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3D Formation Control of a Robot Swarm:
Autonomous Underwater Vehicles under Switching

Topologies and Variable Decentralization
Yuwei Zhang, Shaoping Wang, Mary Katherine Heinrich, Xingjian Wang, and Marco Dorigo

Abstract—This paper addresses three-dimensional formation
control for underactuated autonomous underwater vehicles, sub-
ject to switching topologies, variable decentralization, and system
constraints. In a distributed leader-follower model, we develop a
double-layer distributed formation protocol that does not require
access to global information, centralized communication topology,
or velocity sensing. Specifically, we propose a novel distributed
observer in the upper-layer, enabling followers to estimate the
full information of a leader under switching topologies. In the
lower-layer, we design a compound formation control strategy
to achieve geometric convergence. Firstly, cascaded extended
state observers recover the unmeasurable velocities and unknown
dynamic uncertainties induced by internal model uncertainty and
external disturbance. Secondly, an improved three-dimensional
line-of-sight guidance law at the kinematic level addresses the
underactuated configuration, as well as the nonzero attack and
sideslip angles. Thirdly, to overcome potential instability as a
result of system constraints including velocity constraints and
input saturations, two adaptive compensators in the dynamic
controller address the negative effects of truncation. We prove
that estimation errors and formation tracking errors are uni-
formly and ultimately bounded. The simulation results verify
the performance of our approach, and show improvements over
both distributed and centralized state-of-the-art approaches.

Index Terms—Formation control, swarm robotics, autonomous
underwater vehicles, self-organization, flocking, distributed ob-
server, switching topologies, system constraints.

I. INTRODUCTION

In this paper we study the three-dimensional formation
control of a self-organized robot swarm that can vary its degree
of decentralization on demand. In self-organized control of
robot swarms, both opinion dynamics and physical coordi-
nation have been widely studied. Consensus achievement in
swarm robotics has, for instance, been often studied in flocking
problems and in opinion formation in collective decision-
making (e.g., [1], [2]). Formation control, by contrast, is more
intensively studied in control theory [3], [4]—a distinction
noted in the swarm robotics review of best-of-n problems
by [5]. In swarm robotics, physical coordination is often
studied in slow-moving ground robots (e.g., [6]), such that
development of dynamic models might not be a primary focus.

Y. Zhang, S.Wang and X. Wang are with the School of Automation
Science and Electrical Engineering, Beihang University, Beijing 100191,
China. e-mail: zhangyuwei@buaa.edu.cn; shaopingwang@vip.sina.com;
wangxj@buaa.edu.cn

Y. Zhang, M. K. Heinrich and M. Dorigo are with the Institut de Recherches
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However, as swarms of unmanned aerial vehicles (UAVs) and
autonomous underwater vehicles (AUVs) are further studied,
dynamic models may become more important. Certain studies
have targeted gaps between swarm robotics and control theory
approaches. For instance, [7] identified a tradeoff between
dynamics and communication range in an UAV swarm in
practice, although a dynamic model for formation control was
not proposed. The formation control method we propose here
includes both a kinematic and dynamic model, as is typical
of control theory approaches, while incorporating the typical
hardware minimalism of swarm robotics (cf. [5]), in that we
assume an AUV cannot directly sense velocity. We use a
leader-follower approach, but assume the follower robots do
not have direct access to information known by the leader
robot, in alignment with swarm robotics (cf. [8]). The follow-
ers collaborate to self-organize their geometric formation and
follow their leader, without access to global information.

Swarm robotics research has demonstrated that a large robot
swarm can be controlled without any centralized coordinating
entity (e.g., [9]). However, limitations such as development
overhead, and the complexity of managing swarm behavior
as a whole when programming individual robots, have largely
prevented these control approaches from moving to applica-
tions. We therefore target the hybridization of centralized and
decentralized control, in an attempt to address the limitations
of each (cf. the approach of ‘mergeable nervous systems’ [10]).
We are not aware of any physical coordination models in
swarm robotics that are general enough to flexibly switch
between centralized and decentralized control. Likewise in
control theory, existing formation control methods are based
on either global or local positional information—we are not
aware of existing methods that can exploit both global and
relative positioning. This limitation is relevant to AUVs, as
underwater multi-robot navigation may be improved by the
utilization of both. When AUVs are near to the surface, they
can make use of global positioning (cf., [11]). Positioning
signals, however, propagate only short distances underwater,
making local information (e.g., from acoustic-based sensors)
more suitable [12]. AUV swarms may benefit from switch-
ing their positioning approaches on demand, for instance by
generally relying on local signals but rising to the surface
periodically to correct errors via global signals.

Existing formation control methods often focus on two-
dimensional (2D) models [13]–[18], which have limitations for
UAVs and AUVs. A few studies have begun to address three-
dimensional (3D) models (e.g., [19]–[22]). However, some of
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these approaches extend 2D models and exclude 3D dynamics
properties that would be important in a deployed AUV swarm.
For example, AUVs in 3D space suffer a nonzero sideslip
angle and attack angle, due to environmental disturbances
such as waves and ocean currents [23]. To address this 3D
dynamics challenge, our proposed method includes a novel
formation tracking error model with nonlinearities induced by
nonzero sideslip angle and attack angle, and a five degrees of
freedom (DOF) dynamic model with dynamic uncertainties.
In addition, most current formation control methods rely on
velocity feedback [13]–[22], and some do not consider the
system constraints of bounded velocities and saturated control
inputs [24]. To achieve velocity-free formation control under
switching topologies and constraints, we use the existing
concept of an extended state observer to estimate velocity
indirectly rather than sensing it directly, and thus to recover
unknown disturbances. The output of this extended state ob-
server is used in our dynamic controller, which novelly solves
both the velocity constraints and control input constraints. In
short, the novel contribution of our method is the velocity-free
3D formation control of an underactuated AUV swarm under
switching communication topologies and under constraints.
Our distributed formation control approach allows flexible
usage of either global or relative positioning strategies, and
does not require any global information, velocity sensing, or
centralized or static communication topologies.

A. Related Work

Approaches to the formation control problem are numerous,
including consensus-based [25], virtual structure [26], graph-
based [27], and leader-follower [13] approaches. In the case of
marine vehicles, leader-follower strategies have been widely
studied because of their simplicity and scalability. One key
limitation of existing approaches for AUVs (e.g., [14], [16])
is the reliance on measurable velocities for each vehicle. In
practice, accurate velocity measurement of underwater vehi-
cles is unlikely to be reliable, due to sensor noise, sensor drift,
and unknown environmental disturbances [28]. It is therefore a
relevant contribution to develop velocity-free formation control
of AUVs based on output information [29]. Velocity-free
formation control has rarely been studied, especially in 3D
space. In a leader-follower approach, information exchange
is fundamental for multi-robot coordination, such that the
leader’s information is communicated to all followers. Existing
approaches such as [13], [15]–[17], [20], [21] assume that all
followers can receive unrestricted information directly from
the leader. Although fewer communication links are required
in this topology than would be in a decentralized approach,
the communication load of the leader becomes unmanageable
as group size grows, and the leader is a single point of failure
in the system. The limited propagation speed and bandwidth
of acoustic communication, which is likely to be used with
AUVs [12], also restricts possible direct communication with
the leader to only a subset of followers. The challenge for
formation control of an AUV swarm is therefore to design
a protocol that utilizes information about neighboring robots,
rather than global information. Distributed observers have been

proposed for mobile robots in [30], [31], where the states of
the leader can be estimated by each follower through local
communication and local measurement. A distributed adaptive
observer for AUVs was developed by [14], when under a
fixed communication topology. However, due to the limited
communication range and unavoidable link failures present in
an underwater environment, the communication topology will
switch dynamically in practice. It is therefore a significant
contribution to develop a distributed observer under switching
topologies.

