewhere else in the tree. The search in the tree
can be sped up by evaluating at each node additional cuts [61, 62], derived
constraints that can rule out more solutions. This technique is called branch-
and-cut [63].

Implicit enumeration techniques can be coupled with problem relax-
ations that attempt to solve the problem at every node. Notably, MILP
models are often relaxated by removing the integrality constraint from the
variables; they are then solved using branch-and-bound techniques where,
at each node, the relaxated version is tackled as an LP. Variables that do
not take integer values after this step are branched on, and the process is
repeated on the reduced subproblem. This is the general idea underlying
software packages such as CPLEX or Gurobi [64, 65, 66].

For some problems, specific algorithms have been developed. The Held-
Karp algorithm for the TSP is a dynamic programming approach that per-
forms the same enumeration of the solutions (O(n!)) but “collapsing” the
several symmetric branching paths in a single evaluation. The complexity of
the algorithm is now O(2n√n) [67].

When exact method become infeasible, one must revert to algorithms
that provide possibly suboptimal solutions in a short time. These methods
are called heuristics, from the Greek “discover”.

2.2.2 Approximation algorithms

An intermediate class is composed by algorithms that return solutions that
are provably not too worse with respect to the optimal ones [68]. They are
called approximation algorithms, and certify that the final solution differs at
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most by factor ρ = ẑ/z∗ from the optimal ones, where ẑ = f (ŝ) is the cost
of the solution ŝ found by the algorithm; for maximization problems instead
ρ = z∗/ẑ. For example, the Christofides algorithm for the metric TSP [69]
is based on a MST relaxation and has ρ = 3/2. A simple greedy algorithm
for KP that sorts the items by their profit-to-weight ratio has ρ = 2.

A polytime approximation algorithm that can return a solution within a
factor (1 + ϵ) of the optimal solution, for any ϵ > 0, is called Polynomial-
Time Approximation Scheme (PTAS). Usually, also the runtime is a func-
tion of ϵ; a subclass of PTAS algorithms if called Fully Polynomial Time
Approximation Schemes (FPTAS) and requires the algorithm to run in time
polynomial both in the size of the problem n and in 1/ϵ.

Not all the problems admit a FPTAS, a PTAS or even an approximation
algorithm, unless P = NP . In the following Sections we describe some of
the search paradigms that can be used to derive heuristic algorithms.

2.2.3 Stochastic local search algorithms

Local search algorithms are heuristic algorithms that do not (necessarily)
evaluate the whole solution space; they are therefore not guaranteed nei-
ther to find the optimal solution nor to establish infeasibility of an instance.
Therefore, when using a local search we usually settle for a locally optimal
solution.

2.2.3.1 Problem-specific heuristics

Some of these methods are algorithms tailored for specific problems, relax-
ating constraints or making assumptions to solve an easier version of the
original problem.

For example, we will use the NEH heuristic for the PFSP. First, the jobs
are sorted by non-increasing sums of processing times on the m machines;
then, the first two jobs in this order are scheduled, as if they were the only
jobs in the instance. Then the remaining jobs are inserted, one by one, such
that they minimize the objective function value at the local step. This pro-
cedure evaluates n · (n + 1)/2− 1 sequences instead of the n! ones of the
complete problem.

In the case of the TSP, assuming that a locally optimal decision must ap-
ply also to the global problem gives us the Nearest Neighbour (NN) heuris-
tic: we start from a node, and visit all the nodes by moving each time to the
closest one among the nonvisited nodes; as last step, we return to the starting
point. The algorithm is very simple but, as the TSP is not a matroid, this
greedy algorithm is not optimal; it also performs rather poorly in practice
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[70]. More sophisticated examples exist, such as the Lin-Kernighan algo-
rithm (LK with its evolution LKH [71, 72]), that follows a generalization
of the 2-opt swap move [73, 74], one of the best performing heuristics for
the TSP. LK and LKH, however, follow patterns that we describe in more
detail in the remainder of this section.

2.2.3.2 Constructive and perturbative local search algorithms

Constructive heuristics iteratively build a solution at each iteration, start-
ing from an empty one. A notable example is the aforementioned Nearest
Neighbour algorithm for the TSP. These methods can be made systematic
by structuring the search space as a tree. Starting from an empty solution
(or a conventional starting point) at the root node, we can branch following
all possible choices; descending into the tree level after level the available
choices reduce, until the leaves where we find one feasible solution. If at
any point the partial solution observed is already infeasible (or can be ruled
out e.g. for being surely pejorative of another one we already know) we can
backtrack, stop the descent and move to another branch of the parent node.
This tree structure also prevents visiting each solution more than once, but
as the number of paths to be evaluated is the number of solutions (hence,
at least exponential forNP-hard problems) this approach quickly becomes
infeasible, and the search tree has to be pruned somehow.

Conversely, perturbative heuristics start from an initial solution and at
each iteration change one part of the solution: this change is called pertur-
bation.

We give here some definitions. A neighbourhood N is a function N :
S 7→ 2S that maps a solution s to a set of neighbouring solutions (or simply
neighbours) N (s) ⊆ S. The cardinality of N (s) is the size of the neigh-
bourhood. A local optimum, or locally optimal solution, is a solution ŝ such
that f (ŝ) ≤ f (s) ∀s ∈ N (ŝ). If f (ŝ) < f (s) ∀s ∈ N (ŝ) we say that
ŝ is a strict local optimum, otherwise it is a non-strict one. Choosing one
solution s′ in the neighbourhood of s is called a move; when a move is done
we also say it is accepted. A neighbourhood is often simple, that is, it is de-
fined as the minimum perturbation necessary to change a solution. Simple
neighbourhoods are relatively quick to explore, a feature useful to evaluate as
many moves as possible; other strategies choose, however, complex or large
neighbourhoods, to cover a larger portion of the search space. The neigh-
bourhood is also not necessarily static during the entire search, and it can be
enlarged, restricted, or even replaced by a different one. These strategies are
discussed later in this section.
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FIGURE 2.2: Representation of a 2-opt move: crossing edges are removed
and replaced with the two shortest edges that close the cycle.

A desirable feature for a neighbourhood is the possibility of quickly com-
puting the solution quality difference between two solutions, thanks to the
local change, rather than having to re-evaluate the entire solution: this is
called delta evaluation.

A common example is the 2-opt exchange neighbourhood for the TSP,
represented in Figure 2.2. It swaps two edges in a solution. Intruitively, if
two edges are crossing, we can make the total tour shorter by untangling
it. From the base solution we remove edges (u1, v1) and (u2, v2) and we
add (u1, v2) and (u2, v1), ensuring that the solution remains a tour, not two
disjoint subtours. Since the solution has n edges, we can choose (n

2) edges to
remove; of these, we also have to exclude the edges that are adjacent in the
solution to the ones we have selected, since exchanging them would leave the
solution unchanged. This leaves us with n · (n− 3)/2 possible moves in the
neighbourhood. For all these possible moves we can compute the difference
in terms of solution quality using the delta evaluation by subtracting the cost
of the edges removed, and adding instead the cost of the new edges: so, the
cost of a new solution s′ ∈ N (s) obtained by replacing edges e1 and e2
with edges e3 and e4 is f (s′) = f (s)− (c(e1) + c(e2)) + (c(e3) + c(e4)).
The cost of this operation is constant, compared to the linear cost of entirely
re-evaluating f (s′); when evaluating the whole set of possible moves in the
neighbourhood, using the delta evaluation thus reduces the total cost from
O(n3) to O(n2).

In general, a neighbourhood that changes k components of the solution
is called a k-opt move. The higher the k, the more candidate solutions an-
alyzed, but also the higher the cost of the total evaluation. In practice, a
tradeoff between covering the search space and focusing the search around
good solutions has to be chosen, and this problem is called the exploration
versus exploitation tradeoff. Before delving into this topic in the next section,
we present here the two most basic paradigms of perturbative local search
algorithms, called Iterative Improvement algorithms; the rule followed to
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Algorithm 2.1: BI LOCAL SEARCH
Data: Initial solution s0, neighbourhood N
Result: local optimum ŝ

1 ŝ = s = s0;
2 while ∃ s′ ∈ N (s) | f (s′) ≤ f (s) do
3 s = arg min s′ f (s′);
4 end
5 return ŝ = s;

Algorithm 2.2: FI LOCAL SEARCH
Data: Initial solution s0, neighbourhood N
Result: local optimum ŝ

1 ŝ = s = s0;
2 for i ∈ 1 . . . |N (s)| do
3 if f (si) ≤ f (s) then
4 s = si;
5 continue;
6 end
7 end
8 return ŝ = s;

identify the next best solution is called pivoting rule.

Best improvement A best improvement (BI) local search starts from a
given initial solution one and terminates when a locally optimal one is found,
each time evaluating all the possible moves in the neighbourhood and ac-
cepting the one that yields the maximum improvement (Algorithm 2.1). BI
is a deterministic algorithm, and it is also known as Hill Climbing or Steep-
est Ascent/Descent – depending on whether the problem is a maximization
or minimization one [75].

First improvement A first improvement (FI) algorithm also starts from
an initial solution and traverses neighbouring solutions until it finds a local
optimum (Algorithm 2.2). The difference with BI is that the first improv-
ing solution encountered when scanning the neighbourhood is immediately
accepted. FI is also deterministic, but the evaluation order in the neighbour-
hood matters. It can be much faster than BI, since usually it does not need
to scan the whole neighbourhood.
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In practice, FI and especially BI can be used as described only with
neighbourhoods that can be explored thoroughly in an efficient way. Large
neighbourhoods can even be exponential in size, so in practice we may not
be able to cover all of them, and settle for a limited exploration. On the
other hand, FI and BI will discover the optimal solution of certain problems
called convex, which admit only one local optimum, which is thus the global
one.

2.2.3.3 Intensification vs diversification

Heuristic algorithms do not cover the whole search space, except for small
instances. So, unless we already know a way of pruning the search space
effectively, we are faced with the task of choosing a local search paradigm
and a neighbourhood that covers as much of the search space as possible,
while converging to good solutions in the most efficient way possible. As-
suming that only a limited number of solutions can be evaluated, the two
objectives are in contradiction: the first goal, called exploration or diversi-
fication requires to distribute the candidate solutions on the search space,
having therefore very diverse solutions. One unfortunate consequence is
that potential improving moves near the ones we are evaluating are over-
looked. The second goal, called exploitation or intensification, aims instead
to focus the search in narrow regions around the good solutions encountered,
discovering more likely similar, better solutions. This comes at the expense
of looking at more diverse moves, in different regions of the search space,
where potentially better solutions could be found.

Let’s consider the family of k-opt moves for the TSP as an example. The
2-opt neighbourhood has quadratic size, and can be explored relatively eas-
ily: thus, we can afford to find an improving move near the one we currently
have even for relatively large instances. However, if we currently are in a re-
gion of the search space with only bad solutions, it will take a lot of moves to
finally reach good solutions; and when we find a local optimum and decide
to stop the search, this one might be quite poor. As k grows, we will cover
always more solution space, thus locating more easily better solutions; and
moving far away from bad regions will also be easier. The drawback is the
computational cost required for the scan, significantly higher than for lower
values k: for the TSP the complexity of exploring a k-opt neighbourhood is
O(nk) – even without taking into account the increasing cost of the delta
evaluation.

So when designing a local search algorithm we aim to balance, and pos-
sibly oscillate between, these two goals: moving towards more diverse solu-
tions when the quality of the current ones is not low, focus around the better
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ones when we find them, balancing. This is know as the diversification-
intensification or exploration-exploitation tradeoff, and how to achieve this is
the dilemma of local search algorithms. There is no general solution to this
problem, as each problem and problem instance is essentially different from
the other ones, and requires therefore different settings; as tailoring a specifc
method for each instance is clearly infeasible, we need to maintain a certain
generality. The design of an effective local search algorihm essentially boils
down to coping with this dilemma, and the approaches we are discussing
more in detail in the following sections can be considered attempts to bal-
ance the two behaviours.

2.2.3.4 Simple local search techniques

First Improvement and Best Improvement strategies are usually fast but do
not perform well in terms of final solution quality, as they converge to the
first local optimum available. To move the search towards hopefully bet-
ter solutions, one first strategy is to expand the range of the search. Some
methods are presented here. They introduce some diversification with re-
spect to pure iterative improvement methods, but the following algorithms
and techniques maintain an overall strong intensification.

Large neighbourhoods and pruning. Simple neighbourhoods allow an
easy intensification, but limited exploration. This can mitigated by having
FI or BI analyzing larger neighbourhoods, which allow to find possibly bet-
ter solutions and to more easily transition towards diverse solutions, at the
expense of a higher cost of a full neighbourhood evaluation.

One example is to use a k-exchange neighbourhood (with k > 2) instead
of the simple 2-opt for the TSP. The size of the neighbourhood is O(nk),
with a higher chance of containing better solutions but also a size that can
be practically intractable for sufficiently large values of k. Large neighbour-
hoods can even be of size exponential in the size of the problem, making
their evaluation a possibly NP-hard problem in itself to be tackled using
exact or heuristic methods.

One possibility, however not limited to large neighbourhoods, is to prune
the neighbourhood using some heuristic rules (e.g. k-nearest neighbours for
each node in the TSP). Another general technique is to employ so-called
don’t look bits, flags associated to solution components that indicate whether
in the previous steps a move involving the relative components was success-
ful or not. Such techniques have been observed to yield improvements in
both runtime and final solution quality obtained.

25



2. BACKGROUND

VariableNeighbourhoodDescent. TheVariableNeighbourhoodDescent
(VND) algorithm is based on the idea that a locally optimal solution for a
neighbourhood may not be one for a larger neighbourhood. The basic VND
starts with a regular FI or BI over a neighbourhood, and once it finds a local
optimum the search continues considering a larger neighbourhood. A sim-
ple case is to use the k-opt neighbourhood, with k ranging from 2 to a given
kmax for the TSP. Once the last neighbourhood structure fails to improve
the incumbent solution, the algorithm terminates.

VariableDepthSearch. One alternative approach is to compose a sequence
of elementary steps into a single complex move. The length of the sequence
of simple steps is variable from one complex step to another. Algorithms
using this approach are called Variable Depth Search algorithms (VDS).

A notable example is the Lin-Kernighan heuristic (LK) for the TSP, an
algorithm later improved by Helsgaun (and therefore also known as LKH),
that builds a complex step by composing exchange moves on top of each
other; several strategies are used to guide this composition, for example en-
suring that one move does not revert another move in the complex step.

Dynasearch. Another strategy is called Dynasearch, that evaluates the
improvements yield by all the possible complex steps that can be composed,
and chooses the one that gives the highest improvement; this composition
evaluation is done using dynamic programming. To ensure the correct eval-
uation of the improvement, the simple steps need to be independent, in the
sense that their impact can be measured locally and is not influenced by the
other simple steps performed in the complex move.

2.2.4 Stochastic local search methods

One radically different approach to balance intensification and diversifica-
tion is to introduce stochasticity in the search process.2 Randomization in
algorithms is very effective, in particular when a deterministic choice is ex-
pensive, difficult, or impossible, and the cost of a wrong choice is very high
when compared to the best or average case. Local search algorithms follow-
ing this philosophy are called stochastic local search algorithms (SLS). As
thesemethods are general templates to followwhen instantiating an effective
heuristic algorithm for a specific problem, they are also called metaheuristics,
and we will use these two definitions interchangeably.

2In a sense, methods based on pure intensification can also be considered stochastic,
because their results still depend on the initial solution provided, and they cannot, in general,
find a global optimum.
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Randomization can be applied to many operations in local search algo-
rithms. The algorithms we are going to discuss can use stochasticity when
picking a starting point, choosing the solutions to evaluate, determining
whether worsening moves are to be accepted, update the control parame-
ters, and in general when making decisions that involve uncertainty in the
input or in the output.

Decisions that in the simplest iterative improvement algorithms were
implicit, such as when to terminate, have to be made in a different way.
Thus, we need to introduce some additional algorithmic mechanisms to deal
with this increased degree of freedom, and in particular we need to intro-
duce a termination condition. There are several possibilities to choose from:
fixed conditions such as a given runtime or a certain number of moves eval-
uated, or adaptive ones, e.g. terminating when no improvement has been
recorded in the latter stages of the search; we will present more in detail
these possibilities in Section 3.3.

In this section we are going to present some of these stochastic local
search algorithms, starting from the most basic ones and going to more ad-
vanced strategies. As the more complex algorithms often extend and com-
bine simpler ones, we will try to relate each method to each other, emphasiz-
ing the connections and the novel contributions of each algorithm. We will
follow a component-based view of algorithms, that considers an algorithms
as a combination of basic building blocks, each one serving a particular pur-
pose. This decomposition is crucial in the entire development of this work,
and will be discussed more thoroughly in Section 2.3.3.

Before proceeding, we note that randomization can also be applied to
exact methods to improve the performance of the search. Complete algo-
rithms (and commercial software packages) in practice exhibit an erratic be-
haviour, and rely heavily on heuristics methods in the both attempting to
solve the instance at each node and in the tree traversal [64, 76, 77].

2.2.4.1 Simple stochastic local search algorithms

Some stochastic local search algorithms are simple but introduce an idea
of local search that is very different from the one seen so far. Rather that
evaluating an entire neighbourhood, or a significant portion of it, looking for
the best solution, these new algorithms often, though not always, compare
solutions one against another. The neighbourhood becomes therefore a tool
for generating one new solution, rather than the boundary of the search. As
a consequence, these algorithms may lose the ability of determining when a
solutions is a locally optimal one; to mark this difference, we will denote the
final solution of a SLS as ŝ.
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Algorithm 2.3: PII LOCAL SEARCH
Data: Initial solution s0, neighbourhood N , parameter T
Result: final solution s̄

1 s̄ = s = s0;
2 while termination condition is not met do
3 choose s′ ∈ N (s) randomly;
4 if f (s′) ≤ f (s) or exp (−∆(s′, s)/T) ≥ U[0, 1] then
5 s = s′;
6 end
7 end
8 return s̄ = s;

Probabilistic Iterative Improvement. Probabilistic Iterative Improvement
(PII) is the first algorithm in this overview that occasionally accepts wors-
ening moves in the search. It does so stochastically, with a probability that
depends on the relative worsening of the solution quality: moves that yield
little worsening are more likely to be accepted than moves towards solutions
that are much worse than the incumbent one; improving moves are always
accepted.

The novelty of this method is located in a specific component, called
the acceptance criterion (line 4 of Algorithm 2.3). This criterion is known as
Metropolis condition, and it is rooted in the work of Nicholas Metropolis in
statistical physics; because of this, PII is also known as Metropolis algorithm
among the other names, see Chapter 4. It accepts a worsening move with
a probability exp (−∆(s′, s)/T), where T is a parameter called temperature
and ∆(s′, s) is the worsening of solution quality of the new solution s′ over
the incumbent solution s. The value of T controls the exploration/exploita-
tion tradeoff: “high” values for T yield an explorative behaviour, while “low”
values enforce more intensification – where “high” and “low” depend on the
specific problem instance.

The Metropolis condition, and the algorithms derived from it, will be
described more in detail in the following sections, in particular, Section 3.3.

Simulated Annealing. Simulated Annealing (SA) extends PII by intro-
ducing the possibility of adapting the value of T during the search, with
the idea of gradually transitioning from an explorative to an eploitative be-
haviour by gradually going from a “high” value of T to a “low” one. SA needs
therefore a control mechanism for T; this is achieved by three functions,
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Algorithm 2.4: SA LOCAL SEARCH
Data: Initial solution s0, neighbourhood N , control

parameters
Result: final solution s̄

1 s̄ = s = s0;
2 initialize T parameter;
3 while termination condition is not met do
4 choose s′ ∈ N (s) randomly;
5 if f (s′) ≤ f (s) or exp (−∆(s′, s)/T) ≥ U[0, 1] then
6 s = s′;
7 end
8 update T parameter;
9 end
10 return s̄ = s;

namely the cooling scheme that governs the amount of lowering, the tempera-
ture length or epoch length that counts the number of moves that are evaluated
using the same value of T, and the temperature restart scheme that controls
when and how the temperature should be reset to a higher value. In this the-
sis we will focus on SA both as a standalone SLS and as a generic template
from which several other metaheuristics can be derived, such as Threshold
Acceptance, Great Deluge Acceptance, Late Acceptance Hill Climbing or
the Record-to-Record Travel algorithm. The general template of SA is given
in Algorithm 2.4. We postpone a more detailed discussion to Chapter 3.

Tabu Search. Tabu Search (TS) uses instead a history-based approach
to diversification, by forbidding certain solutions or moves for some time.
More precisely, TS in its basic formulation builds on top of an iterative im-
provement method such as BI or FI, keeping a list (the tabu list) of the last k
solutions visited or moves performed; the parameter k is called tabu tenure.
This mechanism favours diversification by preventing the search to return
to the same set of good but likely suboptimal solutions. Rather than for-
bidding solutions, one more efficient possibility is to forbid single moves.
This usually forbids a much higher number of solutions than a tabu list as
previously defined would do, so some balancing mechanisms have been in-
troduced: the aspiration criterion defines when the tabu list can be ignored,
for example when a tabu solution improves over the incumbent one.

Like the temperature in PII and SA, the value of the tabu tenure is cru-
cial for TS: values “too high” will restrict the admissible (non-tabu) solutions
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too much and make the evaluation very expensive, while choosing a value
too low will void make the tabu list ineffective. TS is one of the most popular
metaheuristics, and several improvements have been proposed.

DynamicLocalSearchandGuidedLocalSearch. Dynamic Local Search
(DLS) introduces the distintion between the objective function f of the
problem, and the way it measures the quality of the solutions. More pre-
cisely, DLS makes use of an evaluation function g(s) = f (s) + h(s), where
h(s) represents a penalty on the components of the locally optimal solu-
tions, introduced to push the underlying search algorithm (e.g. a BI or FI)
towards other solutions, rather than remaining stuck in the local optimum.
The penalties h(s) can also decrease, to avoid excluding optimal or very good
solutions that share some of the components with the previously encoun-
tered local optima.

One kind of DLS is called Guided Local Search (GLS). It penalizes
specific solution components with the maximum utility, defined as

util(s, i) =
fi(s)

1 + penalty(i) (2.10)

where i is a solution component, fi(s) the contribution of i to the objective
function value, and penalty(i) the penalty associated to i.

2.2.4.2 Hybrid stochastic local search algorithms

Simple SLS algorithms are often easy to implement and quick to run, and
can obtain extremely good results on certain problems. However, we can
also implement more complex methods. In the category of hybrid SLSs
we include algorithms obtained by extending and combining simpler meta-
heuristics.

Restarting a search from different randomly generated solutions can also
be considered as the combination of a sufficiently large random step with a
properly converging local search. While random restarts usually improve the
outcome of the search, they also “reset” the knowledge about good solutions
and solution components that is implicitly generated by iterative improve-
ment methods. Thus, by controlling this diversification step we can hope to
obtain a better tradeoff between diversification and permanence of quality
components in the solution. This is the idea of Iterated Local Search.

Iterated Local Search. Iterated Local Search (ILS) [78, 79] is a method
that repeats three steps until a given termination condition: (i) a diversifica-
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tion step, called perturbation, (ii) a subsidiary local search, and (iii) an accep-
tance criterion, that determines whether the search should proceed from the
newly found locally optimal solution or from the previous one. The purpose
of the perturbation is to escape local optima and diversify the search, but
without moving too far away from what are anyway good quality solutions.
What differentiates ILS from other methods is the fact that its two separate
parts control the two phases of the search, respectively intensification and
diversification, which can therefore be chosen and tuned separately. This
contrasts with the methods seen so far, which for the most part employ one
single mechanism that needs to maintain a delicate equilibrium between the
two phases.

ILS is a very generic framework, that can be implemented using several
different components. The perturbation directly affects the solution value,
and is therefore often problem-dependent. Many works in the literature
proposing an ILS often use a basic local search such as a FI or a BI, or a
simple one like simulated annealing or tabu search, but it can also be an
arbitrarily complex one [80, 81]. Many ILS use a greedy algorithm as local
search, and the resulting algorithms is also called Iterated Greedy [82].

The main drawback of ILS is the fact that a single perturbation config-
uration is most likely not suitable for both good and bad areas of the search
space. To overcome this issue and make ILS more adaptive to the land-
scape, a more recent variant of ILS called Breakout Local search makes use
of a VND to control the perturbation strength [83]. It follows the earlier
Breakout diversification mechanism, whose idea is to find the minimal effort
needed to escape a local optimum [84].

VariableNeighbourhoodSearch. VariableNeighbourhood Search (VNS)
algorithms employ different neighbourhood structures, one at a time. The
search starts with one neighbourhood, and when it remains stuck in a local
optimum it continues with a different one; whenever a new best solution
is found, the algorithms returns to its first neighbourhood. Once the last
neighbourhood structure fails to improve the incumbent solution, the al-
gorithm terminates. It should be noted that in general the local optimum
for one neighbourhood Ni may not be a local optimum for another neigh-
bourhood Nj. Ideally, the neighbourhoods should be used in order from the
one yielding the strongest intensification to the one allowing the maximum
diversification. VNS can be considered a generalization of the VND local
search previously discussed.
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Greedy Randomized Adaptive Search Procedure. GRASP is based on
the idea of applying randomization to a greedy construction procedure [85,
86]. Greedy algorithms build solutions in a short time by making at each
step a locally optimal decision. For many problems, this procedure produces
a poor final solution. GRASP restricts the space for each construction move
by considering only a restricted candidate list (RCL), whose goal is to in-
troduce diversification in an otherwise purely intensificative procedure. The
solution produced with this restricted greedy procedure is most likely not a
locally optimal one, so an additional local search can be subsequently ap-
plied. These two steps are repeated until a given termination condition is
reached.

2.2.4.3 Population-based metaheuristics

An important class of metaheuristics makes use of more than one solution.
These algorithms are called population-based, and employ various strategies
to harness a set of candidate solutions to find the best possible one. This class
can be divided in two main groups, Evolutionary Algorithms and Swarm
Intelligence methods. Evolutionary Algorithms are inspired by the phe-
nomenon of natural evolution. They make use of a population of solutions
that are used, in each iteration, to generate a set new solutions (individuals)
by combination and mutation mechanisms, from which a subset of solutions
is chosen according to some selection scheme. Swarm Intelligence methods
are inspired by natural occurrencies of cooperation of agents to achieve a
common goal, that would be impossible for a single agent by itself. The
cooperation is distributed, meaning that there is no central authority that
gives orders or instructions, but the agents need some mechanism of com-
munication or coordination. For example, social insects such as ants or bees
looking for food sources are able to converge to the shortest route to the
source; flocks of bird take an aerodynamic shape when they fly, and fish
schools move together in a way that resembles a single, larger fish, to deter
potential predators. Such cooperation has suggested researchers alternative
ways of making use of a population in metaheuristics and the first swarm
intelligence algorithm proposed was Ant Colony Optimization.

Evolutionary algorithms. Evolutionary Algorithms (EAs) are a family of
methods that draw inspiration from the evolutionary process of a popula-
tion of individuals [87]. Starting from a set of initial solutions, EAs aim to
replace its elements with elements of higher quality. They iterate three main
steps: (i) selection, a function that chooses the population elements from
which the new ones will be generated, (ii) mutation applies some modifica-
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tion to each chosed solution individually, and (iii) recombination generates
new solutions by combining the selected individuals. The population for the
subsequent iteration is then composed with some criterion from the former
and the new solutions. The underlying idea is that solutions of good quality
include good components, and by merging them together we can eventu-
ally obtain solutions that contain more high quality components than the
starting ones.

EAs include several subfamilies, among which here we mention the
most important ones. Genetic Algorithms use a population of strings or vec-
tors, called genes, and are particularly suited for discrete optimization [88].
Evolution strategies are instead used to tackle continuous problems, and the
solutions are represented as real-valued vectors [89, 90, 91, 92]. Differen-
tial evolution also uses vectors of real values as solutions, but the update is
performed by considering the difference between values in the respective
positions in the parent solutions [93, 94].

One important limitation of many EAs is their scarce intensification po-
tential. To compensate, a local search can be performed on every newly gen-
erated solution. Algorithms combining EAs with a local search are knows
as memetic algorithms [95, 96, 97].

Other than being powerful general-purpose templates, EAs can also be
improved with problem-specific knowledge. For example, the EAX genetic
algorithm makes use of a crossover operator based on edge assembly, and is
one of the state-of-the-art heuristics for the TSP [98].

AntColonyOptimization. AntColonyOptimization (ACO) uses a pop-
ulation of agents or artificial ants [99, 100, 101, 102]. These agents individu-
ally construct candidate solutions in a probabilistic way, converging iteration
after iteration towards the solution components that belong to the higher
quality solutions found. This convergence is achieved thanks to the artificial
pheromone, which is information that is added to the solution components
to indicate their “attractiveness” for the agents, and thus increase or decrease
the probability for each component to be part of the final solution. The ar-
tificial pheromone mimics the pheromone left by ants during their foraging
activity.

An ACO algorithm is composed of three main steps. In the first one,
each agent constructs a solution, taking into account the cost of each choice
and the pheromone. In the second one, additional operations may be per-
formed, such as running a local search on the solutions found by the agents.
This step is not necesarily present. The third main step is the pheromone
update, which increases the pheromone for components of good solutions,
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thus increasing the likelihood of their choice in the following iterations, and
reduces it for components of poor quality solutions. These three main steps
are iterated until a termination condition is met.

ACO is a family of algorithmswith plenty of variants introduced over the
basic template descibed above, called Ant System. Among themwemention
Ant Colony System, which introduces two modifications [103]. The first
one is the pseudo-proportional decision rule in the solution construction,
which strengthens intensification by choosing with a certain probability the
best option available. To compensate this greedy rule, each agent performs
a local pheromone update, in addition to the global one of the original for-
mulation. Other notable variants are Max-Min Ant System [104, 105], that
bounds the pheromone levels, and Elitist Ant System, which considers only
the best solutions in the pheromone update. While ACO was proposed and
is used mainly for combinatorial problems, variants for continuous problems
also exist [106].

Particle Swarm Optimization. Particle Swarm Optimization (PSO) is
instead an algorithm originally proposed for continuous optimization, in-
spired by the flock of birds [107]. Opposite to ACO, where each agent
constructs a solutions, in PSO each agent (particle) is a solution, normally
in the form of a vector of real values. The agents are connected to each other
in a given topology, that determines with which other agents each particle
exchanges information. Starting from an initial set of solutions, generated
at random or computed in some other way, the algorithm iteratively updates
the value of each solution until convergence. The difference of each solution
value from the previous iteration is called velocity. The velocity of each solu-
tion is updated taking into account three components: (i) the current value
of the velocity, weighted by a factor called inertia that preserves the direction
of the agent, (ii) the personal best of the solution, that is, the best solution
value encountered by the solution in the past, and (iii) the global best, the best
value registered in the past by any solution that is connected to the agent by
the topology. Personal and global best are weighted by scaling factors called
acceleration coefficients, and by random diagonal matrices. Variants of PSO
can be generated by defining alternative topologies and update rules.

2.2.4.4 Matheuristics

Matheuristics is the name given by the hybridization of SLS algorithms with
exact methods, in particular, methods based on mathematical programming.
They are sometimes also called (Very) Large Scale Neighbourhood Search,
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because the exact method is employed as a search in a large, albeit bounded,
area of the search space, defined by the incumbent solution.

In this family we can find a broad range of algorithms, often designed
for binary MIPs. Here we limit ourselves to some notable examples. The
simplest one is probably variable fixing, or diving, that consists in fixing the
value of a certain number of variables in a given initial solution, and solve to
optimality the remaining subproblem.

Another approach, called Local Branching [108], adds a constraint to the
original IP model whose purpose is to bound the Hamming distance be-
tween the incumbent solution and the locally optimal solution to be found.
This is effectively a MIP formulation of the k-opt neighbourhood previously
described: starting from an initial solution, the algorithm iteratively tries to
move through the best solutions in the neighbourhoods defined by theHam-
ming distance. The similar Proximity Search [109] is a more flexible version
of Local Branching. Starting from a given initial solution x̃, it modifies
the original MIP model in two parts: it adds a penalty term to the objec-
tive function value that penalizes the solutions according to the Hamming
distance from x, and it introduces a cutoff constraint f (x) ≤ f (x̃) + θ for
some θ > 0. When properly tuned, the effect is a local search algorithm that
looks for neighbouring solutions that improve over the incumbent, prefer-
ring “close-by” solutions when they yield limited improvement, but allowing
longer jumps towards more distant solutions if a great improvement is ob-
served.

The Relaxation Induced Neighbourhood Search (RINS) algorithm [110]
starts from a feasible solution x of a MIP problem and the solution x̃ of the
linear relaxation of the problem; the variables in x̃ matching the value in x
are fixed, and the algorithm continues solving the remaining supbroblem.

Introduced to obtained initial, high quality feasible solutions, the Feasi-
bility Pump [111, 112, 113, 114] also starts from the solution x̃ of the linear
relaxation of the problem with the goal of turning it into an integer solution
x, but in this case x can be infeasible. Iteratively, in the basic formulation x
is obtained by rounding the variables of x̃ to the nearest integer, and thanks
to an additional constraint to the model, whose purpose is to minimize the
Hamming distance between the LP solution and the rounded solution x.

The polishing algorithm [115] is instead a genetic algorithm targeted at
improving the solutions found during the search in a MIP solver.
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2.3 From automatic algorithm configuration to
automatic algorithm design

In practical applications, a good algorithmic idea is not enough to solve a
problem efficiently. We need to understand whether such idea is suitable
for the problem under consideration and for the specific instances we need
to solve. We possibly need to choose a different algorithm, we need an effi-
cient implementation and we need to adapt it to the problem and problem
instance. All these issues fall under the field of algorithm engineering.

In this section we review the main areas of algorithm engineering that
are relevant for this thesis. First, the task of choosing the most suitable
algorithm for a problem and problem instance when several ones are possible
is the Algorithm Selection problem. The task of adapting an algorithm to a
problem and problem instance by choosing the right value for its parameters
is the Algorithm Configuration problem. The task of building an algorithm
for a problem or problem instance is the Algorithm Design problem. We will,
in particular, focus on automatic approaches for all these problems that can
outperform human practitioners. Here we introduce these problems, along
with some approaches used in practice; the relationship between them is
discussed in more detail in Chapter 5.

2.3.1 Algorithm selection

Given a set (called portfolio) of algorithms A available to solve a problem P
(possibly all the algorithms that can defined for P), and a set of instances
I of P (possibly all the instances that can defined for P), the Algorithm
Selection (AS) Problem [116] is defined as the problem of assigning each
instance I to the algorithm inA that gives the best results according to some
performance measure [117, 118]. Figure 2.3 shows the Algorithm Selection
process as depicted in the original work [116]; the AS problem requires to
find the mapping S(x).

Of course, for any practical application the mapping S(x) should be
feasible to compute and should generalize to unseen instances. The naive
approach of testing all the algorithms on all the instances is clearly not suit-
able for any sufficiently large set of instances and/or set of algorithms due
to computational infeasibility and will fail to generalize to new instances.
The AS problem is thus defined as a learning problem. For each instance
we compute a set of features, measures for some characteristics of the in-
stances that are deemed relevant when choosing the best algorithm. For a
set of training instances we relate the performance of the algorithms on the
instance features available, possibly identifying the subset of features that
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FIGURE 2.3: The algorithm selection process (image taken from the original
paper [116]).

correlate the most with the performance. For new instances, it will be then
possible to compute their features and map them onto the best algorithm(s)
identified in the training phase.

Features can be of two kinds, static and based on probing. Static features
are computed simply by observing the instance, for example, its size. For
combinatorial optimization problems, it is very common to use problem-
specific features, such as cluster distance for the TSP or the ratio between
clauses and variables in SAT. Probing features instead include measures ob-
tained by running some algorithm to “test” the instance, such as executing
a local search to observe how many moves are necessary to converge to a
locally optimal solution [119, 120]. For continuous optimization problems,
instead, where the objective function is the landscape, features can be com-
puted by exploring the landscape [121, 122, 123, 124].

2.3.2 Algorithm configuration

In practice, the actual performance of many algorithms relies on a proper
setting of their parameters. The behaviour of a simulated annealing is de-
termined by a certain sequence of temperature values, usually defined by
providing an initial value and a function to update it, whose coefficients are
of course parameters of the algorithm; a tabu search needs the tabu tenure,
the length of the list containing the forbidden solutions or moves; for an ant
colony optimization algorithm we have to choose the number of ants and
the α and β parameters. Through parameters we can also define alternative
choices, such as enabling or disabling a certain function. For example us-
ing the aspiration criterion in a tabu search, or to select one among several
options such as the linear programming solver in a MIP package. While in
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this thesis we focus on optimization algorithms, the same applies also for
several other domains, from Machine Learning to compilers and databases
[23, 24, 125, 126].

2.3.2.1 Parameter definition

Parameters are defined by some attributes like the name, the type, and the
set of possible values; in practice, we might need to include also the way they
are handled by the algorithm (e.g. the flag in the command line sequence),
as this may differ from the name.

Parameters can be classified in several different ways, such as continuous
or discrete, representing choices or values, strings or numbers. From a func-
tional perspective we can partition the parameters of an algorithm in four
classes:

• categorical (discrete) parameters, representing alternative choices. Such
choices do not have any particular relation between them. Some ex-
amples are the choice of the LP solver in commercial MIP packages
(simplex, dual simplex, etc), or which local search to use in an ILS.
The set of possible values is defined as an unordered set a ∈ A =
[a1, a2, a3, . . . , ak], where k is the cardinality of A, and the values
a1 . . . ak are not necessarily ordered. In practice, they might be repre-
sented as strings or integers;

• ordinal (discrete) parameters, representing alternative choices that have
a certain relation between them. For example, the strength of the
perturbation in an ILS could be defined as small, medium or large; MIP
solvers let the user choose whether the policy for cut generation should
be aggressive, moderate, or not employed at all. The set of possible
values is defined as an ordered set a ∈ A = [a1, a2, a3, . . . , ak], with k
being the cardinality of A, and the values a1 . . . ak are listed following
the ordering relation between them;

• integer numerical parameters, such as the number of ants in an ACO,
or the tabu tenure in a TS. While formally integer parameters are dis-
crete, they are often better treated as the discretization of a continuous
(sub)set. The parameter range is defined as a ∈ [al , au], where al and
au are, respectively, the upper and lower bound of the parameter val-
ues;

• real-valued numerical (continuous) parameters, as the probability p of
choosing a random move in a RII, or the initial temperature value in

38



2.3. From automatic algorithm configuration to automatic algorithm design

a SA. Also in this case, the range is given in terms of its upper and
lower bounds a ∈ [al , au].3 In practice, also real-valued parameters
necessarily can only take a finite set of values, and a given precision
has to be provided;

Parameters can depend on each other. If parameter a is used, and therefore
has to take a certain value, only if parameter b takes a certain value bk or a
value in an certain subset Bs ⊂ Bt of the complete allowed range Bt, then
we say that a is conditional on b. For example, if the local search in an ILS
is a tabu search, then we need to choose the tabu tenure; if the local search
is instead a PII, then we will choose its probability wp without having to
consider the tabu tenure.

As our context is always the comparison of algorithmic performance,
we need to pay attention to those parameters that define the environment
and the metrics used to evaluate the algorithms. Thus, we cannot consider
as parameters the integrality gap in a MIP solver or the maximum runtime
or number of moves evaluated in a local search. These parameters can be
changed only when the environment of the evaluation changes, for example
whenwewant to benchmark one ormore algorithms over different runtimes.
Analoguously, the random seed, that is usually implemented as a parameter,
has to be considered part of the input to the algorithm, like the instance.

2.3.2.2 The algorithm configuration problem

The algorithm configuration problem requires to find an assignment of val-
ues for the parameters of an algorithm such that the algorithm obtains the
best results over the instances under consideration. The performance can be
measured in different ways, according to the scope of the algorithm. When
looking for an optimal solution, the best performance can mean the shortest
time to converge on an instance, or the highest probability to converge in
a given time. Over a set of instances, it can be the minimum total time,
the average time, or the highest number of instances solved to optimality in
a given time. For a heuristic algorithm, typical performance measures are
the final solution quality obtained in a given runtime or a given number of
solutions evaluated, or the cumulative statistics over a set of instances.

What underlies all the possibilities listed above is the optimization pro-
cess of a certain metric in a fixed environment. This process is also called
parameter tuning in the optimization community. In Machine Learning, a
parameter is usually a coefficient of the model to be found or optimized,
hence the configuration of the algorithm used to find those coefficients is

3The bounds can also be excluded from the range, e.g. a ∈ (al , au).
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called hyperparameter tuning; we note however that there is no conceptual
difference in the two distinct levels of optimization.

