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A causal framework for optimization algorithms

Alberto Franzina, Thomas Stützlea

aUniversité Libre de Bruxelles (ULB), Belgium

Abstract

Despite the many optimization algorithms available in the literature and the
several different approaches that study them, understanding the behaviour of
an optimization algorithm and explaning its results are fundamental open ques-
tions in Operations Research and Artificial Intelligence. We argue that the body
of literature available is already very rich, and the main obstacle to the advance-
ments towards an answer to those questions is its fragmentation. In this work
we propose a causal framework that relates the entities involved in the solution
of an optimization problem. We show how this conceptual framework can be
used to relate many approaches aimed at understanding how algorithms work,
and how it can be used to address open problems, both theoretical and practi-
cal. In particular, we use it to show how to make use of data collected in past
experiments to automatically infer plausible algorithms for unseen problems,
and provide a proof-of-concept using a simple stochastic local search.

1. Introduction

In the last decades, plenty of exact and non-exact methods have been proposed
to tackle optimization problems. However, if algorithms for polynomially solv-
able problems are supported by mathematical proofs that both guarantee and
explain the results, it is far more challenging to understand how effectively algo-
rithms for NP-hard problems obtain their results. The branch-and-bound algo-
rithm, which is the base of many state-of-the-art methods in exact optimization,
exhibits a chaotic internal behaviour [86, 49]. Hence it is almost impossible to
know a priori the performance of a solver on an instance in practice. Theoretical
analyses of SLS behaviour have often been limited to specific cases, idealized
models, or unrealistic assumptions such as infinite running time. In particular,
despite the hundreds of metaheuristic algorithms and the thousands of variants
proposed in the literature, understanding how a stochastic local search (SLS)
algorithm works in general is still an open research question [128, 28]. Yet, these
algorithms are routinely used with successes in countless applications. Thus, the
gap between theoretical analyses and practical results is still very large.

In recent years, however, the adoption of rigorous experimental practices led
many researchers to develop mathematical and statistical tools to gain insights
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in algorithmic behaviour [64]. For example, various analyses have tried to de-
termine bounds on either solution quality or runtime of heuristic algorithms in
various scenarios, or the optimal parameter values for an algorithm on a cer-
tain instance [38, 31, 37]. Alongside the theoretical approaches, the increased
availability of computational power made empirical analyses possible. After
early examples [73, 74], the increased availability of cheap computational power
makes it possible to perform extensive comparison between algorithms and study
the impact of particular problem features thanks to careful experimental de-
sign and statistical analyses [8]. Efficient algorithms can be instantiated with
reduced human efforts thanks to automatic selection and configuration tools
[116, 81, 87, 63]. Selection and configuration tasks generate also huge amounts
of data, that can be analyzed to gain insights on both the algorithms and the
scenarios considered [69, 70, 30]. Fitness landscape analyses study properties of
problems and instances, and can be used to explain algorithmic results [115, 16].

In the literature, however, little work has been done to formally connect these
related areas of research. The main issue lies in the difficulty of generalizing the
many results obtained for specific problems, instances and algorithms to other
scenarios. In turn, this difficulty arises from the huge number of options we
can choose from, on the stochasticity of the algorithms and instances, and on
the computational burden of generating usable information. To understand the
behaviour of an algorithm, a practitioner still needs manually inspect the results
obtained, and relate them with the information available on the problem and
the instance. Moreover, the knowledge acquired both with practice and from
the relevant literature is often difficult to apply to the development of a new
algorithm or a new application.

In this work, we show how the works in literature coming from these research
areas already contain a huge amount of knowledge and methods to understand
how an optimization algorithm works, and to explain its results. We start
from simple assumptions about optimization algorithms to develop an unified
framework that relates the elements involved in the solution of an optimization
problem. We use a causality-based approach, to make use of well-established
properties of causal models to show (i) how this general framework represents the
relationships between the high-level entities at play when solving a problem, (ii)
how several existing approaches considered in various areas of research related to
the understanding of optimization algorithms from an empirical perspective, and
(iii) how it can be used in practice to bridge the knowledge gap between different
problems and algorithms. We argue that the various approaches proposed to
understand algorithmic behaviour are inference tasks on our causal framework,
essentially offering different perspectives on the same subject.

In particular, using our conceptual framework and the properties of causal mod-
els, we show how to make use of available methods and past experiments to
perform transfer learning of algorithms across different optimization problems.
We focus on trajectory-based SLS algorithms for combinatorial optimization
problems; the framework is however sufficiently general to be also applicable to
other heuristic and exact algorithms or continuous problems.