System constraints are also a relevant research topic in the
motion control of AUVs. Velocities of vehicles are naturally
bounded, and control inputs are subject to constraints due
to actuator saturations. Violating the constraints may result
in degraded control performance, and even destabilize the
closed-loop system [18], [32]. Although input saturations have
recently been investigated for motion control of AUVs—
including for path following control [28], trajectory track-
ing control [33] and formation control [19], [20]—these ap-
proaches exclude velocity constraints. In [24], [34], reference
governors were employed to optimize the command signals
within system constraints, such that velocity and input con-
straints are both satisfied simultaneously. The approach of [34]
is however only applicable in a 2D vertical plane, and the
AUV model in [24] is assumed to be fully actuated. Motion
control of robots with underactuated architecture is typically
more challenging than that with a fully-actuated structure, such
that the approach of [24] cannot be applied in our scenario.
In general, the constrained motion control of underactuated
AUVs in 3D space is a currently unsolved challenge.

B. Paper organization

The paper is organized as follows. First, section II re-
views relevant aspects of graph theory and also formulates
the problem, including the kinematic and dynamic models
of the underactuated AUV, and the dynamics of formation
tracking errors. Notation details are given in Appendix A.
Then, we present our novel method in two parts: the design and
analysis of the distributed observer (Sec. III), and velocity-free
formation control (Sec. IV). Finally, we analyze the closed-
loop system stability under our method (Sec. V), present the
simulated experiment results comparing the performance of
our method to existing methods from the literature (Sec. VI),
and conclude.

II. PRELIMINARIES AND PROBLEM FORMULATION

A. Graph theory

In leader-follower formation control, the interactions among
N followers can be modeled by graph G = (V, E ,A),
in which V = {1, . . . , N} is a finite set of nodes, E =
{(i, j) : i, j ∈ V, i 6= j} is a set of edges, and A = [aij ] ∈
RN×N is an adjacency matrix with nonnegative weights.
Assume that graph G is undirected. If (i, j) ∈ E , then
the bidirectional exchange of information between follower
i and follower j corresponds to weight aij = 1. By con-
trast, if (i, j) /∈ E , then aij = 0. Note that aii = 0,
∀i ∈ V . The neighbor set of follower i is defined as
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Fig. 1. Frame definitions of the formation control problem.

Ni = {j ∈ V, (i, j) ∈ E}. The Laplacian matrix L = [lij ]
associated with graph G is defined as follows: lij = −aij
if i 6= j, and lij =

∑N
j=1,j 6=i aij if i = j. Communication

links between the leader and followers can be characterized
by adjacency matrix B = diag {b1, . . . , bN}, where bi = 1 if
follower i connects to the leader. Let the leader be represented
by node 0, and derive the augmented graph Ḡ, consisting of
node 0 and the edges between leader and followers. Denote
matrix H = L + B, which is a symmetric positive definite
matrix if the connected leader in Ḡ belongs to the neighbor
set of at least one follower [31].

The communication links of the AUVs are assumed to be
dynamically switching in practice, due to unreliable acoustic
communication and constrained communication range. Denote
all possible graphs of multiple AUVs as S =

{
Ḡq : q ∈ Q

}
,

where Q is an index set of S. Consider an infinite sequence of
non-overlapping bounded time intervals [tp, tp+1) with p =
0, 1, 2, . . . and t0 = 0. Assume that there exists a constant
number τ > 0 called dwell time, such that tp+1 − tp > τ
for all time intervals. Denote σ (t) : [0, +∞) → Q as the
switching signal. The undirected graph Ḡ and matrix H at σ (t)
are therefore noted respectively as Ḡσ(t) and matrix Hσ(t).

B. Model of underactuated AUV
For formation control of AUVs, kinematics in 3D space

is typically described by a 6-DOF model in the directions
of surge, sway, heave, roll, pitch, and yaw. Torpedo-shaped
AUVs, which are widely used in practice, are typically pas-
sively stabilized in the roll direction, and in AUV models it is
commonly assumed that the roll angle and rate are zero [21],
[35]. We therefore exclude roll motion in the AUV model.

Allow the subscript i to represent the variables associated
with the ith follower, for the remainder of this paper. To
describe the AUV’s motion, we employ three reference frames
(see Fig. 1): inertial frame {I}, body-fixed frame {Bi} and
resultant velocity frame {Wi}. For i = 1, . . . , N , assume
the origin Mi of {Bi} coincides with the center of gravity
of the AUV. We use the 5-DOF kinematic model described
in [36] for the ith AUV, according to supporting Eq. (35)
in Appendix B, where xi, yi, zi are the coordinates of Mi in
frame {I}, and θi and ψi denote respectively the pitch and
yaw angles. The surge, sway, heave, pitch and yaw velocities
are denoted respectively by ui, vi, wi, qi, and ri, expressed
in frame {Bi}.

We simplify the dynamic model of [37], based on [38], as




u̇i = Fui +
τui
m11

+ dui =
τui
m11

+Dui

v̇i = Fvi + dvi = Dvi

ẇi = Fwi + dwi = Dvi

q̇i = Fqi +
τqi
m55

+ dqi =
τqi
m55

+Dqi

ṙi = Fri +
τri
m66

+ dri =
τri
m66

+Dri

, (1)

where m(·) are inertia coefficients, τui, τqi and τri represent
control inputs generated by the propeller and rudders, and
d(·)i represent the dynamic uncertainties induced by parameter
perturbation and external disturbances. F(·)i are velocity-
dependent nonlinear functions given in Eq. (1) in Appendix B.
As we assume that velocity cannot be directly measured, F(·)i
and d(·)i are treated as lumped uncertainties D(·)i.

The velocities of vehicles in practice are bounded as ρmin ≤
ρi ≤ ρmax (ρ = u, v, w, q, r), where ρmin and ρmax are
known lower and upper bounds. Due to the physical limitations
of the propeller and rudders, the control inputs are subject to
saturations, such that τmin

ρ ≤ τρi ≤ τmax
ρ (ρ = u, q, r), where

τmin
ρ and τmax

ρ are the saturation limits.

C. Formation tracking error dynamics

In a leader-follower approach, the formation tracking error
dynamics relative to the leader vehicle need to be derived. In
this paper, a group of AUVs Mi is required to achieve a desired
formation with respect to the leader M0. Note that the motion
control of the leader is not considered in this paper, and we
assume it is moving on an externally defined trajectory. The
Serret-Frenet frame corresponding to M0 is built as {F}, the
x-axis of which coincides with the resultant speed direction
of M0. Denote the position of M0 in {I} frame as p0 (t) =
[x0 (t) , y0 (t) , z0 (t)]

T . The formation tracking error built in
frame {F} is then described as

epi = [exi, eyi, ezi]
T

= RFI (χ0, υ0) (pi − p0 − di) , (2)

where pi = [xi, yi, zi]
T is the inertial position vector of Mi

in 3D space, and di = [dxi, dyi, dzi]
T is the desired relative

position between Mi and M0. The rotation angles of RFI are
defined according to [35], as





χ0 = atan2 (ẏ0 (t) , ẋ0 (t))

υ0 = arctan

(
−ż0 (t)√

ẋ2
0 (t) + ẏ2

0 (t)

)
, (3)

recalling ṘFI = SFI R
F
I , where

SFI =




0 χ̇0 cos υ0 −υ̇0

−χ̇0 cos υ0 0 −χ̇0 sin υ0

υ̇0 χ̇0 sin υ0 0


 . (4)

Differentiating Eq. (2) with respect to time yields

ėpi = ṘFI (pi − po − di) +RFI (ṗi − ṗo)
= SFI epi +RFI ṗi − ν0,

(5)

where ν0 = [U0, 0, 0]
T is the resultant velocity vector of M0,

and where U0 =
√
ẋ2

0 + ẏ2
0 + ż2

0 .
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Fig. 2. Proposed double-layer formation protocol for 3D velocity-free formation control of AUVs.

According to kinematic model Eq. (35) in Appendix B, it
can be deduced that

ṗi = RIBi (ψi, θi) νBi = RIBi (ψi, θi)
(
RWi

Bi
(−βi, αi)

)T
νWi

,

(6)
where νBi = [ui, vi, wi]

T is the velocity vector of Mi in
frame {Bi}, and νWi

= [Ui, 0, 0]
T is the resultant velocity

vector of Mi in frame {Wi} where Ui =
√
u2
i + v2

i + w2
i .