In the following description, we assume without loss of generality a min-
imization problem, where the goal is either to minimize the solution quality
of an heuristic algorithm for a minimization problem, or to minimize the
time to find the optimal solution for an exact algorithm; a maximization
setting is equivalent, and will be presented when necessary. Here we also
limit ourselves to the optimization of a single performance measure; the
evaluation of a configuration under multiple objectives can be easily derived
from the single-objective case, and will be introduced later in this thesis.

Formally, a configuration θ = {θ1, θ2, . . . , θn} ∈ Θ is an assignment
of values for each one of the parameters θi of a target algorithm A with n
parameters, in the set of all the possible assignments Θ for A. As this task
is an instantiation of the generic optimization task defined in Section 2.1.1,
we will also call θ a candidate configuration, and Θ the set of candidate con-
figurations, or parameter space. The problem requires to find a configuration
θ∗ ∈ Θ such that a performance measure C(θ, I)→ R for a set of instances
I is minimized:

θ∗ = arg min
θ∈Θ

C(θ, I). (2.11)

This is, usually, a stochastic black-box process defined over a mixed set
of variables. It is black-box since C(θ, I) is usually the final measure (run-
time or solution quality) observed at the end of the search of the algorithm
A over I when using configuration θ. There may be stochasticity in the algo-
rithm A (e.g. a stochastic local search, or an exact algorithm with a capped
runtime), in the metric C (e.g. an imprecise way of measuring the runtime
on a certain machine), or in the set of instances I , that can be drawn from a
certain distribution, in particular, for stochastic optimization problems. The
variables involved (the parameters) can be either discrete or continuous.

The configuration space grows extremely quickly with the number of pa-
rameters n, as Θ ⊆ θ1× θ2× · · · × θn (not necessarily all the combinations
of values are valid configurations).4 Combined with the usually expensive
and stochastic black-box evaluation of the configurations, this makes the

4While |Θ| is theoretically infinite whenever there is at least one real-valued parameter,
or an integer parameter with an unbounded range, in practice the limited precision available
on machine implementations makes it a finite value. When several categorical parameters
are involved, we might prefer to not include in any practical estimate of |Θ| the numeri-
cal parameters conditional on them, as they are normally fine-tuned versions of structurally
different alternatives. In practice, however, counting the exact number of valid configura-
tions might not be an easy task when categorical parameters or invalid configurations can be
defined.

40



2.3. From automatic algorithm configuration to automatic algorithm design

quest for the best configuration a computationally infeasible task for any
moderately-sized configuration process.

While manual trial-and-error is often the immediate choice for this con-
figuration task, any practitioner soon realizes how even a deep knowledge of
the target algorithm is not enough to obtain the best results. Exact methods
are extremely naive, and alternative, heuristic approaches to find sufficiently
good configurations θ̂ are therefore required (see Section 2.3.2.4). The use
of algorithms for the parameter tuning task is called the Automatic Algorithm
Configuration approach.

2.3.2.3 Offline versus online tuning

We distinguish two different contexts for algorithm configuration. The first
one, called offline tuning, is a learning process that aims to discover the best
configuration to be used at the beginning of the algorithm execution for a
certain set of instances, keeping the values fixed. Being a learning process,
we need to partition the set of instances I into a traning set, over which we
will look for a good θ̂ whose final quality will be evaluated on the instances
assigned to the test set. To achieve good results on the test set, the distribu-
tion of the instances in the training set should be as close as possible to the
distribution of the test instances. In the remainder of this thesis we focus
only on offline tuning.

The alternative context requires instead to optimize the set of parame-
ters during the search, possibly finding different parameter settings for each
different instance. This approach is called online tuning or parameter control.
An example is the reactive tabu search, that learns the length of the tabu list
during the search [127, 128]. Online tuning methods require anyway an of-
fline tuning of their parameters and possibly also for an initial configuration.

2.3.2.4 Tuning approaches

In this section we review some of the methods that are or have been used to
tackle the Algorithm Configuration problem.

Traditional methods. We already mentioned that the manual trial-and-
error process is often the first choice for parameter tuning. This is clearly
suboptimal, because the huge configuration space cannot be efficiently ex-
plored by human operators. Practitioners can test a limited set of alterna-
tives, following existing conventions and past experience, introducing bias
in the process which results in poor configurations.
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One way to introduce objectivity in the process is to partition the pa-
rameter space in regions of equal area by dividing each parameter range into
a fixed number of intervals, and considering the boundary value between in-
tervals. This method can be visualized as placing configurations on a fixed
grid, and is therefore called grid search. Grid search does not scale well with
the number of parameters. One possible alternative is to randomly sample
the configurations, in order to observe a higher number of different values
for each parameter [129]. Another possibility is to follow a design of experi-
mentsmethodology such as Latin Square Hypercube or the Taguchi method
to select candidate configurations that cover as much as possible the entire
search space [130, 131]. Also design of experiment methods, however, do
not scale well with the number of parameters: the growth of the configu-
rations required is in fact exponential in the number of parameters. They
also are of limited help in case of stochastic evaluations, as their application
requires multiple evaluations of the same configuration to be considered re-
liable.

Continuous optimization methods. Many practical applications require
the optimization of a continuous space, so plenty of methods are avail-
able to configure algorithms that only expose real-valued parameters. In
this case, the problem becomes a continuous optimization problem. Hence,
several continuous optimization methods have been used for configuring al-
gorithms. Examples include entropy-based methods [132], derivative-free
methods [133], racing methods [134], kernel density estimation [135], and
local search algorithms [136].

Model-basedoptimization. Thesemethods aim to build a surrogatemodel
of the response of the algorithm to the different parameter configurations.
They iteratively repeat three main steps: (i) the evaluation of the configu-
rations on an instance, (ii) the fit of a model of the response, (iii) which
is then used to simulate the results obtained by a set new configurations,
among which the most promising ones are selected for the next effective
evaluation. SPOT relies on several statistical models, from linear models to
regression trees and random forests to Gaussian Processes [137]. The most
notable representative of these methods is SMAC (Sequential Model-based
Algorithm Configuration), which uses random forests to build the surrogate
model [138]. Random forests have been integrated also into configurators
belonging to other categories [139, 140].
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Metaheuristic algorithms. The Automatic Configuration Problem is an
optimization problem over a mixed set of variables, so it can be tackled by
any suitable optimization algorithm, including metaheuristics. ParamILS
is an iterated local search that operates on a discrete space [141, 142]. It
starts from a set of configurations which include the default one, and alter-
nates an improvement phase, based on the one exchange neighbourhood,
and a perturbation phase, which alters k parameters at random. Numerical
parameters need to be discretized to be handled by ParamILS.

GGA implements instead a gender-based genetic algorithm [143]. A
configuration is represented as a tree, assigned a gender, and has an age.
Crossover is performed by merging the trees of two parent configurations.
Each new configuration is then mutated, and configurations with an age
over a certain threshold are eliminated. EVOCA is another evolutionary
algorithm proposed to configure algorithms [144]. OPAL extends the direct
search of the continuous optimizer MADS [133] to consider also discrete
parameters [145].

Racing methods. The last family of methods we present here is based on
the observation that the most expensive part of a configuration task is the
evaluation of candidate configurations. Thus, in order to make a good use
of the scarce computational budget available, these methods aim to quickly
identify poor performing configurations to discard them and focus the search
on a more precise assessment of the good configurations. The first algorithm
to adopt this strategy in the context of algorithm configuration was the rac-
ing algorithm [146]. It starts from a set of randomly sampled configurations,
including the default one if provided, and benchmarks them on a subset of
instances. After having evaluated the configurations on a certain number
of instances, a statistical test removes from the pool of candidate configu-
rations the ones that performed significantly worse than the best one. The
default test employed is the Friedman analysis of variance by ranks (F-race).
The process then continues only with the surviving configurations, iterating
evaluation and statistical-based elimination. This process, called race, termi-
nates when the budget for the evaluations is exhausted, or when a minimum
number of configurations remain.

This method is good in filtering bad configurations and selecting a ro-
bust winner among the starting ones, but is restricted by the set of candidate
configurations initially sampled. The best configuration found by a race is
anyway a representative of a possible good area of the parameter space, that
can be better explored. Thus, the configurations that survive at the end of
a race are used as seeds to sample new ones around them. A new race is
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then launched using the new configurations. This process is called iterated
race, and is the one implemented in the irace package [147, 148]. Since ver-
sion 2.0 of irace, the best configuration of the last iteration, called elites, are
included in the new race, and cannot be eliminated until the new configu-
rations demonstrate to outperform them on the same set of instances seen.
Race after race, the new configurations are sampled increasingly closer to the
elites from which they stem. This cycle of sampling and race is iterated until
termination, normally for the exhaustion of the total experimental budget.

This class of algorithms can be mathematically modeled using the multi-
armed bandit framework [149, 150]. Hyperband builds over the Succes-
siveHalving algorithm of [149], essentially implementing a single race with
a very aggressive elimination policy [151]. Hyperband, in fact, starts dis-
carding configurations after the first evaluation, keeping a fraction (1/k)i

of the initial number after ki rounds of evaluations, for a given parameter k
and i ∈ Z.

2.3.3 Automated algorithm design

The definition of the Algorithm Configuration Problem of Section 2.3.2 is
very generic and allows for a broad interpretation of the term “parameter”.
In addition to numerical values to wiggle such as thresholds or number of
agents, we can consider every decision that the algorithm designer has to
make when implementing an algorithm for a certain problem as one option
among a set of possible ones, that is, a categorical parameter. We can there-
fore refrain from committing to a definitive choice in the design phase and
exposing all the possible options as high level parameters. An automatic tool
can then be employed to make the best choices for our particular case.

This extension of what is considered a parameter leads naturally to an
application of the algorithm configuration problem to the task of designing
an algorithm, which we call Algorithm Design Problem (ADP). The set of
tools we can employ to automate the solution of this task define what will
be called in the remainder of this work the Automated Algorithm Design
approach (AAD) [152].

This application of the algorithm configuration problem to the design of
algorithms is part of the Programming by Optimization (PbO) paradigm. A
graphical representation of the PbO paradigm is given in Figure 2.4. It relies
on a design space composed by the set of options available to the algorithm
designer and the set of rules on how to assemble an algorithm. We then
translate this design space into a parameter space, that can be explored by
an automatic configurator.
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FIGURE 2.4: The workflow of the automated algorithm design approach fol-
lowing the Programming by Optimization paradigm.

2.3.3.1 Elements of programming by optimization

Having already treated in detail the various automatic configuration ap-
proaches available, we analyze the other elements of PbO we used in this
thesis.

A component-based view of SLS algorithms Many if not all the algo-
rithms we reviewed in Sections 2.2.3 and 2.2.4 can be divided into compo-
nents. It becomes therefore possible to consider a SLS algorithm as a com-
bination of basic building blocks that follows a certain structure. From this
perspective, designing a SLS algorithm means therefore to select a certain
such combination of blocks, following the desired structure. For example,
every SLS needs to implement a mechanism to decide whether the solu-
tion currently evaluated needs to be accepted or discarded, or to determine
how and when to terminate the search. All the possible options for these
mechanisms can be grouped as, respectively, the acceptance criterion and
the termination condition.

Once defined what components are part of an algorithm, we can then
collect all the options available for each component into an algorithmic frame-
work. The components are considered categorical parameters, and a compo-
nent can have one or more associated (usually numerical) parameters, that
are dependent on the specific options they refer to. This framework acts
as a high level, extremely flexible algorithm, from which we instantiate the

45



2. BACKGROUND

desired combination by selecting the relative components and parameters.
The way we combine these components determines what the resulting SLS
will look like. Different SLSs can make use of the same components, but
combining them in a different way.

The frameworkwe use in the research here reported is the EMILI frame-
work [153, 154]. It was originally designed for PFSP problems, but it is
in principle open to SLS in general, that is, any problem and any SLS al-
gorithm could be implemented in it. This component-based view of algo-
rithms has anyway be applied to several other algorithms, such as ACO [155,
156, 157, 158], PSO [159, 160], multi-objective evolutionary algorithms
[161, 162, 163] and differential evolution [164]. Several other frameworks,
however, implement algorithms starting from basic components, such as
EasyLocal++, ParadisEO or JMetal [165, 166, 167, 168, 169]. MIP solvers
such as SCIP, CPLEX, Gurobi can be considered frameworks that imple-
ment several options for the various step that compose branch-and-cut al-
gorithms [64, 65, 66].

Rules for combining components There are two main ways of combining
components. In the first one, the top-down approach, we define the structure
of the algorithm in advance, and let the configurator make the best choice
for each part. This approach is the simplest one. Generating algorithms of a
certain kind is particularly suited for comparisons, and this is the reason why
we will follow it in the rest of the thesis. For the same reason, this approach
has been used for example in [157, 160, 162].

The alternative approach is the bottom-up one, which does not assume an
algorithmic template fixed in advance. The resulting algorithms can there-
fore be of any possible shape of arbitrary complexity, provided a careful def-
inition of the various possibilities to combine the components. One possi-
bility is to use context-free grammars to outline the possible combinations of
components and parameters [170, 171]. An example, adapted from Figure
2.2 of [172], is given in Figure 2.5, where we see that an ILS is defined as a
particular sequence of components. This sequence includes the local search
component, which can in turn be defined as one among four (in this exam-
ple) alternatives, including another ILS. We see therefore the potential of
grammar-based approaches: it is possible to define an algorithm recursively,
thus allowing an enormous flexibility. To prevent algorithms to grow indefi-
nitely, it is therefore necessary to introduce a limit on the recursion potential
[81].

The grammar is translated into a parameter file, that allows to use auto-
matic configuration tools to build a fully fledged algorithm [171].
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<LocalSearch> ::= <FirstImprov> | <BestImprov> | <ILS>

<FirstImprov> ::= ’first’ <InitialSolution> <Termination> <Neighbourhood>

<BestImprov> ::= ’best’ <InitialSolution> <Termination> <Neighbourhood>

<ILS> ::= ’ils’ <LocalSearch> <Termination> <Perturbation> <Acceptance>

FIGURE 2.5: Example of a grammar that defines the rules to build a SLS
algorithm (adapted from [172]).

For practical reasons, we use a grammar to define the structure of the
algorithms in all the experiments described in this thesis.

2.3.3.2 Alternative approaches

Outsourcing the generation of code from a human developer to a machine is
a task for which other techniques have been applied. Genetic programming
applies evolutionary algorithms to solutions that represent programs [173].
Solutions are usually represented as trees. Grammatical evolution is instead
a related approach that uses evolutionary algorithms to evolve programs in
the form of a grammar [174]. Hyperheuristics employ a set of low-level
heuristics to assemble or generate higher level heuristic algorithms [175,
176].

2.4 Discussion

In the previous sections we have reviewed many different stochastic local
search algorithms, with a particular attention to the most popular single so-
lution ones. This review was written from the perspective of the diversifica-
tion mechanism. The list of algorithms is not exhaustive, and its subdivision
is not the only possible classification of SLS and metaheuristic algorithms.
Several taxonomies have in fact been proposed to categorize and classify op-
timization algorithms. A thorough comparison between these taxonomies
is given in [177], listing 18 prior works aimed at categorizing or classify-
ing algorithms, and discussing in detail why so many criteria exist. The task
is further complicated by the fact that considering whether two algorithms
are effectively the same method is, ultimately, a matter of subjective opin-
ion. There is in fact no clear-cut criterion to decide whether two algorithms
are variations of the same method, or two different algorithms. While in
some cases it is clear that an algorithm is a close varianty of an older one
[178, 179], of the two works that independently proposed the threshold ac-
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ceptance Moscato and Fontanari considered it a simulated annealing variant
[180], while Dueck and Scheuer called it a new algorithm [181]. This is, in
my opinion, the problem at the root of the proliferation of metaphor-based
metaheuristics [182, 183]: there is no objective criterion to discriminate be-
tween small variations and legitimately new algorithms. Keeping this prolif-
eration under control and discriminating the novel contributions from mere
redressings of existing methods is a task left to single researchers and editors.
Fortunately, some venues implemented policies to oppose this phenomenon
[184, 185, 186]

The perspective I followed in my work is to group algorithms by their
structure and by the mechanism employed to control the exploration/ex-
ploitation tradeoff. Admittedly, a SLS can employ more than one of these
mechanisms, so it may be a criterion that does not universally apply. How-
ever, the criteria fit sufficiently well the scope of this work, which is to an-
alyze a simple SLS algorithm to understand their behaviour. Thus, for the
rest of this work, we will consider two methods as belonging to the same
family if we can identify a common structure, and the differences between
them do not yield a radically different behaviour. In the rest of this work,
the term “algorithm” in the context of SLSs will therefore be used to indi-
cate both a broad family of instantiations that share a common template and
contain many variants, and a particular instantiation of that template. The
distinction will be clear from the context.

This categorization criterion again provides only a fuzzy definition, but
it has two main advantages: it allows us to bypass the subjectivity in the
taxonomy, and it applies not only to any existing SLS, but to any possible
one. These advantages become evident when applying automatic methods
to select, configure and design SLS algorithms.

As we will see in the next chapter, several SLS algorithms that appear in
the literature under different names can be related to the general simulated
annealing structure, of which they can be considered variants. To empha-
size the characterization of algorithms by their search behaviour and high-
light the contribution of each variant, we prefer presenting and discussing
them in algorithmic terms whenever possible. For historical reasons and
ease of discussion, it is however impossible to completely forgo the original
metaphors.
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Revisiting simulated annealing: A
component-based analysis 3

Simulated Annealing (SA) is one of the oldest metaheuristics and has been
adapted to solvemany combinatorial optimization problems. Over the years,
many authors have proposed both general and problem-specific improve-
ments and variants of SA. We propose to accumulate this knowledge into
automatically configurable, algorithmic frameworks so that for new applica-
tions that wealth of alternative algorithmic components is directly available
for the algorithm designer without further manual intervention. To do so,
we describe SA as an ensemble of algorithmic components, and describe SA
variants from the literature within these components. We show the advan-
tages of our proposal by (i) implementing existing algorithmic components
of variants of SA, (ii) studying SA algorithms proposed in the literature,
(iii) improving SA performance by automatically designing new state-of-
the-art SA implementations and (iv) studying the role and impact of the
algorithmic components based on experimental data. We experimentally
demonstrate the potential of this approach on three common combinatorial
optimization problems, the quadratic assignment problem and two variants
of the permutation flow shop problem.

3.1 Introduction

Metaheuristics are a method of choice when dealing with computationally
hard problems from a wide range of application areas [12, 187]. They can be
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described as problem-independent general rules to follow to derive effective
heuristic optimization algorithms. The field of metaheuristics has a long and
often successful history that can be traced back to the 1960s and 1970s with
the first proposals of evolutionary computation techniques [88, 90, 91, 188]
or ideas related to search intensification and diversification [189] that later
led to tabu search or scatter search. Despite the successes, a critical review
of the history of the field given in [14] argues that “It is not an exaggera-
tion to claim that the field of (meta)heuristics [...] has yet to reach a ma-
ture state”. One reason can be summarized as a focus on competition rather
than on knowledge, with unfortunate side-effects such as the proliferation of
dubiously novel methods, generally based on natural metaphors [182] and
“high” or “promising” performance claims sometimes backed with poor sci-
entific practices (see e.g. [178, 190]) and lacking insights on how and why
such methods work.

The main objective of this work is to propose an alternative way of ad-
dressing such issues. Instead of proposing yet another metaheuristic, we aim
at exploiting the enormous body of knowledge available in specific meta-
heuristics and identifying the basic ideas that are available for the design
of new variants of the known metaheuristics. For this purpose, we see a
metaheuristic algorithm not as a monolithic procedure that is proposed as
one block, but as being composed of a set of algorithmic components for
each of which a number of different alternative instantiations exist. In other
words, we take a component-based view of metaheuristics and we collect
many options available in the literature into an algorithmic framework, clas-
sifying them according to their purpose for the metaheuristic under concern.
From this point of view, algorithm design turns into the task of choosing the
right set of basic component from the framework.

To make these ideas concrete, we build a framework for Simulated An-
nealing (SA), which is one of the oldest and most studied metaheuristics.
In fact, at the time of writing this article, the Scopus bibliographic database
indexes more than 6 000 articles with the keyword “Simulated Annealing”
in the title, a number that increases to 30 000 if we expand the search to
abstracts and keywords. SA also has shown to result in high-performing
heuristics for many problems [191, 192]. Over the years, authors have pro-
posed many variants of SA for different problems, offering by now a large
number of implementation choices to an algorithm designer who would like
to use SA. We build this framework by taking a component-wise perspective
on the design of SA algorithms. We extract the algorithmic components (in-
cluding alternative algorithm options and numerical parameters) form pro-
posed variants of SA algorithms and classify them according to their use, to
offer alternative choices for each main class of components.
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From the point of view of algorithm configuration, each component can
be seen as a categorical parameter, whose values are the various options pro-
vided in the framework; each of these components may have associated ad-
ditional numerical parameters. By choosing the right options and the re-
spective numerical parameters, one can re-instantiate existing algorithms;
by choosing different options, instead, it is possible to build new variants.
This point of view allows us to exploit the recent developments in automatic
algorithm configuration techniques, which, given a set of training instances
of the problem to be solved, search without manual algorithm designer in-
teraction for the best parameter settings using computer experiments [193].
This task of automated algorithm configuration is supported by recent tools
such as ParamILS [142], SMAC [138], or irace [148]. In this perspec-
tive, our work follows other proposals for the generation of automatically
configurable algorithm frameworks such as Satenstein, a framework for lo-
cal search algorithms for the satisfiability problem in propositional logic
[194, 195], frameworks for multi-objective ACO algorithms [157], ACO
algorithms for continuous optimization [196], or multi-objective evolution-
ary algorithms [162].

This automated process offers at least four advantages. First, it avoids
the often applied manual trial-and-error process, which is time-consuming
and biased by the personal experience of the algorithm developer. Second, in
the framework typically many more algorithm components are made avail-
able than even an experienced developer of metaheuristic algorithms may
be aware of due to the vast literature. Third, it allows to configure algo-
rithms for a specific computational environment or application context in
a transparent (and reproducible) way. Fourth, the data generated during
the algorithm configuration process may be further analyzed and so insight
into the importance of specific algorithm components can be obtained from
these data. We experimentally show the advantages of our approach study-
ing SA algorithms for three well-known combinatorial optimization prob-
lems, the quadratic assignment problem (QAP) and the permutation flow-
shop scheduling problem (PFSP) under the makespan and total completion
time objectives, respectively.

This chapter is structured as follows. In the next section we review SA,
and, in Section 3.3, we describe its component-based formulation and the
set of components we have implemented. Section 3.4 describes the method-
ology and the experimental setup for the experiments reported in Sections
3.5 and 3.6. Additional analysis is given in Section 3.7 and we conclude in
Section 3.8. Supplementary material for this work is available at [197].
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3.2 Simulated annealing

In a nutshell, SA is a stochastic local search algorithm that, starting from
some initial solution, iteratively explores the neighbourhood of the current
solution. It always accepts improving solutions and worsening solutions
probabilistically in dependence of the amount of deterioration and a pa-
rameter called temperature. SA is inspired by the work of Metropolis et
al. [198], who proposed a Monte Carlo integration for solving equations
of state of physical systems composed of particles in statistical mechanics.
At high temperatures, the particles are rather free to move, and the struc-
ture is subject to substantial changes. The temperature decreses over time,
and so does the probability for a particle to move, until the system reaches
a state of lowest energy, its ground state. Kirkpatrick and co-authors [199],
and independently Černy [200], turned these ideas into a heuristic method
for tackling combinatorial optimization problems. The physical tempera-
ture is translated into a “temperature” parameter, the state of the physical
system corresponds to a candidate solution, the ground state corresponds to
the globally optimal solution, and a change of state corresponds to a move
to a neighbouring candidate solution.

Let us first introduce the formal notation used in the remainder of this
work. Let s ∈ S be a candidate solution in the set S of all possible candidate
solutions and f : S→ R be the objective function; thus, f (s) is the objective
function value of candidate solution s. An optimal solution s∗ is a candidate
solution for which holds f (s∗) ≤ f (s) ∀s ∈ S. With N (s) we denote
the neighbourhood of s. ∆(s′, s) is the objective function difference of two
candidate solutions s and s′; we will also refer with ∆i,j to the difference
f (si)− f (sj) of objective function values of two candidate solutions in two
different instants i and j for brevity. We denote the temperature as T; T0
and Tf are, respectively, the initial and final temperature, while Ti is the
temperature at a generic instant i. Without loss of generality, we assume the
objective function to be minimized.

The distinguishing characteristic of SA at its inception was the possi-
bility of probabilistically accepting worsening moves. The most commonly
used acceptance criterion is the so-called Metropolis condition [198, 199],
which always accepts a neighboring candidate solution if it is better or equal
to the current one; a worse neighboring candidate solution is accepted with
a probability of exp (−∆(s′, s)/T). Hence, a worsening solution is ac-
cepted with a probability that depends on both the amount of worsening
and T. With an equal worsening of the objective function value, a solution
is more likely to be accepted when the temperature is high (that is, typically
in the beginning of the search), while when the temperature is low (typi-
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cally towards the end the search), improving candidate solutions are prior-
itized. The probabilistic acceptance of worsening moves makes SA able to
reach the globally best solution when certain conditions are met. Several
authors have studied these conditions, especially focusing on the cooling
scheme, the function that controls the temperature iteration after iteration
[191, 201, 202, 203]. Unfortunately, these analyses usually prove the con-
vergence to the global optimum in time tending to infinity making the im-
plications in practice less clear. As in this work we focus on SA from an
empirical perspective, we do not delve into theoretical analyses but refer the
reader for such to [191, 192] and cited works therein.

There are several reasons that make SA ideal for the approach outlined
in Section 3.1. Deriving from a simple idea, in its original formulation it is
also a simple algorithm, making it possible to clearly identify its components
and their scope. It does not require complex operations, so its behaviour is
easy to understand. The role and the impact of the numerical parameters
is well understood: the temperature, transitioning from its initial value to
its final one, controls the transition from an initial exploratory behaviour
to a final exploitative one; if its values are too high, the algorithm will fail
to converge towards good solutions, but for too low values it will be likely
trapped in suboptimal regions, missing the chance to escape. At the same
time, the task of making the right design choices and choosing the right
values of numerical parameters is often tedious and error-prone; hence, in
practice it is difficult to find the best setup.

In the literature there are several algorithms that can be related to SA.
For example, keeping the same temperature value throughout the whole ex-
ecution turns SA into an algorithm known under several names, such as
Metropolis algorithm [204], generalized hill climbing [205], static sim-
ulated annealing [206], or simply fixed temperature schemes [207, 208].
Replacing the probabilistic acceptance criterion with a deterministic one,
it is possible to generate a new class of local search algorithms, such as
the threshold acceptance [180, 181], great deluge algorithm and record-to-
record travel [209], or the more recent late acceptance hill climbing [210,
211]. All these variants are described in the next section. A discussion about
the similarities and differences with other metaheuristics can be found in
[191, 212]. Outside the optimization field, SA is also akin to the Markov
chain Monte Carlo (MCMC) method that is extremely popular in several
fields such as machine learning, statistics, physics, or economics [213].

Our analysis is limited to SA as a stand-alone search algorithm. There-
fore, we do not consider the use of SA as a component within other hy-
brid algorithms such as the local search in a memetic algorithms. Also,
technology-driven improvements such as parallelization techniques orGPU-
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based implementations are beyond the scope of this article.

3.3 Component-based formulation of simulated
annealing

For our purposes, we divide SA into nine different components, seven of
which are algorithm-specific and two are problem-specific. These compo-
nents define, respectively, how an SA algorithm can be specialized to tackle
a specific problem. The two problem-specific components are the construc-
tion of an INITIAL SOLUTION, and the generation of a new candidate solution
in the NEIGHBOURHOOD. While the choice of these two components has an
important impact on algorithm performance [212], we delay any discussion
about them to the following sections, where the specific problems are intro-
duced and tackled.

We give a generic outline of an SA algorithm in Algorithm 3.1. The
seven components that in our framework define an SA algorithm are:

• the choice of the INITIAL TEMPERATURE (line 3 of Algorithm 3.1);

• the STOPPING CRITERION, which determines when the execution is
finished (line 4);

• the EXPLORATIONCRITERION, which chooses a solution in theNEIGH-
BOURHOOD (line 5);

• the ACCEPTANCE CRITERION, which determines whether the new so-
lution replaces the incumbent one (line 6);

• the TEMPERATURELENGTH, which indicates whether the temperature
is updated (line 12);

• the COOLING SCHEME, which updates the temperature (line 13);

• the TEMPERATURE RESTART, the component responsible for resetting
the temperature to its original or another high value (line 15).

While these seven components are the ones particular for SA, they may
also be based on problem-specific settings, such as the initial temperature
adopted in [214]. We will describe these problem-dependent algorithmic
components only if they are used in our experiments.

An SA algorithm starts by taking as input the INITIAL SOLUTION, the
NEIGHBOURHOOD, a problem instance π and the control parameters. It pro-
ceeds by initializing its internal status, in particular setting a value for the
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Algorithm 3.1: COMPONENT-BASED FORMULATION OF SA. THE
COMPONENTSWEHAVE IDENTIFIED FOR OUR ANALYSIS AREWRIT-
TEN IN SMALLCAPS.
Input: a problem instance π, a NEIGHBOURHOOD N for the

solutions, an INITIAL SOLUTION s0, control parameters
Output: the best solution s∗ found during the search

1 best solution s∗ := incumbent solution ŝ := s0;
2 i := 0;
3 T0 := initialize temperature according to INITIAL TEMPERATURE;
4 while STOPPING CRITERION is not met do
5 choose a solution si+1 in the NEIGHBOURHOOD of ŝ according

to EXPLORATION CRITERION;
6 if si+1 meets ACCEPTANCE CRITERION then
7 ŝ := si+1;
8 if ŝ improves over s∗ then
9 s∗ := ŝ;

10 end
11 end
12 if TEMPERATURE LENGTH is met then
13 update temperature according to COOLING SCHEME;
14 end
15 reset temperature according to TEMPERATURE RESTART

scheme;
16 i := i + 1;
17 end
18 return s∗;

INITIAL TEMPERATURE. Starting from the initial solution, SA iteratively
selects one candidate solution in the NEIGHBOURHOOD according to the EX-
PLORATION CRITERION. The new candidate solution is evaluated against the
incumbent candidate solution using the ACCEPTANCE CRITERION; if it also
improves over the best solution found so far (global-best), it becomes the
new global-best candidate solution. The TEMPERATURE LENGTH compo-
nent determines whether the temperature parameter has to be updated; if
yes, the COOLING SCHEME sets the temperature to its new value. To favour
a new phase of exploration, the TEMPERATURE RESTART scheme controls
whether the temperature should be reset to a higher value. At each iteration,
the STOPPING CRITERION is checked–if it is met, the algorithm terminates
returning the best candidate solution found. We next describe the options
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for the seven algorithm-specific components we identified in the literature
and which we make available in our framework.

3.3.1 Initial Temperature (line 3)

This component sets an initial value for the temperature parameter. The
methods available may take into account some problem instance related in-
formation or not. The instance-based schemes can be based either on syn-
tactical information, or on a limited exploration of the search space, typically
by a random walk, from which some statistics are computed. Some of the
following schemes also propose a final temperature value related to the initial
one, but these are rather proposals than mandatory rules. A variation that
we apply here is to include a multiplicative scaling user-defined constant k
to make the methods more flexible.

Here and in the following we enumerate the available options we imple-
mented for ease of later reference. Options for initial temperature are refered
to as ITx, where x is a number. Other references are defined analogously in
the text.

Fixed value. The simplest option IT1 is to choose a fixed initial temper-
ature T0 = k. Another option IT2 is to set an initial temperature pro-
portional to the objective function value of the initial candidate solution
T0 = k× f (s0) as in [215].

Random walk-based methods. Other criteria perform a random walk in
the search space creating a sequence of candidate solutions s0, s1, s2, . . . , sl ,
where l is the length of the random walk. The resulting objective function
values f (s0), f (s1), f (s2), …, f (sl) are treated as a time series and the
temperature is set as a statistic of the time series. One simple option (IT3)
is to take a value proportional to the maximum gap between two consecutive
candidate solutions as initial temperature, and the minimum non-zero gap
as final temperature, as for example in [216]:

T0 = k× max
1≤i≤N

|∆i,i+1| (3.1)

Tf = k× min
1≤i≤N,>0

|∆i,i+1|. (3.2)

As the maximum value of a set can be unrepresentative or highly skewed,
we also include (IT4) the possibility of choosing a value proportional to the
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average of the absolute gaps between candidate solutions in the random walk

T0 = k/N ×
N

∑
i=1
|∆i,i+1| (3.3)

or a more elaborated scheme, as for example in [217] (IT5):

Tf = k× min
1≤i≤N,>0

min∆i,i+1 (3.4)

T0 = Tf + k× ( max
1≤i≤N

∆i,i+1 − Tf )/10, (3.5)

thus relating the initial temperature value to its supposed final one.
As the initial temperature is used to control the initial acceptance prob-

ability of worsening moves, the initial temperature can be determined such
that it yields a desired initial acceptance probability, as done in [218, 219,
220]. This component (IT6) performs a random walk in the search space
and computes the value T0 = |(k × ∆avg)/ log p0|, which gives an initial
probability p0, where ∆avg is the average gap between two solutions in the
random walk and k is a scaling coefficient. Equation IT6 is derived from
the Metropolis acceptance condition.

Misevicius [221] proposed an initial temperature scheme (IT7) forQAP,
again based on a random walk in the search space. It extends IT5 by taking
into account also the average gap in the random walk. IT7 is defined as

T0 = k× ((1− λ1 − λ′1)∆min + λ1∆avg + λ′1∆max) (3.6)
Tf = k× ((1− λ2 − λ′2)∆min + λ2∆avg + λ′2∆max), (3.7)

where the real-valued weights λ1, λ′1, λ2, λ′2 ∈ [0, 1] are chosen to satisfy
the conditions λ1 + λ′1 ≤ 1, λ2 + λ′2 ≤ 1. By choosing λ1 = 0, λ′1 = 0.1,
λ2 = 0, λ′2 = 0 we obtain IT5. Misevicius also uses a simplified version
(IT8) of his scheme, by setting λ′1 = λ′2 = 0. By varying the λ1 and λ2
values, the behaviour of the search will differ, resulting in faster or slower
cooling.

Problem-dependent schemes. While some of the previous schemes were
introduced for some specific problems, they are general. In [214], the au-
thors propose an initial temperature for an SA algorithm for the Permu-
tation Flowshop Scheduling Problem (PFSP), which uses specific features
of a problem instance. We consider this scheme as the PFSP is one of the
problems we use in this work. The scheme IT9 is defined as

T0 = k×
n

∑
i=1

m

∑
j=1

pij/(m× n), (3.8)
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where n is the number of jobs, m is the number of machines, pij is the
processing time of job i on machine j and parameter k is set to 1/5 in the
original work.

3.3.2 Stopping Criterion (line 4)

The stopping criterion controls the termination of the SA algorithm. The
schemes can be based either on some predetermined value, the actual out-
come of the search, or considerations when continuing the search is deemed
too expensive or unlikely find further improvements.

Fixed termination. One possible choice for termination (SC1) is a fixed
maximum amount of time [215, 220]. Another possible choice (SC2) is a
fixed number of candidate moves [217]. The search can be terminated also
when a certain minimum temperature value has been reached (SC3) [214];
such value can be either determined by the chosen INITIAL TEMPERATURE
scheme, in case it computes also a final value, or given as input by the user.
Other possible criteria include having a maximum number of cooling steps
(SC4) [222], or a maximum number of temperature restarts (SC5) [216].

Adaptive termination. To provide more flexibility, criteria based on the
observation of the actual algorithm execution have been implemented. One
such criterion (SC6) is to stop the execution after a fixed number of can-
didate moves that did not result in accepted solutions. SC7 terminates the
execution as soon as the total acceptance rate falls below a certain threshold;
another one (SC8) stops the search when the acceptance rate for the last k
candidate moves is below a given threshold [218, 219]. Finally, criterion
SC9 stops the algorithm when none of the last k candidate moves found
a new best solution. The number of candidate moves to be considered by
the adaptive criteria can be expressed either in terms of an absolute value or
proportional to the neighborhood size.

Note that except for the termination criterion SC1, with the other ter-
mination criteria the computation time used by an SA algorithm is not de-
termined a priori but depends on the search progress, making the running
time an independent variable.

3.3.3 Exploration Criterion (line 5)

The role of the EXPLORATIONCRITERION is to choose one candidate solution
to evaluate from the neighbourhood N (s). The first SA algorithm [199]
explores the neighborhood randomly, that is, it generates and evaluates a
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randomly generated neighbour at every step (NE1). This kind of default
behaviour of SA is used in the vast majority of SA implementations.

Connolly [217] claims this approach to be inefficient, because for lower
temperatures (that is, lower acceptance probabilities, see the next compo-
nent) potential improvements might be missed, and at the same time it
might be difficult to escape local optima. He proposes to compute and eval-
uate the neighbours in some sequential order (NE2), which guarantees at
least to identify a solution as a local optimum in case no worsening move is
accepted after scanning the full neighbourhood.

Ishibuchi et al. [223] propose two other schemes to select a solution in
the neighbourhood. In the first one (NE3), k solutions are randomly gener-
ated in the neighbourhood, and the best of the k is then compared with the
current incumbent. This scheme is modified to (NE4), which follows NE3
but stops the process of generating neighboring candidate solutions as soon
as one candidate solution is found that improves on the current incumbent,
which is then immediately accepted.

3.3.4 Acceptance Criterion (line 6)

This is the component that determines whether the solution s′ ∈ N (s)
generated by the EXPLORATION CRITERION is accepted. The traditional
Metropolis criterion [198, 199] is the best known example for this com-
ponent. Almost all criteria described here follow one simple pattern: always
accept improving or same quality solutions and occasionally accept worsen-
ing solutions depending on a specific criterion. The acceptance of worsening
moves allows to move the search away from the current area of the search
space being explored, in the hope of finding regions with better solutions. It
is, however, crucial to find a good balance between search intensification and
diversification, which is managed by setting appropriately the temperature
parameter.

Metropolis-based criteria. The Metropolis condition (AC1) [198] is the
criterion proposed in the original SA formulation [199]. It always accepts
moves to improving and same quality solutions, and accepts worseningmoves
with a probability that depends on the increase ∆(s′, s) of the objective func-
tion value and the temperature T:

pMetropolis =

{
1 if ∆(s′, s) ≤ 0
exp (−∆(s′, s)/T) otherwise.

(3.9)

As the exponential function is relatively expensive from a computational
point of view, Johnson et al. AC2 [218] proposed to pre-compute the expo-
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nentials for a sequence of values in the interval where ∆(s′, s)/T results in
probabilities between 1 and ∼ 0.0067. Worsening moves that entail prob-
abilities lower than this latter value are immediately discarded. The actual
values during the search are mapped to the closest values in this array. In
their experiments, they estimate a saving of 1/3 on the total runtime.

Chen andHsieh [224] proposed a bounded versionAC3 of theMetropo-
lis criterion, that rejects a move whose solution quality is worse with respect
to the incumbent by a given parameter ϕBM:

p =


1 if ∆(s′, s) ≤ 0
exp (−∆(s′, s)/T) if f (s) < f (s′) ≤ f (s)× ϕBM

0 if f (s′) > f (s)× ϕBM.

(3.10)

Another acceptance criterion was proposed in [225] (AC4) as part of
the Generalized Simulated Annealing (GSA) variant. It includes (a power
of ) the cost of the currently accepted solution in the probability calculation.
The formula proposed is

pGSA =

{
1 if ∆(s′, s) ≤ 0
exp (−β f (s′)g∆(s′, s)) otherwise,

(3.11)

where β and g are control parameters. GSA makes no explicit use of tem-
perature, but following their notation the original SA employs β = 1/T,
g = 0.

Geometric criterion A criterion proposed in [226] (AC5) always accepts
an improving solution, and accepts a worsening solution with a probability
that decreases in a geometric way1:

pk
Geom =

{
1 if ∆(s′, s) ≤ 0
p0 × rk−1 otherwise,

(3.12)

where p0 is the initial acceptance probability, r < 1 is the reducing factor,
and k is the number of update steps. This criterion, thus, does not use the
temperature in the evaluation of a solution. In fact, it is rather related to
randomized iterative improvement as defined in [12].

1We describe this component as proposed in the original paper, even though this for-
mulation combines the acceptance criterion with the COOLING SCHEME.
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Deterministic criteria. While the probabilistic acceptance of worsening
moves is the distinctive feature of SA, some authors have questionedwhether
the stochasticity introduced by the acceptance criterion is necessary to obtain
good results [95, 180, 181, 227]. In these works, the authors have proposed
a deterministic version of the Metropolis criterion, called Threshold Ac-
cepting (TA, AC6) by [181], which accepts every worsening solution whose
difference in objective function value is lower than a threshold ϕ̄:

pTA =

{
1 if ∆(s′, s) ≤ ϕ̄

0 otherwise.
(3.13)

ϕ̄ is a parameter whose value decreases during the search process, just as
the temperature in SA. In [181] the authors do not provide any guidance in
how to initialize and update ϕ̄, while the authors of [180] explicitly use SA
terminology such as “temperature” and “cooling”.