In Section 2 we outline our working hypotheses and present the causal frame-
work. In Section 3, we review several works approaches aimed at understanding
the behaviour of optimization algorithms and explaining their results, and relate
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them to our causal framework. We then show two applications made possible by
the framework, one more theoretical and one more practical. First, in Section 4
we relate the tasks of Algorithm Selection and Algorithm Configuration. Then,
in Section 5 we show how our framework is useful to guide the development of
a practical application, namely the transfer of algorithm configurations across
problems. Finally, we conclude in Section 6 outlining several possible research
directions.

2. A causal framework for SLS algorithms

In this section we define a theory that encodes the hypotheses, and a subsequent
causal framework to model the relationships between the entities involved in
the solution of an optimization problem.1 We define high-level entities, such as
“algorithm” or “problem”, and connect them according to their causal relation-
ships. Later we will see how to instantiate the framework into an effective causal
model for a given scenario, or set of scenarios, and the practical limitations we
encounter in this instantiation.

2.1. Background
A causal model is a model that expresses the causality relationships between
entities in a system [109]. We can use it to formalize a theory we have about the
system under study in the form of a graph. Intuitively, each entity considered
is a node, and two nodes are directly connected if the value taken by one of the
two entities directly affects the value taken by the other one. When changing
the value of the first variable, we then expect the value of the second variable
to change accordingly. One common assumption is that this relationship is not
bidirectional, and therefore only directed edges are used.

A causal model can be formally defined as a quadruple 〈U ,V,F ,P〉, where U is
the set of exogenous variables whose values are determined by reasons external
to the model (e.g., values we choose), V is the set of endogenous variables whose
values are determined by a subset of the other variables in the model, F is a set
of functions that we can use to compute the values of the V variables from the
values of their parent variables, and P specifies a joint probability distribution
over U . Each variable can therefore be considered to model our subjective belief
or knowledge about it.

The causal structure of the system can therefore be represented as a Directed
Acyclic Graph (DAG) whose nodes are {U ⋃V} and the V nodes have incoming
arcs from their parent variables. The values each node can take is defined prob-
abilistically, for nodes in U by P, and for nodes in V as probabilities conditional
on their parent nodes, as defined using F .
Causal models are particularly useful because they define how to reason about
certain variables in a model, taking into account the other variables. There is
in fact a codified set of rules that define how to update the value of an oth-
erwise unobserved variable having observed a set of other variables, depending

1The framework differs slightly from a previous preliminary version [53], as a result of
further analyses and discussions.
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on how the variables involved are connected. This set of rules answers, case by
case, the general question “how does new information about observed variables
change our knowledge about the unobserved variables?”. Models of this kind
are particularly important because they are falsifiable: if the observations do
not match the model, we can conclude the model (and with it, our theory about
the system we represented in it) is wrong and it has to be fixed or discarded.
They also enable the integration of observations from partially differing sources,
thus being particularly useful in transferring knowledge across scenarios. Causal
models have been increasingly adopted in disciplines such as medicine, biology,
psychology, economy, in all cases when the goal is to understand causes and
effects in a system.

Queries on causal models belong to three categories: inference, intervention,
and counterfactual analysis. Inference is the task of observing the values a
subset of variables X take when other variables Y take certain values. When
performing intervention we instead actively modify the values of some variables
Y, regardless of whether there are existing causes for them. This is done using
the do(·) operator, which performs a removal of the incoming nodes to Y.
Finally, counterfactual analysis aims to infer the values that some variables X
would have taken, had other variables Y taken certain values. This level of
analysis estimates the outcome of experiments that are not performed, and is
particularly useful to provide explanations. These three actions are also referred
to as the three rungs of the causality ladder, because each one is an abstraction
level more powerful than the previous one: seeing the data, act on the system to
obtain new data, imagine how some observations we don’t have would be [111].

2.2. Working hypotheses
In this work, our goal is to propose a theory that relates the entities involved
in the solution of an optimization problem. In building the theory and thus the
framework, we start from the following four working hypotheses.

(H1) An algorithm can be divided into basic components and para-
meters. We take a component-based view of SLS algorithms [131, 89, 21],
that is, we consider an algorithm as a set of basic building blocks, each one
possibly coming with a set of parameters, combined together in a certain
way.