The attack and sideslip angle are denoted respectively as αi
and βi. Introducing Eq. (6) in Eq. (5) yields

ėpi = SFI epi +RFI R
I
BiνBi − ν0

= SFI epi +RFBi (ψei, θei) νWi
− ν0 + fpi,

(7)

where ψei and θei are rotation angles, fpi = [fxi, fyi, fzi]
T

=
RFI R

I
Bi

(νBi − νWi
) is the nonlinearity induced by the

nonzero sideslip and attack angles. Eq. (7) can then be
expanded as




ėxi = eyiχ̇0 cos υ0 − eziυ̇0 + Ui cosψei cos θei − U0 + fxi

ėyi = −exiχ̇0 cos υ0 − eziχ̇0 sin υ0 + Ui sinψei cos θei + fyi

ėzi = exiυ̇0 + eyiχ̇0 sin υ0 − Ui sin θei + fzi

.

(8)
Remark 1: If the sideslip and attack angles are zero or

almost zero, it can be deduced that fpi ≈ 0. However, AUVs
are inevitably exposed to environmental disturbances induced
by waves and ocean currents and this will result in nonzero
and time-varying sideslip and attack angles [23].

D. Problem formulation

Our formation control objective is that, when following a
leader moving on a smooth trajectory, a group of underactuated
AUVs is able to form a desired 3D geometric pattern, regard-
less of unmeasurable velocities, system constraints, switching
topologies, variable decentralization, and dynamic uncertain-
ties. We propose that this general objective can be achieved via
two specific sub-objectives. The first is a distributed estimation
objective. Under switching topologies, the information of the

leader should be accurately estimated by followers based on
local communication and local measurements, such that

lim
t→∞

‖η̂i0 (t)− η0 (t)‖ = 0, (9)

where η0 is the later-defined information of the leader, and η̂i0
represents the estimation of η0 by the ith follower. The second
is a geometric objective. Under lumped uncertainties, velocity
constraints, and control input constraints, the AUVs should
form a desired formation prescribed by di, which represents
the position of the ith AUV relative to the leader, such that

lim
t→∞

‖epi (t)‖ < ε1, (10)

where ε1 is a small positive constant.
In consideration of physical constraints during formation

tracking, two practical assumptions are made.
Assumption 1: For lumped uncertainties in Eq. (1), there

exists a positive constant D̄, such that
∣∣D(·)i

∣∣ ≤ D̄ and∣∣∣Ḋ(·)i
∣∣∣ ≤ D̄.

Assumption 2: For each possible undirected graph Ḡσ(t), its
subgraph Gσ(t) is connected and its leader connects to at least
one follower (i.e., matrix Hσ(t) is always symmetric positive
definite).

Remark 2: Assumption 1 can be made because the pertur-
bation of parameters and external disturbances are unknown,
but limited from the perspective of energy. This assumption
is common in motion control of AUVs (cf. [18], [31], [33],
[35]).

Remark 3: Assumption 2 ensures convergence of followers’
knowledge of the leader’s information. This assumption is a
standard communication requirement for multi-agent systems
(cf. similar assumptions in [39], [40]).

To solve the 3D formation control problem outlined here,
we propose a double-layer formation protocol (see Fig. 2). The
upper-layer (Sec. III) is a novel distributed observer developed
to achieve our distributed estimation objective under switching
topologies. The lower-layer (see Sec. IV) comprises a novel
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compound velocity-free formation tracking control strategy,
developed to achieve our geometric objective.

III. DISTRIBUTED OBSERVER DESIGN

Our novel distributed observer addresses requirements for
distributed estimation, in formation control of an AUV swarm
under switching topologies. Due to the limitations of under-
water communication in practice, it would be problematic to
assume that all followers can connect to the leader directly.
Consequently, the information of the leader will be unavailable
to a subset of followers, and switching topologies cannot be
avoided. This requires the followers to estimate the leader’s
information collaboratively based on local interactions and
local output measurements.

Let the leader’s information be defined as η0 (t) =
[pei (t) , s0 (t)]

T , where pei = pi− p0 and s0 = [χ0, υ0, U0]
T .

Assign η̂i0 (t) = [p̂ei (t) , ŝi0 (t)]
T to each follower, as the esti-

mation of η0 (t), where ŝi0 = [χ̂i0, υ̂i0, Ûi0]T . Then define the
neighborhood information estimation error µηi = [µpi, µsi]

T ,
such that



µpi =
N∑

j=1

aij (p̂ei − p̂ej − (pi − pj)) + bi (p̂ei − (pi − p0))

µsi =
N∑

j=1

aij(ŝi0 − ŝj0) + bi (ŝi0 − s0)

,

(11)
where aij (t) and bi (t) are time-varying according to Ḡσ(t).

We design our proposed distributed observer as follows:

˙̂ηi0 =
1

αi


−Kηµηi +

N∑

j=1

aij ˙̂ηj0 − βηsign (µηi)


 , (12)

where αi =
N∑
j=1

aij + bi, Kη ∈ R6×6 and βη is a positive

constant, to be determined. The observer can be implemented
under both global and relative positioning, making it suitable
for a wide range of applications. When accessing global po-
sition measurements, the observer is implemented as follows.
If the jth follower is the neighbor of the ith follower, the
information η̂j0, ˙̂ηj0 and pj are sent to the ith follower. If
the leader is the neighbor of the ith follower, s0 and p0

are received. Then, with the incorporation of local estimation
states η̂i0 and local position pi, the distributed observer is
available for use by the next layer. For relative position
measurements, the observer implementation is as follows. If
the jth follower is the neighbor of the ith follower, η̂j0 and ˙̂ηj0
are transferred to the ith follower. If the leader is the neighbor
of the ith follower, s0 is received. Position information pi−pj
and pi−p0 are directly measured by the sensor of ith vehicle.

Theorem 1: Consider the distributed observer Eq. (12)
under switching topology Ḡσ(t), under Assumption 2, for all
followers and for any initial states η0 (0) and η̂i0 (0). Then
considering η̃i0, the estimation error η̃i0 (t) = η̂i0 (t)− η0 (t)
converges to zero exponentially. (The proof of Theorem 1 is
given in Appendix C.)

With the proposed distributed observer Eq. (12), each fol-
lower is able to accurately estimate the information of the

leader in a distributed way. Once calculated, this mandatory
information is utilized in the lower-layer’s formation control
strategy.

IV. VELOCITY-FREE FORMATION CONTROL DESIGN

In this section, we present our compound formation con-
trol strategy to address geometric requirements. Specifically,
the unavailable velocity measurements and unknown lumped
uncertainties are precisely recovered by cascaded extended
state observers (ESOs). To compensate for the nonlinearities
induced by nonzero sideslip and attack angles, we propose an
improved 3D nonlinear guidance law at the kinematic level.
We also construct a constrained robust dynamic controller, to
guarantee the performance of disturbance rejection as well as
stability under constraints.

A. Cascaded-ESOs

The ESO approach is an essential method in active distur-
bance rejection control, and is proven to be highly successful
in estimating unmeasured state information and total uncer-
tainties [41]. Helpfully, it also requires minimal information
about a dynamic system, causing it to be used extensively [42].
As shown in Eq. (35) in Appendix B, the kinematic model
utilized here has high nonlinearities and strong coupling. It is
prohibitively difficult to design a single ESO to estimate the
velocities and lumped uncertainties simultaneously. We there-
fore use a cascaded-ESOs approach. We design the following
ESO to estimate qi and Dqi





˙̂
θi = −kq1

(
θ̂i − θi

)
+ q̂i

˙̂qi = −kq2
(
θ̂i − θi

)
+ τqi/m55 + D̂qi

˙̂
Dqi = −kq3

(
θ̂i − θi

)
, (13)

where θ̂, q̂i, and D̂qi are the respective estimations of θ, qi,
and Dqi. The constants kq1, kq2, and kq3 are positive, and
to be determined. Define ξri = ψi cos θi. We then design the
following ESO to estimate ri and Dri