Starting fromThreshold Accepting, Dueck proposed two alternative de-
terministic acceptance criteria under two different metaphors [209]. The
first one (AC7, originally called Great Deluge Algorithm – GDA) accepts
every move leading to a solution with objective function value f (s) less than
a threshold ϕ̄k, therefore moving away from the idea of comparison between
solutions:

pk
GDA =

{
1 if f (s) ≤ ϕ̄k

0 otherwise,
(3.14)

with ϕ̄k+1 = ϕ̄k − λ, where λ is a fixed parameter.
The second criterion (AC8, in the original work, Record–to–Record

Travel – RTR) accepts only solutions whose value is not larger than that
of the best solution found so far plus a threshold γ (note that, differently,
TA compares the new solution with the current one, which might already
not be the best one found):

pRTR =

{
1 if ϕ ≤ f (s∗) + γ

0 otherwise,
(3.15)

where γ is a fixed parameter.
A more recent work by Burke and Bykov [210, 211] proposes another

deterministic criterion called LateAcceptanceHill Climbing (LAHC,AC9).
The idea of LAHC is to use the history of the search, by comparing the can-
didate solution also with an incumbent solution of the past. LAHC there-
fore can accept worsening moves, but it cannot accept a solution whose ob-
jective function value is not at least as good as the one of another solution
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that was already accepted. The acceptance of a solution s is therefore con-
trolled according to the formula

pl
LAHC =

{
1 if f (sl) ≤ max{ f (sl−1), f (sl−κ)}
0 otherwise,

(3.16)

where f (sl), f (sl−1) and f (sl−κ) are, respectively, the cost of the solution
at move l, l − 1, l − κ, for a fixed κ, which is a parameter of LAHC.

The baseline for comparisons, and simplest deterministic acceptance cri-
terion fitting in the algorithmic outline given in Algorithm 3.1 is to ac-
cept only improving or same quality solutions (AC10), discarding worsening
ones:

pdet =

{
1 if ∆(s′, s) ≤ 0
0 otherwise.

(3.17)

The effect of this choice is turning SA into a Hill-Climbing search [228],
with its drawback of quickly getting stuck in local optima.

3.3.5 Cooling Scheme (line 13)

The cooling scheme is the component that governs the temperature updates,
that is, it computes the temperature value Ti+1 at instant i + 1 as a function
of the previous value Ti at instant i. The default desired behaviour in SA is
a monotonic decrease of the temperature, making the acceptance of wors-
ening solutions more and more unlikely. Since the inception of SA, cooling
schemes have been the most studied components, both from a theoretical
and an experimental point of view. Many schemes that we review adhere to
this decreasing behaviour; the option of raising the temperature is governed
by the TEMPERATURE RESTART component. The possibility of having mul-
tiple proposed moves evaluated at the same temperature is defined by the
TEMPERATURE LENGTH scheme. In the literature there are, however, some
non-decreasing schemes, that we also consider in this study.

Geometric schemes. In the original SA paper [199], the authors propose
two decreasing geometric schemes, Ti+1 = α× βTi (CS1) and Ti+1 = α×
Ti (CS2), where 0 < α, β < 1 are constant control parameters. Typically,
these parameters are set to high values (e.g. ≥ 0.9), implying a slow decrease
of the temperature.

Logarithmic schemes In [229], the authors use a logarithmic cooling scheme
(CS3) Ti+1 = a/ log(b + i) (CS3) with b = 1 in the original work. We
also implement the scheme Ti+1 = a/(b + log i) (CS4) [230].
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Lundy-Mees and variants A popular cooling scheme is the one proposed
by Lundy and Mees in [201] (CS5), in which Ti+1 = Ti/(a + b× Ti). a
and b have to be chosen as a + b× Ti > Ti to guarantee final convergence.

Connolly in [217] develops a variant of the Lundy-Mees scheme called
Q8-7 (for: seventh variant of the eighth scheme tested) (CS6) for the QAP.
It is a two-step scheme, that initially decreases the temperature (using the
Lundy-Mees formula CS5), until too many consecutive candidate moves m
are discarded. Then, the next move is accepted, the cooling is stopped and
the temperature is set to the value at which the best solution was found.
Connolly sets parameters as a = 1 and b, m in dependence of the initial
and final temperature and the size of the neighbourhood. Another scheme
(CS7) is proposed in [231] and uses Ti+1 = a/(1+ b×Ti)with a = b = 1.

Quadratic schemes. In 1993 Andersen, Vidal and Iversen [232] devel-
oped a quadratic cooling scheme (CS8) for a network design problem. The
formula proposed is

Ti+1 = a× K2 + b× K + c, where (3.18)

a =
T0 − Tf

I2 , b = 2×
Tf − T0

I
, c = T0,

and K is the current iteration, T0 the initial temperature, Tf = 0 the final
temperature and I the maximum number of iterations.

Arithmetic scheme. Another simple cooling scheme proposed in [209]
uses an arithmetic decrease of the temperature value (in this case, of the
threshold) Ti+1 = Ti − a for some fixed value a. The implementation of
this criterion (CS9) requires a more careful control about the update, as the
temperature value cannot drop below zero. We therefore choose to imple-
ment the criterion according to Ti+1 = max{Ti − a, 0}.

Non-decreasing schemes. Since the inception of SA, various authors have
studed variants that keep the same temperature values throughout the whole
search [203, 204, 206, 207, 208, 227, 233, 234] under different perspectives:
SA variants, theoretical studies about convergence behaviours, different al-
gorithmic paradigms; and different names, such as Metropolis algorithm,
Static SA, Generalized Hill Climbing, Probabilistic Iterative Improvement
or simply fixed-temperature SA. All these works essentially (re)propose and
study the scheme Ti+1 = Ti = T0 ∀i (CS10). Here, T0 is a supposedly
optimal temperature value that can obtain superior results with respect to
cooling schemes that reduce the temperature parameter. The Q8-7 cooling
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schemeCS6 of [217] may also be seen as a scheme where a fixed temperature
value is discovered by the algorithm at runtime.

As non-decreasing schemes are dependent on good initial settings, a
more robust scheme (CS11) sets a temperature band [T0, a × T0], a > 1,
and, at each update, randomly chooses a value from it.

Another scheme is the old bachelor acceptance (OBA) [235]. It was
originally proposed as a variation of threshold acceptance, which is discussed
as a special case; it lowers the temperature if a solution is accepted, and
raises it if the candidate solution is discarded. While OBA is conceived
to be used with AC6, it can be paired with any acceptance criterion, and we
describe it here as such, considering the two variants presented in the original
paper. OBA1 (CS12) adjusts the temperature “symmetrically” according to
the formula

Ti+1 =

{
Ti + ((age/a)b − 1)× ∆× (1− i/M)c if si is discarded
Ti − ((age/a)b − 1)× ∆× (1− i/M)c if si is accepted,

(3.19)
where a, b, c are control parameters, M is the total number of candidate
moves, ∆ is the granularity of the update and age is the number of con-
secutively rejected moves. OBA2 (CS13) instead uses a “steepest descent,
mildest ascent” strategy [236] that makes acceptance of a solution more
likely in the first d proposed moves after an accepted move:

Ti+1 =

{
Ti + (∆/d)× (1− i/M) if si is discarded
Ti − count× ∆× (1− i/M) if si is accepted,

(3.20)

where d and count are control parameters, which are updated by increment-
ing count by one if age is smaller than d; in the other case, age is set to 1.

3.3.6 Temperature Length (line 12)

This component controls the number of candidatemoves L that are evaluated
at a certain temperature.

Fixed temperature length. The options in this category include the fol-
lowing. The first is to update the temperature after a fixed number of can-
didate moves L = k (TL1) with a value of L = 1 meaning that the temper-
ature is updated after every move. The second is to update after a number
of candidate moves proportional to the size of the neighbourhood N (s),
L = k × |N (s)| (TL2), or proportional to the square of neighbourhood
size L = k× |N (s)|2 (TL3) [222]. Also the size n of the problem instance
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is used L = k × n (TL4) e.g. in [215], or its square L = k × n2 (TL5)
[217].

Adaptive temperature length. Instead of fixed temperature lengths, it is
possible to set these depending on the search progress. Abramson [237] up-
dates the temperature after a certain number of accepted moves (TL6). In
[222] the authors combine this approach with a maximum number of total
candidate moves at a given temperature (that might be fixed or proportional
to |N (s)|), to avoid spending too many candidate moves at a certain tem-
perature (TL7).

Variable temperature length. Other proposals [238, 239] update the tem-
perature length according to some functions, to compensate the increased
strictness in accepting worsening moves at low temperatures with an in-
creased number of evaluations. We test arithmetic (Li+1 = Li + k TL8),
geometric (Li+1 = k × Li TL9), logarithmic (Li+1 = k/Li TL10) and
exponential (Li+1 = L1/α

i TL11) updates for temperature lengths, respec-
tively, where k and 0 < α < 1 are fixed numerical parameters and Ti is the
temperature at iteration i.

3.3.7 Temperature Restart (line 15)

As most cooling schemes decrease the temperature, it eventually happens
that the acceptance of worsening solution is very rare, resulting in a Hill-
Climbing type behavior. Therefore, authors have proposed to reset the tem-
perature to the initial or another level once it reaches a critically low value
[233], allowing in this way effective escapes from local optima. The reset of
the temperature to its initial value is called temperature restart, while setting
it to a possibly different value is called reheating. Of course, one may also
choose to never reset the temperature value (TR1).

Restarting, fixed settings. The most immediate option is to reset the tem-
perature value to the initial one, once some conditions are met. For example,
once it reaches a minimum absolute value (TR2), when it reaches a cer-
tain percentage of its initial value (TR3), after a certain number of proposed
moves (TR4, this number being fixed, proportional to the size (or its square)
of the neighbourhood) or after a certain number of cooling steps (TR5).

Restarting, adaptive settings. In this category, options are to restart when
the overall acceptance rate falls below a certain threshold (TR6), when the
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acceptance rate of the last l candidate moves is below a certain threshold
(TR7), or when the search is not progressing (no accepted moves in the last
l iterations, TR8).

Reheating. Alternatively to restarting the temperature, it is also possible
to set it to a higher value Ti+1 = Ti/k, 0 < k < 1. We can perform
this operation once the acceptance rate falls below a given threshold, overall
(TR9) or in the last k candidate moves (TR10), or the search has not ac-
cepted any new solution in the last k candidate moves (TR11). We also con-
sider reheating after a certain number of candidate moves (TR12, again this
number can be fixed or proportional to the size (or its square) of the neigh-
bourhood) or cooling steps (TR13). A different version of reheat, called
Enhanced Reheat (TR14 [240]) performs a reheat according to the usual
formula Ti+1 = Ti/k, but at every reheating the parameter k gets reduced
by a constant value ϵ. To prevent k to become negative, we actually update
k using the formula max{ϵ, k− ϵ}. The idea is to restart the search every
time at a higher temperature, to increasingly push the algorithm towards an
explorative behaviour.

Another option for reheating is to set the temperature value not to its
original value or to another “generic” higher value, but to the temperature at
which the best solution has been found, assuming that value being a good
one in terms of acceptance probability. We can reset the temperature to this
supposedly “optimal” value when the acceptance rate drops below a threshold
(TR15) or when k consecutive candidate moves have been rejected (TR16).

3.4 Material andmethod

We have collected the algorithmic components described in Section 3.3 into
an algorithmic framework, from which it is possible to instantiate, follow-
ing the outline of Algorithm 3.1, a fully working algorithm. This outline
also defines the ways the algorithmic components can be combined. The
implementation itself is done in the EMILI framework [153], which aims
at a flexible combination of algorithm components that makes it particularly
amenable to automatic configuration.

In the following, we illustrate the possible uses of the framework at vari-
ous levels of automatic configuration ranging, which we distinguish between
three levels:

Level 1: instantiate known SA algorithms for algorithm comparisons (no
configuration);
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Level 2: tune known SA algorithms for fair comparisons;

Level 3: automatically configure the full SA framework.

These three levels correspond to different degrees of advancement in al-
gorithm comparisons. In fact, in most current publications on metaheuris-
tics, a new algorithm is compared to previously proposed ones using only
published results. At Level 1, we instantiate all algorithms from a same
code base and execute them in a same environment; such procedure already
removes (noise) factors such as different implementation languages, imple-
mentation skills, and different computing environments. Level 2 advances
over Level 1 by tuning the numerical parameters of each algorithm by auto-
matic algorithm configuration techniques, reducing the side-effect of uneven
tuning of the methods or using parameters fine-tuned for possibly other ex-
perimental conditions (e.g. short versus long computation times). Level 3
improves over Level 2 by a modern view on metaheuristic algorithm engi-
neering as seeing these algorithms composed of different algorithm com-
ponents [193, 241]. In fact, given the possibility of generating new, previ-
ously unseen SA algorithms potentially better performance may be reached.
From an automatic configuration perspective, this is obtained by appropriate
choices for the categorical parameters through automatic configuration. For
the automatic configuration, we consider two setups. The first one config-
ures the algorithm to reach the best solution quality within a givenmaximum
computation time. While this is the most common setup when comparing
metaheuristic algorithms, it has the disadvantage that minor changes in the
available computation time or the computing environment (slower or faster
machines) may have a major impact on algorithm performance. Therefore,
in a second setup, we automatically configure SA algorithms for anytime
behavior, which tries to obtain as good solutions as early as possible during
the search [242]. To do so, we follow the methodology proposed in [243].

The data obtained during the automatic configuration process can be ex-
ploited to obtain insight into the importance of the various algorithm com-
ponents and the numerical parameters. As a final step, we analyze the im-
portance of the algorithm components from the data that are recorded dur-
ing the configuration with irace by training a random forest model [244].

3.4.1 Experimental setup

Asmentioned above, we implemented the SA components within theEMILI
framework [153]. As the automatic algorithm configuration tool we use
irace [147, 148], which is an R implementation of the Iterated Racing al-
gorithm [245, 246]. irace begins with a set of uniformly sampled candidate

67



3. REVISITING SIMULATED ANNEALING: A COMPONENT-BASED ANALYSIS

parameter configurations and tests them on a set of training instances. Con-
figurations that are statistically worse get discarded during this process to
save computational budget for the most promising candidates and to evalu-
ate them on more instances. The best configurations are then used as seeds
to sample new candidates, with a distribution skewed around the best per-
forming ones. This process is iterated until the configuration budget is ex-
hausted. The final configurations returned are the ones that performed best
during the training phase. For the configurations to generalize to produc-
tion environments or simply to an independent test set, it is responsibility
of the user to provide a set of training instances that is representative for the
desired use case. The random forest model is computed using the ranger R

package [247].
For our experiments we consider two types of problems, the Quadratic

Assignment Problem (QAP), and two objectives of the Permutation Flow-
shop Problem (PFSP), that we introduced in Section 2.1.3. We tune the nu-
merical parameters 30 times, with a budget of 2000 experiments per tuning;
the tuning of the whole framework is instead done 15 times, with a budget
of 60000 experiments due to the much larger number of parameters. The
tuning for anytime behaviour is performed three times. The possible values
for the numerical parameters are reported in the Supplementary Material.
The maximum time limit depends on the problem, and is specified in the fol-
lowing sections. The comparison between algorithms is always performed
using common random seeds. All experiments have been run on a machine
equipped with two Intel Xeon E5-2680 v3 CPUs running at 2.5GHz, with
16MB cache and 2.4 GB of RAM available per algorithm execution. Each
algorithm execution is single-thread.

3.4.2 Quadratic assignment problem setup

The QAP is an assignment problem that models a variety of real world prob-
lems [51, 52]. Each QAP instance of size n has n facilities and n locations,
and associated costs commonly referred to as flow between two facilities i
and j, fij, and distance between two locations k and l, dkl . An assignment
of facilities to locations can be represented by a permutation π, where π(i)
gives the location to which facility i is assigned. The goal in the QAP is to
find a permutation π that minimizes the objective function

n

∑
i=1

n

∑
j=1

fijdπ(i)π(j). (3.21)

As per the problem-specific components, the initial solution is a permu-
tation that is generated uniformly at random, while the neighbourhood is
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the exchange neighbourhood N (π) defined as

{π′ | π′(j) = π(h) ∧ π′(h) = π(j) ∧ ∀l /∈ {j, h} : π′(l) = π(l)}
(3.22)

for a solution π. The size of this neighbourhood is n(n − 1)/2. The ob-
jective function value of a solution s′ can be computed from the objective
function value of a neighbouring solution s in constant time. However, in
practice, such advantage is beneficial only when the full neighbourhood is
always explored, bringing down the computational complexity from a total
of O(n3) to O(n2). It does not make too much difference when a single
solution is evaluated in the neighbourhood, and the overall time needed to
converge to a local optimum is comparable.

The QAP is a “difficult” NP-hard problem for which exact solutions can
be found only for instances of small size: apart from few exceptions for
very specially structured instances [49], instances of size n = 40 are of-
ten already out of reach for exact methods. We consider two sets of QAP
instances. One is composed by instances whose data matrices are gener-
ated uniformly at random [215], and one where the matrices are generated
randomly according to an Euclidean structure, closer to real-life instances
[248]. When no ambiguity can arise we will refer to these two sets as ran-
dom and structured instances, respectively. Each instance set is composed
by 300 instances, equally divided in sizes 60, 80 and 100. Of each size, 50
instances are reserved for the training set in the configuration phase and 50
instances as the independent test set for the evaluation of the configured
algorithms. The anytime behaviour is evaluated also on larger random and
structured instances of size 500 from the same benchmark [215]. Unless
otherwise specified, the runtime limit for QAP is 10 seconds; experiments
with 30 and 100 seconds of runtime are reported in the supplementary ma-
terial.

3.4.3 Permutation flowshop problem setup

The PFSP is a scheduling problem that arises in various industrial environ-
ments [53, 54, 55]. It is very well studied with many variants existing in the
literature. We consider two of the most common variants, namely the PFSP
under the makespan objective (PFSP-MS) [56] and under the total comple-
tion time objective (PFSP-TCT) [57, 58]. More formally, in the PFSP a set
of n jobs have to be ordered for execution on a set of m machines, using the
same execution order on all machines. Each job i takes pij units of time for
processing on machine j. In the basic formulation of the PFSP, all jobs are
ready for execution at time 0 and no concurrency or pre-emption is allowed.

69



3. REVISITING SIMULATED ANNEALING: A COMPONENT-BASED ANALYSIS

A solution of the PFSP is a permutation π = (π(1), π(2), . . . , π(n)) of
the n jobs. The PFSP-MS requires to minimize the makespan Cmax, which
is the completion time of the last job executed (Cmax = Cπ(n),m, where Ci,m
is the completion time of job i on the last machine m). The objective of the
PFSP-TCT is to minimize the sum of the jobs’ completion times, given by
∑n

i=1 Cπ(i),m.
For both objectives, the initial solution is generated using the NEH

heuristic [249]. Unless specified otherwise, the neighbourhood is the insert
neighbourhood where a move (j, k) consists in selecting the element π(j) in
position j of the permutation π and inserting it in position k 6= j, resulting in
a permutation π′ = [π(1), . . . , π(j− 1), π(j + 1), . . . , π(k), π(j), π(k +
1), . . . , π(n)] if j < k and π′ = [π(1), . . . , π(k− 1), π(j), π(k), π(k +
1), . . . , π(j− 1), π(j+ 1), . . . , π(n)] if j > k. The size of the insert neigh-
bourhood is n(n− 1), and each solution is evaluated in O(n) time.

The training set is composed by 40 randomly generated instances with
sizes between 50 jobs and 20 machines to 250 jobs and 50 machines [170].
The test set is the popular Taillard benchmark [250], consisting of 120 in-
stances divided into 12 classes of 10 instances each, with sizes going from
20 jobs and 5 machines to 500 jobs and 20 machines. As additional bench-
mark for the anytime behaviour we use instances of size 800 × 60 from
[251]. The runtime limit is based on the instance size and is computed as
(n×m× 0.015)/2 seconds. Experiments with 10× runtime are reported
in the supplementary material.

3.5 Simulated annealing algorithms for the quadratic
assignment problem

Attempts to solve the QAP with Simulated Annealing can be traced back
at least to 1984 [216]. In the following years SA remained a popular choice
for the QAP, and was often compared with Tabu Search, without any clear
consensus in the scientific community about which method is the most ef-
fective [252, 253, 254, 255]. In what follows we list SA implementations
proposed for the QAP or closely related problems.

The first two schemes we implement, BR1 and BR2, are proposed in
1984 by Burkard and Rendl [216]. We consider also the SA of Burkard and
Rendl as described by Connolly in [217] for comparing the results of his
experiments (CBR1 and CBR2). Connolly [217] proposes several versions
of SA for QAP: two of them employ the cooling scheme of Lundy and
Mees (CLM1 and CLM2), while the third version uses the Q8-7 scheme
(Q87). Two other SA algorithms for the QAP were proposed by Jajodia
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Table 3.1: Results of the Friedman rank sum test for the algorithms for the
QAP in their default settings (top block, Level 1 first step), with ten seconds
of runtime (middle, Level 1, second step) and after tuning their numerical
parameters on the QAP instances, including the algorithms generated auto-
matically (ALL, bottom, Level 2 and 3). Algorithms are ranked according to
their results. ∆R is the minimum rank-sum difference that indicates signif-
icant difference from the best one. Algorithms in boldface are significantly
better than the following ones.

Instances ∆R Algorithm ranking
Random 10.92 Jaj (0), BIN (50), Q87 (251), CLM2 (453), CLM1 (496),

BR1 (700), TAM (850), BR2 (1000), CBR1 (1150),
CBR2 (1300)

Structured 21.3 Bin (0), JAJ (148), Q87 (391), CLM1 (486), BR1 (607)
CLM2 (612), TAM (899), BR2 (1049), CBR1 (1199),
CBR2 (1349)

Random 26.44 Bin (0), JAJ (48), CBR1 (166), TAM (286), CLM2 (641)
BR1 (650), CLM1 (684), Q87 (925), BR2 (1101),
CBR2 (1249)

Structured 17.82 Bin (0), JAJ (250), CBR1 (296), TAM (350), BR1 (599)
CLM1 (801), CLM2 (847), Q87 (1049), BR2 (1216),
CBR2 (1332)

Random 23.71 All (0), JAJ (164), CBR2 (323), TAM (417), BR2 (685),
CBR1 (851), BR1 (858), BIN (902), Q87 (1230),
CLM2 (1320), CLM1 (1500)

Structured 39.32 All (0), BIN (79), BR1 (271), TAM (547), JAJ (587),
CBR1 (653), CBR2 (660), BR2 (867), Q87 (1209),
CLM2 (1212), CLM1 (1428)

et al. [222] (JAJ) and Tam [220] (TAM) in 1992. The last SA for the QAP
that we evaluate is by Hussin et al. [215] (BIN). A synopsis of how these
implementations can be described in terms of their components is given in
the supplementary material. Figure 3.1 gives the results on the test sets in
terms of the Average Relative Percentage Deviation (ARPD) from the best
known solutions, while Table 3.1 reports the ranking of the algorithms.

As a first step at Level 1 in our analysis, we instantiate these algorithms
in our framework using the parameter settings proposed in the original pa-
pers. Algorithms BIN and JAJ obtain the lowest ARPD values (less than 2%
ARPD on random instances, and less than 1% on the structured ones), and
are significantly better than the other SA algorithms on structured and ran-
dom instances when using default algorithm parameter settings. Maybe sur-
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FIGURE 3.1: Average Relative Percentage Deviation (ARPD) from the best
known solutions obtained by the algorithms on random (first row, left plot)
and structured instances (right plot). In the top row the algorithms are in
their default settings (Level 1, step 1), in the middle row the results with
ten seconds on runtime (Level 1, step 2), and in the bottom row the results
obtained after tuning their numerical parameters, including the results ob-
tained by the algorithms generated when tuning the whole framework (ALL,
Level 2 and 3). Above the boxplots in the middle and bottom row is given
the difference in terms of ARPD from the row above; negative differences
correspond to a worsening of the ARPD.

prisingly, some algorithms (BR2, CBR1, CBR2 and TAM) report ARPDs
around 10% or higher, much worse than a hill-climbing approach, which
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3.5. Simulated annealing for the quadratic assignment problem

yields an ARPD of about 5%. An explanation for this fact may be that many
of these algorithms have been proposed when a much lower computational
power was available2, and have been tuned manually for, by current stan-
dards, very small instances and very short computation times; apparently,
the parameter settings do not scale well to other settings.

This comparison is, however, unfair: BIN and JAJ run for the maximum
allowed time of ten seconds, while the other algorithms in their default set-
ting use a termination based on a maximum number of moves, resulting here
in computation times of fractions of seconds. Hence, as a second step still on
Level 1, we allow all algorithms to run for the same maximum ten CPU sec-
onds. Surprisingly, only few algorithms (CBR1, CBR2 and TAM, and BR1
on the structured instances) benefit from the higher runtimes; probably be-
cause the original parameter settings force a (nowadays) fast convergence,
independent from the computation time. Conversely, Q87 worsens its per-
formance, notably on structured instances. This is probably due to a poor
specification of the threshold of consecutive rejected moves that triggers the
fixed temperature phase in theQ8-7 cooling scheme. This value is originally
set according to the total number of solutions evaluated. Consequently, we
scaled this parameter up by estimating the number of moves that can be
generated in the given time. Apparently, the choice is not robust to a much
larger number of candidate moves.

The results for increased computation time indicate that a re-configuration
of the algorithm parameters is necessary for amore fair andmeaningful com-
parison. This we do in Level 2 of our analysis, where we tune the algorithms’
numerical parameters. All algorithms now improve their performance; only
for BIN on the structured instances no statistically significant difference is
observed, probably as it was already automatically tuned originally; the dif-
ferences on the random instances, may be due to the different tuning setup
with respect to the original work.

Almost all algorithms report very good results, meaning that the original
algorithmic ideas were seemingly good, but the originally chosen parameter
settings did not generalize to settings (e.g. instances, computation times)
different from the ones considered in the original papers. The rankings for
the two different instance classes differ more than in the previous two cases,
reflecting the difference in the two scenarios. The algorithms can be divided
in two groups based on their performance after the tuning, with the ones

2The processing power alone for mid-range CPUs have increased roughly four or-
ders of magnitude in the last 30 years: an Intel i486 in 1989 measured 8.7 MIPS at
33MHz, while an Intel i7 7500U in 2016 scores 49360 MIPS at 2.7GHz, (with a ratio
of 5673). Source: https://en.wikipedia.org/wiki/Instructions_per_second#Timeline_of_in-
structions_per_second
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3. REVISITING SIMULATED ANNEALING: A COMPONENT-BASED ANALYSIS

using the Geometric cooling scheme outperforming those using the Lundy-
Mees cooling scheme or its variant Q8-7. Re-tuning CLM1, CLM2 and
Q87 with a higher budget of 5000 experiments does not result in any im-
provement on the structured instances, and only a slight improvement for
CLM1 and Q87 on the random instances, though not sufficient to match
the results obtained by the algorithms using the Geometric cooling scheme.

The tuning also allows us to observe the “potential” of the algorithms and
their components. The case of CLM1 and CLM2 is very interesting in this
regard. The only difference between these two algorithms is the neighour-
hood exploration, with respectively a random and a sequential one (NE1
and NE2). While we do not observe significant difference in the solution
quality when using either default settings or extended running time (in both
cases p-values of 0.4768 and 0.106 on random and structured instances, re-
spectively), after tuning the numerical parameters there is a clear difference
in favour of the sequential exploration NE2.

To examine the full potential of SA algorithms, we use Level 3 of our
analysis and design automatically a completely new SA algorithm, which
may combine the available algorithm components in previously un-explored
ways. This is achieved by tuning seven categorical parameters, each related
to one of the main components and 89 additional numerical parameters for
the various options. In Figure 3.1 we compare the results obtained by these
new SA algorithms (indicated by ALL) with the other ten algorithms tuned
over ten seconds; the results of the Friedman rank sum test is reported in
Table 3.1. On both instance classes the algorithms ALL (the rightmost box-
plots) outperform the tuned existing algorithms. On the random instances
the improvement is more substantial, while on the structured instances it is
less strong but still statistically significant, probably because the margin for
further improvement on structured instances is minor.

In the supplementary material we include the additional comparison
with the SA algorithms automatically generated for anytime behaviour. On
the random instances the convergence of ALL is very good, even for the
largest instances. On the structured instances of the main test set, instead,
the convergence behaviour is very good, though not as strong as for the SAs
for anytime behaviour, while on the larger instances the results are mixed:
in two cases the convergence is much slower, in the third case instead the
algorithm designed for solution quality converged to significantly better so-
lutions than the SA designed for anytime behaviour, continuing discovering
better solutions during the whole runtime.
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3.6. Simulated annealing for the permutation flowshop problem

3.6 Simulated annealing algorithms for the
permutation flowshop problem

We have identified three main articles employing SA for the PFSP, which
do not use objective-specific tricks or hybridizations. The oldest method
by Osman and Potts (OP) uses problem-specific components [214], in par-
ticular the initial temperature IT9. For it we consider four variants, with
random and sequential exploration (NE1 and NE2, indicated by R and S
in the algorithm name) and either insert or exchange neighbourhood (in-
dicated by I or E in the algorithm name). The second algorithm, OS, is
proposed by Ogbu and Smith [226]; in the original paper the authors also
evaluate both the insert and the exchange neighbourhoods. Finally, in the
more recent work CH [224] two variants use two different values for one
parameter. The details of these algorithms are summarized in the supple-
mentary material. In what follows, we discuss where appropriate separately
the results for the instances whose size is smaller than all the instances of
our training set (Tai001 to Tai030), the instances whose size is covered by the
training set (Tai031 to Tai110), and the instances whose size is instead larger
(Tai111 to Tai120). Separate plots for the subsets of instances are provided
in the supplementary material. The plots with the results across the whole
test set are instead reported in Figure 3.2 in terms of ARPD, obtained by
the algorithms in their original settings (Level 1 of the analysis, top row),
and after the tuning (Level 2 of the analysis, bottom row); the improve-
ments of the tuning with respect to the default versions is reported on top of
the boxplots. As CH1 and CH5 differ only for the value of one numerical
parameter, they appear as a single algorithm CH in the tuning. With the
tuned algorithms we also include the results obtained when automatically
designing SA algorithms. In Table 3.2 we report the rankings obtained for
the MS and TCT objectives by the algorithm default settings, and after the
tuning.

Overall, we observe amore substantial improvement for the TCT, which
is maybe explained by the usage of the MS objective in the original papers.
CH1 and CH5 both employ a bounded Metropolis condition and reach
results that in the default settings are not significantly different. Probably
this is due to a too low setting of the threshold for evaluating worsening
solution. In fact, after the tuning of the CH algorithm, the tuned parameter
settings promote exploration based on a higher initial temperature, a slow
temperature decrease, and a much more relaxed threshold for considering
worsening moves, improving especially the performance of CH on the small
instances. Interestingly, while for the TCT objective the CH algorithms are
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FIGURE 3.2: Average Relative Percentage Deviation (ARPD) from the best
known solutions obtained by the algorithms on the whole Taillard bench-
mark under the MS and TCT objectives (left and right plot respectively).
In the top row the results are obtained with the algorithms in their default
settings (Level 1). In the bottom row the results are obtained after tuning
the algorithms, collapsing the two CH1 and CH5 into a single CH algo-
rithm and including the results obtained by the algorithms generated when
tuning the whole framework (ALL; Levels 2 and 3). Above the boxplots in
the bottom row is given the improvement in terms of ARPD from the top
row.

the two worst ones, the tuned CH algorithm is the best among the already
existing SA algorithms.

For the OS algorithms, the tuning improves strongly results on larger
instances with 50 or more jobs, at the expense of the results on the small
instances. A more detailed analysis of the tuned parameters confirms that
except for some differences in the resulting temperature length, the main
difference between OS-I and OS-E is the neighborhood used. Overall, the
OS algorithms exhibit scaling issues even after the tuning, with the results on
the larger instances not being of the same quality as on the other instances,
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3.6. Simulated annealing for the permutation flowshop problem

Table 3.2: Comparison of the results of the Friedman rank sum test for
the algorithms in their default settings (Level 1) and after the tuning of the
numerical parameters (including the automatically generated SAs) on the
Taillard benchmark instances for the PFSP-MS (top) and for the PFSP-
TCT (bottom) (Level 2). Algorithms are ranked according to their results.
In the tuned settings also results for All are included (Level 3). ∆R is the
minimum rank-sum difference that indicates significant difference from the
best one. Algorithms in boldface are significantly better than the following
ones.

Settings ∆R Algorithm ranking
Default 53.76 OP-ER (0), OP-IR (155.5), CH5 (179.5), CH1 (189.5),

OS-I (243.5), OS-E (258), OP-IS (478.5), OP-ES (627.5)
Tuned 40.26 OP-ER (0), All (33.5), OP-IR (213), CH (233.5),

OS-I (268), OS-E (476), OP-IS (516), OP-ES (700)
Default 72.47 OS-E (0), OP-ER (13), OS-I (71), OP-IR (122),

OP-ES (134), OP-IS (156), CH1 (159), CH5 (161)
Tuned 46.82 All (0), CH (173), OP-ER (321), OP-IR (378),

OS-I (444), OP-IS (547), OP-ES (612), OS-E (685)

especially for the TCT objective.
Of the four implementations from Osman and Potts (algorithms OP-*),

the two with a random neighborhood exploration perform better both, be-
fore and after the tuning. This is in striking contrast with the findings of the
experiments on the QAP, where we found the contrary behavior. Contrarily
to the OS algorithms, the exchange neighbourhood outperforms the insert
one for both objectives and both before and after the tuning.

As a next step, we apply Level 3 of our analysis, that is, we automati-
cally design SA algorithms from thewhole framework. On theMS objective
the results are not statistically significantly different from the ones obtained
by OP-ER. This may be due to the fact that under the given experimental
conditions, the algorithms were already close to the best possible results ob-
tainable by a simple SA with the insert or exchange neighbourhoods. On
the TCT objective, instead, the automatically designed algorithms clearly
outperform existing algorithms. In particular, we observe a much improved
scaling behaviour.

On both objectives the anytime behaviour of the SA algorithms ALL is
again good, sometimes even slightly better than the SAs designed for any-
time behaviour (which, in turn, have a more regular convergence). On the
largest instances the search takes more time to discover a good solution, but
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3. REVISITING SIMULATED ANNEALING: A COMPONENT-BASED ANALYSIS

from that point on the behaviour is similar to the SAs tuned for anytime
behaviour. The relative plots are given in the supplementary material.

3.7 Analysis of simulated annealing algorithms

We now analyze the data generated for configuring the ALL variants in Sec-
tions 3.5 and 3.6, trying to understand which algorithm components and
features are important to make an SA algorithm high-performing. The first
step is to observe which components and numerical parameters have the
highest importance in the design process. We do so by training a random
forest model with the data generated during the configuration phase for ALL.
From this model, we get as a byproduct an estimate of the variable impor-
tance. Random forests [244] combine several decision trees, each built us-
ing a bootstrap sample of the training data. For each tree t the out-of-bag
data (observations missing from the relative bootstrap sample, OOBt) can
be used as validation set, for which we measure (i) the error in the pre-
diction, errOOBt, and (ii) the error in the prediction, ˜errOOBt, when the
OOBt data is perturbed (by permuting the values of each variable). The im-
portance of a variable Vj is defined as the difference in the prediction error
when the values for Vj are perturbed, averaged over the trees. For further
insights about the importance of variables in random forest models we refer
to [256]. The results of our analysis, normalized to sum one, are reported in
Table 3.3 for the four scenarios.

While some differences exist in the different scenarios, overall the single
most important component is the acceptance criterion, along with some re-
lated numerical parameters, such as the LAHC tenure κ and the deviation
factor for the RTR criterion. Another important parameter is the neigh-
bourhood exploration, that is, how the algorithm chooses the next solution
to evaluate; to this adds also the importance of the numerical parameter k
for the neighborhood exploration options NE3 or NE4. The impact of the
acceptance is intuitive, as this component controls the exploration/exploita-
tion tradeoff by determining which worsening moves are accepted. More
surprising is maybe the high importance for the neighborhood exploration,
a component often neglected in the SA literature. It is interesting to observe
that the historically most studied component of SA from both a theoretical
and experimental perspective, the cooling scheme, is indeed important (as it
influences the behaviour of the acceptance criterion), but not as important as
commonly expected: in none of the scenarios it or its associated variables are
among the four most highly ranked components or numerical parameters.

On the random QAP scenario the instance is the second most important
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QAPRandom QAP Structured
ACCEPTANCE CRITERION 19.8% ACCEPTANCE CRITERION 36.64%
Instance 15.71% NE4 k 12%
NE4 k 8.43% EXPLORATION CRITERION 9.33%
EXPLORATION CRITERION 8.17% LAHC κ 5.19%
NE3 k 6.7% RTR γ 3.97%
CS2 α 4.4% Instance 3.72%
COOLING SCHEME 4.02% CS2 α 3.6%
TEMPERATURE RESTART 3.99% NE3 k 3.13%
IT5 k 3.53% INITIAL TEMPERATURE 2.84%
RTR γ 3.2% COOLING SCHEME 2.72%

PFSP-MS PFSP-TCT
EXPLORATION CRITERION 20.65% LAHC κ 16.02%
Instance 14.55% ACCEPTANCE CRITERION 15.92%
CS6 b 9.24% Instance 15.33%
CS6 a 5.18% EXPLORATION CRITERION 9.51%
COOLING SCHEME 4.76% CS2 α 5.62%
CS2 α 4.47% NE4 k 3.95%
ACCEPTANCE CRITERION 4.25% NE3 k 2.76%
CS5 b 2.65% TEMPERATURE LENGTH 2.43%
LAHC κ 2.46% AC5 r 2.37%
TL9 k 2.25% COOLING SCHEME 2.01%

Table 3.3: The ten most important components and numerical parameters
on the four scenarios.

factor, with a contribution more than four times higher than on the struc-
tured QAP scenario; the temperature restart component also appears in the
list. This is probably related to a more rugged landscape, where the lack of
structure makes apparently the algorithms more sensitive to the numerical
values of the instances. Also for the two PFSP scenarios, the instance fac-
tor has a high importance, which we here conjecture to be due to the rather
different instance sizes in the training sets and the differences in the ratio
jobs/machines.

Analogous tests on the data collected during the tuning for the any-
time behaviour (for detailed results, see the supplementary material) show
a higher importance of the instance factor. In particular, the more diverse
the dataset, the more important is the instance factor (e.g. for the PFSP
case). Another explanation for the stronger impact of the instance is that
the maximization of the hypervolume, which is used to measure anytime
performance, is more sensitive to parameter settings in the sense that it re-
duces the set of configurations that result in high performance across various
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instances sizes or characteristics; hence it is more difficult for the configura-
tor to reach configurations that generalize to the whole training set. Other
components and parameters deemed important are mostly related to tem-
perature initialization and update, which are relatively more important than
in the configuration for optimizing the final solution quality.

A detailed analysis of the composition of the automatically generated al-
gorithms is reported in the supplementary material. Here we highlight the
most relevant results. The Metropolis criterion AC1 is the most common
choice in three out of four scenarios, appearing 8 out of 15 times on the
structured QAP instances, 12 times on the random QAP ones (including
the Bounded version twice), and 13 times on the PFSP-MS. On the PFSP-
TCT, instead, LAHC is chosen 12 times, with the κ parameter ranging
from 99 to 185 (with one outlier case being 5616). The other three algo-
rithms for the PFSP-TCT use a Bounded Metropolis criterion, set to im-
mediately discard solutions whose cost is 0.53% to 0.68% higher than the
incumbent; these three algorithms are all paired with a Geometric cooling
scheme. LAHC is chosen also in 4 cases in the structured QAP scenario,
while 3 times Threshold Acceptance is chosen.

The sequential exploration criterion NE2 is always chosen for the struc-
tured QAP instances; it is also chosen 8 times on the random QAP ones,
with theNE3 criterion selected the other 7 times. On both PFSP scenarios,
instead, the random exploration NE1 is chosen in all cases.

For the cooling scheme, the geometric one, CS2, is the only one chosen
on the structured QAP scenario, and the one selected most often for the
random QAP instances (7 times out of 15, along with five other cooling
schemes) On the PFSP-MS the Q8-7 and its original version Lundy-Mees
are chosen respectively 8 and 3 times. For temperature length and restart,
instead, we observe a wide range of choices, probably because the sequence of
temperature values that yields a very good exploration/exploitation tradeoff
can be given by different combinations of the components devoted to its
update.