(H2) Separation between algorithm-specific and problem-specific com-
ponents. Following (H1), algorithmic blocks are divided in problem-
specific and algorithm-specific. Problem-specific components are the parts
of a SLS that require specific knowledge of the problem under study, such
as the generation of an initial solution, the perturbation of a solution, or
the evaluation of a solution. Algorithm-specific components are all the
components that define what a SLS is. They can be used across different
unrelated problems, such as the tabu list in a Tabu Search, or the cooling
scheme in a Simulated Annealing2.

2We include in the algorithm-specific components also those components that require
problem-specific knowledge, but still operate at the algorithm level, such as the initial tem-
perature defined for a simulated annealing for the PFSP proposed in [103].
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(H3) An algorithm operates a traversal of the search space. An SLS
works by traversing solutions in a search space; the problem-specific com-
ponents of a SLS are needed to (i) select one starting point of this traver-
sal, and (ii) evaluate another solution in the search space, relative to the
current one.

(H4) Identification of optimal algorithm behaviour. For obtaining op-
timal results on a search space, an algorithm needs to reach an optimal
tradeoff and alternance of diversification and intensification behaviour.

For any practical application, we can assume that our set of blocks is wide
enough to cover all the needs for our case, that is, we can instantiate at least one
fully working algorithm for any given problem. This is a reasonable assumption,
since in case we miss the components we need to solve a certain problem, we
can develop them and add them to our existing set of blocks.

Thus, an SLS is defined by its algorithmic-specific components and their com-
bination, and an instantiation of a SLS for a problem is the combination of the
algorithm-specific components with a set of problem-specific components. This
separation also means that, if we have the problem-specific components for a
problem of interest, we can use them to instantiate several algorithms for that
problem, that will differ at the algorithm-specific level. In other words, with
(H1) and (H2) we can apply the Programming by Optimization paradigm. We
will also use interchangeably the terms “parameters” and “set of components,”
since an algorithm will be instantiated by choosing a set of blocks that, together,
form a valid procedure for the task. Likewise, in this work the term “algorithm”
can be considered synonym with “configuration.”

Hypothesis (H3) formalizes the intuition that if we assume to have complete
knowledge of the entire search space (or to have an oracle that gives us the
desired information about a solution when polled), then any optimization prob-
lem becomes a search problem, and we do not need additional knowledge on
the problem anymore. This is of course a far-fetched assumption when solving
a problem instance in practice, but we show that, for the purpose of under-
standing algorithm behaviour, this lets us bridge the insights we obtain across
different problems. The separation of the components of (H2) is an effective
simulation of the oracle, because the search part of a SLS is devoted to traverse
the search space, using the problem-specific components to retrieve information
about the value of each solution considered.

Two different landscapes define, in principle, a different optimal behaviour, but
several different algorithm can potentially reach this desired behaviour [52].
Building upon (H1) and (H2), with (H4) we fully realize the PbO paradigm,
by assuming we can identify a subset of sufficiently powerful components that
can reach this behaviour, regardless of the form (and name) of the resulting
algorithm. Often, in practice, we do not have this subset, or we are not able to
identify it among the components we have. So we can relax this hypothesis by
assuming we can identify and configure an algorithm that obtains results that
are “good enough” for our purpose.

2.3. The causal framework
The theory. From the working hypotheses (H1)–(H4), we consider problems and
instances as given inputs to tackle, using an algorithm built starting from the
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basic components; the efficiency of the algorithm depends on the computational
environment such as machine power or running time. These factors are the
causes for the results obtained, which therefore are the effects. What relates
the inputs to the results, is how (efficiently) the algorithm can traverse the
search space, that is, how it can efficiently oscillate between diversification and
intensification, based on the characteristics of the instance. These characteristics
can be represented by the features.

This theory is rather straightforward and many if not all the works cited in this
paper implicitely already assume this model. However, by making it explicit,
we construct a falsifiable theory that we can follow in our goal of explaining
how and why an algorithm works.

The general causal framework representing the theory is shown in Figure 1. In
the general framework each node is actually a macro-node representing a set of
nodes, which are grouped together by their function.

High-level entities. P represents the variables relative to the problems, such
as the objective function. D is the data necessary to instantiate one specific
occurrence of a problem, e.g., the instance file. While it may be argued that
an instance exists for a given problem (e.g. a TSP instance), we consider them
separately to emphasize the separation between the generic problem definition
and its specific realizations. Following (H2), PA is the set of problem-specific
components and algorithms (e.g. initial solutions, neighbourhoods, heuristics),
and SA is the set of algorithm-specific components that compose the search part
of the algorithm. Components in PA and SA include both algorithmic functions
such as neighbourhoods or acceptance criteria, but also numerical parameters.