˙̂
ξri = −kr1

(
ξ̂ri − ξri

)
+ r̂i − q̂iξri

˙̂ri = −kr2
(
ξ̂ri − ξri

)
+ τri/m66 + D̂ri

˙̂
Dri = −kr3

(
ξ̂ri − ξri

)
, (14)

where ξ̂ri, r̂i, and D̂ri are the respective estimations of ξri,
ri, and Dri. The constants kr1, kr2, and kr3 are positive, and
to be determined. Having established these two ESOs, define





ξpi = RBiI (ψi, θi) pei

τpi = [τui/m11, 0, 0]
T

Dpi = [Dui, Dvi, Dwi]
T

. (15)

Then, derive the compact form
{
ξ̇pi = SBiI (ri, qi, θi) ξpi + νBi −RBiI ṗ0

ν̇Bi = τpi +Dpi

, (16)



6

where SBiI (ri, qi, θi) ∈ R3×3 is defined as

SBiI (ri, qi, θi) =




0 ri −qi
−ri 0 −r tan θi
qi r tan θi 0


 . (17)

Based on the dynamics given in Eq. (16), we then design the
following ESO for νBi and Dpi:




˙̂
ξpi=−Kp1

(
ξ̂pi−ξepi

)
+SBiI (r̂i, q̂i, θi) ξ

e
pi+ν̂Bi−RBiI ṗe0

˙̂νBi= −Kp2

(
ξ̂pi − ξepi

)
+ D̂pi + τpi

˙̂
Dpi=−Kp3

(
ξ̂pi − ξepi

)
,

(18)
where Kp1, Kp2 and Kp3 are diagonal positive definite ma-
trices, ξ̂pi, ν̂Bi = [ûi, v̂i, ŵi]

T , and D̂pi = [D̂ui, D̂vi, D̂wi]
T

are respective estimations of ξpi, νBi , and Dpi. Based on the
estimation results of the distributed observer in Section III, ξepi
and ṗe0 are defined and take the form
{
ξepi = RBiI (ψi, θi) p̂ei

ṗe0 = Ûi0[cos χ̂i0 cos υ̂i0, sin χ̂i0 cos υ̂i0,− sin υ̂i0]
T

(19)

Theorem 2: Considering the three cascaded-ESOs Eq. (13),
Eq. (14), and Eq. (18), under Assumption 1 and Assumption
2, the estimation errors of velocities and lumped uncertainties
are ultimately bounded. (The proof of Theorem 2 is given in
Appendix D.)

Remark 4: The sequential ESOs of Theorem 2 estimate the
velocities and lumped uncertainties, and the cascaded structure
addresses the strong coupling dynamics. The ESOs are partly
based on the estimation results of the distributed observer,
rather than local output. The localization method of the AUV
cannot be known in advance, and therefore a broader potential
for applications is supported by using a distributed observer
and cascaded-ESOs.

B. Improved 3D kinematic guidance law

Line-of-sight (LOS) guidance is commonly used in motion
control of marine vehicles, as it can convert the tracking errors
of the underactuated DOF into controllable orientation errors.
Conventional LOS has limited robustness against external
disturbances, and has been extended several times (e.g., [23],
[43]–[45]). We design an improved LOS guidance law suited
to our method, introducing auxiliary terms to compensate
for the nonlinearities induced by nonzero sideslip and attack
angles. We define the estimation-based information needed for
the guidance law as




êpi = [êxi, êyi, êzi]
T

= RFI (χ̂i0, υ̂i0) (p̂ei − di)

Ûi =
√
û2
i + v̂2

i + ŵ2
i

ν̂Wi
=
[
Ûi, 0, 0

]T

f̂pi =
[
f̂xi, f̂yi, f̂zi

]T
= RFI (χ̂i0, υ̂i0)RIBi (ν̂Bi − ν̂Wi

)

,

(20)
where êpi, Ûi, ν̂Wi , and f̂pi are the respective estimations of
epi, Ui, νWi

, and fpi. Based on the tracking error dynamics in

Eq. (8), and as needed for LOS guidance, we define the desired
rotation angles ψdei and θdei of rotation matrix RFBi

(
ψdei, θ

d
ei

)
,

such that {
ψdei = tan−1 (−(êyi + δyi)/∆y)

θdei = tan−1 ((êzi + δzi)/∆z)
, (21)

where ∆y and ∆z can be termed look-ahead distances, satisfy-

ing ∆z =
√

∆2
y + (eyi + δyi)

2. The auxiliary terms δy and δz
are designed to compensate respectively for the nonlinearities
fyi and fzi, and take the form





δyi =
êyiγ

2
yi + γyi

√
∆2
y

(
1− γ2

yi

)
+ ê2

yi

1− γ2
yi

δzi =
êziγ

2
zi + γzi

√
∆2
z (1− γ2

zi) + ê2
zi

1− γ2
zi

, (22)

where γyi = f̂yi

/
Ûi and γzi = f̂zi

/
Ûi. To steer the rotation

angles ψei and θei to the desired angles ψdei and θdei, recall

RFBi
(
ψdei, θ

d
ei

)
= RFI (χ̂i0, υ̂i0)RIBi

(
ψdi , θ

d
i

)
, (23)

where θdi and ψdi are the desired pitch and yaw angles of the
vehicles, respectively. Expanding Eq. (23) yields



θdi = arcsin

(
sin υ̂i0 cos θdei cosψdei + cos υ̂i0 sin θdei

)

ψdi = atan2
(
ψdyi , ψ

dx
i

) ,

(24)
such that



ψdyi = sin χ̂i0 cos υ̂i0 cosψdei cos θdei + cos χ̂i0 sinψdei cos θdei

− sin χ̂i0 sin υ̂i0 sin θdei

ψdxi = cos χ̂i0 cos υ̂i0 cosψdei cos θdei − sin χ̂i0 sinψdei cos θdei

− cos χ̂i0 sin υ̂i0 sin θdei

.

(25)
Note that if ψi = ψdi and θi = θdi , then ψei = ψdei and
θei = θdei should be guaranteed under the kinematic controller.
To achieve this geometric objective, we design the kinematic
controller as





udi =
(
−bxêxi + Ûi0 − f̂xi

)
cosαi cosβi∆i

qdi = −bθ
(
θi − θdi

)
+ θ̇di

rdi =
(
−bψ

(
ψi − ψdi

)
+ ψ̇di

)
cos θi

, (26)

where bx, bθ and bψ are positive constants, to be determined,

and where ∆i =
√

∆2
y + (êyi + δyi)

2
+ (êzi + δzi)

2

/
∆y .

C. Constrained robust dynamic controller

Using our 3D kinematic guidance law, the desired velocities
can be derived based on the estimation results. However, these
command signals cannot ensure that the velocity constraints
and control input constraints are well satisfied. The estimated
results from the cascaded-ESOs can provide disturbance rejec-
tion performance. A robust control approach, however, should
furthermore compensate for dynamical uncertainties, in order
to preserve tracking performance. We therefore introduce two
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Fig. 3. Switching communication topologies. (a) Ḡ1(b) Ḡ2. (c) Ḡ3. (d) Switching signal σ (t) for topologies.

anti-windup compensators to the dynamic controller, address-
ing saturations and potential unstable behavior. Let the velocity
tracking errors be defined as





sui = ui − udi + φui

sqi = qi − qdi + φqi

sri = ri − rdi + φri

, (27)

where φui, φqi, and φri are the anti-windup compensators
addressing the velocity constraints. The dynamic controller
should be designed based on calculated velocities, as real
velocities cannot be directly measured. We therefore define
estimated velocity tracking errors ŝui, ŝqi, and ŝri, such that





ŝui = ûi − udi + φui

ŝqi = q̂i − qdi + φqi

ŝri = r̂i − rdi + φri

. (28)

We then design our dynamic controller as follows:




τui = m11

(
−cu (2ŝui − φui − φτui) + u̇d − D̂u − φ̇ui

)

τqi = m55

(
−cq (2ŝqi − φqi − φτqi) + q̇d − D̂q − φ̇qi

)

τri = m66

(
−cr (2ŝri − φri − φτri) + ṙd − D̂r − φ̇ri

)
,

(29)
where cu, cr, and cq are positive constants, to be determined.
The adaptive laws for φρi and φτρi (ρ = u, r, q) are