The outcome of the tuning for solution quality of the existing algorithms
on the various scenarios is generally a strict acceptance of worsening moves,
enforced by low values of the initial temperature and faster cooling than
in the original settings. In other words, a well-performing SA algorithm
quickly converges to good solutions, and then continues improving. This
also explains the good performance of a simple scheme such as LAHC, that
can never accept a solution worse than anything else encountered during the
search, thus having limited though non-negligible exploration capabilities.
The importance of a strong intensification is also reflected in the convergence
profiles of the automatically generated algorithms (reported in the supple-
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mentary material), that are rather similar to the profiles of the SA algorithms
automatically generated for anytime behaviour.

In the supplementary material we include results obtained on the testset
with longer runtimes, namely 30 and 100 seconds for the QAP scenarios and
with 10× time for the PFSP scenarios; the tunings are the same ones of the
previous experiments, performed over 10 seconds. It is interesting to observe
that a longer runtime does not necessary entail better results. This happens
for both the nontuned and the tuned versions of our set of algorithms. A
temperature restart scheme is necessary to escape convergence and profit
from additional runtime. If an algorithm not using temperature restarts has
already converged to its best solution, more time will not be beneficial; in
some cases (e.g. the nontuned versions of BR1 and especially JAJ for the
QAP) the ten seconds limit was not sufficient for reaching convergence,
and a longer runtime allows that, at least up to a certain extent. The auto-
matically designed algorithms we obtained are able to improve with longer
runtimes, in particular when designed for anytime behaviour. As observed
especially for the PFSP scenarios, the improvement over a much longer run-
time can anyway be limited; the practitioner should therefore consider care-
fully whether it is actually worth to wait longer, without any guarantee about
the improvement of the final solution quality. Tuning over a longer runtime
is likely to be beneficial, at the cost of much higher computational require-
ments.

Considering the configurations obtained from the various scenarios, we
may conclude that there does not exist one single high-performance, “gen-
eral” SA algorithm, but for different scenarios in part rather different set-
tings turn out to be best. This clearly justifies the usage of an automatic
algorithm configuration process. However, even for the same scenario, SA
implementations may in part differ significantly as a good trade-off between
search exploration and exploitation may be reached by different algorithm
settings. This is particularly true when considering scenarios that only focus
on the final solution quality. However, this is less the case when high any-
time performance is required, apparently due to the more refined evaluation
of the performance of a configuration.

Let us now mention also the discrepancy between our experimental re-
sults and the focus in many theoretical works about SA. As previously men-
tioned, SA theory has often focused on the aspects of the cooling process and
gives conditions on the process to guarantee convergence of the algorithm to
optimal solutions–typically achieved by very slow cooling schemes. This has
probably contributed to a blind interpretation of the annealing metaphor,
where a system is initially at a high temperature that slowly decreases over
time. Consequently, many SA algorithms in the literature follow this folk-

81



3. REVISITING SIMULATED ANNEALING: A COMPONENT-BASED ANALYSIS

lore, despite a strong convergence and a not-necessarily random neighbour-
hood exploration have been already discussed in literature as beneficial (see
e.g. [218] for the former, and [257, 258] for the latter). Recent experimen-
tal works such as [17, 259] have instead studied several acceptance criteria
for SA, and align with the present work both in methodology and findings.

Finally, thoughwe stress that a comparisonwith othermethods is neither
in the scope of this work, nor entirely possible due to different experimental
settings with other existing works, we discuss the efficacy of the automat-
ically generated SA algorithms when compared to different existing meth-
ods. For the QAP, there is no single algorithm that can be considered state
of the art [83]. The performance of different heuristics has been observed
to be dependent on target quality [255], instance size [215] and instance
characteristics [83], and several algorithm selection approaches have been
proposed [260, 261, 262, 263]. In the supplementary material we report
additional results obtained on the commonly used QAPlib [264] by the SA
algorithms obtained for the random QAP instances scenario for different
running times, where we obtain quite good solution qualities. For the PFSP
scenarios we can consider the recent work of Pagnozzi and Stützle [153] as
state of the art, with automatically generated hybrid algorithms that outper-
formed existing alternatives. In this case, the automatically generated SAs
are not able to reach the same quality level.

3.8 Conclusions

In this chapter, we proposed to exploit the available knowledge on algorith-
mic components and parameter setting strategies for metaheuristics in the
form of automatically configurable frameworks. As we have argued before,
there are some inherent advantages associated to this such as (i) making these
components and parameters explicitly available for further use, (ii) build-
ing a kind of collective memory of available algorithm options hardly any
researcher alone may have readily available, (iii) allowing large-scale experi-
mental analyses and the generation of knowledge under which circumstances
which components will be most successful, and (iv) exploiting directly the
recent advances in the automatic configuration of algorithms allowing to
build potentially higher-performing algorithms than possible by pure man-
ual intervention.

We have made our proposal concrete by building such a framework for
Simulated Annealing (SA), one of the most widely studied metaheuristics.
We have described the template from which we instantiate SA algorithms
and detailed the set of algorithmic choices that are available in our current
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framework. Interestingly, also a number of methods that fit the general
outline of an SA algorithm can be instantiated from the same template,
including methods such as threshold accepting [181], great deluge [209],
record-to-record travel [209], or late acceptance hill-climbing [210, 211].
We have also experimentally studied various well-known SA variants for
the quadratic assignment problem and two flow-shop scheduling problem
variants both using default settings of the literature and different levels of
automatic SA algorithm configuration. As maybe expected, the possibility
of automatic configuration has shown to be very advantageous, allowing to
derive SA algorithms that outperform the variants proposed in the litera-
ture even if the numerical parameters of these are also fine-tuned. The ex-
perimental data we obtained from the automatic configuration process have
also shown to be useful to get insights into what makes a good SA algo-
rithm. An importance analysis has identified the acceptance criterion and
the neighbourhood exploration as key important components of SA. When
configuring for best reachable solution quality, the cooling scheme seems
relevant as it influences the behaviour of the acceptance criterion, but to a
lesser degree than one would commonly expect.

Our work can be extended in a number of directions. A first one is to
extend the experimental part to automatically generate SA algorithms for
other problems and learn about possibly consistent choices and which al-
gorithmic components are the most relevant ones; the knowledge obtained
may in turn provide prior biases for the configuration process and lead to
the development of new alternative algorithmic components. A second one
is to extend our approach to other metaheuristics and to generate extended
frameworks. Ideally, these extensions would be generated within a same
framework so that possibly rich hybrids among these methods may be gen-
erated, as suggested in [265, 266]. This would enable us to compare auto-
matically designed SAs against other automatically designed metaheuristics,
to study the role, impact and composition of SA algorithms when combined
with or used as part of other metaheuristics, and to understand when and
how to move beyond the SA structure to automatically design bottom up
new metaheuristics without constraining them to a predetermined form.
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A landscape-based analysis of fixed
temperature
and simulated annealing 4

Since the introduction of Simulated Annealing (SA), researchers have con-
sidered variants that keep the same temperature value throughout the whole
search and tried to determine whether this strategy can be more effective
than the original cooling scheme. Several studies have tried to answer this
question without a conclusive answer and without providing indications that
could be useful for a practical implementation. In this work, we address this
question following an experimental approach, relating the characteristics of
the algorithms with the characteristics of the landscapes they encounter.
We use problem-independent landscape features to study the algorithmic
behaviour across different problems. We consider three different objective
functions and various instance classes and determine the conditions under
which the fixed-temperature variant of SA can outperform its original coun-
terpart and when SA is instead a better choice.

4.1 Introduction

Stochastic Local Search (SLS) algorithms [12] are a popular class of non-
exact methods to tackle optimization problems. They provide a set of guide-
lines to implement an effective heuristic algorithm for the problem under
study. SLS algorithms are particularly useful in complex or black-box sce-
narios, where it is very difficult to develop a specialized algorithm, and large-
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scale scenarios that are beyond the feasibility of exact methods. While they
usually are not able to find optimal solutions or to recognize one in case they
find it, very often they are able to return high quality solution in short time.
The reason for a SLS to perform on an instance boils down to its success in
balancing its two contrasting capabilities, the exploration of the search space
and the exploitation of the search in promising areas of the search space.

Over the years, plenty of methods have been proposed [10, 11]; some of
the simplest of such methods remain among the most popular choices, due
to their simplicity in the idea and effectiveness in practice. Yet, it is still diffi-
cult to understand their behaviour [13]. In a nutshell, simple single-solution
SLSs are built on top of pure intensification local search algorithms such as
first- or best-improvement. To obtain better results, they have to introduce
a certain degree of diversification and one of the main ways of achieving this
is to allow for the acceptance of worsening moves. One of the main exam-
ples of such metaheuristics is Simulated Annealing (SA). It uses a parameter
called temperature, which is progressively lowered during the search to tran-
sition from a diversification behaviour to an intensification one [199, 200].
One alternative is to use the same temperature value throughout the whole
search [203]. This SA variant appears in the literature under different names
[205, 206, 207, 234] and, for consistency, throughout this work we will refer
to it as Fixed Temperature algorithm (FTA).

In this work we study how these two simple SLS methods perform on
different problems and instances to understand the impact of their diversi-
fication strategies on different scenarios. A long-standing open question is
to determine which of those two algorithms would obtain better results on a
given instance, that is, whether it exists a temperature value for which FTA
outperforms SA under any cooling scheme [234]. This question has been
addressed in the literature mostly from a theoretical point of view, without a
conclusive answer [206, 207, 234, 267, 268, 269]. We take instead a differ-
ent approach, performing extensive experiments to compare these two algo-
rithms on different problems and instance classes. For ameaningful compar-
ison we obtain the best possible configuration for the algorithms in each sce-
nario. Subsequently, we analyse the configurations obtained and determine
the conditions for FTA to match or outperform SA. We focus in particular
on some characteristics of the search space, as problem-independent fea-
tures that we can study across the various scenarios, and to understand what
characteristics a search space should exhibit for a FTA to perform as good as
or better than SA. The specific research question addressed in this chapter
serves therefore also as an example of how to perform problem-independent
analyses of algorithms.

We report experiments on three problems, the quadratic assignment
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problem and the makespan and total completion time objectives of the per-
mutation flowshop problem. For each objective function we consider two
instance classes of different characteristics. We use automatic algorithm
configuration to generate the best possible FTA and SA algorithm to ob-
serve the potential of the algorithms in each scenario [148]. We analyze the
results and configurations obtained, and relate them with information on
the landscape of each instance, following an Exploratory Landscape Analy-
sis approach [270]. We show that if the solution neighbourhoods for a given
instance of a combinatorial optimization problem have the same structure
in different areas of the solution space, then FTA works well. Conversely, if
the neighbourhood structures vary for different areas of the search space, SA
will find better solutions than FTA thanks to its higher adaptive capability.

In the next section, we review the literature comparing SA and FTA. In
Section 4.3 we introduce the experimental settings uses for our experiments,
reported in Sections 4.4 and 4.5. In Section 4.6 we discuss our results in
relation with the solution landscape before concluding in Section 4.7.

4.2 Literature review

Simulated Annealing (SA) is a popular metaheuristic inspired by the anneal-
ing process in metallurgy [199, 200]. Starting from a given initial solution,
SA iteratively evaluates its neighbourhood and accepts a move determinis-
tically, if the solution either improves or is the same quality of the current
incumbent, or with a probability that depends on the relative worsening of
the solution quality with respect to the current incumbent and a parame-
ter called temperature [198]. The temperature parameter is normally set
at high values in the beginning of the search and slowly decreased as the
search proceeds. This way, the algorithm slowly transitions from an initial
exploratory behaviour, where many poor quality solutions are likely to be
accepted, towards a final intensification one, where only good quality moves
are likely to be accepted. The change of value of the temperature parameter
is controlled by the so-called cooling schedule, a function that defines a usually
non-increasing sequence of temperature values.

Soon after the introduction of SA, researchers began to study the be-
haviour of SA variants that keep the same temperature value throughout the
entire search. This variant has been studied in seemingly independent lines
of research, and appears in literature under several names such as Metropo-
lis Algorithm [234, 271, 272], Static SA [206], Generalized Hill Climbing
[205], or Fixed Temperature SA algorithm [207, 208] (FTA). For simplic-
ity, we use FTA in the remainder of this chapter, and of this thesis.
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The first work that mentioned a SA with a fixed temperature in the op-
timization literature is probably the one of Mitra et al. in 1985 [203]. In
1989, Hayek and Sasaki studied a SA for the polynomial-time matching
problem and gave examples for which any monotone decreasing tempera-
ture sequence is not optimal [227]. They conjecture that no monotone de-
creasing temperature sequence is optimal for a broader set of cases. They
also consider a (deterministic) threshold random search, prove that there is
an optimal sequence of threshold values, and state that probably in many
situations there is an optimal deterministic threshold sequence that outper-
forms any random threshold sequence; incidentally, this can be considered
the first study of deterministic variants of SA, later also called Threshold
Acceptance [180, 181]. However, they add that “the practical implication
of these likelihoods is clouded, since it is unclear how to efficiently find
an optimal temperature sequence or deterministic threshold sequence for a
problem instance” [227], and thus SA is probably a good fallback solution.
This is also an implicit statement about the necessity for an instance-based
temperature schedule and about the adaptive capability of SA, something
we are going to discuss more in detail in Section 4.6.

In 1996, Jerrum and Sinclair [234] study the Markov Chain Monte
Carlo (MCMC) method and conclude with a comparison of SA and FTA
(Metropolis Algorithm, MA, in their work) as an application of MCMC.
They also consider thematching problem, and observe howMAeither solves
or finds good approximations on all the instances with high probability in
polynomial time. Their method can prove the optimality of a temperature
value for a given instance, but no constructive procedure is given to com-
pute it. However, the analogous analysis for SA is much more complex;
the outcome is that optimal coolings do exist, but they are so slow that are
not competitive with exhaustive search. Hence, it remains an open question
whether SA can beat MA on a natural problem.

Mühlenbein and Zimmermann offer an alternative perspective, stat-
ing that choosing a proper neighborhood is more important than a cool-
ing scheme, hence their answer to the question whether “to cool or not” is
negative, and they suggest instead to use a Variable Neighborhood Search
approach [267].

Orosz and Jacobson call the fixed-temperature variant of SA the Static
Simulated Annealing (S2A) and introduce an estimator of the upper bound
on the expected number of moves to reach a solution of a certain target qual-
ity [206]. They support the theoretical derivation with some experiments on
the TSP, but they do not compare S2A with SA or other algorithms.

Wegener proves instead that SA beats MA for a certain class of Mini-
mum Spanning Tree instances, in terms of expected time and probability of
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finding the optimal solution in a given bounded time [268]. Meer applies
the same principle to the TSP and constructs some TSP instances for which
MA is again outperformed by SA [269].

However, all these contributions are theoretical and focus on existence
proofs, and in certain cases they address polynomially solvable problems.
For a practicioner’s perspective, they share the following drawbacks.

(i) There is no real indication on the right values for a fixed temperature
scheme.

(ii) There is no guidance about which algorithm to choose for a certain given
problem or problem instance.

(iii) Theoptimality of a value or a certainmethod is proven only a posteriori,
that is, one should already be able to compute the optimal value in
advance. This means, in practice, to solve the problem to optimality
in order to be able to compute the optimal temperature value.

(iv) It is unclear how much these existence results generalize to other prob-
lems, how they apply to “natural” instances instead of artificially con-
structed ones, how they generalize when different components are
used in the algorithm or, simply, how to consider them for a limited
runtime instead of an infinite one.

However, as pointed out in [207]: “convergence is not relevant to the success
of the algorithm”. In fact, being all these analyses performed from a theoret-
ical perspective, they deal with the “manageable” theory of Markov chains.
From an algorithm design and implementation point of view this means that
a vast amount of possible design choices that can make the algorithm per-
form well in practice are ignored. For example, only random moves in the
neighbourhood are considered, while a different neighbourhood exploration
scheme can be significantly better than a random one on certain problems
[16]. Likewise, other effective components such as the temperature restart
are ignored in the SA analyses.

Parallel to the theoretical works, some authors noticed that when a cool-
ing strategy was reaching certain temperature values, good solutions were
quickly obtained. Thus, the first practical indications on how to obtain these
good temperature values began to appear in the literature. The first one we
can find comes from Rothman, who according to [273] introduced SA in
the Geophysics community in 1985. He noted that “the notion of a crit-
ical temperature is perhaps the most important, and less understood” open
question in the development of a SA algorithm [274]. In a follow-up work,
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he presents both a theoretical and experimental analysis on a specific prob-
lem, stating that the “solution is obtained by dropping immediately from
a high T [emperature] to a low T, and then maintaining this low T […]”;
initial and final temperature values are determined experimentally via trial
and error [275].

Connolly tackles the Quadratic Assignment Problem (QAP) in a similar
fashion, using SA with a Lundy-Mees cooling scheme [201] and records the
temperature at which the best solution is found; after a certain amount of
discarded moves, this “optimal temperature” is set and kept fixed [217].

Basu and Frazer also determine experimentally a good temperature value
for a geophysics problem they study [276], evaluating several short runs at
different temperature values, and choosing the temperature with the best
results. It is interesting to note that they justify their approach noting how
theoretically optimal cooling schemes are unacceptable in practice.

Cohn and Fielding study several cooling schemes for SA, and find that
a fixed temperature works well for some TSP instances, probably depending
on the structure of the instance [207]. They estimate the number of moves
required to get to a specified target quality, and the relative optimal tem-
perature value, but still deriving those value from preliminary runs of a SA
until the best solution is found. Hence, this work runs in the same issues
of its theoretical counterparts by still requiring to know or estimate the best
solution. They also discuss an example instance from [202], and they show
that in that case the optimal schedule is what they call boiling, an infinite
temperature schedule that accepts every move with probability 1. In other
words, according to their analysis the optimal strategy for that instance is a
random walk. In a subsequent work, Fielding gives the first closed formula
for three problems, TSP, QAP, and Graph Partitioning, again based on the
estimate of the number of moves required for a given instance [208]. The
formulas are extrapolated from a very limited set of instances, so they do
not appear to be particularly robust. In particular, the formula proposed for
QAP does not correspond to what we observe in our experiments reported
in Section 4.4.

Except for this last work, all the papers comparing SA and FTA study
one single problem. There is, however, not clear univocal conclusion that
can be drawn from the existing body of work on this subject. The discrep-
ancy in the results reported suggests that which algorithm between SA or
FTA performs better is to be determined on a case-by-case basis. In partic-
ular, since the optimal (local) search algorithm configuration for a problem
and instance depends on the landscape it traverses, in Section 4.6 we will
relate the performance of the algorithms with the characteristics of different
landscapes.
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Algorithm 4.1: COMPONENT-BASED FORMULATION OF A SA
ALGORITHM. IN SMALLCAPS THE COMPONENTS WE CHOOSE
VIA AUTOMATED TUNING, IN boldface THE ONES WE KEEP
FIXED. FTA IS OBTAINED BY OMITTING LINES 12− 14.
Input: a problem instance Π, a neighbourhood N for the

solutions, an initial solution s0, control parameters
Output: the best solution s∗ found during the search

1 best solution s∗ = incumbent solution ŝ = s0;
2 i = 1;
3 t1 = initialize temperature;
4 while stopping criterion is not met do
5 choose a solution si+1 in the neighbourhood of ŝ

according to SEARCH SPACE EXPLORATION criterion;
6 if si+1 meets acceptance criterion then
7 ŝ = si+1;
8 end
9 if ŝ improves over s∗ then
10 s∗ = ŝ;
11 end
12 if TEMPERATURE LENGTH is reached then
13 update temperature according to cooling scheme and

TEMPERATURE RESTART;
14 end
15 i = i + 1;
16 end
17 return s∗;

4.3 Materials andmethods

4.3.1 Algorithms and implementation

We can implement FTA as a fixed temperature SA, and therefore the com-
ponents that differentiate the two algorithms are those that control the tem-
perature during the execution. More precisely, we consider the traditional
geometric cooling scheme for SA and a fixed temperature scheme for FTA;
consequently, SA also employs a temperature length and a temperature restart
component. The outline of the SA algorithm is given in Algorithm 4.1.
FTA is obtained by simply omitting the temperature update components
(cooling scheme and temperature length, lines 12− 14 in the outline).
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4.3.1.1 Algorithmic components

The set of algorithm-specific components used is a subset of the ones con-
sidered in our previous work [16]. Here we list the options. For a more
detailed description and original references we refer the reader to [16]. The
common components between the two algorithms are the acceptance crite-
rion, for which we use only the traditional Metropolis criterion [198], the
initial temperature scheme, the neighbourhood exploration, the termina-
tion condition, and the problem-specific components (initial solution and
neighbourhood). Importantly, the key parameters we tune are the initial
temperature scheme and the neighbourhood exploration, as they do not dis-
criminate between FTA and SA and have a strong impact on the algorithm
performance [16].

We implement the set of components for the two algorithms in the
EMILI framework [80]. For every experiment reported in this work, the
algorithms are instantiated at runtime by selecting the desired combination
of components and numerical parameters. The selection is done automati-
cally using the irace configurator [148]. In each experiment, irace finds the
best configuration on a training set of instances, and the final configuration
is then evaluated on a separated test set. The duration of each experiment is
also problem-dependent.

The problem specific components and experimental settings are described
in the following sections relative to each problem.

Initial temperature We consider five options: a given initial temperature
value, an initial value computed proportionally to a given initial solution
value, and three schemes based on a preliminary random walk: (i) a value
proportional to the highest gap between consecutive solutions observed, (ii)
a value proportional to the average gap between consecutive solutions ob-
served, and (iii) a value that yields a desired initial acceptance probability of
worsening moves.

Neighbourhood exploration We consider four options to select one move
to evaluate in the neighbourhood: the traditional random scheme, the se-
quential scheme that evaluates the solutions in a given order until one is
accepted, and two partial evaluations of the neighbourhood. These two lat-
ter schemes randomly select k solutions in the neighbourhood, and choose
either (i) the overall best one in the subset, or (ii) the first improving move
found when evaluating the subset in a random order. If no such solution
exists in the subset, the least worsening one is selected.
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Temperature length The options selected for the temperature length are a
constant value, a value proportional to the instance size, a value proportional
to the neighbourhood size, and three schemes based on a maximum number
of accepted moves: (i) a given constant value, (ii) either a given value or
a maximum amount of moves evaluated, or (iii) either a given value or a
maximum amount of moves evaluated proportional to the neighbourhood
size.

Temperature restart The three options to reset the temperature to its ini-
tial value are: (i) no restart, (ii) restart when a given minimum temperature
is reached, or (iii) restart when the rate of accepted moves falls below a given
threshold.

Termination condition Each algorithmic run is executed for a given run-
time. The specific runtime depends on the problem, and is specificied in the
following sections.

4.3.2 Quadratic assignment problem setup

Thequadratic assignment problem (QAP) is anNP-hard problem that mod-
els the assignment of n facilities to n locations [51, 52]. Between each pair
of facilities i and j there is an associated flow fij, and between each pair of
locations k and l there is an associated distance dkl . A solution of a QAP
instance can be represented as a permutation π, where each element π(i)
contains the location of facility i. The objective function is

min
n

∑
i=1

n

∑
j=1

fijdπ(i)π(j). (4.1)

We use the same setup of Chapter 3. We use a random permutation as
initial solution, and the neighbourhood function is the exchange neighbour-
hood

N (π) = {π′ |π′(j) = π(h)∧π′(h) = π(j)∧∀l /∈ {j, h} : π′(l) = π(l)}
(4.2)

that swaps two elements in positions i and j in a solution π. The size of the
exchange neighbourhood is n(n− 1)/2. The cost of a solution s′ neighbour
of s can be computed in linear time starting from s.

We use a set of 600 instances in total, equally divided in two classes,
that we refer to as random and structured instances. Instances in the first
class have data matrices generated uniformly at random [215], while in-
stances in the second class have data matrices generated randomly following
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an Euclidean structure [248]. Each class has an equal number of instances
of size 60, 80 and 100, which are beyond scale for current exact methods.
As no certified optimal solution is available for our set of instances, we use
previously computed best known solution values as target values for our eval-
uation. For each class and size, 50 instances are assigned to the training set
for our tuning tasks, and 50 instances to the test set for the evaluation of the
configurations obtained. The tuning and testing is done separately for each
class and instance size, and the runtime of each algorithm on an instance is
ten seconds.

4.3.3 Permutation flowshop problem setup

The permutation flowshop problem (PFSP) is another permutation problem
that models several scheduling problems arising in real life [53, 54, 55]. It
requires to sort n jobs to be executed on a set of m machines. The ordering of
the jobs is the same on every machine, and each job i takes pij units of time
to be completed on machine m. A solution is a permutation π of length n,
where each element π(i) contains the index of the i-th job to be executed.
Several variants of the PFSP exist to model different situations arising in
real production environments. These usually involve the completion time
of the jobs; we denote with Cπ(i),j the completion time of the i-th job in
the solution on machine j. Among the several possible objective functions
to be optimized, we consider two of the most studied ones, the makespan
objective

min Cmax = Cπ(n),m, (4.3)
where Cmax is the completion time of the last job on the m-th machine
(PFSP-MS, [56]), and the total completion time objective

min
n

∑
i=1

Cπ(i),m, (4.4)

that minimizes the completion time of each job (PFSP-TCT, [57, 58]). In
the variants we consider there is no concurrency nor pre-emption, and all
the jobs are ready for execution at instant 0. The PFSP is NP-hard for both
objectives.

As in the previous chapter, we use the NEH heuristic to obtain an initial
solution for SA and FTA [249]. We consider the insertion neighbourhood
that moves a job from position i to position j 6= i, resulting in a new per-
mutation

π′ = [π(1), . . . , π(j− 1), π(j + 1), . . . , π(k), π(j), π(k + 1), . . . , π(n)]
(4.5)
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if j < k and

π′ = [π(1), . . . , π(k− 1), π(j), π(k), π(k+ 1), . . . , π(j− 1), π(j+ 1), . . . , π(n)]
(4.6)

if j > k. The size of the insert neighbourhood is n(n− 1), and the time to
evaluate each solution is O(n). Additional experiments with the exchange
neighbourhood as defined in the previous section and with a random permu-
tation as initial solution are reported in the Supplementary Material [277].

This time, we use two different instance sets for both PFSP objectives.
The first one is a set of randomly generated instances, where we use 40 in-
stances with sizes from 50 jobs and 20 machines to 250 jobs and 50 machines
[170]; the test set is instead the Taillard benchmark [250] with 120 instances
equally divided in twelve groups with sizes from 20 jobs and 5 machines to
500 jobs and 20 machines. The second benchmark consists in job-correlated
and instance-correlated instances from [278], each type of sizes 100× 20
and 200× 20. The training set is composed of 20 instances for each type
and size (thus 80 in total), while for the test set we use 80 instances for each
type and size (320 in total). The runtime limit for each algorithm execution
is (n×m× 0.015)/2 seconds.

4.3.4 Experiments outline and computational environment

In Sections 4.4 and 4.5 we are presenting the results obtained on the QAP
and on the PFSP (both objectives) benchmarks, respectively. For each ob-
jective function we have two classes of instances, each one containing in-
stances of different size.

We configure a FTA and a SA for each instance class (for separate in-
stance sizes for the QAP, considering all the instance sizes available for the
two PFSP objectives). The choice of non-fixed components and numerical
parameters is done automatically using the irace R package [148]. Each tun-
ing is repeated 15 times, and each configuration obtained is tested 15 times.
A fixed set of random seeds is used throughout all the experiments. For each
tuning we use a budget of 5000 experiments, all run on Intel Xeon E5-2680
v3 CPUs running at 2.5GHz, with 16MB cache and 2.4GB of RAM avail-
able per algorithm execution. Each algorithm execution is single-thread.
The complete list and range of parameters is reported in the Supplemen-
tary Material, where also the tuning setups, the instances used and some
preliminary experiments are included [277].

For each problem/instance class scenario, we report the results obtained
by the final configurations on the relative testbed in terms of percentage
deviation from the best known or optimal solutions. We report also a sum-
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FIGURE 4.1: Results in terms of Average Relative Percentage Deviation
(ARPD) obtained by the FTA and SA on the QAP random (left plot) and
structured (right plot) instances. For each algorithm, the boxplots report the
results obtained on instances of size 60, 80, 100.

mary of the configurations that we obtain, to understand what parameters
are chosen by irace in each scenario.

In Section 4.6 we finally explain the results and configurations obtained
by relating them with the landscape characteristics of each scenario.

4.4 Results on the quadratic assignment problem
We first consider the Quadratic Assignment Problem (QAP). We configure
the FTA and SA algorithms separately on our training sets of instances,
and compare the results that we obtain on the respective test set. Unless
indicated otherwise, we consider separately both the different classes and the
different instance sizes, having 25 training instances and 25 test instances for
each algorithm. The results in terms of average percentage deviation from
the best known solutions are reported in Figure 4.1 for both random and
structured instances. We begin by discussing the results and configurations
obtained on the random instances.

4.4.1 Random instances

As we can see in the left plot of Figure 4.1, the FTA obtains sligthly better
results than SA on the random instances. For sizes 60 up to 100, the solu-
tions found by FTA are on average 0.715, 0.734 and 0.844 worse than the
best known solutions, while SA obtains solutions on average 0.781, 0.811
and 0.898 worse than the best known solutions. There is therefore a statisti-
cally significant difference in favour of FTA, with p-values of 1.42× 10−7,
1.3× 10−8 and 5.44× 10−7 for, respectively, instance sizes 60, 80, and 100.
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Table 4.1: Occurrence of each component in the FTA configurations ob-
tained out of 15 tunings on QAP random instance sizes 60, 80, 100, and on
all the instance sizes.

Component Size 60 Size 80 Size 100 All sizes
proportional to the average gap 8 10 4 11
proportional to the max gap 1 2 5 1
initial acceptance probability 3 2 6 2
fixed initial value 0 0 0 0
value based on initial solution 3 1 0 1
random exploration 0 0 0 0
sequential exploration 8 9 6 12
best of k 7 6 9 3
first best of k 0 0 0 0

In Table 4.1 we report the occurrence of each component, among the
ones that appear in the final FTA configurations, for the tunings on the dif-
ferent instance sizes and for additional tunings that consider all the instance
sizes. The best final FTA configurations for the general random scenario
that we obtain are composed by (i) an initial temperature value obtained
with an initial temperature scheme proportional by a factor of around 0.22
to the average gap between consecutive solutions in a random walk, and (ii)
a sequential exploration. Thus, it looks like the initial temperature value is
related to the instance size by means of the relative difference between so-
lutions. With a scaling coefficient of 0.22, the acceptance probability of an
average worsening move (that is, worse by the average gap found during the
initial random walk) is around 1%. These configurations are observed more
consistently in the tunings across all the instance sizes (last column of Table
4.1), because the homogeneity of the instances in each size makes it possi-
ble for other parameter combinations to obtain the same results. The initial
temperature scaling coefficient is the key factor for the sequential explo-
ration to make an impact. When this parameter combination is not found,
the best alternative is a “best-of-k” exploration that selects the best solution
in a randomly chosen subsample of the neighbourhood, with k consistently
covering a circa 20% fraction of the neighbourhood. This configuration
seems to be easy to find and overall quite robust. The reason for this is the
“pure intensification” step of the exploration is able to balance the diversi-
fication entailed by a wide range of temperature values, even much higher
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Table 4.2: Occurrence of each component in the SA configurations obtained
out of 15 tunings on QAP random instance sizes 60, 80, 100.

Component Size 60 Size 80 Size 100
proportional to the average gap 5 2 6
proportional to the max gap 3 3 2
initial acceptance probability 3 6 3
fixed initial value 3 3 1
value based on initial solution 1 1 3
random exploration 1 0 0
sequential exploration 0 2 2
best of k 4 8 6
first best of k 10 5 7
fixed temperature length 0 2 2
length proportional to instance size 2 4 4
length proportional to neighbourhood size 4 1 4
maximum number of accepted moves 2 1 2
maximum number of accepted moves, capped 2 4 2
max no. of accepted moves, cap cap ∝ neigh. size 3 1 0
no temperature length 2 2 1
temperature restart based on min. temperature 5 3 4
restart based on low acceptance rate 3 5 5
no temperature restart 7 7 6

than the best one.
We consider also additional experiments, reported in the Supplemen-

tary Material, that use the random exploration [277]. This is relevant be-
cause the random exploration is the common choice for SA algorithms and
their variants, and random instances are often used in the literature. With
these experiments we can therefore compare the results and configurations
we obtain with the existing literature. Our experiments indicate that using
the random exploration the best temperature value is consistently around
0.18, slightly lower than with the sequential exploration (0.22). However,
even with the lower temperature the results are not as good as the results ob-
tained with the sequential exploration, and, in fact, it was never selected by
irace in our primary set of experiments. Solutions found using the random
exploration are around 16% worse than those found using the sequential
exploration, and are also slightly worse than those found by SA.
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Table 4.3: Occurrence of each component in the FTA configurations ob-
tained out of 15 tunings on QAP structured instance sizes 60, 80, 100, and
on all the instance sizes.

Component Size 60 Size 80 Size 100 All sizes
proportional to the average gap 13 14 12 14
proportional to the max gap 2 0 0 0
initial acceptance probability 0 0 1 0
fixed initial value 0 1 1 0
value based on initial solution 0 0 1 1
random exploration 1 3 7 5
sequential exploration 12 10 6 9
best of k 1 1 1 0
first best of k 1 1 1 1

The set of final configurations of the SA algorithms is reported in Table
4.2. As we can see it is very diverse, meaning that several cooling-based
algorithms obtain the same results on our set of random instances, but none
of them outperforms the best FTA configurations. We can, however, note
how the “best-of-k” exploration (or its first improvement variant) with k
covering roughly 1/4 of the neighbourhood size appears in half of the final
configurations, strengthening the suitability of alternative neighbourhood
exploration on this scenario.

4.4.2 Structured instances

As seen in the right plot of Figure 4.1, the results on the structured in-
stances are very different than the previous case, with SA clearly outper-
forming FTA. In fact, a SA tuned with a budget of only 500 experiments
obtains better results than a FTA tuned with a budget of 5000 and less pa-
rameters. More precisely, FTA found solutions on average 0.764, 0.891 and
0.901 worse than the best known solutions for instances of size respectively
60, 80 and 100. For the same instance sizes SA obtains relative percentage
deviations of 0.148, 177 and 0.213.

This is clearly a scenario where FTA is not a good choice. Nonethe-
less, there is a clear indication about what FTA configurations are better on
this scenario, as we can see in Table 4.3. The initial temperature scheme
based on the average gap between consecutive solutions in a random walk is
chosen most consistently, with the other schemes appearing only sporadi-
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cally. The difference with the random scenario is that the scaling coefficient
is now dependent on the instance size. For instance size 60, the average
coefficient is 0.095, for instance size 80 it is 0.078, for instance size 100 it
is 0.067 when using the sequential exploration. This means an average ac-
ceptance probability of a random average solution of, respectively in these
three cases, 0.0027%, 0.00028%, and 3.013× 10−5%. Essentially, as the
instance size increases, the optimal temperature decreases. The reason for
this are discussed in Section 4.6.

The sequential exploration is once again the most common choice. Con-
versely to the random instances case, however, the second most common
option is the random exploration, while the remaining two schemes rarely
appear.

The choice of the configurations, and, in particular, of the initial tem-
perature values, is caused by the structure of the instances: if there is an
“easy” valley in the fitness landscape, too much diversification will hamper
the search convergence; however, the structure of the slope makes it impos-
sible to find configurations that work fine for both the initial and the latter
stages of the search.

The composition of the SA algorithms is again very diverse, as can be
seen in Table 4.4, but in this case the results are consistently good. With
respect to FTA, in fact, SA with its transition from “high” to “low” tem-
perature values can better fit the fitness landscape. The temperature restart
employed by most of the SA algorithms also makes it possible to cycle be-
tween exploration and exploitation several times, increasing the possibility of
finding good temperature values for different sequences of neighbourhoods
observed. This repeated transition is sufficient to adapt the behaviour of the
algorithm, while the specific choice of the components is less relevant.

4.4.3 Discussion

On these two scenarios, we can observe very different results. On the ran-
dom instances, no configuration for SA matches the results that are obtained
by a proper temperature value of a FTA. This is caused by the shape of the
landscape, which can be described as “uniformly smooth”, in the sense that
the proper temperature values for average-quality areas of the search space
are almost the same around good quality solutions. The situation clearly dif-
fers on the structured instances, where SA can better adapt to the change of
the landscape. In fact, the variety of SA configurations observed suggests
that a progressive adaptation of the exploration/exploitation tradeoff mat-
ters rather than a well-defined SA structure. Section 4.6 is devoted to more
detailed analysis of how the FTA and SA are affected by the landscape.
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Table 4.4: Occurrence of each component in the SA configurations obtained
out of 15 tunings on QAP structured instance sizes 60, 80, 100.

Component Size 60 Size 80 Size 100
proportional to the average gap 4 5 4
proportional to the max gap 1 1 3
initial acceptance probability 3 2 3
fixed initial value 5 3 4
value based on initial solution 2 4 1
random exploration 12 10 5
sequential exploration 3 5 9
best of k 0 0 0
first best of k 0 0 1
fixed temperature length 1 5 3
length proportional to instance size 0 1 0
length proportional to neighbourhood size 3 1 3
maximum number of accepted moves 6 0 3
maximum number of accepted moves, capped 4 2 3
max no. of accepted moves, cap ∝ neigh. size 0 2 2
no temperature length 1 4 1
temperature restart based on min. temperature 12 7 5
restart based on low acceptance rate 2 3 6
no temperature restart 1 5 4

Additional experiments are included in the SupplementaryMaterial [277].
We include experiments with various runtimes and tuning budgets. The
best configurations we obtained do not change for different runtimes, where
the solution quality increases monotonically with the runtime, nor when we
rescale the instance values. This confirms that an initial temperature scheme
based on the difference between neighbouring solutions is a proper and ro-
bust choice. We also observe how for increasing tuning budgets the results
improve, but not as much as it can be expected; in fact, for the two instance
classes, a tuning budget of 500 experiments is already sufficient to discrim-
inate between good and bad performing algorithms. We also observe how
starting with a good quality solution (computed with a hill climbing, which
on our QAP instances can reach solutions between 4 and 5% of RPD) does
not impact neither the final solution quality nor the configurations we ob-
tain.
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We can now comment on Fielding’s temperature formula for the QAP
T = 1.5× f ⋆/n2, where f ⋆ is the optimal solution value and n the instance
size. Fielding extrapolated his formula from results obtained on seven small
QAPLIB random symmetric instances,1 similar to those used in our exper-
iments. The temperature values obtained are roughly inversely proportional
to the neighbourhood size (n(n− 1)/2). In our experiments, instead, the
(near-)optimal temperature values are related to the relative difference be-
tween solutions. On our test instances, the effect of Fielding’s formula is a
roughly constant temperatue value for increasing instance sizes, while the
initial temperature scheme chosen by the tunings in our experiments yields
increasing temperature values for increasing instance sizes. The same hap-
pens when using the random exploration, the same scheme used by Fielding.
Hence, we see that Fielding’s formula is a clear overfit over a restricted set
of small instances, whose outcome does not generalize.

We note instead how one of the findings of [16] is confirmed in these ex-
periments, namely that the optimal diversification is theminimal one needed
to “smoothen” the landscape. irace is able to find the best temperature value
for such behaviour, and no configuration among the final ones has values
lower than the best one [22].

4.5 Results on the permutation flowshop problem
In Figures 4.2 and 4.3 we show the results obtained by our set of algorithms
on the Taillard benchmark, for the Makespan and Total Completion Time
objectives, respectively, in terms of relative percentage deviation (RPD) with
respect to the optimal or best known solutions. For each objective, we show
separately the results obtained when testing the FTA and SA algorithms on
(i) the 30 Taillard instance with a number of jobs and machines included in
our training set (50× 20, 100× 20, 200× 20), (ii) the 80 Taillard instances
with a number of jobs included in our training set (with 50, 100 and 200
jobs), and (iii) the whole Taillard benchmark. For simplicity, we refer to
these three sets of instances as TIJM, TIJ, and TIA. In Figure 4.4 we show
the results obtained for the two objectives on the Watson benchmark.

All the algorithms use the insertion neighbourhood, and start from an
initial solution computed using the NEH heuristic. The components se-
lected by the tunings for the experiments reported in this section are listed
in Tables 4.5 and 4.6 for FTA and SA respectively. In the Supplemen-
tary Material we report a full breakdown of the 12 instance classes of the
Taillard benchmark, and additional experiments where the algorithms use

1Instance sko100a was left out of the regression as an outlier.
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the exchange neighbourhood and a random permutation as initial solution
[277].

4.5.1 Makespan objective

4.5.1.1 Taillard benchmark

Given the variety of the instance sizes and characteristics of this benchmark,
where the instances are divided into 12 different groups, overall the results
show a high variance. We can anyway distinguish a certain trend. For the
TIJM and TIJ instances, whose characteristics are covered in the training
set, FTA and SA obtain very similar results (p-values respectively of 0.0221
and 0.02553). On the whole benchmark, instead, SA outperforms FTA
(p-value of 1.237× 10−7). In terms of solution quality, the results can be
very different between different subclasses of instances. We observe also a
general higher consistence of the results in each subclass of instances, except
for instances of size 50× 10, where while the average solution quality of the
two algorithms is similar the variance is high.

Instances in TIJM have a low jobs/machine ratio, a case notoriously dif-
ficult in practice. On these thirty instances, FTA and SA obtain very similar
results. The TIJ subset includes several instances with higher jobs/machine
ratios, easier to tackle, and, in fact, the performance improves for both algo-
rithms, remaining similar overall. SA can instead significantly outperform
FTA on the remaining instance groups, which include the smaller instances
and the largest group, 500 × 20. Perhaps surprisingly, on the largest in-
stances both algorithms again perform similarly well. Where SA outper-
forms FTA is instead on the smallest instances, which have a number of
jobs lower than any instance in our training set. On these instances, SA is
often able to find the optimal solution, while FTA usually does not, and this
explains the statistically significant difference in results observed in the third
plot of Figure 4.2.

Regarding the FTA configurations, the majority of them use an initial
temperature based on the average gap between consecutive solutions in a
random walk, with a scaling factor for the initial temperature consistently
around 0.066, and a random exploration. The remaining ones use a first or
best improvement in a small random subsample of the neighbourhood as
neighbourhood exploration. This scheme admits a greater variety of initial
temperature schemes and values, which therefore appear albeit sporadically
in the list of final FTA configurations.

Regarding the SA algorithms, instead, the set of options chosen for the
initial temperature is much wider. Many of the algorithms feature instead
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FIGURE 4.2: Results in terms of Average Relative Percentage Deviation
(ARPD) obtained by the FTA and SA on the PFSP-MS Taillard bench-
mark. The three boxplots report the results for, left to right, (i) instances
with a number of jobs and machines included in the training set (TIJM),
(ii) the instances with a number of jobs included in the training set (TIJ),
(iii) all instances (TIA).
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FIGURE 4.3: Results in terms of Average Relative Percentage Deviation
(ARPD) obtained by the FTA and SA on the PFSP-TCT Taillard bench-
mark. The three boxplots report the results for, left to right, (i) instances
with a number of jobs and machines included in the training set (TIJM),
(ii) the instances with a number of jobs included in the training set (TIJ),
(iii) all instances (TIA).

a cooling coefficient in the range 0.6 to 0.9 range, no temperature restart,
a temperature length based on a maximum number of accepted moves, and
random exploration of the neighbourhood.

4.5.1.2 Watson benchmark

The results on the Watson benchmark are very homogeneous, and the op-
timal value of many instances is met or the best known value improved. A
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FIGURE 4.4: Results in terms of Average Relative Percentage Deviation
(ARPD) obtained by the FTA and SA on the Watson benchmark under
both the MS and TCT objectives.

Table 4.5: Occurrence of each component of FTA in the configurations
obtained out of 15 tunings on the four PFSP scenarios (Makespan and Total
Completion Time objectives, Taillard and Watson instances).

Component MS T MS W TCT T TCT W
proportional to the average gap 12 15 12 4
proportional to the max gap 1 0 0 3
initial acceptance probability 1 0 1 1
fixed initial value 0 0 1 2
value based on initial solution 1 0 1 5
random exploration 10 15 11 1
sequential exploration 0 0 0 0
best of k 2 0 0 10
first best of k 3 0 4 4

paired Wilcoxon test indicates that there is no statistical difference between
the FTA and SA results, with a p-value of 0.5865.

The set of FTA configurations in this case is the most homogeneous
among our experiments. All the fifteen FTAs use again an initial temper-
ature based on a preliminary random walk, with an average scaling factor
of 0.093, and a random exploration. The SA algorithms, instead, regardless
of neighbourhood and initial solution scheme, exhibit a variety of choices
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Table 4.6: Occurrence of each component of SA in the configurations ob-
tained out of 15 tunings on the four PFSP scenarios (Makespan and Total
Completion Time objectives, Taillard and Watson instances).

Component MS T MS W TCT T TCT W
proportional to the average gap 6 7 3 7
proportional to the max gap 1 2 4 3
initial acceptance probability 2 5 5 2
fixed initial value 2 0 1 2
value based on initial solution 4 1 2 1
random exploration 15 15 15 15
sequential exploration 0 0 0 0
best of k 0 0 0 0
first best of k 0 0 0 0
fixed temperature length 1 1 0 6
length proportional to instance size 0 0 0 0
length proportional to neigh. size 0 1 0 1
max number of accepted moves 13 10 15 2
max number of acc. moves, capped 1 3 0 6
max no. of acc. moves, cap ∝ neigh. size 0 0 0 0
no temperature length 0 0 0 0
temp. restart based on min.value 0 0 0 0
restart based on low acceptance rate 1 4 0 5
no temperature restart 14 11 15 10

and combinations, in particular, for the initial temperature. The only steady
non-fixed choice is the random exploration of the neighbourhood, but also
the temperature length scheme and the absence of a restart option appear
often.

4.5.2 Total completion time objective

4.5.2.1 Taillard benchmark

When focusing on the TIJM sets of instances, FTA and SA obtain similar
results: a pairwise Wilcoxon test gives a p-value of 0.08407. On the TIJ and
TIA sets of instances, instead, FTA instead does not obtain results close to
those obtained by SA.

The explanation we give is that the instances outside TIJM are easily
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tackled by the progressive transition in the exploration/exploitation tradeoff
of SA algorithms regardless of the specific components used, similarly to
what we observed in the structured QAP instances (see Table 4.5). This
interpretation is supported by the variety of SA configurations obtained, and
by the landscape analysis of Section 4.6.

Eleven out of our 15 FTA algorithms have random exploration and av-
erage gap-based initial temperature with a scaling factor of 0.071. The re-
maining ones have a partial local search in the neighbourhood coupled with
different initial temperature schemes yielding a higher initial temperature.
Simulated annealing algorithms also have several different initial temper-
ature options. However, they all employ the random exploration of the
neighbourhood, no temperature restart scheme, and a temperature length
based on a maximum number of accepted moves.

4.5.2.2 Watson benchmark

The results on the Watson benchmark are very homogeneous, and the op-
timal value of many instances is met or the best known value improved.
Nonetheless, SA is still significantly better than FTA with a p-value of
2.2× 10−16.

The FTA configurations in these cases are very different; the only shared
feature is a partial local search in the neighbourhood as exploration criterion.
This is probably the factor that controls the exploration/exploitation tradeoff
precisely enough to reach the best results. As we have seen with the QAP
experiments in Section 4.4, this exploration scheme admits a wide range
of temperature values, and, in fact, very different fixed initial temperatures
appears. For the SA algorithms, instead, we again observe several options
chosen for the initial temperature scheme. Most SA configuration also have
no temperature restart scheme, and a variety of temperature length schemes.
All the configurations, however, share the random exploration of the neigh-
bourhood.

4.5.3 Discussion

We observe how, on our benchmarks, FTA can obtain results close to those
of SA. It is however crucial to choose the right subsidiary components (neigh-
bourhood and neighbourhood exploration) and to tune the temperature value
on an instance distribution thatmatches the test set. When the test instances
have different characteristics than the ones used for the training, SA is in-
stead a better choice.
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Also in this case, we report in the Supplementary Material additional
experiments, where we use the exchange neighbourhood, a different ini-
tial solution, and an additional perturbation scheme [277]. In general we
observe a regularization effect in the configurations introduced by the per-
turbation. The values of the initial temperature of the intensification FTA
are more consistent when introducing the perturbation, and the same ap-
plies to the choice of components. This observation is true across different
neighbourhoods and initial solutions, as it can be seen from the additional
experiments included in the Supplementary Material. We explain this by
the fact that the separation of the intensification and diversification phases
makes it possible to have each step tailored for its specific task. There is
instead no noticeable impact by the use of the NEH heuristic for the ini-
tial solution, as the results are not significantly different from the results
obtained starting from a random initial solution for neither FTA nor SA.

We can also explain why the neighbourhood of choice for the PFSP is
the insertion one rather than the exchange one as in the QAP. The exchange
neighbourhood, in fact, generates a more rugged landscape than the inser-
tion neighbourhood; exchange-based algorithms usually get stuck in a poor
local optimum in a few moves. The sets of final solutions found by the algo-
rithms that employ the exchange neighbourhood also have a higher variance
than those found using the insertion neighbourhood.

The landscape generated by the Watson instances is extremely smooth,
and a randomly generated permutation is expected to be 4% away (on some
instances, less than 0.5% away) from the optimal or best known solution; in
some cases a simple iterated improvement is sufficient to find the optimal
solution. The variety of the configurations obtained and the lack of tem-
perature restart schemes in many SA configurations are further indications
of the easiness of the benchmark. The test set also comes from the same
instance distributions of the training set. It is therefore not surprising that
all the algorithms are, for both objectives, around or close to the optimal
or best known solutions. The count for optimal or best solutions found or
improved is reported in the Supplementary Material [277].

4.6 Exploratory analysis of landscape features

FTA and SA introduce a diversification mechanism over a pure intensifi-
cation local search method. In this section we address the question of how
the problem and instance characteristics impact over the effectiveness of this
mechanism. Having tested three different objective functions on instances
of various characteristics in Sections 4.4 and 4.5, in this section we report
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the results of an exploratory analysis to understand under which conditions
the diversification mechanism is more effective. In other words, we are in-
teresting in finding out the conditions under which the constant rate of di-
versification employed by FTA suffices to obtain good results, and when the
flexibility introduced by SA is necessary to outperform FTA.

To be able to study different problems, we need to use problem inde-
pendent features. In discrete optimization, problem specific features are
often considered, for example, in algorithm selection. We use instead an
approach that follows the exploratory landscape analyses for continuous op-
timization problems and tries to characterize the solution landscape [270].
This is a valid approach also for algorithm selection [121]. In discrete op-
timization, however, it is an open question which kind of features should
be considered to represent the landscape. Some recent works considered
fitness landscape features for algorithm selection on the QAP, using global
features such as fitness distance correlation and average distance to optimal
solutions [261, 279]. In this work, however, we have a slightly different al-
beit related perspective. We do not seek to select different algorithms, but
rather to understand how variants of a generic algorithmic template behave
on different landscapes. Thus, under our perspective the landscape is gen-
erated not only by the objective function and the instance data, but also by
the problem-specific components of the algorithm used, in particular in our
case the neighbourhood function. By choosing a set of features that cap-
ture the behaviour of the algorithm on the landscape, we are then able to
understand the relationship between a landscape and the performance of a
specific algorithm used to traverse it. We choose therefore to use a set of
algorithmic-dependent features to represent the landscape that is seen by the
algorithms we use.

Since FTA and SA introduce a diversification mechanism on top of an
iterative improvement, we probe the search space with a first-improvement
and a best-improvement algorithm. By using these algorithms we want to
understand what conditions are necessary to escape the local optima, and
to relate them to the efficacy of each diversification mechanism tested. The
features we compute include measures about the convergence of the search
and statistics of the neighbourhoods traversed and are oriented towards ob-
serving whether a certain property holds constant throughout the fitness
landscape or it changes in different areas of the search space. The full list of
features is given in Table 4.7, and here we describe the most relevant ones,
as resulting from the analysis, along with their rationale.
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4.6.1 Feature analysis

For each instance of our test sets, we have run 30 first-improvement (FI)
and 30 best-improvement (BI) algorithms, with different random seeds,
from which we extract the landscape features used in our analysis. This
means that each feature is the aggregated value (average or standard de-
viation) of 30 values, and every feature is generated twice, one time from
the first-improvement runs (indicated as FI), and another from the best-
improvement ones (BI). Each algorithm starts from a random initial solu-
tion. For the QAP we use the exchange neighbourhood, while for the two
PFSP objectives we use the insertion neighbourhood.

The diversification mechanism of FTA accepts two equally worsening
moves with the same probability at each step of the search, while SA, as
usually defined, has a larger tolerance in the beginning and is much stricter
at the end. We have empirically observed that a SA works well with overall
low acceptance probabilities (less than 1% in the early stages), otherwise the
algorithm will fail to converge to good solution areas. This means that, for
FTA to be effective, the conditions for escaping a local optimum without
failing to converge at all needs to be roughly the same at any stage of the
search. For this to happen, the neighbourhoods traversed have to have the
same properties regardless of whether they are centered around good or bad
quality solutions. Conversely, the more flexible SA can exploit different set-
tings in different stages of the search to adapt to different landscape profiles.
One way of observing this difference is to observe whether the sequence of
best solution values found can be better approximated by a linear model,
indicating a flatter landscape where FTA can work well, or an exponential
model, where SA can exploit its flexibility. We consider the R2 error of the
two models as features, along with their difference. The same model fitting
idea can be applied also to the sequence of possible improving moves that
appear in the neighbourhoods traversed.

Similarly, we consider that the Metropolis criterion works by rescaling
the difference between the incumbent and the candidate solution values.
For FTA to escape a local optimum or to deviate from a path that converges
to a local optimum, the temperature value needs to be suitable to neigh-
bourhoods of both good and bad solutions. As a proxy for this, first we
record the difference between the incumbent solution value and the average
solution value in its neighbourhood and then we fit a linear model on the
sequence of such differences. A flat slope means that the effort it takes to
escape the current path is the same throughout the whole search, while an
upward slope means that the local optima are situated in deep valleys, more
difficult to escape than other regions of the search space.
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Other features that are apparently relevant in our analysis are relative
to the average length of the path from a random initial solution to a local
optimum. It is also interesting to consider values rescaled by instance or
neighbourhood size.

In preliminary analyses we also considered features based on initial and
final solution values and relative percentage deviations from the best known
solutions (RPD). Several of these features turned out to be the ones with
highest predictive power. However, this can be explained with the relatively
diverse set of values and RPDs obtained on our set of instances, such that
final solution values observed on problems and instance classes where SA and
FTA perform similarly well do not overlap with solution values of problems
and instances where SA clearly outperforms FTA. Hence, these measures
appear to be too dependent on our specific examples. Because of this fact,
and because these features are mostly available only a posteriori, we prefer
to not include them in the analyses reported in the present section.

We have a set of 38 features observed across the three different objec-
tive functions used. For each objective function we have one subset of test
instances on which the two algorithms obtain similar results, and another
subset on which there is a significant difference in the results. We define
a prediction task where, given an instance, the goal is to predict the differ-
ence between FTA and SA in terms of relative percentage deviation from
the best known or optimal solutions. By training a random forest model for
this task, we can estimate the contribution of each feature to the task, and
we can select the most relevant features according to the root mean-squared
error (RMSE), the standard deviation of the prediction error, computed on
the resampling of a 10-fold cross-validation. We use the caret R package
[280] to run our analyses.

We first report the analysis on the whole set of results, and then we fur-
ther explore the analysis for each objective function considered, reporting
the specific differences arising under each objective function. Since replica-
tions of the analyses reported may differ slightly in the number or the order
of features selected, for each objective we run ten analyses and identify the
features selected most consistently.

4.6.2 Analysis on the whole dataset

The analyses across the three different objective functions are the ones that
give the most consistent results; in fact, the most important features and
their order is largely the same throughout the ten replications of the analysis.

The most important feature is the difference between the R2 errors of a
linear and an exponential model fit on the sequence of the normalized so-
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Table 4.7: Set of features used in the analysis. Each feature is computed
with both a first-improvement and a best-improvement local search. The
aggregated features are computed from 30 independent runs.

1 Average number of moves to local optimum
2 Standard Deviation of number of moves to local optimum
3 Average number of moves to local optimum, rescaled by instance size
4 Standard Deviation of number of moves to local optimum, rescaled by

instance size
5 Average number of moves to local optimum, rescaled by neighbourhood

size
6 Standard Deviation of number of moves to local optimum, rescaled by

neighbourhood size
7 Average R2 of a linear model fit on the solution values
8 Average R2 of a linear model fit on the solution values normalized in

[0, 1]
9 Average R2 of an exponential model fit on the solution values
10 Average R2 of an exponential model fit on the solution values normalized

in [0, 1]
11 Average R2 of a linear model fit on the number of improving moves in

the sequence of neighbourhoods traversed
12 Average proportion of neutral moves in the neighbourhoods traversed
13 Number of neutral last moves
14 Difference of features 7 and 9
15 Difference of features 8 and 10
16 Average slope of the sequence of differences between best and average

solution in a neighbourhood
17 Standard deviation of the slopes of the sequence of differences between

best and average solution in a neighbourhood
18 Average of the standard deviation of the sequence of differences between

best and average solution in a neighbourhood
19 Standard deviation of the standard deviation of the sequence of differ-

ences between best and average solution in a neighbourhood

lution values, followed by the average number of moves needed to converge
to a local optimum, rescaled by the neighbourhood size. The third most
important feature is again the difference between the R2 errors of the two
models, but this time on the actual solution values and not on their rescaled
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FIGURE 4.5: Convergence of thirty BI algorithms on a QAP structured in-
stance (top) and thirty BI algorithms on a random instance (bottom). The x
axis reports the moves accepted, and on the y axis we report the ratio (in per-
centage) between the average gap in the neighbourhood (of the correspond-
ing move) and the value of the solution around which the neighbourhood is
centered.

values. The fourth feature selected as most relevant is the average ratio of
neutral moves in the neighbourhood, followed by the average slope of a lin-
ear model fit on the sequence of the differences between the best and average
solutions in the neighbourhood traversed, and the standard deviation of the
number of moves to reach a local optimum, when rescaled by the neighbour-
hood size. Except for the average slope, which is computed using a FI, all
the other features are computed after BI runs.

In general, on our set of problems and instances FTAworks well (as good
as SA, or even slightly better) on instances whose landscape converges to
locally optimal solutions quickly (that is, in less moves than on the instances
where SA outperforms FTA), smoothly and regularly (the solution values
fit nicely a linear model).

In Figure 4.5 we show the main difference in the landscape that is seen
by a best-improvement on two QAP instances. On the x-axis we have the
moves accepted and on the y-axis we report the percentage ratio between av-
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erage gap in the neighbourhood and the value of the solution around which
the neighbourhood is centered. This ratio represents the average effort nec-
essary to accept one random worsening move and deviate from the current
BI path. Therefore a horizontal line would indicate that the effort is perfectly
constant, and the proper temperature value one should choose is the same
for every neighbourhood traversed. In the plot we report ratios obtained
along the search for thirty BI algorithms run on two size 100 instances, a
structured one (on top) and a random one (on the bottom). The three main
differences between the landscapes are immediately clear. First of all, the
BIs on the random instance converge much faster than on the structured in-
stance. The structured instance exhibits a high difference between the initial
stages of the search and the final stages, where the search stops in a local op-
timum. Such an increase is not surprising, since for an average solution we
can expect half of its neighbours to be better than it; as the search continues,
the BI algorithm will end up in a path that is difficult to escape,2 until it
terminates in a local optimum. The third characteristic is a high variability
of these paths, that indicate a rough landscape. The curves for the random
instance, instead, have a flatter profile, which denotes a higher similarity in
the neighbourhoods of both average and high quality solutions, and exhibits
a lower variability, an indication of a smoother landscape.

4.6.3 Quadratic assignment problem

For the QAP we have one set of random instances where FTA and SA per-
form similarly, and a set of structured instances where SA clearly outper-
forms FTA. Each subset of instances includes three different instance sizes,
and for each instance size the results are rather homogeneous.

As in the general case, the average number of moves to converge to a
local optimum (rescaled by instance size, feature 3 for BI and FI) appears,
along with the difference between the R2 error of the linear and exponential
models on the original solution values (feature 14, for FI), and of the nor-
malized ones (feature 15 for BI and FI). Feature 2, the standard deviation of
the number of moves to reach a local optimum is selected nine times. Other
related features appear seven times (the average R2 errors for linear and ex-
ponential models, and the standard deviation of the number of moves to
converge to a local optimum rescaled by instance and neighbourhood size),
and other features less frequently.

On our QAP instances FTA works well on the random instances, whose
landscape matches the description given in the general case. SA outper-

2More precisely, that it would be more difficult to escape, if the algorithm had this
capability.
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forms FTA on the structured instances, whose landscape changes shape as
the solution quality increases (from steeper to flatter), and using different
temperature values has an advantage over the fixed settings of FTA. On the
structured instances it is very easy for any algorithm to improve over average
solutions. However, at a certain point during the solution traversal towards
good quality solutions, the landscape will change, and temperature-based
diversification will allow to continue improving whereas a FI or BI stops. A
good FTA for this sort of landscape has its temperature set to a value that al-
lows to continue the progress beyond the possibility of a FI. However, as the
change in the landscape continues, also this temperature value will eventually
become ineffective. On the other hand, higher temperature values, which
would be more suitable for the latter stages of the search, would also allow a
greater diversification in the beginning, rendering the FTA unable to even
converge to the solutions found by the FI.

4.6.4 Permutation flowshop problem, makespan

For the PFSP problem we consider the instances for which we have a cor-
responding number of jobs in the training set. This ensures that the fixed
temperature value chosen is properly chosen, given that the higher diversity
of the instances in the Taillard benchmark makes with respect to the QAP
scenario.3 We also take the same number (80) of instances of the Watson
benchmark, 20 for each size available.

The following features always appear: the standard deviation of the num-
ber of moves to reach a local optimum, rescaled by instance and neighbour-
hood size (features 2 and 4 for BI), the average number of moves to reach
a local optimum and the average ratio of neutral moves in a neighbourhood
(features 1 and 12, both FI). The average number of moves to reach a local
optimum, rescaled by instance and neighbourhood size, appears nine times,
alongside with the average ratio of neutral moves in a neighbourhood, and
the average slope of gaps between the best and the average solution value in
the neighbourhood (features 1, 2, 5, 12 and 16, all BI).

Our PFSP instances form a more fragmented set than the QAP in-
stances, so in this case it is more difficult to pinpoint a clear distinction
between instance groups. It appears, however, that the instances on which
FTA is able to find solutions of quality similar to SA, are those where BI
and FI are able to converge in a shorter amount of moves, and with a larger
proportion of neutral moves in the neighbourhoods. On instances for which
BI and FI take a longer time to converge to local optima, or where there is a

3However, we observed little difference in the analysis when considering the whole in-
stance set.
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lower number or neutral moves in the solution neighbourhoods, SA is still
the better choice.

4.6.5 Permutation flowshop problem, total completion time

For the TCT objective we consider the same set of instances used in the
makespan case. In this case we have a set of eight features always selected
with a consistent order of importance, with only a handful of other features
appearing less often. The most important features are the difference between
the R2 errors of a linear and an exponential model (feature 14 for both FI and
BI – again for the latter also with normalized solution values, feature 15), the
average ratio of neutral moves in a neighbourood as seen by BI (feature 12),
the average number of moves to converge to a local optimum (also when
rescaled by instance or neighbourhood size, features 1 and 3, for BI), the
average R2 error of a linear model fit on the sequence of solution values
(feature 7, BI), and the standard deviation of the standard deviations of the
sequence of gaps between best and average solutions in the neighbourhood
traversed (feature 19, BI).

In this case, FTA performs well on instances where BI or FI can con-
verge regularly towards local optima, and in a shorter amount of moves. SA
instead performs better than FTA when the landscape around average qual-
ity solutions differs from the landscape observed in high quality areas of the
search space. From this perspective, the TCT objective function generates
landscapes that are more similar to those generated by the QAP than to the
Makespan objective function.

4.6.6 Discussion

In this section we have analyzed the landscapes generated by the instances in
several different scenarios, and we have been able to relate the characteristics
of the landscape to the results obtained by the algorithms we considered. We
have therefore determined the conditions necessary for understanding which
algorithm between FTA and SA can perform better on a given instance.

The diversification mechanism introduced by the Metropolis acceptance
criterion works by allowing to accept worsening moves with a probability
that is dependent on both the relative worsening of the move with respect
to the incumbent solution and the temperature parameter. Therefore, the
temperature enables the transition from the incumbent solution towards a
portion of its neighbourhood that increases along with the temperature. In
particular, the optimal fixed temperature value would be the one that allows
to reach the optimal solution; in practice, we search for a temperature value
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that obtains the best possible solutions. For this condition to be verified,
the same temperature value has to be optimal, or close to optimal, in ev-
ery neighbourhood traversed. This can happen only if the neighbourhood
structure is the same across all the solution space, in the sense that the dis-
tribution of differences between neighbouring solutions must be the same
for all the solutions. This is indeed the “ideal” case considered in several
theoretic works. The more the actual distributions of differences look the
same, the better a FTA will perform. In this case, it is therefore possible to
determine an optimal temperature value. Lower values for the temperature
enforce stricter acceptance conditions, making the search stop in local op-
tima, or suboptimal regions of the solution space. Higher values, instead,
will accept too many worsening moves, making the algorithm unlikely to
converge towards good solutions.

When, instead, different neighbourhoods will have different distribu-
tions of differences, there is no single temperature value that can allow the
same optimal traversal throughout the entire search space: values good for
certain neighbourhoods will be either too strict or too high for other neigh-
bourhoods. In this case, the adaptive capability of SA will make it possible
to eventually find good temperature values in different areas of the search
space. This does not mean that SA is able to determine a good tempera-
ture value for the incumbent neighbourhood, but rather that there is a good
chance that at a certain point the variation of temperature in SA will end up
at a value that allows progress, until either the neighbourhood structures or
the temperature change.

We have thus offered an alternative perspective to the theoretical stud-
ies reported in Section 4.2. We emphasize that, differently to many of the
existing studies on this subject, our approach explicitely relates algorithmic
characteristics with instance characteristics and the performance obtaines,
on a plurality of problems and instance classes. Contrarily to those studies,
moreover, we did not focus on the probability of finding an optimal solution,
but on the effective performance under realistic conditions, thus providing
an indication about which algorithm to use in practice.

4.7 Conclusions

Simulated annealing and its variants are a popular and effective class of
stochastic local search algorithms. They are widely used in practice, but there
is not yet a complete characterization of their behaviour. One of the long
standing open questions in the theory of stochastic local search algorithms
has been to determine whether it is possible to design a fixed-temperature

117



4. A LANDSCAPE-BASED ANALYSIS OF FIXED TEMPERATURE
AND SIMULATED ANNEALING

variant of SA that can outperform its original counterpart. This question
has been addressed in several works, but no definitive answer has been pro-
vided so far. Researchers have, in fact, for the most part focused on single
problems, and on one or very few instances, trying to model the ideal con-
vergence behaviour of the algorithm. However, no work so far has included
specific characteristics of the instances in the modeling, essentially detach-
ing the algorithm from the conditions it operates in, and this is the reason
for the variety of outcomes of the different analyses.

In this chapter, we have instead followed an experimental approach, us-
ing configuration tools to automatically instantiate the best possible algo-
rithms for a variety of scenarios, and relating them to the solution landscapes
traversed. This way, we have been able to answer the question whether “to
cool or not” by identifying the conditions that have to be present in order
for the fixed temperature variant of SA to obtain solutions as good as or
even better than SA. The answer to the question is therefore “it depends”,
being dependent on the landscape generated by the instance. FTA works
well for instances whose distribution of differences between neighbouring
solutions is approximately constant. If, instead, neighbourhoods have a dif-
ferent structure in different areas of the search space, for example they differ
for average quality solutions and good quality ones, SA is able to find better
solutions.

Beyond the particular research question addressed in this work, we have
shown how to combine automatic algorithm configuration and design tech-
niques with problem-independent landscape analysis to infer knowledge about
the general behaviour of stochastic local search algorithms.

This work can be extended in several ways. One direction is to include
additional problem-independent features in the analysis, and determine the
minimal set necessary to make per-instance algorithm selection and con-
figuration feasible at runtime. Likewise, including different problems and
instance classes will make it possible to expand our analysis and observe the
behaviour of FTA and SA under different conditions. Finally, the same ap-
proach can be applied to other classes of algorithms, both metaheuristics
such as genetic algorithms or exact methods like MIP solvers, to gain fur-
ther understanding about how they work. The final goal of this direction is
to move away from predefined algoritmic structures to be able to automat-
ically instantiate algorithms whose components and parameters are tailored
to a specific problem and instance.
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A causal framework for optimization
algorithms 5

Despite the countless algorithms available in the literature and the many
approaches that study them, understanding the behaviour of an optimiza-
tion algorithm and explaning its results are fundamental open questions in
Operations Research and Artificial Intelligence. We argue that the body
of literature available is already very rich, and the main obstacle to the ad-
vancements towards an answer to those questions is its fragmentation. In
this work we propose a causal framework that relates the entities involved
in the solution of an optimization problem. We show how this conceptual
framework can be used to relate many approaches aimed at understanding
how algorithms work, and how it can be used to address open problems. In
particular, we use it to show how to make use of data collected in past ex-
periments to automatically infer plausible algorithms for unseen problems,
and provide a proof-of-concept using a simple stochastic local search.

5.1 Introduction

In the last decades, plenty of exact and non-exact methods have been pro-
posed to tackle optimization problems. However, if algorithms for poly-
nomially solvable problems are supported by mathematical proofs that both
guarantee and explain the results, it is far more challenging to understand
how effectively algorithms for NP-hard problems obtain their results. The
branch-and-bound algorithm, which is the base of many state-of-the-art
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methods in exact optimization, exhibits a chaotic internal behaviour [76,
77]. Hence it is almost impossible to know a priori the performance of a
solver on an instance in practice. Theoretical analyses of SLS behaviour have
often been limited to specific cases, idealized models, or unrealistic assump-
tions such as infinite running time. In particular, despite the hundreds of
metaheuristic algorithms and the thousands of variants proposed in the lit-
erature, understanding how a stochastic local search (SLS) algorithm works
in general is still an open research question [13, 14]. Yet, these algorithms
are routinely used with successes in countless applications. Thus, the gap
between theoretical analyses and practical results is still very large.

In recent years, however, the adoption of rigorous experimental practices
led many researchers to develop mathematical and statistical tools to gain
insights in algorithmic behaviour [12]. For example, various analyses have
tried to determine bounds on either solution quality or runtime of heuris-
tic algorithms in various scenarios, or the optimal parameter values for an
algorithm on a certain instance [281, 282, 283]. Alongside the theoretical
approaches, the increased availability of computational power made empir-
ical analyses possible. After early examples [218, 219], the increased avail-
ability of cheap computational power makes it possible to perform extensive
comparison between algorithms and study the impact of particular prob-
lem features thanks to careful experimental design and statistical analyses
[284]. Efficient algorithms can be instantiated with reduced human efforts
thanks to automatic selection and configuration tools [116, 117, 148, 193].
Selection and configuration tasks generate also huge amounts of data, that
can be analyzed to gain insights on both the algorithms and the scenar-
ios considered [285, 286, 287]. Fitness landscape analyses study properties
of problems and instances, and can be used to explain algorithmic results
[121, 288].

In the literature, however, little work has been done to formally con-
nect these related areas of research. The main issue lies in the difficulty
of generalizing the many results obtained for specific problems, instances
and algorithms to other scenarios. In turn, this difficulty arises from the
huge number of options we can choose from, on the stochasticity of the
algorithms and instances, and on the computational burden of generating
usable information. To understand the behaviour of an algorithm, a prac-
titioner still needs manually inspect the results obtained, and relate them
with the information available on the problem and the instance. Moreover,
the knowledge acquired both with practice and from the relevant literature
is often difficult to apply to the development of a new algorithm or a new
application.

In this work, we show how the works in literature coming from these
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research areas already contain a huge amount of knowledge and methods
to understand how an optimization algorithm works, and to explain its re-
sults. We start from simple assumptions about optimization algorithms to
develop an unified framework that relates the elements involved in the so-
lution of an optimization problem. We use a causality-based approach, to
make use of well-established properties of causal models to show (i) how
this general framework represents the relationships between the high-level
entities at play when solving a problem, (ii) how several existing approaches
considered in various areas of research related to the understanding of opti-
mization algorithms from an empirical perspective, and (iii) how it can be
used in practice to bridge the knowledge gap between different problems
and algorithms. We argue that the various approaches proposed to under-
stand algorithmic behaviour are inference tasks on our causal framework,
essentially offering different perspectives on the same subject.

In particular, using our conceptual framework and the properties of causal
models, we show how to make use of available methods and past experi-
ments to perform transfer learning across different optimization problems.
We focus on trajectory-based SLS algorithms for combinatorial optimiza-
tion problems; the framework is however sufficiently general to be also ap-
plicable to other heuristic and exact algorithms or continuous problems.

In Section 5.2, we review the preliminary concepts of causal models be-
fore outlining our working hypotheses and presenting the causal framework
in Section 5.3. In Section 5.4, we review several works approaches aimed
at understanding the behaviour of optimization algorithms and explaining
their results, and relate them to our causal framework. In Section 5.5 we
then show how our framework is useful to guide the development of a prac-
tical application, namely transfer learning. Finally, we conclude in Section
5.6 outlining several possible research directions.

5.2 Preliminaries

A causal model is a model that expresses the causality relationships between
entities in a system [289]. We can use it to formalize a theory we have about
the system under study in the form of a graph. Intuitively, each entity con-
sidered is a node, and two nodes are directly connected if the value taken
by one of the two entities directly affects the value taken by the other one.
When changing the value of the first variable, we then expect the value of
the second variable to change accordingly. One common assumption is that
this relationship is not bidirectional, and therefore only directed edges are
used.

121



5. A CAUSAL FRAMEWORK FOR OPTIMIZATION ALGORITHMS

Table 5.1: Summary of flow of influence along a path between X and Y:
when can X influence Y given evidence about a set of variables Z?

W /∈ Z W ∈ Z

X → Y ✓ ✓
X ← Y ✓ ✓
X →W → Y ✓
X ←W ← Y ✓
X ←W → Y ✓
X →W ← Y ✓

A causal model can be formally defined as a quadruple 〈U ,V ,F ,P〉,
where U is the set of exogenous variables whose values are determined by
reasons external to the model (e.g., values we choose), V is the set of endoge-
nous variables whose values are determined by a subset of the other variables
in the model, F is a set of functions that we can use to compute the values
of the V variables from the values of their parent variables, and P speci-
fies a joint probability distribution over U . Each variable can therefore be
considered to model our subjective belief or knowledge about it.

The causal structure of the system can therefore be represented as a Di-
rected Acyclic Graph (DAG) whose nodes are {U ∪ V} and the V nodes
have incoming arcs from their parent variables. The values each node can
take is defined probabilistically, for nodes in U by P , and for nodes in V
as probabilities conditional on their parent nodes, as defined using F . In
other words, a causal model can be described as a Bayesian network where
the relationship between the variables is assumed causal – contrarily to clas-
sical Bayesian networks where the relationships represent the weaker state
of conditional independence.

Causal models are particularly useful because they define how to reason
about certain variables in a model, taking into account the other variables.
There is in fact a codified set of rules that define how to update the value of
an otherwise unobserved variable having observed a set of other variables,
depending on how the variables involved are connected. This set of rules
answers, case by case, the general question “how does new information about
observed variables change our knowledge about the unobserved variables?”.

Queries on causal models belong to three categories: inference, inter-
vention, and counterfactual analysis. These three actions are also referred to
as the three rungs of the causality ladder, because each one is an abstraction
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level more powerful than the previous one: seeing the data, act on the system
to obtain new data, imagine how some observations we don’t have would be
[290].

Inference is the task of observing the values a subset of variables X take
when other variables Y take certain values. When there are only two vari-
ables involved, in a scenario X → Y with no other variables connected,
it suffices to apply the Bayes theorem for both cases (i) updating Y having
observed X, and (ii) updating X having observed Y. For more than two
variables the patterns of reasoning can be reduced to cases with three vari-
ables, summarized in Table 5.1. For a chain structure X → W → Y there
is a causal path from X to Y if W is not observed. Conversely, when W is
observed, that causal path is interrupted, since no matter the state of X, the
value of Y depends only on W. The same applies for the inferential path
from Y up-stream to X. For a common-effect relationship X → W ← Y,
or v–structure, X and Y are conditionally independent when W is unob-
served, but a causal path opens when W is observed. The common-cause
relationship X ← W → Y, or fork, is the opposite case, with X and Y
being related when W is unobserved, and independent when W is observed.
All these relationship can be combined with each other, generalize to the
case of more than three variables, and apply to sets of variables.

When performing intervention we instead actively modify the values of
some variables Y, regardless of whether there are existing causes for them.
This is done using the do(·) operator, which performs a removal of the in-
coming nodes to Y. Thus, do(Y = y) means to ignore the existing causes for
Y, arbitrarily assign to it a value y of interest, and observe how this impacts
the network downstream. For root-level nodes, it is therefore equivalent to
inference.

Finally, counterfactual analysis aims to infer the values that some variables
X would have taken, had other variables Y taken certain values. This level of
analysis estimates the outcome of experiments that are not performed, and
is particularly useful to provide explanations.

Causal models are particularly important because they are falsifiable: if
the observations do not match the model, we can conclude the model (and
with it, our theory about the system we represented in it) is wrong and it
has to be fixed or discarded. They also enable the integration of observations
from partially differing sources, thus being particularly useful in transferring
knowledge across scenarios. Causal models have been increasingly adopted
in disciplines such as medicine, biology, psychology, economy, in all cases
when the goal is to understand causes and effects in a system.
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5.3 A causal framework for stochastic local search
algorithms

In this section we define a theory that encodes the hypotheses, and a sub-
sequent causal framework to model the relationships between the entities
involved in the solution of an optimization problem.1 We define high-level
entities, such as “algorithm” or “problem”, and connect them according to
their causal relationships. Later we will see how to instantiate the frame-
work into an effective causal model for a given scenario, or set of scenarios,
and the practical limitations we encounter in this instantiation.

5.3.1 Working hypotheses

In this work, our goal is to propose a theory that relates the entities involved
in the solution of an optimization problem. In building the theory and thus
the framework, we start from the following four working hypotheses.

(H1) An algorithm can be divided into basic components and parameters.
We take a component-based view of SLS algorithms [152, 171, 176],
that is, we consider an algorithm as a set of basic building blocks, each
one possibly coming with a set of parameters, combined together in a
certain way.

(H2) Separation between algorithm- and problem-specific components.
Following (H1), algorithmic blocks are divided in problem-specific
and algorithm-specific. Problem-specific components are the parts
of a SLS that require specific knowledge of the problem under study,
such as the generation of an initial solution, the perturbation of a solu-
tion, or the evaluation of a solution. Algorithm-specific components
are all the components that define what a SLS is. They can be used
across different unrelated problems, such as the tabu list in a Tabu
Search, or the cooling scheme in a Simulated Annealing2.

(H3) An algorithm operates a traversal of the search space. AnSLSworks
by traversing solutions in a search space; the problem-specific compo-
nents of a SLS are needed to (i) select one starting point of this traver-
sal, and (ii) evaluate another solution in the search space, relative to
the current one.

1The framework differs slightly from a previous preliminary version [19], and is the
result of further analyses and discussions.

2We include in the algorithm-specific components also those components that require
problem-specific knowledge, but still operate at the algorithm level, such as the initial tem-
perature defined for a simulated annealing for the PFSP proposed in [214].

124



5.3. A causal framework for stochastic local search algorithms

(H4) Identification of optimal algorithm behaviour. For obtaining opti-
mal results on a search space, an algorithm needs to reach an opti-
mal tradeoff and alternance of diversification and intensification be-
haviour.

For any practical application, we can assume that our set of blocks is
wide enough to cover all the needs for our case, that is, we can instantiate at
least one fully working algorithm for any given problem. This is a reasonable
assumption, since in case we miss the components we need to solve a certain
problem, we can develop them and add them to our existing set of blocks.

Thus, an SLS is defined by its algorithmic-specific components and their
combination, and an instantiation of a SLS for a problem is the combination
of the algorithm-specific components with a set of problem-specific com-
ponents. This separation also means that, if we have the problem-specific
components for a problem of interest, we can use them to instantiate sev-
eral algorithms for that problem, that will differ at the algorithm-specific
level. In other words, with (H1) and (H2) we can apply the Programming
by Optimization paradigm. We will also use interchangeably the terms “pa-
rameters” and “set of components”, since an algorithm will be instantiated
by choosing a set of blocks that, together, form a valid procedure for the task.
Likewise, in this work the term “algorithm” can be considered synonym with
“configuration”.