φ̇ρi =




−
(
w1 +

w2∆ρ2
i

2|φρi|2

)
φρi + w2∆ρi, |∆ρi| ≥ µρ

0, |∆ρi| < µρ
(30)

and

φ̇τρi=





−


l1 +

|gτρi|+ l2∆τ2
ρi

2

|φτρi|2


φτρi+l2∆τρi, |φτρi|≥µτρ

0, |φτρi| < µτρ

,

(31)
where w1, w2, l1, and l2 are positive constants, to be de-
termined, where µρ and µτρ (ρ = u, r, q) are designed small
positive constants, and where gτui = ŝui∆τui/m11, gτqi =
ŝqi∆τqi/m55, and gτri = ŝri∆τri/m66. The differences

between unsaturated states and constrained states are ∆ρi and
∆τρi (ρ = u, r, q), defined as





∆ρi = sat
(
ρdi + φρi, ρ̄, ρ

)
−
(
ρdi + φρi

)

∆τρi = sat
(
τρi, τ̄ρ, τρ

)
− τρi

, (32)

where function b = sat (a, amax, amin) is defined as b = a
if amin ≤ a ≤ amax, else b = amax if a > amax, or else
b = amin if a < amin. To satisfy ρ̄ < ρmax, ρ > ρmin,
τ̄ρ < τρ

max, and τρ > τρ
min, we respectively design ρ̄, ρ, τ̄ρ,

and τρ.

Theorem 3: Considering the dynamic model Eq. (1), un-
der Assumption 1 and Assumption 2, under the proposed
constrained robust dynamic controller Eq. (29) and the anti-
windup compensator Eq. (30) and Eq. (31), then it follows
that the velocity tracking errors sui, sqi, and sri, and the
compensation terms φui, φqi, φri, φτui, φτqi, and φτri are
ultimately bounded. (The proof of Theorem 3 is given in
Appendix E.)

If we define the velocity command tracking errors eui =
ui − udi , eqi = qi − qdi and eri = ri − rdi , under Theorem 3,
then we can also obtain





|eui| = |sui − φui| ≤ |sui|+ |φui|
|eqi| = |sqi − φqi| ≤ |sqi|+ |φqi|
|eri| = |sri − φri| ≤ |sri|+ |φri|

. (33)

Therefore, eui, eqi, and eri are also ultimately bounded.

V. STABILITY ANALYSIS OF CLOSED-LOOP SYSTEM

In this section, we establish the stability of the closed-
loop system consisting of the proposed formation protocol
and N formation tracking error systems according to Eq. (8).
We also establish the achievement of our geometric objective,
proceeding from Theorem 4, as follows:

Theorem 4: Considering the switching topology Ḡσ(t) and
the formation tracking error system Eq. (8), under Assumption
1 and Assumption 2, under the proposed formation protocol
consisting of distributed observer Eq. (12), cascaded-ESOs
Eq. (13), Eq. (14), and Eq. (18), kinematic controller Eq. (26),
and dynamic controller Eq. (29) with compensators Eq. (30)
and Eq. (31), then it follows that the formation tracking error
epi is ultimately bounded. (The proof of Theorem 4 is given
in Appendix F.)



8

-4

-2

0

2

15

4

6

8

z(
m

)

10

10

y(m)

5
50

x(m)

400 3020100-10

Leader

F1

F2

F3

F4

F5

F6

Formation

(a)

-4

-2

0

2

15

4

6

8

z(
m

)

10

10

y(m)

5
50

x(m)

400 3020100-10

Leader

F1

F2

F3

F4

F5

F6

Formation

(b)

-4

-2

0

2

15

4

6

8

z(
m

)

10

10

y(m)

5
50

x(m)

400 3020100-10

Leader

F1

F2

F3

F4

F5

F6

Formation

(c)

0 20 40 60 80 100

Time(s)

0

2

4

6

8

10

12

14

T
o
ta

l 
tr

ac
k
in

g
 e

rr
o
r 

E
P

i(m
)

F1

F2

F3

F4

F5

F6

70 80 90 100
0

0.05

0.1

(d)

0 20 40 60 80 100

Time(s)

0

2

4

6

8

10

12

14

T
o
ta

l 
tr

ac
k
in

g
 e

rr
o
r 

E
P

i(m
)

F1

F2

F3

F4

F5

F6

70 80 90 100
0

0.1

0.2

(e)

0 20 40 60 80 100

Time(s)

0

2

4

6

8

10

12

14

T
o
ta

l 
tr

ac
k
in

g
 e

rr
o
r 

E
P

i(m
)

F1

F2

F3

F4

F5

F6

70 80 90 100
0

0.25

0.5

(f)

Fig. 4. Comparative 3D formation tracking results. (a) Trajectories of vehicles with Method 1. (b) Trajectories of vehicles with Method 2. (c) Trajectories of
vehicles with Method 3. (d) Total formation tracking error with Method 1. (e) Total formation tracking error with Method 2. (f) Total formation tracking error
with Method 3. Subfigures (d–f) include an insert to better show the steady tracking error, from 70 to 100 seconds, after all three methods have converged.

VI. SIMULATION RESULTS

In this section, we evaluate the performance of our proposed
formation protocol via simulation, comparing our method to
two state-of-the-art control methods. Our simulated experi-
ment setup is a group of underactuated AUVs comprising
one leader and six followers, with setup parameters replicated
from [37], to facilitate performance comparisons. By default,
the variable values are in SI units; hereafter we omit units
from the notation.

We compare our proposed formation protocol (i.e.,
Method 1) firstly to another distributed method, specifi-
cally a state-of-art conventional LOS for kinematics [46]
and a dynamic controller without anti-windup compensators
(i.e., Method 2). Secondly we compare to a centralized
method, specifically a state-of-the-art neural network based
approach [20] (i.e., Method 3). In the comparison to Method
2, we assess the improvements of our method over another
approach solving the same scenario, where the followers are
not assumed to have direct access to information about the
leader, and are subject to switching communication topologies.
In comparing to Method 3, we assess the performance of
our distributed method to a centralized method, which can
typically converge faster, due to all the followers maintaining
constant direct communication with the leader. For Method 1
and 2, the controller parameters are presented in Table I in
Appendix G and the communication topologies among vehi-
cles switch between Ḡ1, Ḡ2, and Ḡ3, according to signal σ (t)
(details given in Fig. 3). The parameters and communication

topology for Method 3 can be found in [20].
The initial conditions and desired formation are given in

Table II in Appendix G. The path of the leader is described
by x0 (t) = 0.5t+ 0.2 cos (0.1t), y0 (t) = 10 + 0.5 sin (0.1t),
and z0 (t) = 5 + 0.6 cos (0.1t). The upper and lower bounds
for velocities are enforced as umax = vmax = wmax = 4,
umin = vmin = wmin = −4, qmax = rmax = 0.5, and qmin =
rmin = −0.5. The control inputs are constrained as τmax

ρ =
800 and τmin

ρ = −800 (ρ = u, q, r). For safety considerations,
ū = 3.5, u = −3.5, q̄ = r̄ = 0.4, q = r = −0.4, τ̄u =
τ̄u = τ̄u = 700, and τu = τu = τu = −700. The vehicles
are subjected to dynamic uncertainties, simulated by Gaussian
white noise with upper bound 0.2 and lower bound −0.2. For
Method 1, we define tracking error Epi and total estimation
errors Eηi, EV i, and EDi as





EPi (t) = ‖epi (t)‖
Eηi (t) = ‖η̃i0 (t)‖

EV i (t) =
√
ũ2
i + ṽ2

i + w̃2
i + q̃2

i + r̃2
i

EDi (t) =
√
D̃2
ui + D̃2

vi + D̃2
wi + D̃2

qi + D̃2
ri

. (34)

The simulation results are presented in Figs. 4–6, where Fi
i = 1, 2, . . . , 6 are the ith followers. In Fig. 4, note that the
desired formation is achieved under all three controllers. The
centralized approach of Method 3 has the fastest convergence
rate, as expected, but also has larger steady tracking errors than
our proposed method. Although it converges faster, Method
3 works only in scenarios where the information of the
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Fig. 5. Comparative profiles of qi and τqi. (a) Profile of qi with Method 1. (b) Profile of qi with Method 2. (c) Profile of qi with Method 3. Because the
plot scale for Method 2 is much larger than for Methods 1 and 3, an insert is included. (d) Profile of τqi with Method 1. (e) Profile of τqi with Method 2.
Because the plot scale for Method 2 is much larger than for Methods 1 and 3, an insert is included. (f) Profile of τqi with Method 3.

leader is consistently and directly available to all followers.
The distributed approaches of Method 1 and 2 have wider
application domains, and are able to solve our scenario. The
results in Fig. 4 indicate that our proposed method, Method
1, has the lowest tracking errors; Method 2 has errors lower
than Method 3 and higher than Method 1. This improved
performance of Method 1 over Method 2 can be ascribed to the
guidance law. In our proposed Method 1, our improved LOS
guidance law compensates nonlinearity fpi accurately, which
cannot be accomplished by the state-of-the-art conventional
LOS used in Method 2. Convergence with a low tracking error,
seen in Method 1, shows the achievement of our geometric
objective.