Hypothesis (H3) formalizes the intuition that if we assume to have com-
plete knowledge of the entire search space (or to have an oracle that gives
us the desired information about a solution when polled), then any opti-
mization problem becomes a search problem, and we do not need additional
knowledge on the problem anymore. This is of course a far-fetched assump-
tion when solving a problem instance in practice, but we show that, for the
purpose of understanding algorithm behaviour, this lets us bridge the in-
sights we obtain across different problems. The separation of the compo-
nents of (H2) is an effective simulation of the oracle, because the search
part of a SLS is devoted to traverse the search space, using the problem-
specific components to retrieve information about the value of each solution
considered.

Two different landscapes define, in principle, a different optimal be-
haviour, but several different algorithm can potentially reach this desired
behaviour [16]. Building upon (H1) and (H2), with (H4) we fully realize
the PbO paradigm, by assuming we can identify a subset of sufficiently pow-
erful components that can reach this behaviour, regardless of the form (and
name) of the resulting algorithm. Often, in practice, we do not have this
subset, or we are not able to identify it among the components we have. So
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we can relax this hypothesis by assuming we can identify and configure an
algorithm that obtains results that are “good enough” for our purpose.

5.3.2 The causal framework

The theory. From the working hypotheses (H1)–(H4), we consider prob-
lems and instances as given inputs to tackle, using an algorithm built starting
from the basic components; the efficiency of the algorithm depends on the
computational environment such as machine power or running time. These
factors are the causes for the results obtained, which therefore are the effects.
What relates the inputs to the results, is how (efficiently) the algorithm can
traverse the search space, that is, how it can efficiently oscillate between di-
versification and intensification, based on the characteristics of the instance.
These characteristics can be represented by the features.

This theory is rather straightforward and many if not all the works cited
in this paper implicitely already assume this model. However, by making it
explicit, we construct a falsifiable theory that we can follow in our goal of
explaining how and why an algorithm works.

The general causal framework representing the theory is shown in Figure
5.1. In the general framework each node is actually a macro-node represent-
ing a set of nodes, which are grouped together by their function.

High-level entities. P represents the variables relative to the problems,
such as the objective function. D is the data necessary to instantiate one
specific occurrence of a problem, e.g., the instance file. While it may be ar-
gued that an instance exists for a given problem (e.g. a TSP instance), we
consider them separately to emphasize the separation between the generic
problem definition and its specific realizations. Following (H2), PA is the
set of problem-specific components and algorithms (e.g. initial solutions,
neighbourhoods, heuristics), and SA is the set of algorithm-specific com-
ponents that compose the search part of the algorithm. Components in PA
and SA include both algorithmic functions such as neighbourhoods or ac-
ceptance criteria, but also numerical parameters.

C represents the set of computational factors that impact an actual im-
plementation of any algorithm instantiated, such as the computational power,
running time, random seed, but also quality of the implementation, and any
other possible factor affecting the computation.

A is the set of algorithms that we can use for solving an instance ip ∈ D
of problem p ∈ P; differently from PA and SA, an algorithm a ∈ A is an
instantiated and fully configured algorithm. The separation of A from its
components collected in PA and SA follows from (H1).
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P D PA SA
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FIGURE 5.1: A generic causal framework representing the interaction be-
tween problems, instances, algorithms and results. Each node in the DAG
is a macro-node modeling a set of entities: P for the problem, D for the
data, PA and SA for respectively the problem-specific and algorithm-specific
components, A for the search algorithm, C for the computational environ-
ment, L for the solution landscape, FS for the features of the instance, FA
for the features that represent the landscape as seen by a search algorithm,
and R for the results. Arcs represent the causal relationships between the
high-level nodes. In practical applications, not all the nodes might be ob-
served, and not all the nodes might be present, depending on the specific
instantiation of the problem under study.
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L is the abstraction of the landscape that is generated when a problem
in P is instantiated with data from D. For any practical purposes, we can
consider the landscape as not directly observed, but we can observe some
characteristics that represent it. We classify these features in FS (static),
features that arise from the instantiation of a problem, and in FA, features
that represent the landscape as seen by an algorithm in A. For example, FS
contains the set of instance features, such as the instance size, the problem-
specific features, such as angle features for the Travelling Salesman Problem,
or properties of the solution landscape such as the ruggedness. FA instead
contains features observed with some search algorithm, such as the number
of iterations a Hill Climbing takes to converge to a local optimum.

Finally, R models the results that can be obtained by an algorithm a ∈ A
on an instance ip for a problem p ∈ P, under the computational environ-
ment specified in C.

Causal relationships. {I, P, PA, SA, C} form the set of exogenous vari-
ables, because they are the ones we set when we tackle an optimization prob-
lem; {L, A, FS, FA, R} are the endogenous variables, whose value depends
on other variables, either deterministically or in a probabilistic way.

An algorithm in A can be instantiated combining components from PA
and SA, according to (H1) and (H2), hence we have arcs from PA and SA
to A. The relationship between PA, SA and A is entirely deterministic: an
algorithm is either composed by a certain set of components or not. We
remark that the PA and SA components used to compose the algorithms in
A are not necessarily the same ones used to compute the landscape features
in L. When it is not possible to decompose an algorithm a ∈ A into ba-
sic building blocks from PA and SA, because we do not have or recognize
them, we treat it as an intervention operation: we assume it is composed by
unobservable building blocks and we manually instantiate it as do(A = a).

The landscape L is defined solely by the instantiation of a problem, so
we have incoming arcs from P and D.

The features in FS arise only from the contribution of L, which mediates
P and D. The features in FA are instead observed when an algorithm in
A traverses the landscape L. Note, however, that the features generated
using an algorithm in E are considered mere properties of the landscape,
and not an evaluation of the algorithm, which is a different task. It is also
important to remark that as FS and FA represent properties, at this stage we
do not impose any limit (from C) on our ability of observing them; clearly
this cannot always happen in practice and we might need to settle for some
approximation.
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Finally, the results R for an instantiation of a problem as defined in P
and D depend on the performance of an algorithm in A, under the com-
putational environment represented in C; however, following our working
hypothesis (H3), once an algorithm from A has been instantiated, it oper-
ates on a search space here represented by L and can be considered, at that
point, unaware of the specific problem that generated it.

Despite L already containing (at the conceptual level) all the information
about the problem and the instance, we include additional edges from FS
and FA to R (dashed in Figure 5.1). We include these edges because FS and
FA provide an observable intermediate (mediator) level of “reasons” that can
help us understand the performance R of A for P, D given C, a level that
we can use, conversely to the (usually unobservable) landscape L.

For the moment we do not assume any inter-node connection, that is,
the nodes composing the high-level entities are not directly connected to
each other, since they are defined either as exogenous variables, or as de-
termined by other entities. This simplification may be not fully true, for
example for nodes in PA and SA and their connections with A, where com-
ponents can be combined in some hierarchical fashion [80], or the relation-
ships between algorithm parameters can be represented using another DAG
[146, 291], but for the sake of simplicity we choose to not investigate further
this issue and to demand it to future work.

From this generic frameworkwe can instantiate an effective causalmodel,
depending on the specific case. For example, in the PbO paradigm, A will
be the set of components in which we can decompose an algorithm. In
the context of algorithm selection, instead, A is a variable taking values
a1, a2, . . . , an for the n algorithms in the portfolio. Likewise, P contains
at least the objective function, but if necessary it is possible to represent the
constraints.

One of the advantages of the general framework is to abstract the con-
nections between high level concepts, being therefore valid across several
scenarios (in particular, problems). An instantiation of the framework for
a specific problem may contain elements that do not apply to other prob-
lems (e.g. the number of clauses in SAT). It is anyway possible to select a
tradeoff between generality and specificity and operate at the desired level
of precision. Another consequence of this is that we do not need to worry
about being too precise in the classification of the components and features,
since their relationship with the other entities of the framework is far more
important.
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Notation and reasoning on the framework. The notation we use for this
framework is somewhat an abuse of the notation used in causal models, and
we use it to model the high-level interactions. For two high-level nodes X
and Y, theY|X indicates the choice of Y depending on X. For example,
we have that A|PA, SA, because the algorithms in A are generated starting
from a specific instantiation of the components and parameters in PA and
SA.

Causal and inferential reasoning is as in any causal model. Since there
is no edge inside each macro-node, all the flows of information we define
on the framework apply also when we “open” the macro-nodes into their
constituting nodes.

Limitations of the framework. There are several difficulties we encounter
when constructing and instantiating a specific model from the high-level
framework. The first one lies in the amount of choices we need to make
to properly define the model variables. How to represent the results? Do
we consider absolute solution values, or relative deviations from optimal or
best known solutions for the instances considered? In the latter case we can
use best known values as bounds, but how do we choose to compute them?
How to represent the problem or the constraints, when present? Which
features to include, and how to represent them numerically? Many features
will be correlated, so some feature engineering can be useful: how and to
which extent can we do it? How to represent in a meaningful way the com-
putational environment in C? Some of these questions have obvious answers
when implementing an algorithm to perform experiments and collect data,
but require reflection when integrating the relative information in a single
model instantiation.

The next issue is related to the computational task defined by a model.
A full model will contain several variables, and in particular for nodes in A
and R, with many parent nodes the resulting conditional probability tables
will be huge. One common assumption in many practical causal models e.g.
in biology is that continuous variables appear only as terminal nodes, and
causes and intermediate nodes are discrete. In this context, this assump-
tion does not hold, because our framework can have continuous causes, for
example continuous parameters.

The third issue lies in the difficulty of fully instantiating a model; aside
from the entities that may not be considered in some of the tasks, single
tasks or studies usually ignore or underestimate some of the variables in-
volved. For example, algorithm comparisons often restrict the analysis or
the experiments to a fixed set of design and parameter choices. This makes
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it impossible to generalize the findings, since, for example, a proper config-
uration can improve the algorithms and subvert the results [16].

Nonetheless, in the next section we see how working under this con-
ceptual framework is useful to relate existing topics and works from the lit-
erature, and how the theory behind the framework provides a support to
existing analysis approaches.

5.4 Some examples from the literature

In this section, we revise research lines aimed at understanding the behaviour
of optimization algorithms, and relate them to our framework, showing how
they can be represented as inference tasks on the framework. The goal of this
section is to show how the framework can be used to define the research
questions, highlighting the different perspectives and elements considered
in each work. While a complete literature review is beyond the scope of this
work, we choose to select some papers to cover a wide range of methods and
applications.

5.4.1 Theoretical and experimental analysis of algorithms

The analysis of the results obtained by optimization algorithms is the most
common kind of analysis for SLS algorithms and it appears in the litera-
ture in countless different flavours. Theoretical works aim to establish state-
ments that are certain and true given a certain set of assumptions. How-
ever, concessions usually have to be made in the assumptions to be able to
derive general statements. Nonetheless, several sophisticated mathematical
tools have been developed to analyze the behaviour of an algorithm, from
schema theory for genetic algorithms to methods based on Markov chains
to statistical analyses [88, 292, 293, 294]. Experimental analyses are instead
the only viable choice when moving from ideal assumptions to problems
meant to model real-life applications or from basic algorithmic templates
to complex ones. Over the years, the research community has developed
best practices and guidelines about performing computational experiments
[284, 295, 296, 297, 298]. Theory and experiments offer therefore comple-
mentary views on the same research questions. Under our framework, we
can focus on the specific question asked in each work, and consider theory
and experiments as tools to provide answers.

Historically, the theoretical analysis of SLS has focused on convergence
results, to show how a particular algorithm could guarantee the discovery of
an optimal solution under a set of assumptions. This means to prove that,
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for an algorithm a ∈ A,

R = r∗|A = a, P = p, D = d, C = c, (5.1)

where r∗ is one optimal solution, for some assumptions encoded in p, d, c.
Notable examples are the convergence analyses of cooling schemes in the
simulated annealing literature [203, 299, 300], where it is shown how some
cooling schemes are guaranteed to find an optimal solution under the as-
sumption than infinite runtime is available to solve an instance sampled from
an uniformly random distribution. Noting that, in this case, the cooling
scheme is one of the components of simulated annealing we can use (H1)
and (H2) to describe the goal of these works as proving3

lim
runtime∈c→∞

Prob(R = r∗|SA = sa, PA = pa, P = p, D = d, C = c) = 1,

(5.2)
that is, given infinite runtime, the probability that an algorithm composed
with a selected set of pa, sa that include the specific cooling scheme consid-
ered finds the optimal solution r∗ for an instance of p, d approaches 1. These
analyses have since then developed also for other algorithms. For example,
Gutjahr studied the convergence to the optimal solution of ant colony op-
timization algorithms [301, 302]. Rudolph discussed conditions that allow
a non-elitist (1, λ)-ES to converge to the optimal solution in infinite time
[303]. He also proved that a canonical genetic algorithm will never converge
to the optimal solution for any combinatorial optimization problem, but its
variant that keeps the best solution after selection can, in infinite time [304].
Reviews of this area can be found in [294, 305, 306, 307].

On the other hand, runtime analyses aim to determine (bounds on) the
runtime that an algorithm a ∈ A takes to find the optimal solution of an
instance d ∈ D of a certain problem p ∈ P. Hence, the problem can be
framed as

runtime ∈ C|A = a, P = p, D = d. (5.3)

Examples from the theoretical community include analyses of generalized
hill climbing (another name for the fixed temperature variant of simulated
annealing) [205], or ant colony optimization variants [308, 309].

Works such as [203, 227, 268, 269], instead, compare alternative cooling
strategies, notably the traditional geometrical cooling scheme and the fixed
temperature one. A statement such as “algorithm a1 ∈ A is superior to
algorithm a2 ∈ A” (or, alternatively, a component sa1 is superior to another

3We use Prob(x) to denote the probability of x, to avoid possible confusion with the
variable for the problem in our framework.
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component sa2) can be interpreted in several ways, even when considering
one specific scenario. This can make it difficult to relate the findings of two
different works, because of the different perspectives. Our causal framework
can help disambiguate the precise question asked. For example, we could
mean that a1 converges faster than a2 to an optimal solution, thus having a
comparative runtime analysis

runtime1 ∈ C1|A = a1, R = r∗, P = p, D = d <

runtime2 ∈ C2|A = a2, R = r∗, P = p, D = d (5.4)

where C1 and C2 are the respective experimental conditions, including the
runtime, under which a1 and a2 can discover an optimal solution r∗ of an
instance of a problem p and data d. Alternatively, the statement could be
understood as that under the same conditions, a1 is expected to find a better
solution than a2, which can be formalized as

Prob(r1 > r2|P = p, D = d, C = c) >
Prob(r2 > r1|P = p, D = d, C = c) (5.5)

where r1 is the solution found by a1 for an instance of P and D under con-
straints C, r2 the solution found by a2 in the same scenario, and the “>” sign
in this case indicates “better quality”. We could also mean that the proba-
bility of a1 finding an optimal solution is higher than the probability for a2,
as in

Prob(r = r∗|A = a1, P = p, D = d, C = c) >
Prob(r = r∗|A = a2, P = p, D = d, C = c) (5.6)

for the same instance of P and D and under the same constraints C. Finally,
another different interpretation is that a1 can operate under more relaxed
assumptions than a2, that is

∃ p ∈ P, d ∈ D, c ∈ C :
Prob(R = r|A = a1, p, d, c) > 0,
Prob(R = r|A = a2, p, d, c) = 0 (5.7)

that is, a1 can potentially reach a target solution r under assumptions on the
problem, the data distribution or the experimental conditions that prevent
a2 from doing so. Again, our hypotheses (H1) and (H2) make it possible to
apply Equations 5.3 to 5.7 both at the algorithm and the component level.

In the experimental community, themost immediate example of analysis
of algorithms is probably the comparison between metaheuristics on a cer-
tain problem. For instance, many works have compared simulated annealing
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and tabu search on different problems such as the QAP [215, 254], facility
location [310] or constraint solving [311], or the many heuristic algorithms
proposed for the flowshop problem [57, 312]. Usually this corresponds to
the formulation of Equation 5.5, choosing the algorithm a ∈ A that gives
the best results for a problem and a set of instances, under a certain compu-
tational environment

arg max
a∈A

Prob(R|P, D, a, C). (5.8)

Some works have studied in detail the impact of each component of an
algorithm, such as simulated annealing [16, 218, 219], tabu search [313] and
ant colony optimization variants [105, 314]. An a priori understanding on
the functioning of some component in SA or PA can be an essential part in
the explanation of the results in addition to information at themediator level,
and the only way of explaining the results when no features are computed.
For example, the late acceptance hill climbing cannot accept a solution that
is worse than anything the algorithm has encountered in the past. Thus, it
has a limited diversification potential and cannot accept arbitrarily bad so-
lutions, contrarily to the Metropolis criterion [17, 211]. These insights at
the component level make it possible to understand the behaviour of the
entire algorithm. Subsequent analyses have then focused on the particular
impact of several options for one specific component or parameter of an al-
gorithm, such as the tabu list in tabu search [315], the acceptance criterion
in large neighbourhood search [316] and simulated annealing [17], or the
initial population strategies [317] and crossover operators [318] in genetic
algorithms. Other studies have instead evaluated the results obtained by al-
gorithms of different complexity, such as iterated local search algorithms on
flowshop scheduling problems [81], and evolutionary algorithms on knap-
sack, Ising model and MaxSAT [319]. From the perspective of this work,
all these works aim to answer the same questions formulated in Equations
5.3 to 5.7, either at the A or at the SA level, simply using different tools.

On top of the different angles explored in the various works, theoreti-
cal analyses have for the most part focused on one specific problem and one
particular instance distribution. This is another explanation for which the re-
sults can be contrasting. In [227], Hajek and Sasaki proved that there is no
monotonically decreasing cooling scheme that is optimal for specific instance
of thematching problem. In our framework, we have p = MATCHING ∈ P
and a particular d ∈ D that includes a specifically constructed distribu-
tion and a worst-case initial solution. The authors consider sad and sand ∈
SA, respectively a decreasing and non-decreasing cooling scheme defined
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as components of the search part of the algorithm4 that obtain results rd,
rnd ∈ R. The particular implementation of the decreasing cooling scheme
is not important in this work. In fact, Hajek and Sasaki prove that it ex-
ists a non-decreasing cooling scheme sand such that for every monotonically
decreasing cooling scheme sad, and using the Metropolis acceptance [198]
to evaluate a randomly selected candidate solution (also in SA), we have
rnd > rd and for average running time in C polynomial in the size of the
instance.

Wegener proved instead that on natural instances of theMinimumSpan-
ning Tree, simulated annealing, defined as one specific decreasing cooling
scheme sad ∈ SA, outperforms sand, in that work called the Metropolis
algorithm [268]. That is, Prob(rd = r∗) > Prob(rnd = r∗) within a
bounded number of steps. Later Meer proves the same result for a specifi-
cally constructed TSP instance [269].

These results can, of course, be easily reconciliated by noting that the re-
sults depend on the specific problems and problem instances, which generate
different landscapes. Thus, the results have to be explained by using some
variables at the mediator level, as a surrogate for the unobservable landscape:

R|P, D, SA, PA, FA, FS, C. (5.9)

Here we also mention a parallel and complementary line of research to
the quantitative analyses we focus on in this chapter, with recent works such
as [178, 179, 320, 321] that qualitatively study and compare algorithms to
show functional similarities and differences between them. This trend arose
as a reaction to the proliferation of metaphor-based metaheuristics that did
not include any actual algorithmic novelty [182]. The first mathematical
proof of the equivalence of a supposedly novel metaheuristic came from a
discussion between Weyland and the authors of the harmony search, that
was demonstrated to be perfectly equivalent to, and its performance always
bounded by, the (µ+ 1) evolutionary strategy [178, 190]. Camacho, Dorigo
and Stützle first showed that the intelligent water drops algorithm is a special
case of ant colony optimization [179, 320], and subsequently that grey wolf,
firefly and bat algorithms are variants of particle swarm optimization [322]
In these works it is essentially shown how sa1 ∈ SA ≡ sa2 ∈ SA, and
therefore Prob(R|P, D, sa1, C) = Prob(R|P, D, sa2, C).

Qualitative analyses have been applied also to the experiments reported
in some works. In notable cases such as the harmony search proposed to

4Hajek and Sasaki reason in terms of temperature schedule, that is, sequences of temper-
ature values. However, in practice we construct a function that computes such values from
the instance.
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solve the sudoku [178] or a modification of the Clarke-Wright heuristic for
the capacitated vehicle routing problem [321], it is proved both theoretically
and experimentally that

Prob(R|P, D, A, C) = 0, (5.10)

that is, the original papers report results that are impossible to obtain. This
is therefore an indication of possible mistakes or misconducts.

5.4.2 Instance and landscape analysis

As we mentioned before, understanding the conditions encountered by an
algorithm during its search is a necessary step to ultimately understand how
an algorithm works.

It is very common for an algorithm that performs well on a certain set
of problem instances to perform poorly on a set with different characteris-
tics, and possibly viceversa. In practice, it is commonly observed that some
problem instances and some problem classes are intrinsically harder than
other ones. In our causal framework, we can first of all disambiguate what
it is meant with “difficult”. One possibility is that for two data distributions
d1, d2 ∈ D of a problem p ∈ P, a randomly chosen algorithm a ∈ A is
expected to obtain better results on the landscapes generated by (p, d1) than
on those generated by (p, d2), for some computational constraints c ∈ C.
Or, alternatively, for a ∈ A to obtain results r1, r2 ∈ R of the same quality
on d1, d2 ∈ D the experimental conditions c2 ∈ C on d2 need to be more
relaxed (e.g. a longer runtime) than c1 ∈ C for d1. Still another possibil-
ity is that, given d1, d2 ∈ D, the set of algorithms a1 ∈ A that can obtain
a target solution quality r ∈ R for d1 is greater than the set of algorithms
a2 ∈ A that can obtain the same solution quality r ∈ R for d2, under the
same constraints in c ∈ C. In all these cases, we normally consider d2 to be
a more difficult scenario than d1.

One approach to understand the conditions for an instance to be “dif-
ficult” is to figure out some characteristics that the instance should have, in
order to make it harder for a search algorithm to converge to the optimal
solution. In our framework, this means to distinguish the results in R by
conditioning them on some characteristics d ∈ D. For example, for the TSP
when the ratio of the number of clusters to the number of cities is between
0.1 and 0.11 the Lin-Kernighan algorithm takes nearly six times longer to
converge to a “good” solution than on a randomly generated instance [323].
Those values are said to yield a phase transition between practically “easy” and
“difficult” instances [324]. Instances can be generated “difficult” for an algo-
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rithm, to study the relationship between instance properties and algorithm
performance [325].

To have a better chance of explaining the results, we can move to the
landscape and features level. This is equivalent to expanding the relationship
between P, D and R to include also a selection of variables in FA and FS to
represent the landscape L, thus having

R|P, D, FA, SA, C. (5.11)

In many cases we can, however, omit the experimental conditions C. Some
properties of the fitness landscape have been related to the difficulty of a
problem instance. Several measures such as ruggedness, autocorrelation,
fitness distance correlation, are used as proxies for higher-level properties
of the search space like convexity or multimodality [270, 288, 326, 327].

Local Optima Network analyses study the relationships between solu-
tions entailed by the neighbourhood function, observing local optima and
the paths to escape from them [328, 329]. This kind of analysis aims at un-
derstanding global properties of the landscape L by computing some of its
features

L|P, D, FA. (5.12)

In case of complete exploration of the search space, we are forced to not
impose any computational constraint or limitation.

Fitness Landscape Analysis can also be used for automatic selection and
configuration of algorithms [121, 167, 261, 330]. In [331] the landscape is
translated into a set of constraints, to understand how complex a local search
needs to be on different landscapes.

A smaller number of works have combined algorithmic analysis with
problem and instance features. The impact of search space features for the
Job Shop Problem on the performance of tabu search was explored in [332].
In [333] six metaheuristics form the portfolio for an algorithm selection
problem for the PFSP based on both problem and landscape features. Three
different objective functions are instead considered in [18], where a cross-
problem analysis identifies the landscape conditions necessary for two vari-
ants of simulated annealing to perform well.

Some other works have instead applied problem-specific knowledge knowl-
edge to the design of algorithms. In [334] high quality solutions of Vehicle
Routing Problems are analyzed to understand what makes them good, in or-
der to then develop a Guided Local Search that is biased towards solutions
that “look like” the good ones [335]. Optimal or high quality CVRP so-
lutions have compact routes and “narrow”, with few intersections and short
edges that connect to first and last nodes of the routes to the depot. A
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knowledge-based algorithm can therefore penalize solutions that have, for
example, overlapping routes, or nodes in the route that are spread apart. In
[336] an analysis of efficient schedules for small instances of the no-idle Per-
mutation Flow Shop Problem lead to the definition of superjobs, that is, sub-
sequences of jobs likely to appear in high-quality solutions, that are treated
as a single job to reduce and smoothen the search space. Two algorithms
based on Iterated Greedy are then augmented with a learning subprocedure
aimed at discovering these superjobs.

5.4.3 Modeling the algorithm behaviour

For further analysis and applications, it is necessary to represent in a math-
ematical form the behaviour of an algorithm.

To completely separate the general algorithmic template from its imple-
mentation for a problem, it is often assumed that the algorithm has no access
to any information about the instance, and therefore the algorithms treats
the problem as a black-box function [337, 338, 339]. This corresponds to ig-
noring any prior observation of FA, FS or L, and to learn the distribution of
some target variables, being in R, L, in A, or at the component level, during
the progress of the search. The use of artificial problems, whose character-
istics are perfectly known in advance, make it possible also to evaluate how
close the behaviour of the algorithm in the black-box scenario gets to the
optimal one, computed analytically, and in some simple cases to generate
optimal algorithms [340, 341].

Surrogate models can model knowledge to approximate the outcome of
experiments [342, 343, 344, 345]. A surrogate model can be considered an
alternative model (P, D, PA, SA, C, A, L′, FS′, FA′, R′) that approximates
the real model (P, D, PA, SA, C, A, L, FS, FA, R). This is useful not only in
case of expensive objective functions, but also to filter candidate solutions
and guide the search by focusing on the most promising ones [346, 347,
348]. A notable case is algorithm configuration, where the expensive eval-
uation of an algorithm is replaced by a query on an Empirical Performance
Model (EPM) that predicts the solution quality of a configuration on an
instance, and only the most promising configurations are actually evaluated
[138, 140, 349].

The data collected in the selection and configuration tasks, either on ac-
tual experiments or using surrogate models and EPM, is particularly useful
to analyze the performance of algorithms. For example, several techniques
can be used to estimate the importance of features or algorithmic compo-
nents and parameters. Determining the most important feature or subset of
features means to find the subset FA′, FS′ ⊆ FA,FS such that the propor-
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tion of influence mediated from P, D to R remains approximately the same
than using FA,FS. Finding instead the most important parameter means to
estimate the subset PA′, SA′ ⊆ PA, SA that has the greatest impact on the
results, that is,

arg max
PA′,SA′⊆PA,SA

∆R|P, D, do(PA′), do(SA′), C (5.13)

with a slight abuse of the do(·) notation to indicate a generic intervention on
the variable rather than a precise value assignment. These are again different
questions, but they share the innately causal goal of estimating the effect of
an intervention. Hence, the following methods can be applied to both tasks.

Functional ANOVA [350] is one such approach to quantify the impor-
tance of the variables of a function and their interactions according to the
proportion of variance explained. One possible alternative is to apply for-
ward selection to the features observed in the EPM [285]. Random forests
[244] and surrogate models based on them also provide a native way of esti-
mating the variable importance, that has been used to compute importance
of parameters [16, 23, 286, 351]. Ablation analysis [352] is another tech-
nique proposed to determine the subset of parameters having the highest
impact on the results. It is a path relinking procedure that connects two
configurations flipping one parameter a time, choosing the one that yields
the maximum gain (or the minimum loss) from the previous configuration.
Data obtained in the configuration phase can be analyzed also to find simi-
larities in the final configurations [353], to infer what makes a configuration
perform well on a scenario.

The multilevel regression proposed in [287] uses a two-level regression
to relate the algorithms components with the problem characteristics. In
the first level, the algorithm components and parameters are used to predict
the objective function value; in the second level, the problem features are
used to predict the coefficients of the first regression. This is equivalent to
performing a series of tasks, the first one being

R|PA, SA, C (5.14)

followed by
x|FA, FS, P, D ∀x ∈ PA, SA. (5.15)

The use of regression in this order is aimed at explaining first the results in
terms of the algorithm used, and then the algorithm in function of the land-
scape, represented by the features. We note that this approach is justified by
the implicit assumption of a set of causes and effects that prescinds from the
mathematical method itself, which alone is not sufficient to determine the
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causal relationship between the entities. It provides a more detailed analysis
that the functional ANOVA, relating single instances and configurations to
their results, instead of their average values [354].

Studies on the scaling behaviour of algorithms such as [355, 356] instead
aim to predict the results obtained by an algorithm on instances larger than
those that have been observed. This corresponds to inferring R|P, D, A, C2,
using data from a model (R, P, D, A, C1) with C2 in this case being a longer
runtime than C1.

5.4.4 Discussion

In this partial literature review, we have seen how virtually any method pro-
posed to explain the behaviour of an optimization algorithm can be repre-
sented as an inference task on a subset of entities of our causal framework.
By outlining the research question of different lines of works we have also
shown how they can be related to each other. This is very important to navi-
gate the research literature on this subject, and understanding precisely why
two works that deal with the same algorithms on the same problems can
offer different conclusions.

Of course, how to perform the inference task in practice depends on the
observable variables, the tools available, and the computational environment
that can be used. Nonetheless, we argue that in order to properly understand
and explain the behavior of an algorithm and its results, it is required to
collect information at the mediator level, that is, the features that represent
the landscape. This is also a necessary step to furthen the generalization and
automation of algorithm instantiation, an example of which we will discuss
in the next section. This perspective is shared by other works such as [357],
who effectively outline a sequence of operations that can be considered an
effective implementation of one such inference tasks.

5.5 Applications

In this section we show how under our framework the algorithm selection
and configuration problem can be conceptually related to each other, and the
difference between them is not in the characteristics of the tasks but in their
practical application. We then show how to exploit the relationship between
the various entities involved to make use of data collections to automatically
find configuration that work on new problems.
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5.5.1 A unified view of selection and configuration

Given a set of instances arisen from a problem P and data D, a set of algo-
rithms A and a cost function c(·) to measure the quality of each algorithm
a ∈ A on P, D, the Algorithm Selection Problem (ASP) [116, 117, 118]
aims to find a mapping S : P, D 7→ A such that ∀d ∈ D, c(a(d)) is min-
imized, or, in other words, to find the algorithm in A that obtains the best
results on each instance.

ASP is usually tackled by computing a set of proxy problem features
that represent the problem instance “well enough” and thus allow to find a
mapping S that works “well enough” in practice. Features can be of various
kinds. For continuous optimization problems, usually fitness landscape fea-
tures are considered [121, 122, 124, 270]. For combinatorial optimization
problems, very often features are problem-specific (or even class-specific)
characteristics, such as statistics of the cities in TSP-related problems, or of
clauses in SAT, thus requiring a certain degree of problem-specific knowl-
edge. Efforts to use fitness landscape features to select algorithms for com-
binatorial optimization problems include [333] for flowshop scheduling, or
[279] for the QAP. The selection of the set of features is crucial for the
performance of the mapping. Problem-specific features can provide deep
insights on the specific instance, at the cost of sacrifying generality of the
mapping, while for more general features it is more difficult to pinpoint the
ones that can give a reliable mapping.

Some authors have instead explored the possibility of using the auto-
matic feature extraction of deep neural networks to bypass the manual defi-
nition of features in AS, on the bin packing problem and the TSP [358, 359].
The drawback is, of course, the difficulty or impossibility to a posteriori un-
derstand and explain the selection.

Given a set of instances that arise from a problem P and data D, an algo-
rithm a ∈ A with a set of parameters θa and a cost function c(·) to measure
the quality of a on D, the Algorithm Configuration Problem (ACP) aims to
find the set of parameters θ⋆a such that c(a) is minimized on P, D. That is,
the goal is to find the best configuration of parameters for a on the instances.
This problem is also known as parameter tuning or, in machine learning, hy-
perparameter tuning. Contrary to ASP, in ACP features are not necessarily
considered. The problem is often modeled as a black-box stochastic op-
timization problem, so the best configuration θ⋆ is the one which obtained
the best results on a set of training instances, but no insights are given. How-
ever, by comparing different outcomes of ACP across different scenarios, we
can infer explanations for the different results. The inclusion of features in
the configuration process gives instead the Per-instance Algorithm Config-
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uration Problem [360, 361, 362], which will be the focus of the rest of this
section.

Automatic approaches for the ACP can be naturally applied to the task
of automatically design algorithms, following the Programming by Opti-
mization paradigm [193]. This makes it possible to tailor an algorithm for a
specific scenario, performing extensive experiments and improving the final
performance while reducing the burden for the user

The Combined Algorithm Selection and Hyperparameter optimization
(CASH) problem [125, 126] is the problem of selecting an algorithm and its
parameter configuration that best solve a problem, or arg min c(a, θ⋆a ), for
the a ∈ A. It differs from ASP because in the latter the configuration task is
omitted, and from ACP because it consider a set of algorithms rather than a
single one, and finally it differs also from separately running a selection phase
and a subsequent configuration of the outcome of the selection. It appeared
more recently in the literature with respect to ASP and ACP, mostly due to
the higher computational cost entailed.

Nonetheless, here we argue that these three problems can be concep-
tually represented as an inference task on the same set of variables. Infor-
mally, this can be understood by considering the portfolio A for the ASP as
a categorical parameter of a super-algorithm, whose values are the different
algorithms in the portfolio. With (H1) and (H2) we assume that we can
instantiate at least one, and possibly more, algorithms from A. The map-
ping S searched for in Algorithm Selection as presented above can thus be
described as A|P, D, FA, FS, C. Since FA, FS already depend on observing
P, D, and the selection is made by observing the results R for the alternatives
evaluated, we can define ASP as the inference task A|R, FA, FS, C. The em-
phasis on the mediators FA, FS emphasizes the “white-box” characteristic
of ASP.

With (H1) and (H4) we also claim we can configure an algorithm using
PA and SA. The usual black box formulation of the Algorithm Configura-
tion Problem is PA, SA|D, C. Again, the final decision is based on results
R observed in the tuning phase. Taking into account that the fact that the
algorithm already works for a given problem P is usually assumed, we have
PA, SA|P, D, R, C. For a proper definition of PA, SA, the same formula-
tion applies to the PbO paradigm for Algorithm Design.

Therefore, we see the relationship between ASP and ACP. They are sim-
ilar problems, in the sense that they are both inference problems based on
problem and instances, and the outcome depends on the results (in fact,
the racing algorithm [363] proposed in 1997 for model selection was subse-
quently used for configuring algorithms [146]). They instead differ in (i)
whether we use fully configured algorithms (in A, for ASP) or building
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blocks (in PA and SA, for ACP), and (ii) if we can observe (and use in
the selection or configuration process) some features in F or L.

The separation is, however, neither crisp nor immutable. By observing
any feature in F or L in a configuration or PbO task we open the black box
and move towards a per-instance configuration approach. By allowing the
configuration of numerical parameters of the algorithms in a portfolio for a
selection task we have the CASH problem, which can also be instantiated as
PA, SA|R, F, L, C. In practice, therefore, the question is what tools should
we use for our application, and the answer depends on the possibility of
observing features, the extent to which our algorithm or set of algorithms
can be parameterized, and the computational constraints we have.

5.5.2 Per-instance configuration

Transfer learning is the application of knowledge obtained on one domain
onto a different domain [364, 365]. It is an important task in machine learn-
ing, where it aims to reuse of past learning tasks as starting point for new
tasks. Transfer learning is an inherently causal task, because the conditions
that determine whether some information is transferrable between two tasks
can be determined by observing the causal structure of the tasks [366, 367].
In particular, we have direct transportability between two tasks that share the
same set of causal relationships [366].

In this section, we show how our causal framework can be used to trans-
fer algorithm configurations obtained for some problems and instances into
new scenarios. This is an open problem of great interest, because one of
the limitations of many existing configuration approaches is the difficulty of
making use of past experiments for new configuration tasks. Transferring
configurations onto new scenarios would make it possible not only to speed
up new configuration tasks, but also to exploit the vast amount of data col-
lected in the past. This would also be extremely useful in scenarios where
a configuration is not possible or not convenient, such as when the evalua-
tion of the objective function is extremely expensive, when few instances are
available, or in case of a problem that have to be tackled only once.

In a typical transfer learning task in machine learning, we typically con-
sider one model and different distributions. The question is therefore how to
translate the typical optimization scenario, consisting in algorithms, prob-
lems and instances into distributions. The starting point to answer this is
to note that transfer learning and per-instance configuration are the same
task. This can easily be seen with a derivation analogous to the one be-
tween AC and AS in Section 5.4. From our framework in Figure 5.1 we see
that {FA, FS} is a set of mediator variables between the problem instances
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{P, D} and the results R (since we assume the landscape L is unobserved,
an assumption derived from (H3)). Thus, for a specific problem p ∈ P, the
goal is to obtain the best configuration for each instance, that is

{PAd, SAd}|{p, d, FAd, FSd, R, C} ∀d ∈ Dp (5.16)

where FAd and FSd are the features computed for every instance d of prob-
lem p, to distinguish them from the sets of features FA and FS computed
over all the instances, for example, the instances we use in the training of
the model.

Equation 5.16 explicitly includes instantiation of a problemwith its data.
Following our argument in Section 5.4, we can remove this explicit depen-
dency by observing a suitable set of features in {FA, FS} that are represen-
tative enough of the information contained in {P, D}. We thus obtain

{PAd, SAd}|{FAd, FSd, R, C} ∀d ∈ Dp. (5.17)

Hence, we see that the observation of this suitably representative set of fea-
tures makes the starting objective function irrelevant, allowing us to char-
acterize scenarios only at the feature level. Of course, this requires also the
features to be problem-independent for the procedure to work across differ-
ent objective functions, which is why we are going to focus only on landscape
features, as they can be more easily defined to suit our goals.

The inference process is reported in Figure 5.2. The training data is
composed of data collected on the training instances, pairing the features
computed on each training instance with the configurations tested on it, and
the results observed. For each instance, only the configuration that obtains
the best results is kept. This data is fed to an inference engine; in principle,
any engine can be used for the tasks. The inference engine will then take the
features computed on the test instances and compute suitable configurations
to use on the test instances.

5.5.3 Transfer of configurations of a fixed temperature
simulated annealing

We follow our procedure to find good configurations for a fixed-temperature
variant of simulated annealing (FTA). This is a very simple SLS that always
accepts improving moves and accepts worsening solutions probabilistically,
weighting the relative worsening in solution quality by a scaling parame-
ter called temperature. Contrarily to the classic simulated annealing, which
alters the temperature during the search, FTA always uses the same tem-
perature value. Following our earlier work [18], we define FTA as a two-
parameter SLS, the fixed temperature value (real-valued factor in [0, 1] that
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FIGURE 5.2: Inference process for the transfer of configurations.

rescales the average gap between consecutive solutions observed in a pre-
liminary random walk), and the neighbourhood exploration, a binary pa-
rameter that determines whether the next solution to be evaluated in the
neighbourhood of the incumbent has to be selected randomly or following
some ordering.

We consider four objective functions: the Quadratic Assignment Prob-
lem (QAP), the Permutation Flowshop Problem under the makespan objec-
tive (PFSP-MS), the Permutation Flowshop Problem under the total com-
pletion time objective (PFSP-TCT), and the Traveling Salesperson Prob-
lem (TSP). For each objective function we have two instance classes. These
are all permutation problems where all the possible solutions are feasible,
and we can expect a similar algorithmic behaviour. In fact, in [18] we have
characterized the behaviour of FTA and simulated annealing with respect
to the landscape, analyzed using problem-independent features. The goal
is to make use of collection of experiments, either performed in the past or
simulated, for example via a surrogate model, to infer good configurations
for each new test instance, both for the same problem and across different
problems.

Following the causal framework, problem instances and algorithmic com-
ponents become conditionally dependent if one or more common descen-
dants are observed. In our case, the observations of features in FA is the set
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Table 5.2: Set of landscape features used in the transfer learning. Each
feature is computed with both a first-improvement and a best-improvement
local search.

1 Number of moves to local optimum
2 Number of moves to local optimum, rescaled by instance size
3 Number of moves to local optimum, rescaled by neighbourhood size
4 R2 of a linear model fit on the solution values
5 R2 of a linear model fit on the solution values normalized in [0, 1]
6 R2 of an exponential model fit on the solution values
7 R2 of an exponential model fit on the solution values normalized in [0, 1]
8 R2 of a linear model fit on the number of improving moves in the se-

quence of neighbourhoods traversed
9 Average proportion of neutral moves in the neighbourhoods traversed
10 Number of neutral last moves
11 Difference of features 4 and 6
12 Difference of features 5 and 7
13 Slope of the sequence of differences between best and average solution

in a neighbourhood

of descendants that makes this possible. In particular, the landscape features
we consider, listed in Table 5.2, are computed with a first improvement and
a best improvement. Since the features in FA descend from one specific
algorithm a ∈ A instantiated from {PA, SA}, for which there are virtu-
ally countless valid combinations, we cannot expect for two algorithms a1
and a2 to observe similar values for the the respective set of features in FA.
We choose therefore to use a probing algorithm a0 that can approximate the
behaviour of all or at least many FTA combinations, assuming that the set
of features FA0 observed can be considered an approximation of the set of
features observed by the set of actual FTAs tested, and a first improvement
can be seen as a FTA with temperature 0. Following [16], the “right” tem-
perature value is the minimal one that guarantees the correct diversification.