To assess the performance under system constraints, pro-
files of velocities and control inputs are provided in Fig. 5,
specifically those of the pitch velocity qi and control input
τqi. Method 1 can be seen to generate a shaking and saturated
behavior in the first few seconds. In Methods 2 and 3, we
see that qi and τqi oscillate much more mildly around zero
than in Method 1, due to the compensation terms in the
LOS guidance law that provide the improvements in tracking
error performance. Thus, although our proposed Method 1 has
lower formation tracking error than the state of the art, it
should be noted that our method presents a tradeoff between
tracking error performance and the oscillation of pitch velocity
qi and control input τqi. Method 2 however also presents a
shortcoming here, in that qi and τqi are outside of the permitted
range early on, which is undesirable in practice. Although
the centralized Method 3 has a slighter vibration than both
distributed approaches (Methods 1 and 2), velocity saturation
remains inevitable under Method 3.

To further assess our proposed Method 1, the estimation
performance of our distributed observer and cascaded-ESOs

0 20 40 60 80 100

Time(s)

0

10

20

 E
i

0 20 40 60 80 100

Time(s)

0

5

10

E
V

i

0 20 40 60 80 100

Time(s)

0

5

E
D

i

F1 F2 F3 F4 F5 F6

40 60 80 100
0

0.01

40 60 80 100
0

0.04

40 60 80 100
0

0.1

F1 F2 F3 F4 F5 F6

Fig. 6. Estimation performance Eηi, EV i and EDi of Method 1, with respect
to the distributed observer and cascaded ESOs. Zoom-in inserts are included
to better show the steady errors.

are given in Fig. 6. Performance of the total estimation error
Eηi shows that the information of the leader can be quickly
and accurately recovered by the distributed observer even un-
der switching topologies, such that our distributed estimation
objective is achieved. The performances of the total estimation
errors of EV i and EDi indicate that the unmeasured velocities
and unknown uncertainties can be precisely identified by our
cascaded-ESOs.

With the above analyses, it can be concluded that our pro-
posed method converges faster than state-of-the-art distributed
methods, and that it outperforms state-of-the-art distributed
and centralized methods in terms of formation tracking errors
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under switching topologies and system constraints. However,
it should be noted that in our proposed method a tradeoff exists
between formation tracking error and shaking behavior.

VII. CONCLUSION

This paper addresses distributed velocity-free formation
control of underactuated AUVs moving in 3D space subject
to switching topologies, variable decentralization, and system
constraints. A double-layer formation protocol is proposed
such that the objectives of distributed estimation and geo-
metric convergence are achieved. The notable features of the
proposed method can be summarized as follows. First, the
proposed method is distributed in the sense that it assumes
access only to local communication and local sensing. Second,
there is potential for a wide application domain, as the
method supports both global and local positioning, and has
no reliance on velocity sensing. Third, limitations in practice,
such as external uncertainties and system constraints, have
been comprehensively considered. The comparative simulation
results substantiate the effectiveness and improvements of the
proposed method. In future work we intend to study the impact
that time delays in underwater communication and collision
avoidance among vehicles have on our method.
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APPENDIX A
PRELIMINARY SUPPORTING NOTES

Notation: Rn×m denotes the set of n × m real matrices.
diag (·) is a diagonal matrix from its argument. |·| and ‖·‖
denote the L1-norm and L2 norm, respectively. λmin (·) is
the smallest eigenvalue of a square matrix. RBA (α, β) =
Rz (α)Ry (β) is the rotation matrix from frame {A} to frame
{B} with Rz (α) = [cosα,− sinα, 0; sinα, cosα, 0; 0, 0, 1]
and Ry (β) = [cosβ, 0, sinβ; 0, 1, 0;− sinβ, 0, cosβ].

APPENDIX B
SUPPORTING EQUATIONS AND REMARKS OF AUV MODEL

Our application of the kinematic model of [36] to the ith
AUV, in Sec. II, is supported such that




ẋi = ui cos θi cosψi − vi sinψi + wi sin θi cosψi

ẏi = ui cos θi sinψi + vi cosψi + wi sin θi sinψi

żi = −ui sin θi + wi cos θi

θ̇i = qi

ψ̇i = ri/cos θi

(35)

Eq. (1), our simplified version of the dynamic model of [37],
is supported such that




Fui =
m22

m11
viri −

m33

m11
wiqi −

d11

m11
ui

Fvi = −m11

m22
uiri −

d22

m22
vi

Fwi =
m11

m33
uiqi −

d33

m33
wi

Fqi =
m33 −m11

m55
uiwi −

d55

m55
qi −

Gihi sin θi
m55

Fri =
m11 −m22

m66
uiwi −

d66

m66
ri

(36)

where m(·) and d(·) are inertia coefficients and hydrodynamic
damping coefficients, respectively. Gi is submerged weight
and hi is the distance between the center of gravity and the
center of buoyancy in {Bi} frame.

APPENDIX C
PROOF OF THEOREM 1

Proof: For convenience, define µη =
[
µTη1, µ

T
η2, . . . , µ

T
ηN

]T

and η̃0 =
[
η̃T10, η̃

T
20, . . . , η̃

T
N0

]T
, it follows that

µη (t) = Pσ(t)η̃0 (t) (37)

where Pσ(t)=
(
Hσ(t) ⊗ I5

)
. Considering Lyapunov function

Vη (t) = 1/2η̃T0 (t)Pσ(t)Pσ(t)η̃0 (t), which is continuously
differentiable at any non-switching instant, the proof consists
of two steps, as follows.

Step 1: It can be proven that V̇η (t) ≤ 0 at any non-
switching instant.

Differentiating µηi and substituting Eq. (12) yields

µ̇ηi = −Kηµηi +Mηi − βηsign (µηi) , (38)

where Mηi = [Mpi,Msi]
T , such that





Mpi =

N∑

j=1

aij (ṗj − ṗi) + bi (ṗ0 − ṗi)

Msi = −ai0ṡ0

. (39)

Given that the velocities and accelerations of vehicles are
naturally bounded, it follows that there exists a positive
constant γM such that ‖Mηi‖ ≤ γM . Eq. (38) can be written
in vector form, as

µ̇η = −K̄ηµη + M̄η − βηsign (µη) , (40)

such that
{
K̄η = diag {Kη,Kη, . . . ,Kη}
M̄η =

[
MT
η1,M

T
η2, . . . ,M

T
ηN

]T . (41)

Taking the time derivative of Vη yields

V̇η = −η̃T0 (t)Pσ(t)K̄ηPσ(t)η̃0 (t) + η̃T0 (t)Pσ(t)M̄η

− βη
(
Pσ(t)η̃0 (t)

)T
sign

(
Pσ(t)η̃0 (t)

)

≤ −η̃T0 (t)Pσ(t)K̄ηPσ(t)η̃0 (t)− (βη − γM )
∥∥Pσ(t)η̃0 (t)

∥∥
1

≤ −η̃T0 (t)Pσ(t)K̄ηPσ(t)η̃0 (t) ,
(42)

where βη is chosen such that βη > γM . Therefore, lim
t→∞

Vη (t)

exists.
Step 2: We proceed to show that lim

t→∞
‖η̃0 (t)‖ = 0.