TheFTA algorithm is implemented in a component-based fashion in the
emili framework, and an algorithm is instantiated at runtime by a desired
parameter configuration [80]. We find good configurations for the various
scenarios using the irace configurator, a state-of-the-art-offline configurator
[148]. Each tuning is repeated 15 times, and the best configuration of each
tuning is used on the entire test set. The configurations evaluated by irace
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during the tuning phase, and the relative results observed, are also paired
with the features computed on the training instances to be used as training
data for the inference task. We use MERCS to infer the test configura-
tions [368]. Also with MERCS we generate 15 configurations for each test
instance, for statistical purposes. QAP and TSP experiments run for 10
seconds, while the runtime for the PFSP experiments is 0.015× n×m/2,
where n is the number of jobs and m is the number of machines of an in-
stance. All the experiments are performed on a machine with Intel Xeon
E5-2680 v3CPUs running at 2.5GHz, with 16MB cache and 2.4GB of
RAM available for each algorithmic run, in single thread mode.

The structure of the experiments is the same in every scenario presented
in the following; they differ only in the set of problems and instance con-
sidered. First we perform one tuning with irace on the training set, then we
couple the training data with the instance features to infer a new configu-
ration for every test instances. We therefore compare the results obtained
on the whole test set considered by the final configuration obtained using
irace, with the results obtained by the set of test configurations obtained us-
ing MERCS, each one on a single test instance. The goal of this experiment
is not to compare the tuning methods, but to show that a general purpose
inference engine can be a valid alternative practice for automatic algorithm
configuration, using collections of past experiments. This use of problem-
independent features makes it possible to apply this process to any collection
of problems, with meaningful outcomes.

In the first two scenarios we perform transfer learning between QAP
instances. First we consider separately two different instance classes, per-
forming separate tunings and evaluating separately the configurations found
on random and structured instances. Inference is also applied separately for
the two instance classes, so configurations for the test random instances are
inferred only from data obtained during the tuning on random instances,
and the same is done on the structured instances. The results are reported
in Figure 5.3, separated by instance size, comparing the solution qualities
obtained by the configurations found with both irace and MERCS in terms
of percentage deviation from the best known solutions. The results are very
similar. Only in the case of structured instances of size 60 there is a statis-
tical difference in favour of the per-instance approach with MERCS, with
a p-value < 3× 10−5, where all the other cases have a p-value greater than
0.05. This happens because for each instance class and size there is a rela-
tively narrow interval of good temperature values that allow FTA to reach
those solutions in the given runtime. irace is able to identify it, and MERCS
can exploit the information collected during the tuning.

In the second experiment we consider the two instance classes together,
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FIGURE 5.3: Results obtained in terms of relative percentage deviation from
the best known solutions on the random and structured QAP instances by
irace (separate tunings for each instance class) and MERCS; lower boxplots
represent better results.
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FIGURE 5.4: Results obtained in terms of relative percentage deviation from
the best known solutions on the random and structured QAP instances by
irace (separate tunings for each instance class) and MERCS; lower boxplots
represent better results.

and tune FTA with irace using a training set of both random and struc-
tured instances, obtaining one configuration to test on the entire test set.
The results are worse than in the previous case, especially on the random
instances, because the two instance classes are better tackled using differ-
ent configurations. During the training phase, however, irace evaluated also
configurations that are good for the random instances, but were eventually
discarded because of their poor performance on the structured instances.
The feature-based approach with MERCS can exploit those configurations,
obtaining better results, albeit not as good as in the previous experiment. In
this case, in fact, the configuration space suitable for the random instances
was not properly explored during the tuning phase by irace. The results are
statistically equivalent only on the structured instances of sizes 60 and 80.
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FIGURE 5.5: Results obtained in terms of relative percentage deviation from
the optimal solutions on the RUE and RCE TSP instances by a 2-opt, irace
(tuning on a training set of TSP instances, across all sizes) and MERCS
(inference on QAP and PFSP data); lower boxplots represent better results.

5.5.4 Transferring configurations across different objective
functions

In the third experiment, we use the feature-based approach to infer config-
urations for the TSP, starting from the tuning data generated by irace on
the QAP and the two PFSP objectives. That is, MERCS uses data for these
three problems to suggest configurations to test on each TSP instance. We
consider two TSP instance classes, uniformly random (RUE) and clustered
(RCE), with sizes 100, 150 and 200 cities. We created the instances us-
ing the generator from [369], with coordinates on a 1000× 1000 matrix.5
The results obtained by the configurations inferred by MERCS are com-
pared against the results obtained by irace when tuned on a training set of
TSP instances, considering the two instance classes separately but including
the three instance sizes. In addition, we include the results obtained with
a 2−opt heuristic as a reference. The results are reported in Figure 5.5. A
summary on the temperature values obtained is reported in Table 5.3.

In both instance classes the results obtained by the configurations found
by MERCS are comparable to those found by irace for instance sizes 100
and 150, while they differ greatly, in both solution quality and variance, for
size 200. On the RUE instances the results are not significantly different
for size 100 (p-value of 0.2059), with an average solution quality around
0.7% worse than the optimal solutions. For size 150, the solutions found
by the configurations inferred by MERCS have an average of 1.42% RPD,

5On the RCE instances the coordinates may exceed those boundaries, due to the sam-
pling procedure of the generator. This does not cause any numerical instability, so we do not
need to correct a posteriori the coordinate list.
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Table 5.3: Average temperature values obtained for each instance class, with
the relative standard deviation. For irace the averages are computed over fif-
teen tunings, for MERCS across all the temperature values for the relative
class and size. Ti is the average temperature obtained by irace on the two sep-
arate TSP training sets, and is the temperature value used in the experiments
reported in Figure 5.5. T′i is the temperature obtained by separate tunings
on different instance class and size. TM is the average of the temperatures
identified by MERCS for the instances of each size.

Class Size Ti T′i TM
100 (0.0489, 3.014× 10−3) (0.0372, 6.192× 10−3)

RUE 150 (0.0349, 3.615× 10−3) (0.0373, 2.029× 10−3) (0.0437, 9.002× 10−3)
200 (0.0313, 2.156× 10−3) (0.0569, 6.811× 10−3)
100 (0.054, 4.439× 10−3) (0.0337, 6.247× 10−3)

RCE 150 (0.018, 5.738× 10−3) (0.0443, 3.908× 10−3) (0.0409, 6.217× 10−3)
200 (0.0134, 1.603× 10−3) (0.0399, 8.95× 10−3)

compared to a 1.1% of the solutions found by the configurations obtained
by irace. For size 200, the results are considerably worse, with an average
RPD of 5.6%, but still better than those obtained with a 2−opt heuristic.

On the RCE instances, for sizes 100 and 150 the solutions found by
the configurations obtained with irace are around 3− 4% worse than the
optimal solutions, while those found by the configurations inferred using
MERCS are on average 1.2% worse than the optimal ones. On size 200,
instead, the quality of the solutions obtained using MERCS is drastically
worse, even with respect to the results obtained with a 2−opt.

The explanation can be found by observing the instances generated. Rep-
resentative instances for each class and size are reported in Figure 5.6. TSP
instances, overall, have a landscape that is globally very different from the
landscape generated by the QAP and the two PFSP problems of Section
5.5.3. In particular, a random TSP solution can be expected to have an RPD
of 120% from the optimal solution, while on the QAP the initial RPD rarely
exceeds 50%. A local search, however, can exploit only local information at
the neighbourhood level. A fixed temperature algorithm in particular will
work well if the structure of the neighbourhoods is similar in different areas
of the solution space [18].

RUE instances exhibit a “regular” behaviour, and a properly configured
FTA can traverse a large portion of the search space and find good quality
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Table 5.4: Distances (rounded to the nearest integer) for selected neighbours
in each instance class. For each test instance we compute the average and
standard deviation of the distance to the nearest neighbour, the distance to
the 50%-th neighbour when ranked by distance, and the distance to the
farthest point. The values reported are the average across each instance class
and size.

1-NN 50%-NN Farthest point
Class Average St.Dev. Average St.Dev. Average St.Dev.

RUE 100 52 29 528 46 987 144
RUE 150 42 23 529 43 1004 144
RUE 200 36 20 530 40 1013 144
RCE 100 23 19 171 34 400 63
RCE 150 15 14 139 27 338 52
RCE 200 16 13 328 27 725 70

solutions. This is a similar situation to the random QAP landscape of our
previous two experiments, so MERCS can exploit these similarities up to a
certain extent and find reasonably good configurations. The basic landscape
differences, and possibly the set of features considered, make it however not
possible to fully distinguish the details between the instance sizes, so the
temperature values are suboptimal, and in an opposite trend with respect
to the correct one. On our instance sets, good temperature values decrease
as the instance size grows, as the increased density of the points makes the
average relative difference between neighbouring solutions smaller.

On the RCE instances we observe instead a different situation. The
generator we used creates instances with bn/100c clusters, which, in our
case, results in 1, 1, 2 clusters for sizes 100, 150 and 200 respectively. These
are very different instances. With a single cluster, the distances between
each node are actually more uniform than on the RUE instances. As we see
in Table 5.4, on RCE instances of sizes 100 and 150 not only the average
distance between nearest neighbours is smaller than on the RUE instances,
but also more distant points are anyway comparatively closer. This generates
neighbourhoods that are quite uniform, a situation well suited for a fixed
temperature algorithm, which in fact obtains better results than on the RUE
instances.

Two clusters, on the other hand, will partition the distances into small
intra-cluster and much larger inter-cluster distances, as can be inferred from
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Table 5.4, making this a challenging scenario for a FTA.A careful inspection
of the results on each instance shows how the solution quality found by the
FTA worsens as the distance between the clusters increases. This correlation
between cluster distance and results explains the huge variability obtained by
MERCS. Conversely, overlapping clusters generate a landscape no differ-
ent from the landscape generated by a single cluster, which results in good
final solution qualities. A similar situation arises when the two clusters are
adjacent, as also in this case it is possible for a FTA to perform well.

Some visual examples of different instance classes are given in Figure 5.6.
In Figure 5.7 we show instead three different RCE instances of size 200,
with overlapping, adjacent and distant clusters. It is interesting in particular
to note the average solution quality found by the 15 configurations found
by MERCS in these latter instances. On rce200-85, with two overlapping
clusters, the average RPD is 1.69%. On rce200-96 the two clusters are instead
adjacent, and the average RPD obtained is 3.19%. Finally, on rce200-95,
where the two clusters are very distant, the RPD is 50%. In Figure 5.8 we
report the correlation between cluster proximity and final RPD obtained.
For MERCS, that relies on features whose value is in some cases dependent
on the size of the instance or of the neighbourhood, the correlation is very
close to 1. Also for irace, when tuned across all the RCE instance sizes, the
correlation is quite strong (0.787). When instead the tuning is done only on
the RCE instances of size 200, the correlation on the test set is negligible;
in this case the results are better for instances with average distance between
clusters, and worse for overlapping or extremely distant clusters.

These results reflect the fact that different point distributions generate
different landscapes, and in some cases they may resemble very closely land-
scapes observed in different situations, making it possible to obtain mean-
ingful configurations from past experiments. On the other hand, on a com-
pletely new landscape our method fails to produce a valid configuration, and
the too high temperature value prevents the FTA to converge to any decent
solution.

5.5.5 Discussion

In this section, we have described the per-instance configuration task in
terms of our causal framework, and have shown how to relate it to the trans-
fer learning more commonly encountered in the machine learning literature.
We have also reported a proof-of-concept that shows how existing tools
can be used to successfully perform this task on various scenarios, including
transferring configurations across different objective functions. In partic-
ular, this is made possible by the the observation of problem-independent
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FIGURE 5.6: Sample TSP instances from our test set. Top row, from left
to right: RUE 100, RUE 150, RUE 200. Bottom row, from left to right:
RCE 100, RCE 150, RCE 200. These instances have been generated using
the same random seed.

FIGURE 5.7: Different cases from the RCE TSP test instances with two
clusters. From left to right: rce200-85 with overlapping clusters, rce200-96
with adjacent clusters, rce200-95 with distant clusters.
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FIGURE 5.8: Correlation between cluster distance and RPD obtained on the
RCE 200 test instances by MERCS, irace tuned across all the RCE instance
sizes, and irace tuned only on RCE 200 instances.

features that represent the conditions encountered by an algorithm during
the search. This is of particular interest especially in situations where past
experiments are available, but it is not possible or not convenient to perform
a focused configuration task. This may be in case of extremely expensive
function evaluations, a limited budget, or the impossibility to obtain a ho-
mogeneous or representative training set of instances.

In the QAP experiments we have seen how our approach can make us
of past experiments to match or even outperform a state-of-the-art offline
batch configurator, when our starting data is sufficiently representative of
the testing scenario.

We have then obtained configurations for TSP instances, starting only
fromQAP and PFSP observations. The results obtained clearly demonstrate
the viability of our approach. On the RUE instances, and even more so on
the RCE ones with one cluster, the results can be considered very good. In
these cases, MERCS was able to make use of data from similar landscapes,
that were generated by different objective functions. This strenghtens the
validity of our working hypothesis (H3), in that only the landscape suffices
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to characterize the behaviour of an algorithm, and the observation of enough
information about it can “cut off ” the information flow from the variables
in P and D. On the clustered instances of size 200, instead, the results were
drastically worse, because either the landscape generated was too different
from anything observed in the training data, or the features measured were
not sufficient to properly represent the information needed.

Our results can of course be improved in several ways. First of all, a
larger collection of problems, instances, features and algorithms increases
the likelihood of observing new situations to use in future tasks. It is in fact
unlikely that the current training base would allow for the same quality of
results on other kinds of problems, in particular problems where the solu-
tion is not, in principle, a complete permutation. A more focused choice
of features, achieved by feature selection or by the inclusion of additional
relevant ones, can also improve the results. We also note how the inference
engine we used, MERCS, is not a causal tool. It is possible that an alterna-
tive procedure that considers several configurations for every test instance,
for example by means of a surrogate model, could obtain better results. The
use of a proper causal inference engine could also be better suited for this
task. Finally, the failure of our configurations on the TSP RCE instances
of size 200 strongly indicates how our procedure needs to be augmented
with some mechanism capable of evaluating the suitability of the configu-
ration for the test scenario. The starting point to build such a mechanism
would be to analyze the features computed and to relate them to the re-
sults obtained, to define a distance metric to not trespass in order for the
procedure to output a test configuration. Another possible direction is to
determine whether, based on the features computed, the test instance can
be considered an anomaly with respect to the starting data, in which case the
procedure should alert the user, rather than returning a configuration almost
guaranteed to fail.

5.6 Conclusions

Understanding the behaviour of a stochastic local search (SLS) algorithm
is an open question of fundamental importance in operations research and
artificial intelligence. There is a huge corpus of literature aimed at this goal,
but it is difficult to navigate it because of the different perspectives offered
by each work, making it more difficult to narrow bridge the gap between
theory and practice. In this work we have proposed a causal framework to
model the relationships between the elements involved in the solution of an
optimization problem, in order to relate all these approaches in a unified
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perspective. We have also demonstrated how our approach could be use-
ful to automatically configure an algorithm for an unseen problem, using
tools that are already available. Albeit a proof-of-concept, our results prove
that the systematic organization of knowledge that already exists is useful to
both understand how algorithms work, and to advance the development of
algorithms.

The framework is a formalization of our current understanding of the
behaviour of optimization algorithms. It is therefore a representation of our
subjective interpretation, and thus open for debate in case of disagreements.
However, one of the main advantages of using such a model is the possibil-
ity of pointing out precisely what the subject of the disagreement is, making
it more likely to have a productive discussion about the subject. This ap-
plies both at the general level, that is, on our general understanding of how
algorithms work, and when considering specific research works.

While we focused on unconstrained combinatorial problems and SLS
algorithms, the framework can be extended to include other classes of opti-
mization problems, such as constrained or continuous ones, and other classes
of exact and heuristic algorithms. The conceptual structure of the causal
framework makes it possible to relate different works, and include informa-
tion from different sources. This makes it possible to design a knowledge-
based system, an extension of the currently available algorithmic frameworks
that can include more and more algorithmic components and problem data,
to eventually be able to automatically instantiate a valid algorithm for any
unseen scenario. We have already discussed several possible directions to im-
prove the performance of our transfer learning procedure. Additionally, the
framework can also be used in a dynamic fashion to perform online configu-
ration, selection and design based on local information, to tailor the resulting
behaviour in an optimal way for different shapes of the landscape.

Having explicitly outlined the relationships between the elements in-
volved in the solution of an optimization problem, we can easily define new
research questions. A natural one is quantifying how well the set of observed
features represents the landscape. While in Section 5.5 we ignored this is-
sue, it is a fundamental step for applying our transfer learning procedure in
a reliable way. This questions can be answered by performing mediator anal-
ysis, to estimate the proportion of the information from P and D to R that
is effectively mediated by FA and FS. In fact, our working hypothesis (H3)
that says that a search algorithm traverses a landscape, regardless of how it
was generated, in practice can be applied only if the information we collect
about the landscape is truly representative of the real one.

Another possible direction is the estimation of the equivalence between
algorithms, in order to establish how an algorithm a has to be composed
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for it to obtain statistically equivalent results to another algorithm b, or to
understand when it cannot reach the same level of performance. The theo-
retical equivalence or non-equivalence of SLS algorithms is a long-standing
research direction in the theory of optimization algorithms and the system-
atic collection of data would make this direction both grounded on real ex-
periments and scalable, thanks to the use of automated tools.

A systematic comparison of artificial and natural landscapes based on
experiments with automatically generated state-of-the-art algorithms can
further our understanding about the applicability of theoretical results to
the development of algorithms for real-world problems. Similarly, it is pos-
sible to define an experimental protocol to answer the question of whether
and how different classes of problems generate different landscape. The col-
lection of data from different NP-hard problems may also be used in con-
junction with the polynomial-time reduction between them, to understand
how this transformation alters the landscape, and consequently, how this
transformation reflects onto the development of algorithms.
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Stochastic local search (SLS) algorithms are a class of methods routinely
used in applications that require to solve optimization problems. They are
particularly useful in contexts where rapidly obtaining a good solution is
preferred to obtinaing a proof of optimality, or where a proof of optimal-
ity is actually infeasible. Despite their widespread use, their behaviour is
still an open question in artificial intelligence and operations research. Con-
sequently, the development of a SLS for a given scenario has always been
more of a craft than a science, relying on experience and limited prelimi-
nary experiments. The introduction of automatic methods makes it possible
to tailor the algorithm to the scenario and improve the results in an objec-
tive manner, but offers no explanations on how the algorithms were actually
obtained, and little insights on the algorithm behaviour.

6.1 Developments of stochastic local search

In this thesis, I have summarized my work aimed at understanding how SLS
algorithms actually work. I conducted extensive experiments, to be able to
compare the best version of various algorithms on different scenarios. This
empirical approach makes it possible to avoid the necessity of prior assump-
tions on the problems and instances considered, observing the behaviour of
an algorithm under realistic settings.

I studied one of the oldest and most popular algorithms, simulated an-
nealing (SA), and the class of SLSs that can be represented in its structure.
Following a component-based view of SLS algorithms, SA can in fact be
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considered a general template that contains several other algorithms that
appear in the literature under different names. The precise innovations in-
troduced in many variants of SA have been collected into an algorithmic
framework. We made use of automatic algorithm configurators to efficiently
improve SA algorithms proposed in the literature, and to obtain the best
possible SA algorithms for different problems and instance classes. We have
noted how ideas proposed thirty or more years ago are still valid and perfectly
usable today. However, they need to be adapted to the specific scenario con-
sidered, and automatic algorithm configurators are the best way to take care
of it. The ensemble of these ideas can also be efficiently exploited to easily
generate new state-of-the-art algorithms. These observations are quite ele-
mentary, but nonetheless important, as they concretely support the opinion,
shared by many but not all in the optimization community, that it is not
necessary to continue inventing new algorithms, but rather that our efforts
should be directed towards a deeper understanding and a more efficient use
of the many tools we already have.

We have also observed how different scenarios may require different al-
gorithms, but the converse is not necessarily true: a scenario can be effi-
ciently tackled by different algorithms. This is again a basic observation
with relevant implications, because it proves how the actual behaviour of an
algorithm, that is, its balance between exploration and exploitation, is more
important than its structure – that is, what mechanism is employed to con-
trol the exploration/exploitation tradeoff. In fact, an analysis of the most
important components of a simulated annealing algorithm showed how the
key part of a SA is its acceptance criterion, a component that is shared by all
SLS algorithms. Conversely, the cooling scheme, the SA component that
received the most attention in the literature, is relatively less important.

These observations raise the question of what influences the performance
of an algorithm and how. In other words, given a particular scenario, we
want to know what an algorithm should look like to obtain good results
on it. We addressed this question by comparing two variants of simulated
annealing on various problems and instance classes. For each scenario, we
obtained the best configuration for both algorithms, for a fair and mean-
ingful comparison, and we observed that for some scenario the traditional
simulated annealing was outperforming its fixed temperature variant, while
in other ones it was the fixed temperature variant to match or outperform its
alternative. To explain the results, we investigated the conditions encoun-
tered by the algorithms during the search. The idea is to measure the same
characteristics of the landscapes in all the scenarios, independently of the
specific problems that generated them. We collected algorithmic landscape
features, computed using simple local search algorithms to approximate the
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real one observed by the two algorithms, and related them to the results
obtained. We observed that when the structure of the neighbourhood is
similar in both good and bad areas of the search space, a fixed temperature
algorithm works well. Conversely, when different areas of the search space
have neighbourhoods of different structure, SA has the capability of adapt-
ing, albeit not in a guided way, to the changes of the landscape. Beyond
the specific observations, we have also outlined a methodology that sup-
ports the possibility of problem-independent, landscape-based approaches
to algorithm selection and configuration.

In an attempt to formalize and generalize the intuitions behind this anal-
ysis, I have subsequently proposed a conceptual framework to relate the
elements involved in the solution of an optimization problem. This ap-
proach has several advantages, including the fact that it requires to make
our assumptions explicit, making it possible to pinpoint exactly the subject
of works and discussions about optimization algorithms. I have, in fact,
shown how this causal formulation can be used to relate various approaches
aimed at understanding how algorithms work, by defining the precisely the
research questions addressed. For example, this helps disambiguating seem-
ingly constrasting results in the literature, identifying the conditions under
which they have been obtained. Moreover, this approach makes it easier
to identify the scope of research questions. We have demonstrated this by
showing how algorithm selection and configuration can be seen as inference
tasks on our framework, and identifying the entities required to transfer al-
gorithm configurations across scenarios, making use of existing tools. To the
best of my knowledge, this was the first instance of transfer learning across
different problems.

The same relationships exploited to perform the transfer learning have
broader implications. They show that to really understand the behaviour of
an optimization algorithm a black-box approach is not sufficient – unless
some properties of the landscape can be determined analytically, a scenario
unlikely to happen in practice. It is in fact the observation of how the al-
gorithms traverses the search space, as measured by the landscape features,
that explains the results obtained by an algorithm.

6.2 Future work

This thesis can be considered a starting point for many future research di-
rections. Here we outline some of them.

The set of variants proposed to the original simulated annealing formu-
lation is wider than what we considered. It is one natural prosecution to
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continue including these ideas, to hopefully widen the set of scenarios that
can be efficiently tackled by our SA container. Likewise, in our analysis we
did not focus on problem-specific components and their impact. They are of
course a fundamental part of SLS algorithms, their efficiency is paramount,
and including them in the automatic design of algorithms is of course going
to both improve the final algorithm performance and our knowledge of its
behaviour.

The analysis performed for SA and its acceptance criterion can also be
performed for other components, and other algorithms. However, ideas that
may seem different at first may effectively be equivalent from the point of
view of the resulting algorithmic behaviour, and identifying them will make
their collection and use more efficient. One important research direction
is therefore to establish the equivalence between algorithms, and algorithm
components. For example, by studying how a certain algorithm a has to be
composed to perform well on different scenarios, we can try to determine
whether it is possible to use this information to design a different algorithm
b to perform well on the same scenarios. This sort of “mapping” could guide
us in understanding whether there are algorithmic components that perform
the same function for different algorithms, and measure the extent to which
they enable the discovery of solutions of (statistically) equivalent quality, or if
one algorithm is consistently better than the second one for certain scenarios.
The theoretical equivalence or non-equivalence of SLS algorithms is a long-
standing research direction in the theory of optimization algorithms, and
the systematic collection of data would make this direction both grounded
on real experiments and scalable, thanks to the use of automated tools.

As we have seen, the collection of information about how an algorithm
traverses the landscape is the only way of improving our understanding about
algorithm behaviour. Therefore, the identification of relevant sets of fea-
tures for different algorithms, such as genetic algorithms or even mixed in-
teger programming solvers, is the main way to improve our understanding
of their behaviour. The causal perspective makes it also possible to address
one fundamental question, that we did not address in Chapter 5 and that,
to the best of our knowledge, has never been addressed in the optimization
and automated machine learning literature: how representative of the ac-
tual landscape our set of features really is. In our opinion, this question was
never asked in this field, precisely because of the lack of a coherent causal
outlook on the subject. In fields where the use of causal reasoning is more
widespread, such as psychology, this estimation is known as mediation anal-
ysis. The objective of this task is, given a cause and an effect, to compute
the quantity of information that is mediated by a third variable, through
which part of the causal information flows. The case we intend to address
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is more complex than what is available in the literature, especially in terms
of off-the-shelf software packages, so ready-made solutions are not available
yet. It is, however, a promising research direction and a fundamental step
in determining what characteristics of the landscape we need to observe to
understand the key properties of a landscape and, consequently, what we
need to pay attention to when designing effcient algorithms and algoritmic
components.

The mediation analysis is important also to improve the performance
of transfer learning. The transfer of configurations across problems relies
on the working hypothesis asserting the independence of the search on a
landscape from the process that generated it, which in practice can only be
approximated. From a mediation perspective, we can say that the working
hypothesis is fully realized only when the proportion of information from the
causes to the results that is observed at the landscape level is close to 100%.
Estimating the actual proportion of information mediated is therefore a key
step in developing a reliable transfer procedure.

Many works study the behaviour of optimization algorithms on artificial
problems, of which we can know and control the landscape. It is however not
clear the extent to which such scenarios are representative of “natural” prob-
lems, problems that model real-world problems. Systematic experiments
with automatically generated state-of-the-art algorithms may help in deter-
mining the applicability of theoretical results to the development of algo-
rithms for real-world problems. More generally, we can study how different
classes of problems and instances generate different landscape. Experimen-
tal analyses may be complemented with theoretical results in many more
ways. For example, the polynomial time reduction between NP-complete
problems may be used in conjunction with landscape studies to observe how
the transformations of the problem formulations alter the landscape and im-
pact the structure of good algorithms for them.

On the practical side, from the work here presented, we can also outline a
procedure to move beyond transfer learning towards a knowledge-based au-
tomatic design of algorithms. Having formalized the relationship between
problems, instances, features and algorithms, we can in fact systematize the
collection and classification of information about experiments, to use it in
future applications by means of automatic tools. This organization is, in my
opinion, what makes it possible to apply automatic landscape-based algo-
rithm design at a large scale. Furthermore, causal models natively provide
methods to integrate data from different sources, and to impute missing ob-
servations. The application of causal reasoning such as counterfactuals can
also be useful in both explaining the results obtained, and improving the
automatic procedures employed to design the algorithms.
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Finally, we have seen that the behaviour of SLS algorithms is deter-
mined by the local properties of the search space. Hence, the framework
can be deployed in a cascading fashion, on the model of dynamic Bayesian
networks, to contain local information. For example, we could construct a
submodel containing information regarding improving phases of the search,
another submodel containing information about uphill paths, and alternate
between the two to select the best configurations for different parts of the
search. Under this extended dynamic framework, is would be possible to
perform landscape-based dynamic algorithm configuration and design and,
by embedding the framework in the search loop, also landscape-based online
tuning.
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Comparison of acceptance criteria in
randomized local searches A

One key component of stochastic local search algorithms is the acceptance
criterion that determines whether a solution is accepted as the new current
solution or it is discarded. One of the most studied local search algorithms
is simulated annealing. It often uses the Metropolis condition as accep-
tance criterion, which always accepts equal or better quality solutions and
worse ones with a probability that depends on the amount of worsening
and a parameter called temperature. After the introduction of simulated
annealing several other acceptance criteria have been introduced to replace
the Metropolis condition, some being claimed to be simpler and better per-
forming. In this article, we evaluate various such acceptance criteria from
an experimental perspective. We first tune the numerical parameters of the
algorithms using automatic algorithm configuration techniques for two test
problems, the quadratic assignment problem and a permutation flowshop
problem. Our experimental results show that, while results may differ de-
pending on the specific problem, the Metropolis condition and the late ac-
ceptance hill climbing rule are among the choices that obtain the best results.

A.1 Introduction

Stochastic local search (SLS) methods are generic procedures commonly
used to tackle hard optimization problems [12]. They are composed of a set
of general rules of how to design effective heuristics for specific optimization
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problems; hence, an alternative name for these methods is meta-heuristics.
Often, the sometimes rather problem-specific heuristic algorithms derived
from these rules are very effective in finding high quality solutions in short
computation time, and for many problems such algorithms define the state
of the art.

To achieve good solutions, SLS methods balance the intensification of
the search in narrow regions, often needed to find the best solutions in
promising search space areas, with the exploration of different areas of the
search space. One mechanism that many trajectory-based SLS methods use
to promote diversification is the acceptance of solutions that are worse than
the current incumbent solution. In this article, we call acceptance criterion
the function devoted to determining whether a newly proposed candidate
solution should replace the current one. A first metaheuristic that proposed
a probabilistic acceptance criterion for acceptinf a worse candidate solution
is simulated annealing (SA) [199, 200]. It uses the so called Metropolis con-
dition from statistical mechanics, which relies on a parameter called temper-
ature, as acceptance criterion [198]. The name of the parameter mimics the
temperature of a physical system, which was used in a Monte-Carlo simu-
lation of physical systems proposed by Metropolis et al. [198]. According
to the Metropolis condition, an improving or equal quality candidate so-
lution is always accepted, while a worsening candidate solution is accepted
with a probability that depends both on the quality difference between the
current solution and the newly proposed one and the temperature param-
eter. To create a transition from search diversification to intensification of
the search, in a typical SA algorithm the temperature is initially set to some
high value (corresponding to a rather likely acceptance of worsening can-
didate solutions) and then subsequently lowered to make the acceptance of
worsening candidate solutions less likely.

Over the years, various new ideas have been conceived with the mo-
tivation to improve over this usual acceptance criterion of SA algorithms.
These new acceptance criteria have been compared in individual papers of-
ten directly to basic SA algorithms and in various such papers potential im-
provements have been reported. These new ideas include refinements of
the Metropolis condition, such as generalized SA [225] and the bounded
Metropolis condition [224]; a criterion where the acceptance probability of
worsening solutions decreases geometrically [226]; and deterministic crite-
ria such as threshold acceptance [180, 181], the great deluge and record-to-
record travel algorithms [209], and the late acceptance hill climbing [211].
The latter four methods all accept a solution with probability one when it
meets the specific, deterministic acceptance conditions. In our experiments,
we also include a basic hill climbing acceptance criterion [228], which ac-

166



A.2. Literature review

cepts a solution if and only if it improves over the incumbent, as a baseline
the other criteria need to outperform.

The original articles proposing these acceptance criteria often report ex-
perimental results on few problem instances or on very small instance sizes.
One reason is that many of these acceptance criteria were introduced when
experimental conditions available were quite different from today. Hence,
there is limited indication in the original works on how to apply the various
methods to different problems. To just cite one example, in the original pa-
per on threshold acceptance, the authors present a sequence of values for the
“threshold” parameter, stating that “We have the feeling (really only the feeling,
not, for instance, the impression) that the sequence above is somewhat better [than
another sequence mentioned]” [181]. The comparisons in these papers are
also usually performed against the Metropolis condition and a limited set of
the other criteria.

In this work, we compare well-known acceptance criteria on common
benchmark sets, derived from two classical, NP-hard problems, namely the
quadratic assignment problem (QAP) and the permutation flow-shop prob-
lem with the total completion time objective (PFSP-TCT). To obtain un-
biased results we tune the numerical parameters of the algorithms, using the
automatic algorithm configuration tool irace [148]. We evaluate the impact
of the nine different criteria we study in terms of the quality of the final
solutions and the robustness of the criterion. Our experiments show that
the results may change according to different problems, instance classes, or
experimental condition. Overall, the Metropolis condition, its generalized
version and, in particular, the rather recent late acceptance hill climbing are
the criteria that gave the best results.

A.2 Literature review

We first introduce the notation used in the remainder of this work. We con-
sider NP-hard combinatorial optimization problems, in which for a given
problem instance π a globally optimal solution s∗ ∈ S, where S is the search
space of candidate solutions, is to be found. The quality of solutions is evalu-
ated according to an objective function f : S 7→ R and f (s) is the objective
function value for a generic solution s. Without loss of generality, we con-
sider minimization problems, that is, for a globally optimal solution it holds
that f (s∗) ≤ f (s), ∀s ∈ S. Each algorithm we consider uses an iteration
counter of the search process, which is denoted by i, and si is the new candi-
date solution evaluated in that iteration. The difference in terms of objective
function value between two solutions si and sj is denoted with ∆(i, j), or

167



A. COMPARISON OF ACCEPTANCE CRITERIA IN RANDOMIZED LOCAL SEARCHES

Algorithm A.1: OUTLINE OF A GENERIC RANDOMIZED
SEARCH ALGORITHM.
Input: problem instance Π, N , initial solution s0, control

parameters
Output: best solution s∗

1 best solution s∗ = incumbent solution ŝ = s0;
2 parameter initialization, i := 0;
3 while stopping criterion is not met do
4 while parameters settings fixed do
5 i := i + 1;
6 generate a random solution si ∈ N (ŝ);
7 ŝ := accept (ŝ, si);
8 s∗ := best (s∗, ŝ);
9 end
10 update parameters;
11 end
12 return s∗;

simply ∆ when no confusion may arise. With ŝ we indicate the incumbent
solution. The neighbourhood of ŝ is denoted by N (ŝ) and comprises all
candidate solutions that can be reached from s by one application of the
neighborhood operator.

All SLS methods that we consider can be interpreted as instantiations
of the generic algorithm outlined in Algorithm A.1. It starts from a given
initial solution as incumbent (line 1), and iteratively generates one new can-
didate solution in the neighbourhood of the incumbent uniformly at random
(line 6); at iteration i the new candidate solution si can be chosen to replace
the current incumbent ŝ if it meets some criteria (e.g. it is an improving so-
lution, line 7), otherwise it is discarded. Periodically, the parameter(s) that
control the search may get updated (line 10). All the algorithms we examine
here fit in this generic template. They only differ in the acceptance criterion.
However, some of these algorithms may not use all the components of the
algorithm; for example, the late acceptance hill climbing relies only on one
parameter that is held constant during the run of the algorithm and, hence,
does not need to be updated in the outer loop (lines 3 to 11). In the fol-
lowing, the counter k refers to the number of times the outer loop has been
invoked. Conversely, SA and others evaluate solutions using the same pa-
rameter values in the inner loop (controlled by the temperature length, lines
4 to 9), and update the parameters in the outer loop.
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SA, proposed independently in [199] and [200], is inspired by work in
statistical physics [198]. In the usual, basic variants, SA iteratively generates
and evaluates one random solution s ∈ N (ŝ); if the new solution is better
or equal to the incumbent in terms of objective function value, it replaces the
incumbent one; otherwise it gets accepted with a probability that depends
on the relative difference in terms of objective function values, ∆(s, ŝ), and
on the temperature parameter, denoted as T. The acceptance criterion of SA
can be written as

p =

{
1 if ∆(s, ŝ) ≤ 0
exp (−∆(s, ŝ)/T) otherwise.

(A.1)

This probabilistic criterion is known as Metropolis acceptance criterion or
Metropolis condition, and it is the distinctive feature of SA. We refer to this
criterion simply as SA in the rest of this chapter.

More recently, in [224] the authors argue that solutions that are worse
with respect to the incumbent by a quantity that exceeds a certain threshold
ϕBM are not worth considering at all. This bounded Metropolis criterion
(BSA) accepts a solution s with a probability

p =


1 if ∆(s, ŝ) ≤ 0
exp (−∆(s, ŝ)/T) if 0 < ∆(s, ŝ) ≤ ϕBM

0 if ∆(s, ŝ) > ϕBM,

(A.2)

where ϕBM is a parameter.
Soon after the introduction of SA, the Metropolis acceptance criterion

has been generalized in [225], where a variant of SA called generalized sim-
ulated annealing (GSA) was introduced. The GSA acceptance criterion is
defined as

p =

{
1 if ∆(s, ŝ) ≤ 0
exp (−β f (ŝ)γ∆(s, ŝ)) otherwise,

(A.3)

where β and γ are control parameters. Even if the temperature parameter
is not explicitly considered in GSA, it is possible to recreate the original
Metropolis condition by defining β = 1/T.

In [226], the authors propose a criterion in what is the first occurrence of
a SA variant that does not consider the temperature value in the acceptance
of solutions. They propose to accept a solution with probability

pk =

{
1 if ∆(s, ŝ) ≤ 0
p0 × ρk−1 otherwise.

(A.4)
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where p0 is the initial acceptance probability, 0 < ρ < 1 is a reducing factor,
and k is the number of times the probability has been updated. In this geo-
metric acceptance criterion, the temperature value is (possibly) related only
to the initial acceptance probability; during the search, the updating process
of the probability matters, rather than the actual value of a temperature.

The actual need of stochasticity in the Metropolis acceptance criterion
is questioned independently in [181] and [180]. In both works, the authors
propose a criterion that accepts any move that is either improving or wors-
ening by at most a given threshold ϕk > 0:

p =

{
1 if ∆(s, ŝ) ≤ ϕk

0 otherwise,
(A.5)

where ϕk is the value at step k of the threshold, which gets updated peri-
odically. In [181], the authors consider a sequence of thresholds, without
giving any indication on how to set its initial value or how to update it. Our
implementation follows [180], maintaining the SA terminology: the initial
value of ϕ is the initial temperature of SA, and the updating process of the
threshold is called cooling. This threshold acceptance (TA) is a determinis-
tic version of SA. At the time of its introduction, it was argued that using
TA is faster than evaluating the Metropolis condition as it does not require
the generation of a random number and the computation of an exponential.
This advantage may be important when the computation of the objective
function value of a neighboring candidate solution is very fast. However,
for problems that benefit little from incremental update schemes or where
the computation of the objective function value of neighboring candidate
solutions is expensive (as is the case in the problems we study here), the
advantage of a faster computation of the acceptance test diminishes.

Two acceptance criteria have been derived from TA and proposed in
[209] as new algorithms. The first algorithm and criterion proposed in [209]
is called record-to-record travel (RTR), and accepts solutions that do not
deviate from the best solution found so far plus a given threshold ϕ:

pRTR =

{
1 if f (s) ≤ f (s∗) + ϕ

0 otherwise,
(A.6)

RTR is therefore a stricter version of TA, which compares the newly pro-
posed candidate solution with the current incumbent; moreover, in the RTR
algorithm ϕ does not get updated.

The second algorithm proposed in [209] is called great deluge algorithm
(GDA) and is a radical change in terms of solution evaluation, as it moves
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away from the idea of comparing solutions. The acceptance criterion of
GDA accepts every move whose objective function value is lower than a
certain threshold that gets progressively lowered during the search

pk =

{
1 if f (s) ≤ ϕk

0 otherwise,
(A.7)

with ϕ̄k+1 = ϕk − λ, λ being a fixed parameter. The consequence of a low-
ering bound is that GDA becomes increasingly strict for accepting solutions.

A more recent work proposes another simple deterministic acceptance
criterion, called late acceptance hill climbing (LAHC) [210, 211]. This al-
gorithm makes no use of a temperature-like parameter, but maintains lim-
ited knowledge about the history of the search. It accepts every solution
s that is improving either with respect to the current incumbent ŝ or with
respect to a solution visited κ iterations before, for a fixed κ:

p =

{
1 if f (s) ≤ min{ f (ŝ), f (si−κ)}
0 otherwise.