Considering the infinite sequences Vη (tp) , p = 0, 1, . . ., and
recalling Cauchy’s convergence criteria, it can be derived that
for any ε > 0, there exists a positive integer qε such that, for
∀p > qε,

|Vη (tp+1)− Vη (tp)| < ε i.e.,

∫ tp+1

tp

−V̇η (t) dt < ε. (43)

Introducing Eq. (40) yields

ε >

∫ tp+1

tp

µTηiKηµηidt > λmin (Kη)

∫ tp+1

tp

µTηiµηidt, (44)

which implies

ε > λmin (Kη)

∫ tp+1

tp

η̃T0 P
T
σ(t)Pσ(t)η̃0dt. (45)

Thus,

lim
t→∞

∫ t+τ

t

η̃T0 P
T
σ(s)Pσ(s)η̃0ds = 0. (46)

Based on the definition of Vη (t), it can be obtained that
η̃0 and µη (t) are bounded. It can also be obtained that µ̇η (t)
is bounded, according to Eq. (38), thus implying that ˙̃η0 (t)
is also bounded. It therefore follows that η̃0 (t) is uniformly
continuous. By applying Barlalat’s Lemma, it can be derived
that

lim
t→∞

η̃T0 P
T
σ(t)Pσ(t)η̃0 = 0. (47)

Under Assumption 2, Pσ(t) is always invertible and we
conclude that lim

t→∞
η̃0 (t) = 0. �



13

APPENDIX D
PROOF OF THEOREM 2

Proof: Given the cascaded form of the proposed ESOs, the
proof is presented in three steps, as follows.

Step 1: Let πqi =
[
θ̃i, q̃i, D̃qi

]T
such that θ̃i = θ̂i − θi,

q̃i = q̂i − qi and D̃qi = D̂qi −Dqi. It follows from Eq. (35),
Eq. (1), and Eq. (13) that

π̇qi =



−kq1 1 0
−kq2 0 1
−kq3 0 0




︸ ︷︷ ︸
Lq

πqi +




0
0

−Ḋqi




︸ ︷︷ ︸
Nqi

. (48)

Under Assumption 1, the norm of Nqi is bounded by
a positive constant noted as N̄q . Furthermore, it is always
possible to select parameters kq1, kq2, and kq3 such that Lq is
a Hurwitz matrix. It follows that it is always possible to find
a positive definite matrix Qq ∈ R3×3 such that

LTq Qq +QqLq = −Pq, (49)

where Pq ∈ R3×3 denotes an arbitrary positive definite matrix.
Consider the Lyapunov function Vqi = πTqiQqπqi, with its
derivative as

V̇qi = πTqi
(
LTq Qq +QqLq

)
πqi + 2πTqiQqNqi

≤ −πTqiPqπqi + 2 ‖πqi‖ ‖Qq‖ ‖Nqi‖
≤ −‖πqi‖

(
λmin (Pq) ‖πqi‖ − 2 ‖Qq‖ N̄q

)
.

(50)

It can then be derived from Eq. (50) that the norm of πqi
will be bounded by 2 ‖Qq‖ N̄q

/
λmin (Pq), and that the upper

bound can be decreased by choosing appropriate parameters.

Step 2: Define πri =
[
ξ̃ri, r̃i, D̃ri

]T
, where ξ̃ri = ξ̂ri−ξri,

r̃i = r̂i − ri, and D̃ri = D̂ri − Dri. It can then be deduced
that

π̇ri =



−kr1 1 0
−kr2 0 1
−kr3 0 0




︸ ︷︷ ︸
Lr

πqi +



−q̃iξri

0

−Ḋri




︸ ︷︷ ︸
Nri

. (51)

It can then be demonstrated that ‖πri‖ ≤
2 ‖Qr‖ N̄r

/
λmin (Pr), where Qr ∈ R3×3 and Pr ∈ R3×3 are

positive definite matrices, such that LTr Qr +QrLr = −Pr.
Step 3: Define πpi =

[
ξ̃pi, ν̃Bi , D̃pi

]T
, where ξ̃pi = ξ̂pi −

ξpi, ν̃Bi = ν̂Bi − νBi , and D̃pi = D̂pi −Dpi. The following
can then be obtained:

π̇pi =



−Kp1 1 0
−Kp2 0 1
−Kp3 0 0




︸ ︷︷ ︸
Lp

πqi +




gpi
0

−Ḋpi




︸ ︷︷ ︸
Npi

, (52)

where gpi = SBiI (r̂i, q̂i, θi) ξ
e
pi − SBiI (ri, qi, θi) ξpi −

RBiI (ṗe0 − ṗ0). From Theorem 1 it follows that lim
t→∞

ξepi (t)−
ξpi (t) = 0 and lim

t→∞
ṗe0 (t)−ṗ0 (t) = 0. We can then also prove

the ultimate boundedness of SBiI (r̂i, q̂i, θi) − SBiI (ri, qi, θi),
according to the former steps. It follows that there exists a

positive constant N̄p such that ‖Npi‖ ≤ N̄p. The remainder
of the proof for Step 3 is omitted here, as it can be inferred
from Step 1. �

APPENDIX E
PROOF OF THEOREM 3

Proof: Considering the input saturation, the dynamic model
of ui can be expressed as

u̇i =
τui + ∆τui

m11
+Du. (53)

Then, differentiating Eq. (27) while introducing Eq. (29)
and Eq. (53) yields

ṡui = −2cuŝui + cuφui + cuφτui − D̃u + ∆τui/ .m11 (54)

Consider the Lyapunov candidate

Vui = s2
ui

/
2 + φ2

ui

/
2 + φ2

τui

/
2. (55)

Differentiating Vui while substituting Eq. (54), Eq. (30), and
Eq. (31) then yields

V̇ui = sui

(
−2cuŝui + cuφui + cuφτui − D̃u + ∆τui/m11

)

+ φui

(
−w1φui −

w2∆u2
i

2|φui|2
φui + w2∆ui

)

+ φτui

(
−l1φτui −

|gτui|+ l2∆τ2
ui

2

|φτui|2
φτui + l2∆τui

)

= −2cusuiŝui + cusuiφui + cusuiφτui − suiD̃u

+ sui∆τui/m11 − w1φ
2
ui −

w2

2
∆u2

i + w2φui∆ui

− l1φ2
τui − |gτui| −

l2
2

∆τ2
ui + l2φτui∆τui.

(56)
Recall that ŝui − sui = ũi, and recall the existence of the

inequalities




cusuiφui ≤
1

2
cus

2
ui +

1

2
cuφ

2
ui

cusuiφτui ≤
1

2
cus

2
ui +

1

2
cuφ

2
τui

φui∆ui ≤
1

2
φ2
ui +

1

2
∆u2

i

φτui∆τui ≤
1

2
φ2
τui +

1

2
∆τ2

ui

. (57)

It then follows that Eq. (56) can be reorganized as

V̇ui ≤−cus2
ui −

(
w1 −

w2 + cu
2

)
φ2
ui−

(
l1−

l2 + cu
2

)
φ2
τui

− sui
(

2cuũi + D̃u + ∆τui/m11

)
,

(58)
where the parameters are chosen such that cu > 0, w1 >
(w2 + cu)/2 and l1 > (l2 + cu)/2. After defining Eui =
[sui, φui, φτui]

T , Eq. (58) can then be rewritten as

V̇ui ≤ −ETuiLuEui + ETuiNui

≤ −‖Eui‖ (‖Lu‖ ‖Eui‖ − ‖Nui‖) ,
(59)

where Lu = diag (cu, w1 − (w2 + cu)/2, l1 − (l2 + cu)/2)

and Nui =
[
2cuũi + D̃u + ∆τui/m11, 0, 0

]T
. According to
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Theorem 2, there exists a positive constant N̄ui such that
‖Nui‖ ≤ N̄ui. We can therefore conclude that ‖Eui‖ ≤
‖Nui‖/λmin (Lu), and the upper bound can be decreased
by adjusting the parameters. Finally, after defining Eqi =