(A.8)

Finally, we consider as baseline for the comparison a simple hill climbing
(HC) algorithm [228] that accepts a solution if and only if it improves over
the incumbent. Obviously, we expect the other criteria to obtain better re-
sults with respect to HC. While in practice one would implement HC using
a systematic enumeration of the neighbourhood, we implemented it inside
the framework of Algorithm A.1 for convenience.

A.3 Experimental setup
The nine acceptance criteria presented in Section A.2 are evaluated as candi-
date acceptance criteria for a generic algorithm outlined in Algorithm A.1.
The common components of the nine implementations are: (i) a random ex-
ploration of the neighbourhood, (ii) no parameter restarting rule (e.g. tem-
perature restart in SA), and (iii) a termination condition based on runtime.
The runtime differs for each problem, so the actual value is given below.

For the criteria that need initial values for their parameters (such as the
temperature for the SA family of algorithms, or the threshold ϕ in TA), we
use a value proportional by a coefficient ϵ to the maximum gap between con-
secutive solutions observed during an initial random walk of length 10000 in
the solution space. The parameters that need to be modified during the algo-
rithm run time (e.g. temperature in SA or threshold inTA) are updated using
a geometric decreasing; e.g., the temperature T in SA is updated according
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Table A.1: Parameter values for the algorithms.

Metro BMetro GSA Geom TA GDA RTR LAHC
ϵ [0, 10] [0, 10] [0, 10] [0, 10] [0, 10] [0, 10] – –
α [0, 1] [0, 1] [0, 1] [0, 1] [0, 1] [1, 100] – –
τ [1, 100] [1, 100] [1, 100] [1, 100] [1, 100] [1, 100] – –
ϕ, ϕBM – [0, 1] – – – – [0, 1] –
β – – [10−4, 10] – – – – –
γ – – [0, 10] – – – – –
ρ – – – [0, 1] – – – –
κ – – – – – – – [1, 104]

to the formula Tk+1 = α× Tk, where α is a parameter. The inner loop of
Algorithm A.1 evaluates a number of solutions that is given by τ · |N (s)|,
where τ is a parameter and |N (s)| is the size of the neighbourhood of a
solution s.

We choose to not use parameter restart schemes to better observe the
impact of the main algorithm component that is studied, the acceptance cri-
terion. The periodic reset or increase of parameters such as the temperature
or the threshold is often beneficial to obtain better results, as it facilitates
search space exploration, but it also has the side effect of smoothening the
difference in terms of impact of the other components.

The parameter values, and their presence for each algorithm, are given
in Table A.1. Parameters equivalent in scope and values are grouped to-
gether. The only algorithm that does not use the components described
above is GDA. During the experimental phase, we have observed very poor
results when using the GDA acceptance criterion with the choices above,
indicating a lack of flexibility of the method. We thus consider the GDA
algorithm in its original settings, which are anyway valid components that fit
in the template of Algorithm A.1. The initial threshold value ϕ is computed
proportional to the objective function value of the initial solution, using a co-
efficient ϵ ∈ [0, 10]; ϕ is updated according to the formula ϕk+1 = ϕk − α,
where α is an integer in the interval [1, 100]; we bound this decrease to 0.
The other components are as described above.

Our setup considers as test problems the quadratic assignment problem
(QAP) [52] and the permutation flow-shop problem with the total comple-
tion time objective (PFSP-TCT) [57, 58]. The QAP models the location of
a set of facilities, with the goal of minimizing the overall distance between
facilities taking into account also the flow between them. PFSP instead is a
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scheduling problem where a set of jobs have to be ordered to be executed on
a set of machines.

For the QAP we use a randomly generated initial candidate solution and
the exchange neighbourhood, which is defined as

N (s) = {s′ | s′(j) = s(h) ∧ s′(h) = s(j) ∧ ∀ : l /∈ {j, h} s′(l) = s(l)},
(A.9)

where s(j) is the solution vector at position j. The neighbourhood size is
n(n− 1)/2, where n is the instance size. The running time considered for
termination is 10 seconds. We consider two different instance sets of size
100, one where all QAP instance data are generated uniformly at random,
and one randomly generated in analogy to structured real-world like QAP
instances. Each instance set is divided into a training set of 25 instances and
a test set of 25 instances. From here onwards, we refer to these two scenarios
as random instances and structured instances, respectively. The two scenarios
are not mixed, that is, the configurations obtained for the random instances
are evaluated on the random instances and not on the structured ones, and
viceversa.

For the PFSP-TCT we use the NEH heuristic [249] for the initial solution
generation. For an instance of size n×m, where n is the number of jobs and
m the number of machines, the neighbourhood is the insert neighbourhood
that randomly picks one element s(j) in position j of the permutation s =
[s(1), . . . , s(n)] and inserts it in position k 6= j, obtaining

s′ = [s(1), . . . , s(j− 1), s(j + 1), . . . , s(k), s(j), s(k + 1), . . . , s(n)]
(A.10)

if j < k and

s′ = [s(1), . . . , s(k− 1), s(j), s(k), s(k+ 1), . . . , s(j− 1), s(j+ 1), . . . , s(n)]
(A.11)

if j > k. The neighbourhood size is n(n − 1). In this case, we use an
instance-based maximum runtime of n×m× 0.015 seconds. The training
set consists of 40 randomly generated instances of size ranging from 50 jobs
and 20 machines to 250 jobs and 50 machines [170] and the test set is com-
posed by the instances Tai31–110 of the Taillard benchmark [250]. We will,
however, discuss separately the instances whose size is smaller than those
covered by the training set (those with n = 20), covered by the training set
(Tai31–110), and larger (n = 500).

We tune the numerical parameters using irace [148] with a budget of
2000 experiments per tuning on an Intel Xeon E5-2680 v3 CPU, with a
speed of 2.5GHz, 16MB cache and 2.4GB of RAM available for each job.
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For each algorithm we run nine tunings, evaluate the best configuration ob-
tained from each tuning on the test set, and average the final solution quality
obtained on each instance by the nine configurations. The real valued pa-
rameters have a precision of 4 decimal digits.

A.4 Experiments on the quadratic assignment
problem

In Figure A.1 we show the results obtained by the nine algorithms after the
tuning on the random instances and on the structured instances respectively.
Each boxplot reports the results obtained on the test instances in terms of
the average relative percentage deviation (ARPD) from the best known so-
lutions. In Table A.2, we report the results of the Friedman rank sum test,
obtained for the nine algorithms on the two QAP instance classes. The al-
gorithms are ordered according to the sum of their ranks, and the difference
in terms of rank sum with the best ranked algorithm is computed along with
a statistical significance threshold. Algorithms whose rank sum differs from
the best ranked one by a value larger than the significance threshold are sta-
tistically significantly worse than the best one.

On the random instances, RTR obtains the best results, with a mean
ARPD slightly lower than 1%. The criteria based on the Metropolis condi-
tion (SA, BSA, GSA) and the LAHC algorithm obtain similar results, with
mean ARPDs around 1.2 to 1.3%. Though the results are similar, BSA is
consistently slightly better than the other ones. TA, GDA and the geomet-
ric criteria are worse, but still within the 2% average deviation, while HC
stands around 3%. On the structured instances it is instead TA, LAHC and
the family of the Metropolis criteria that obtain the best results, with aver-
age ARPDs all around 0.3%. The ARPDs among these five criteria are not
statistically significantly different. The geometric criterion also obtains rea-
sonably good results when considering the ARPD values, though from the
rank-based analysis it is already clearly worse than the top-ranking group
of acceptance criteria. RTR and GDA obtain solutions around 1% and 2%
worse than the best known ones and, thus perform clearly worse than the
other acceptance criteria. HC, as expected, is overall the worst, with ARPDs
around 3 to 4%.

The difference of the results on the two scenarios can be explained by
the different landscape of the instances [248, 370]. The random instances
present a relatively flat landscape, where it is easy to discover local optima
and move through them, but difficult to converge to very good solutions.
On the other hand, the landscape of the structured instances is less flat,
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FIGURE A.1: Average Relative Percentage Deviation (ARPD) from the best
known solutions obtained on random (left plot) and structured instances
(right plot).

Table A.2: Results of the Friedman rank sum test for the nine algorithms
on the QAP instances. Algorithms are ranked according to their results.
∆R is the minimum rank-sum difference that indicates significant difference
from the best one. Algorithms in boldface are significantly better than the
following ones.

Instance class ∆R Acceptance criteria ranking
Random 13.15 RTR (0), BSA (33), SA (70), LAHC (80), GSA (88),

GDA (115), TA (140), Geom (174), HC (200)
Structured 16.08 TA (0), LAHC (0), SA (11), BSA (16), GSA (21),

Geom (81), RTR (109), GDA (135), HC (158)

with “deeper” local optima than in the random instances. The criteria that
strengthen the intensification along the search process are the ones that ap-
parently benefit from this landscape. RTR compares candidate solutions to
the global best, making it therefore more difficult to accept a worsening so-
lution; additionally, using a same parameter settings across all instances may
make it less robust.

A.5 Experiments on the permutation flowshop
problem

In Figure A.2 we report the results obtained on the PFSP-TCT on the 80
instances of the Taillard benchmark with 50 to 200 jobs. The results of the
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FIGURE A.2: Average Relative Percentage Deviation (ARPD) from the best
known solutions obtained on the instances Ta031–110 of the Taillard bench-
mark.

Table A.3: Results of the Friedman rank sum test for the nine algorithms on
the Taillard Benchmark. Algorithms are ranked according to their results.
∆R is the minimum rank-sum difference that indicates significant difference
from the best one. Algorithms in boldface are significantly better than the
following ones.

Instance class ∆R Acceptance criteria ranking
Ta001-030 13.57 LAHC (0), GSA (30), TA (74), SA (82), BSA (87),

Geom (142), RTR (193), GDA (206), HC (212)
Ta031-110 27.58 LAHC (0), GSA (94), SA (229), TA (267), BSA (279),

GDA (412), Geom (455), RTR (490), HC (636)
Ta111-120 2.93 LAHC (0), GSA (11), RTR (19), GDA (31), HC (39),

Geom (50), TA (63), SA (67), BSA (80)

Friedman rank sum test for the nine algorithms are reported in Table A.3,
separated for the three sets of instance subclasses considered (smaller than
in the training set, size covered by the training set, and larger).

The results in Figure A.2 for the PFSP-TCT exhibit higher variance
than on the QAP, because they report results obtained on 8 subclasses of in-
stances, with a different number of jobs and machines. Inside each instance
subclass, the variance is much lower, indicating consistent results for each
instance size.

Late acceptance hill climbing is the criterion that obtains clearly the
best results, with an average ARPD of 1.2%. It is also more robust than the
others: its worst results are below 2% of ARPD. GSA comes second best,
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FIGURE A.3: Average Relative Percentage Deviation (ARPD) from the best
known solutions obtained on the Ta001-030 (left plot) and on the Tai111–120

instances of the Taillard benchmark set (right plot, SA, BSA, and in part
TA results are not shown as they were very poor).

with an average deviation of 1.5%, followed by SA and BSA (respectively
1.7% and 1.8% on average; a Wilcoxon test shows no statistically significant
difference between them). TA obtains results comparable to BSA. The other
criteria obtain results between 2% and 3% of ARDP, still significantly better
than HC.

The different instance sizes in both the training and test sets favour the
more robust solutions. GSA appears to be more robust than the original
SA, thanks to the increased flexibility given by the additional parameters.
Looking at the different instance subclasses, however, LAHC consistently
outperforms all other acceptance criteria.

We focus now on the instance subclasses not covered by the training
set, either because they are too small (Ta001-030) or because they are too big
Tai111–120. We can observe in Figure A.3 and in Table A.3 that LAHC
is consistently the best performing one, followed by GSA. Overall, on the
small instances all algorithms obtain results that are according to the ARPD
values at least as good as on medium size instances of Ta031-110, with GDA
and RTR being the only ones for which this is not true.

On the large instances, LAHC and GSA remain the top-performing al-
gorithms with an average ARPD of 0.59% and 1.57%, respectively. SA and
BSA instead obtain good results on the small instances, but perform very
poorly on the larger ones, with ARPDs ranging around 9 − 10%, much
worse than even HC. This effect is due to the parameters selected by the
tuning phase, which are calibrated for instance sizes occurring in the train-
ing set and the given running time. The convergence behaviour of SA and
BSA does not scale to large instance sizes for which the evaluation per so-

177



A. COMPARISON OF ACCEPTANCE CRITERIA IN RANDOMIZED LOCAL SEARCHES

0e+00 1e+06 2e+06 3e+06 4e+06 5e+06 6e+06

1
0
5
0
0
0
0

1
1
5
0
0
0
0

1
2
5
0
0
0
0

Ta100

SA

LAHC

HC

GSA

ITERATIONS

S
O

L
U

T
IO

N
 Q

U
A

L
IT

Y

0e+00 1e+06 2e+06 3e+06 4e+06 5e+06 6e+06 7e+06

6
8
0
0
0
0
0

7
2
0
0
0
0
0

7
6
0
0
0
0
0

Ta120

SA

LAHC

HC

GSA

ITERATIONS

S
O

L
U

T
IO

N
 Q

U
A

L
IT

Y

0e+00 1e+07 2e+07 3e+07 4e+07 5e+07 6e+07 7e+07

6
8
0
0
0
0
0

7
2
0
0
0
0
0

7
6
0
0
0
0
0

Ta120 − extended runtime

SA

LAHC

GSA

ITERATIONS

S
O

L
U

T
IO

N
 Q

U
A

L
IT

Y

FIGURE A.4: Convergence behaviour of the SA, GSA, LAHC and HC al-
gorithms for the Ta100 (top left plot) and Ta120 (top right plot) instances; in
the bottom plot, the results for SA, GSA and LAHC on Ta120 with 10×
the original running time.

lution is much more costly (the evaluation scales quadratically with instance
size while the computation time only increases linearly). This is illustrated
in Figure A.4, where we compare the development of the solution quality
over the number of iterations for SA, GSA, LAHC and HC on two in-
stances: Ta100, whose size is 200 × 10 and is covered by the training set,
and Ta120, whose size is 500× 20. On Ta100, the four algorithms quickly
discover good solutions; still, the convergence of SA is slower with respect
to the other three. On Ta120, SA is clearly unable to converge within the
originally allocated computation time. In the right plot of Figure A.4 we
observe the convergence of SA, GSA and LAHC on Ta120 with a runtime
ten times higher (1500s instead of 150s on that instance – HC not included
in the plot): the convergence is more similar to the one observed for Ta100,
with also SA discovering high quality solutions. In particular, GSA finds
a solution very close to the best known one (6756860 vs 6755722), while
SA and LAHC both find a solution of better quality than the currently best
known one (6746818 and 6748131, respectively). It is interesting to note
that SA has now found the best solution, while LAHC has continued im-
proving until more than half the time available.
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A.6 Conclusions
We have observed how a careful tuning of the numerical parameters is cru-
cial to obtain good results, in terms of both solution quality and conver-
gence. Across our two benchmark problems, the algorithm that obtained
the best results is LAHC. It exhibits a good convergence behaviour, quickly
discovering good solutions in the beginning of the search, and continuously
improving afterwards. It is also very robust, as it is the best performing algo-
rithm across the whole Taillard benchmark for the PFSP-TCT, and it scales
well also to instances of different sizes, unseen in the training set. Despite
its simplicity (only one parameter to be tuned), LAHC makes a good use
of the history of the search, as any solution it accepts is never worse than at
least another one it has accepted in the past.

SA obtains overall good results, but it requires a proper tuning, as we
have observed, in particular, for the large PFSP instances. It is able to ob-
tain good results, but it might do so slowly; it is therefore advisable to tune
SA for anytime behaviour [243] to obtain good results in a shorter time.
BSA performs similarly to the standard SA. GSA, instead, has been shown
to be flexible, outperforming SA also in terms of scalability and anytime
behaviour. The geometric acceptance criterion is overall inferior to tthose
derived from the original SA.

TA has obtained results overall not very different from SA. RTR has
obtained good results on the random QAP instances, but was among the
worse performers in the other scenarios, probably because of the fixed value
of its threshold. GDA also showed a lack of flexibility, requiring a different
setup and thus making its use within other algorithms more problematic.

As future work, we plan to extend the analysis to different conditions
that might improve the performance of the various criteria. For example,
a temperature restart, which is a common option in various SA algorithms,
may change the conclusions of especially those criteria that rely on the tem-
perature parameter. In addition, we plan to extend the set of acceptance cri-
teria that are considered in this work and also extend the set of test problems
to increase the experimental basis on which our conclusions rely. Finally, we
intend to test the various acceptance criteria considering other aspects such
as anytime behavior or robustness to other scenarios that differ in instance
size and termination condition.
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Effect of transformations of numerical
parameters in automatic algorithm
configuration B

We study the impact of altering the sampling space of parameters in auto-
matic algorithm configurators. We show that a proper transformation can
strongly improve the convergence towards better configurations; at the same
time, biases about good parameter values, possibly based on misleading prior
knowledge, may lead to wrong choices in the transformations and be detri-
mental for the configuration process. To emphasize the impact of the trans-
formations, we initially study their effect on configuration tasks with a single
parameter in different experimental settings. We also propose a mechanism
of how to adapt the transformation used and give exemplary experimental
results with that scheme. We also propose a mechanism for how to adapt
towards an appropriate transformation and give exemplary experimental re-
sults of that scheme.

B.1 Introduction

Automatic algorithm configuration has shown to be crucial for reaching high
performing parameter settings of search algorithms [193] and a number of
effective configurators are available [134, 138, 142, 143, 148, 371]. Modern
configurators can handle a large number of parameters and different types of
parameters including categorical, ordinal and numerical ones. In this article,
we focus on the latter type of parameters.
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B. EFFECT OF TRANSFORMATIONS OF NUMERICAL PARAMETERS IN AUTOMATIC
ALGORITHM CONFIGURATION

Choosing the value of a parameter for an algorithm can be difficult due
to three intertwined issues: (i) the wide range of possible values, (ii) the
possibility of parameter interactions, and (iii) the impact a variation of a
parameter value has. Automatic algorithm configuration techniques relieve
algorithm designers and practitioners of the first two issues. For numerical
parameters, the third issue depends in part on the parameter representa-
tion and the sensitivity of each single parameter during the configuration
task. The representation issue is related to the question whether a parameter
should be varied according to an additive or a multiplicative scale. For exam-
ple, in a population based-algorithm it is intuitively clear that the sensitivity
of the population size depends on its value: the effect of increasing the pop-
ulation size by a constant number of, say, ten has a very different impact if
the increase is from 1 to 11, from 10 to 20, or from 100 to 110. Instead, it
seems more intuitive to change population size by a specific factor. Choos-
ing an additive or multiplicative scale is related to the question whether a
parameter should be presented in a normal scale or in a logarithmic scale.

In this article, we study the effect of a transformation of the parameter
values for automated algorithm configuration. We consider five transforma-
tions of a single parameter and study their effect under different configura-
tion budgets. We show how the right transformation helps considerably to
discover good parameter values; this impact is stronger for low configuration
budgets. At the same time, we show how a wrong transformation, which
may be chosen due to misleading prior knowledge, can instead be harmful.
As a possible alternative to a manual choice of a transformation, we explore
a scheme to adapt it at execution and we give some illustrative results of its
possible effectiveness.

The implementation of the transformation depends on the particular
configurator. For example, ParamILS [142] requires a discretization of nu-
merical parameters and one possibility is therefore to discretize the numer-
ical interval in normal, logarithmic, or another fashion. SMAC [138] in-
cludes the possibility of exploring a parameter range in a logarithmic way
(e.g. 1, 10, 100, . . . ) by specifying a transformation in the parameter defi-
nition, which allows to scrutinize better on the lower part of the parameter
range. A more general solution is to apply a transformation in the wrapper
script used to execute the experiments. This possiblity is currently the only
one available when using irace [148]; it can also straightforwardly be used
in other configurators such as SMAC.

The article is structured as follows. In the next section, we define the
transformations we studied. We empirically observe their impact in Section
B.3, and we propose an automatic selection scheme in Section B.4, along
with an experimental evaluation. Further experiments are available as sup-

182



B.2. Parameter transformations

plementary material at http://iridia.ulb.ac.be/supp/IridiaSupp2017-011.

B.2 Parameter transformations
As a baseline, we consider the parameter space with no transformation, e.g.

I(x) ≜ f (x ∈ [a, b]) 7→ x ∈ [a, b] (B.1)

where [a, b] is the range of possible values for parameter x. This is the de-
fault behaviour of configurators such as SMAC or irace. This baseline is
well-suited for parameters whose effect reflects an additive scale. For a mul-
tiplicative scale, we may apply a logarithmic transformation of the parame-
ter:

Log(x) ≜ f (x ∈ [log a, log b]) 7→ 10x ∈ [a, b], (B.2)
that is, we sample the logarithm of the parameter under consideration. For
ease of representation, we consider base-10 exponentials and logarithms.
(Note that this is also the transformation that is natively provided by SMAC.)
As for a = 0, log a is not possible, we use as lower bound the precision δ
that we use when we sample real-valued parameters. For example, if δ = 4
and the parameter range is [0, 1], our sampling interval will be [−4, 0].

The effect of a Log(x) transformation is a modification of the probabil-
ity of sampling specific parameter ranges, favoring the lower part of the in-
terval. For example, assuming uniform distributions, in a logarithmic range
[0, 4], corresponding to a final parameter value range of [1, 10 000], there is
a probability of 0.25 of sampling a value between zero and one (three and
four), which actually corresponds to a transformed parameter between one
and ten (1 000 and 10 000) once rescaled, an interval whose probability of
being hit in a non-transformed scale is 0.001 (0.9).

In case we are interested in exploiting the upper subrange of the interval,
we define the reflection in the parameter range of the logarithmic transfor-
mation:

RLog(x) ≜ f (x ∈ [log a, log b]) 7→ b− 10x + a ∈ [a, b]. (B.3)

This transformation is useful in the dual case of Log(x): consider a pa-
rameter that represents a probability that we want to take values very close
to 1, with a precision of four decimal digits, resulting in a sampling inter-
val [−4, 0]. As an example, with probability 0.25, we could sample a value
between −4 and −3, which maps to the range [0.9991, 1] after the trans-
formation.1

1Note that SMAC offers the possibility of a Log(x) transformation but not that of
RLog(x).
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Milder transformations are also possible, for example the power function
with exponent greater than 1, that in an interval [0, 1] magnifies the area
close to 0. Here, we consider a quadratic transformation

S(x) ≜ f (x ∈ [a, b]) 7→
(

x− a
b− a

)2

· (b− a) + a ∈ [a, b], (B.4)

exploring the lower subrange; by reflecting it in the parameter range we ob-
tain

RS(x) ≜ f (x ∈ [a, b]) 7→ b−
(

x− a
b− a

)2

· (b− a) ∈ [a, b] (B.5)

that explores the upper subrange.
Also powers with exponent between 0 and 1 can be useful to exploit the

upper part of the interval; we consider the square root of the normalized
sampled value

Sqrt(x) ≜ f (x ∈ [a, b]) 7→
(

x− a
b− a

)1/2

· (b− a) + a ∈ [a, b]. (B.6)

B.3 Empirical assessment of the transformations
We benchmarked the six transformations of Section B.2 to observe their
impact in different scenarios. All the experiments reported in this chap-
ter have been conducted on an Intel Xeon E5-2680 CPU with 2.4GB of
RAM available for each experiment and running under Linux Rocks 6.2.
The tuning was done with irace version 2.4 [148]. Each tuning was run 30
times, resulting in 30 tuned parameter values. We then computed the aver-
age percentage deviation (APD) obtained for each tuned value on the test
instances.

In this section we show two artificial examples that employ different
variants of Simulated Annealing (SA). SA is a popular metaheuristic, which
moves through solutions accepting them using a probabilistic acceptance cri-
terion. In the original formulation, SA uses the Metropolis criterion [198],
which accepts a solution in a minimization problem with a probability given
by

p =

{
1, if ∆ ≤ 0
exp(−(∆/Tk)), otherwise

(B.7)

where ∆ is the difference between the cost of the new and the current solu-
tion and Tk is the temperature parameter after k cooling steps, that is, after
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FIGURE B.1: Evolution of the temperature for different values of α, mea-
sured over 10 cooling steps (left plot) and 10 000 cooling steps (right plot,
in logarithmic scale). On the right side is indicated the acceptance proba-
bility of a solution whose objective function value is worse than the optimal
one by ∆ = 10 000.

k reductions of the temperature value. A solution is always accepted if it is
better than or equal to the current incumbent solution; if it is worse, it is
accepted with a probability that depends both on the relative difference in
terms of objective function values between the two solutions and on the stage
of the execution. The temperature parameter is usually decreased during the
search following a so-called cooling scheme; the number of solutions eval-
uated at a same temperature value Tk is called temperature or epoch length.
The effect of the temperature parameter is to gradually transition from an
initial exploratory search phase, in which more uphill moves are accepted,
to a final exploitative search phase, in which almost only improving moves
are accepted.

We evaluate the transformations applying the SA algorithms to the
Quadratic Assignment Problem (QAP) [253]. We use instances of size 100
facilities and locations, generated uniformly at random [372]; 25 instances
are used for the tuning, and 25 for testing of the tuned parameter settings.
For both tuning and testing we stop the algorithm after two seconds of CPU
time. The tuning is done using three different budgets, namely 125, 500 and
2 000 experiments per tuning. The convergence of the parameter to the best
value under the different transformations is reported in the supplementary
material.

B.3.1 Geometric cooling in simulated annealing

We consider a SA with a geometric cooling as

Tk = α× Tk−1, (B.8)
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where α ∈ [0, 1] controls the decrease of the temperature value. Low values
of α enforce a very quick decrease in the temperature, as shown in Figure B.1;
for example, for values of α equal to 0.1 or 0.5 the acceptance probability be-
comes negligible already after a few cooling steps, making the acceptance of
worsening solutions very unlikely. As α gets closer to 1, many more cooling
steps are needed to decrease the acceptance probability of worsening moves.
Traditionally, in the SA literature α is chosen close to 1, to ensure that the
algorithm does not converge too quickly.

We consider two cases, one in which the best value of α is close to 1,
and one in which the best value is close to 0; such settings are obtained
by fixing the temperature length either as very small or very large. These
values are manually chosen to be 1 and 500 times the size of the neighbour-
hood, respectively; they guarantee to observe, in our scenario and compu-
tational environment, optimal values for α close to 1 and to 0, respectively.
For small values of the temperature length the search shows an exploitative
behaviour, updating the temperature very frequently and rejecting non im-
proving moves more often; thus, the preferred values of α are close to 1,
to reduce the decreasing rate of the temperature and maintain exploration.
As the temperature length increases, the temperature gets updated less fre-
quently, and the search loses exploitative potential; to compensate, the values
of α tend to decrease to favour convergence. The other parameters are kept
fixed: the initial temperature is given by the maximum gap between consec-
utive solutions observed during an initial random walk of 10 000 steps in the
search space.

B.3.1.1 Short temperature length

The APD in dependence of the values for α obtained with a small tempera-
ture length is shown in Figure B.2 for the whole parameter range (left plot)
and for the best-performing value (right plot). There is a slow but clear im-
provement as α grows, until α = 0.993; for α = 0.994 the results are already
very bad, as shown by the spike in the plots for values close to α = 1. This is
an extreme condition, where a tiny variation can make a huge difference but
also a good benchmark as the very best parameter values stem from a rather
narrow range.

In Figure B.3, we show the results obtained by each transformation with
a budget of 125, 500 and 2 000 experiments per tuning. It is quite evident
how the normal sampling is outperformed by the transformations aimed to
exploit the region of the range close to 1, which are RLog(x)and RS(x).
The transformations Log(x) and S(x) obtain worse results, as they tend to
exploit the wrong range of values. Analyzing more in detail the behaviour
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FIGURE B.2: APD in dependence of the value of parameter α for small tem-
perature length; the left plot gives the full parameter range and the right plot
the subinterval with the best-performing values.
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FIGURE B.3: APD (given on y-axis) obtained by the different transforma-
tions for a small temperature length. The three plots show the results ob-
tained with a budget of 125, 500 and 2 000 experiments, respectively.

of the transformations aimed to exploit the upper subrange of parameter
values, RLog(x) converges very quickly to the best values, while RS(x)
and Sqrt(x) exhibit a slower convergence. The remaining transformations
are able to converge to a narrow, though suboptimal, subrange of values, but
only for the high budget case.

B.3.1.2 High temperature length

In Figure B.4, we show the APD values for a high temperature length in de-
pendence of the parameter α over the full (left plot) and the best-performing
(right plot) subrange. In this case, we have a smoother and relatively wider
“good area” of parameter values than in the case of a short temperature
length, roughly centered between α = 0.025 and α = 0.035.

Figure B.5 shows the obtained results. As expected, the situation is re-
versed with respect to the previous situation. In this case, the Log(x) and
S(x) transformations exhibit a slightly quicker convergence to the best val-
ues than the identity transformation, while the remaining transformations

187



B. EFFECT OF TRANSFORMATIONS OF NUMERICAL PARAMETERS IN AUTOMATIC
ALGORITHM CONFIGURATION

0 0.2 0.4 0.6 0.8 1

0

3

6

9

12

15

α

A
v
e

ra
g

e
 P

e
rc

e
n

ta
g

e
 D

e
v
ia

ti
o

n

0 0.01 0.02 0.03 0.04 0.05

1

2

3

4

5

α

A
v
e

ra
g

e
 P

e
rc

e
n

ta
g

e
 D

e
v
ia

ti
o

n

FIGURE B.4: APD in dependence of the value of parameter α for high tem-
perature length; the left plot gives the full parameter range and the right plot
the subinterval with the best-performing values.
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FIGURE B.5: APD (given on y-axis) obtained by the different transforma-
tions for a high temperature length. The three plots show the results ob-
tained, respectively, with a budget of 125, 500 and 2 000 experiments.

Sqrt(x), RS(x) and RLog(x) obtain much worse results. These latter
ones require a large number of experiments (here 2 000) to converge to good
values. A more detailed examination shows thatLog(x) and S(x) converge
slightly faster than I(x) to the best values; however, here the differences are
not very marked, as the range of very good values appears to be somewhat
larger as for the case with low temperature length and the variability between
similar values larger.

B.3.2 Simulated annealing with a fixed temperature

In this example, we study a fixed temperature variant of the original SA
formulation [207, 208], where the temperature is held constant during the
whole runtime. The cooling scheme is therefore replaced by the formula

Tk+1 = Tk = T0 ∀ k, (B.9)

where T0 is the initial temperature. The acceptance probability of a worsen-
ingmove depends therefore only on ∆. Hence, the only numerical parameter
to be considered is T0.
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FIGURE B.7: APD values obtained by the different transformations. The
three plots show the results obtained with a budget of 125, 500 and 2000
experiments, respectively.

We allow the temperature T0 to take any integer value in the area
[1, 10 000 000], which translates in an interval [0, 7] for the logarithmic
transformations Log(x) and RLog(x). In our instance set, the values that
give the best results lie in a very narrow range close to the lower part of the
interval, as shown in the plots of Figure B.6. In this context, we expect the
logarithmic transformation Log(x), and the quadratic one S(x), to outper-
form their counterparts, especially in the low budget case.

The results of the five transformations are shown in Figure B.7, giving
the results for the 30 tunings for each of the budgets of 125, 500 and 2000
experiments. As expected, the logarithmic transformation outperforms all
the other ones, with very good results already with the smallest budget, fol-
lowed by the quadratic transformation. The identity transformation is only
able to catch up for the largest available interval.
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B.3.3 Discussion

In Sections B.3.1.2 and B.3.2, we have shown two experiments in which
the optimal parameter values lie in the lower part of the allowed range.
In this case, the transformations that are designed to exploit that specific
area, namely the logarithmic transformation Log(x) and the square trans-
formation S(x), also show a faster convergence towards good values with
respect to the identity transformation. Analogously, in Section B.3.1.1 we
see how their bounded reflections, namely the transformations RLog(x)
and RS(x), outperform the identity transformation. The differences in
convergence speed are more marked in the case of a large range of possible
parameter values, as shown in Section B.3.2, where the identity transforma-
tion needs eight times the budget needed by the logarithmic transformation
to reach comparable results, even if only a single parameter is tuned.

However, a wrong transformation is detrimental for the tuning pro-
cess. This is illustrated by the example in Section B.3.1.2. Traditionally,
the cooling coefficient α of the geometric cooling in Simulated Anneal-
ing is set to values close to 1, but in the example of Section B.3.1.2 the
best-performing values are actually close to zero. While this experiment
is somewhat artificial, it is more important to note that in absolute terms,
well-tuned parameter settings from the example in Section B.3.1.2 per-
form better than well-tuned parameter settings from the example in Sec-
tion B.3.1.1. In fact, the solutions obtained are on average 1.55% and
1.59% from the best known solutions, respectively; while small, a pair-
wise Wilcoxon test shows that this difference is actually statistically sig-
nificant. In a sense, while the definition and application of transforma-
tions is often intuitive if the parameter landscape is known, our results show
that inaccurate assumptions may lead to wrong choices of transformations,
and be harmful to the quality of the final results. Note that this does not
only happen in case of artificial examples. In the supplementary material at
http://iridia.ulb.ac.be/supp/IridiaSupp2017-011 we also include some exper-
iments with the SMAC configurator version 2.10 [138] applied to configure
various scenarios that include 26 to 323 parameters of which for several nu-
merical parameters a logarithmic transformation was manually chosen based
on a priori information. However, our experimental results indicate that this
manual choice of the transformation actually does not results in improved
performance of SMAC, confirming that manually picking the transforma-
tions does not necessarily improve performance.

Hence, it is desirable to unburden the user of the choice of the right
transformation to apply. In the context of Bayesian optimization (or, say,
surrogate-assisted optimization), Snoek et al. proposed an automatic mech-
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anism to adapt a parameter transformation [373], applying a Beta transfor-
mation BETA(x; α, β) to a numerical parameter x, where α and β are the
control parameters that define the shape of the transformation. The control
parameters α and β are in turn adapted using the same Bayesian optimiza-
tion approach that is used also for parameter tuning. Interestingly, in [373]
the authors also report observations about surprising choices of the right
transformation to apply, which may contrast with intuition and established
practices. As irace is not a method that works within a Bayesian optimiza-
tion scheme, in the next section we propose a simple, heuristic scheme that
is suitable for use in irace.

B.4 Heuristic transformation in irace

The irace package iteratively samples configurations that then undergo a rac-
ing process to identify the best performing candidates. We propose amethod
to automatically adapt the proper transformation when sampling numer-
ical parameters in irace. Here, we consider only Log(x) and RLog(x)
transformations alongside I(x), as they have dominated the corresponding
polynomial transformations. Our idea is to sample each numerical param-
eter in the first iteration according to a uniform random sampling as done
by default in irace. After the results of the first iteration are available we
simulate a sampling according to the three possibilities for the following
races. The simulated sampling of numerical parameters is done as follows.
First, for each parameter value appearing in the configurations an estimate
of the mean performance is computed as the average deviation from the
best result across the already seen instances. These estimates are saved in an
array, which is sorted according to the parameter values. Next, three sub-
sets of results are extracted from this array by choosing positions that (i)
simulate the generation of values close to the lower part of the parameter
range (as it would happen when using Log(x)), (ii) simulate the genera-
tion of values close to the upper part of the parameter range (as it would
happen when using RLog(x)), and (iii) simulate a sampling according to
an identity transformation (that is, no transformation). If the mean of the
first subset is significantly better than the others, Log(x) is applied; if the
mean of the second subset is significantly better than the others, RLog(x)
is used. Otherwise, no transformation is applied. This process is repeated
for every new candidate configuration, that is, the same parameter may be
subject to different transformations for different configurations.

This method is quite simple but effective, as we show in the next exam-
ples. In Figure B.8 we show the results obtained by this automatic trans-
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FIGURE B.8: Comparison of the convergence observed for the automatic
transformation selection described in Section B.4 for, left to right, experi-
ments from Sections B.3.1.1, B.3.1.2 and B.3.2, respectively. We compare
the results in terms of average percentage deviation from the best known
solutions (given on y-axis) for I(x), the automatic selection, and the “right”
transformation using a budget of 125 and 500 evaluations (for the adaptive
variant an additional budget of 250 evaluations is considered).

formation selection on the scenarios we considered in the experiments of
Sections B.3.1.1, B.3.1.2 and B.3.2, respectively. For each benchmark we
compare the automatically chosen transformation for a budget of 125, 250
and 500 experiments per tuning (the three central boxplots) with I(x) with
a budget of 125 and 500 (leftmost boxplots) and the best transformations (
RLog(x), Log(x) and Log(x), respectively) for each of these cases with a
budget of 125 and 500 (rightmost boxplots). In all cases, the automatic se-
lection scheme improves clearly over I(x) when considering the same bud-
get. The automatic scheme also catches up with the a priori chosen best
possible transformation at a budget of 125, though still lagging behind the
results obtained with the “right” transformation at a budget of 500. While
in low budget scenarios we cannot expect results as good as applying the
right transformation from the beginning, the loss in terms of performance
is limited.

In the following experiments we compare the automatic selection only
with I(x), that is, the original sampling scheme in irace. The results for
both of them are reportd in Figure B.9. In the first one (left plot) we show
the results obtained when using a linear cooling scheme for an SA algo-
rithm for budgets of 125, 250 and 500 experiments per tuning. As in the
previous experiments, only the cooling scheme coefficient is tuned, chosen
in the range [0, 100000]; the temperature length is one times the size of the
neighbourhood. While I(x) with the given budget cannot make significant
improvements, the automatic scheme obtains better results already with the
lowest budget, and continues improving as more experiments are allowed.
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FIGURE B.9: Comparison of the convergence observed for the automatic
transformation selection for a linear cooling scheme (left plot) and tuning an
SA algorithm with four parameters (right plot). We compare the results in
terms of average percentage deviation from the best known solutions APD
(given on y-axis) of the automatic scheme with those of I(x).

In the second experiment (right plot) we show a more realistic scenario, tun-
ing the SA algorithm for the QAP proposed in [215], with budgets of 500
and 2000 experiments. This SA algorithm has four numerical parameters:
the α coefficient for the geometric cooling scheme in the range [0, 1]; the
temperature length coefficient in the range [1, 100] (proportional to the size
of the neighbourhood); the initial value for the temperature is chosen as a
the the solution cost of a randomly generated solution rescaled by a value in
the range [0, 10]; the temperature resets to its initial value when it reaches
a certain minimum value, chosen in the range [1, 10000]. In this case, the
improvement is not as strong as in the other examples reported, because of
the combined effect of different parameters. Nonetheless, for both budgets
SA algorithm tuned using the automatic transformation selection obtains
better performance than the default irace.

In general, tuning an algorithm with several parameters is a complex
task, with possibly surprising outcomes and also an expert may be misled
by wrong assumptions and intuitions, with possibly detrimental effects on
the search. Our proposed automatic selection scheme for parameter trans-
formations relieves the user from the possibly very detrimental effect of a
wrong choice. Additionally, as shown in the example above, it helps in the
cases where a transformation is useful to speed-up convergence to good pa-
rameter values when compared to not using any transformation. Contrarily
to [373], our scheme does not require to specify a prior, as it makes its deci-
sions solely based on the data observed in the already executed experiments.
In summary, our automatic selection scheme is not meant to replace expert
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knowledge, or to prevent users from making decisions, but rather to provide
an optional, robust data-driven support when said decisions are difficult to
make.

B.5 Conclusions
Parameter space transformations have been considered before, but their im-
pact on automatic configuration techniques has not been studied explicitly
in the optimization community, unlike in other research communities such
as medicine [374, 375] or machine learning [373]. The results reported in
this chapter illustrate the usefulness of knowledge about the parameter space
in practice. Tuning a single parameter is a seemingly trivial task, but choos-
ing the right transformation can make this task even less computationally
expensive. This is highly desirable, as the hardness of the tuning task grows
strongly with the number of parameters. However, a wrong transformation
is detrimental for the tuning process, as we have also illustrated with several
examples in this chapter. In a sense, while the definition and application
of transformations is often intuitive if the parameter landscape is known,
our results show that inaccurate assumptions may lead to wrong choices of
transformations, and be harmful for the quality of the final results. Hence,
our recommendation would be to apply transformations of the parameter
domain only if a careful deliberation indicates that such transformation may
be useful as the best parameter values are expected to be at the boundary
of a parameter domain. As an alternative one may apply adaptive schemes
that choose appropriate transformations during the run of a configuration
algorithm. Such approaches have previously been proposed in the context
of Bayesian optimization [373]. In this chapter, we have proposed another,
heuristic strategy to choose an appropriate transformation at run-time. We
have shown that on various of the configuration scenarios we have considered
in this chapter, the proposed strategy is useful and improves performance
when compared to not applying any transformation at all.
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