[sqi, φqi, φτqi]
T and Eri = [sri, φri, φτri]

T , we can also
demonstrate that Eqi and Eri are ultimately bounded. �

APPENDIX F
PROOF OF THEOREM 4

Proof: The proof consists of two steps, as follows.
Step 1: After defining angle tracking error eai =

[eθi, eψi]
T

=
[
θi − θdi , ψi − ψdi

]T
, it can be proven that eai

is ultimately bounded. When considering Lyapunov function
candidate Vai = eTaieai

/
2, differentiating Vai with respect to

time yields

V̇ai = eθi

(
qi − θ̇di

)
+ eψi

(
ri/cos θi − ψ̇di

)
. (60)

Recalling that eqi = qi − qdi and eri = ri − rdi , substituting
Eq. (26) into Eq. (60) then yields that

V̇ai = eθi (−bθeθi + eqi) + eψi (−bψeψi + eri/cos θi)

= −eTai
[
bθ 0
0 bψ

]

︸ ︷︷ ︸
La

eai + eTai

[
eqi

eri/cos θi

]

︸ ︷︷ ︸
Mai

≤ −‖eai‖ (‖La‖ ‖eai‖ − ‖Mai‖) .

(61)

Under Theorem 3, it can be deduced that ‖Mai‖ is bounded
by a positive constant denoted by M̄ai. It therefore follows that
‖eai‖ ≤ M̄ai

/
λmin (La)..

Step 2: The ultimate boundedness of epi is given as follows.
Considering Lyapunov function candidate Vpi = eTpiepi

/
2 and

differentiating Vpi along Eq. (8) yields that

V̇pi = exi (Ui cosψei cos θei − U0 + fxi)

+ eyi (Ui sinψei cos θei + fyi)

+ ezi (−Ui sin θei + fzi) .

(62)

Then note that

RFBi (ψei, θei)−RFBi
(
ψdei, θ

d
ei

)

= RFI (χ0, υ0)RIBi (ψi, θi)−RFI (χ̂i0, υ̂i0)RIBi
(
ψdi , θ

d
i

)

= RFI (χ0, υ0)
(
RIBi (ψi, θi)−RIBi

(
ψdi , θ

d
i

))

+
(
RFI (χ0, υ0)−RFI (χ̂i0, υ̂i0)

)
RIBi

(
ψdi , θ

d
i

)
.

(63)
Under Theorem 1 and Step 1, it can be shown that

RFBi (ψei, θei)−RFBi
(
ψdei, θ

d
ei

)
converge to a small neighbor-

hood of zero. Then expanding Eq. (63), one can obtain that




cosψei cos θei − cosψdei cos θdei ≤ eRx
sinψei cos θei − sinψdei cos θdei ≤ eRy
sin θei − sin θdei ≤ eRz

, (64)

where eRx, eRy , and eRz are positive constants. Substituting
Eq. (64) into Eq. (62) then yields that

V̇pi ≤ exi
(
Ui cosψdei cos θdei − U0 + fxi + UieRx

)

+ eyi
(
Ui sinψdei + fyi + Ui

(
eRy + θdeih

(
ψdei, θ

d
ei

)))

+ ezi
(
−Ui sin θdei + fzi + UieRz

)
,

(65)

where h
(
ψdei, θ

d
ei

)
= sinψdei

(
cos θdei − 1

)/
θdei is an auxiliary

function. Given that
∣∣(cos θdei − 1

)/
θdei
∣∣ < 0.73, it is guaran-

teed that
∣∣h
(
ψdei, θ

d
ei

)∣∣ < 1. Introducing Eq. (21) into Eq. (65)
then yields that

V̇pi ≤exi
(
Ui
∆i
− U0 + fxi + UieRx

)

+ eyi

(
−Ui

êyi + δyi
∆z

+ fyi + Ui
(
eRy +

∣∣θdei
∣∣)
)

+ ezi

(
−Ui

êzi + δzi
∆i∆y

+ fzi + UieRz

)

(66)
Based on Eq. (22), it follows that





Ûiδyi

/
∆z = f̂yi

Ûiδzi

/
∆i∆y = f̂zi

. (67)

Under Theorem 1 and Theorem 2, it can be deduced that
both Ũi = Ûi − Ui, f̃xi = f̂xi − fxi, f̃yi = f̂yi − fyi and
f̃zi = f̂zi−fzi are ultimately bounded. It can be further proven
that 




∣∣∣f̃xi
∣∣∣ ≤ efx

|−Uiδyi/∆z + fyi| ≤ efy
|−Uiδzi/∆i + fzi| ≤ efz

, (68)

where efx, efy , and efz are positive constants. Define Udi as
the desired resultant vehicle velocity, such that

Udi =
udi

cosαi cosβi
=
(
−buêxi + Ûi0 − f̂xi

)
∆i (69)

Introducing Eq. (68) and Eq. (69) into Eq. (66) then yields
that

V̇pi ≤exi
(
−buexi − buẽxi + Ũi0 + efx + UieRx

)

+ eyi

(
−Ui

eyi
∆z

+ efy + Ui

(
eRy +

∣∣θdei
∣∣− ẽyi

∆z

))

+ ezi

(
−Ui

ezi
∆i∆y

+ efz + Ui

(
eRz −

ẽzi
∆i∆y

))

≤− eTpi



bu 0 0
0 Ui

∆z
0

0 0 Ui
∆i∆y




︸ ︷︷ ︸
Lpi

epi

+ eTpi




−buẽxi + Ũi0 + efx + UieRx

efy + Ui

(
eRy +

∣∣θdei
∣∣− ẽyi

∆z

)

efz + Ui

(
eRz − ẽzi

∆i∆y

)




︸ ︷︷ ︸
Mpi

,

(70)
where ẽxi = êxi − exi, ẽyi = êyi − eyi, ẽzi = êzi − ezi
and Ũi0 = Ûi0 − Ui0. It follows that these estimation errors
converge to a small neighborhood of zero. Therefore, ‖Mpi‖ is
bounded by a positive constant denoted by M̄pi. We conclude
that ‖epi‖ ≤ M̄pi

/
λmin (Lpi). �
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APPENDIX G
SETUP OF SIMULATED EXPERIMENTS

The values and terms used in the setup of the simulated
experiments are as follows.

TABLE I
PARAMETERS IN THE FORMATION PROTOCOL (METHODS 1 AND 2)

Components of proposed
formation protocol Parameters

Distributed Observer Eq. (12) Kη = diag(100, 100, 100, 100, 100, 100)
βη = diag (0.1, 0.1, 0.1, 0.1, 0.1, 0.1)

Cascaded-ESOs
Eq. (13), Eq. (14), Eq. (18)

kq1 = 60, kq2 = 1200, kq3 = 8000
kr1 = 60, kr2 = 1200, kr3 = 8000

Kp1 = diag (60, 60, 60)
Kp2 = diag (400, 400, 400)

Kp1 = diag (1200, 1200, 1200)

Improved LOS guidance
law Eq. (21) ∆y = 20

Kinematic Controller Eq. (26) bx = 0.2, bθ = 2, bψ = 2

Dynamic Controller Eq. (29) cu = 1, cq = 2, cr = 2
w1 = 30, w2 = 50, l1 = 5, l2 = 5

TABLE II
INITIAL STATES AND DESIRED FORMATION

Label i [xi (0) , yi (0) , zi (0) , θi (0) , ψi (0)]T di

1 [1, 3, 0,−0.4, 0.3]T
[
−1.5

√
3, 0, 1.5

]T

2 [−4, 5, 4, 0.1, 0.5]T
[
−1.5

√
3, 0,−1.5

]T

3 [−10, 5,−2, 0.2, 0]T
[
−2.5

√
3, 0, 2.5

]T

4 [−5, 0, 3, 0.3,−0.2]T
[
−2.5

√
3, 0,−2.5

]T

5 [0, 6, 1, 0.35,−0.4]T
[
−3.5

√
3, 0, 3.5

]T

6 [−7, 8, 7, 0.15,−0.3]T
[
−3.5

√
3, 0,−3.5

]T