C represents the set of computational factors that impact an actual implemen-
tation of any algorithm instantiated, such as the computational power, running
time, random seed, but also quality of the implementation, and any other pos-
sible factor affecting the computation.

A is the set of algorithms that we can use for solving an instance ip ∈ D of
problem p ∈ P ; differently from PA and SA, an algorithm a ∈ A is an instanti-
ated and fully configured algorithm. The separation of A from its components
collected in PA and SA follows from (H1).

L is the abstraction of the landscape that is generated when a problem in P
is instantiated with data from D. For any practical purposes, we can consider
the landscape as not directly observed, but we can observe some characteristics
that represent it. We classify these features in FS (static), features that arise
from the instantiation of a problem, and in FA, features that represent the
landscape as seen by an algorithm in A. For example, FS contains the set of
instance features, such as the instance size, the problem-specific features, such as
angle features for the Travelling Salesman Problem, or properties of the solution
landscape such as the ruggedness. FA instead contains features observed with
some search algorithm, such as the number of iterations a Hill Climbing takes
to converge to a local optimum.

Finally, R models the results that can be obtained by an algorithm a ∈ A on an
instance ip for a problem p ∈ P , under the computational environment specified
in C.
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P D PA SA
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FS FA
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Figure 1: A generic causal framework representing the interaction between problems, in-
stances, algorithms and results. Each node in the DAG is a macro-node modeling a set of
entities: P for the problem, D for the data, PA and SA for respectively the problem-specific
and algorithm-specific components, A for the search algorithm, C for the computational envi-
ronment, L for the solution landscape, FS for the features of the instance, FA for the features
that represent the landscape as seen by a search algorithm, and R for the results. Arcs rep-
resent the causal relationships between the high-level nodes. In practical applications, not
all the nodes might be observed, and not all the nodes might be present, depending on the
specific instantiation of the problem under study.
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Causal relationships. {I, P,PA,SA, C} form the set of exogenous variables, be-
cause they are the ones we set when we tackle an optimization problem; the
endogenous variables are {L,A,FS,FA, R}, and their value depends on other
variables, either deterministically or in a probabilistic way.

An algorithm in A can be instantiated combining components from PA and SA,
according to (H1) and (H2), hence we have arcs from PA and SA to A. The
relationship between PA, SA and A is entirely deterministic: an algorithm is
either composed by a certain set of components or not. We remark that the PA
and SA components used to compose the algorithms in A are not necessarily
the same ones used to compute the landscape features in L. When it is not
possible to decompose an algorithm a ∈ A into basic building blocks from PA
and SA, because we do not have or recognize them, we treat it as an intervention
operation: we assume it is composed by unobservable building blocks and we
manually instantiate it as do(A = a).

The landscape L is defined solely by the instantiation of a problem, so we have
incoming arcs from P and D.

The features in FS arise only from the contribution of L, which mediates P and
D. The features in FA are instead observed when an algorithm in A traverses
the landscape L. Note, however, that the features generated using an algorithm
in E are considered mere properties of the landscape, and not an evaluation
of the algorithm, which is a different task. It is also important to remark that
as FS and FA represent properties, at this stage we do not impose any limit
(from C) on our ability of observing them; clearly this cannot always happen
in practice and we might need to settle for some approximation.

Finally, the results R for an instantiation of a problem as defined in P and
D depend on the performance of an algorithm in A, under the computational
environment represented in C; however, following our working hypothesis (H3),
once an algorithm from A has been instantiated, it operates on a search space
here represented by L and can be considered, at that point, unaware of the
specific problem that generated it.

Despite L already containing (at the conceptual level) all the information about
the problem and the instance, we include additional edges from FS and FA to R
(dashed in Figure 1). We include these edges because FS and FA provide an ob-
servable intermediate (mediator) level of “reasons” that can help us understand
the performance R of A for P , D given C, a level that we can use, conversely
to the (usually unobservable) landscape L.

For the moment we do not assume any inter-node connection, that is, the nodes
composing the high-level entities are not directly connected to each other, since
they are defined either as exogenous variables, or as determined by other entities.
This simplification may be not fully true, for example for nodes in PA and SA
and their connections with A, where components can be combined in some
hierarchical fashion [104], or the relationships between algorithm parameters
can be represented using another DAG [15, 14], but for the sake of simplicity
we choose to not investigate further this issue and to demand it to future work.
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From this generic framework we can instantiate an effective causal model, de-
pending on the specific case. For example, in the PbO paradigm, A will be the
set of components in which we can decompose an algorithm. In the context of
algorithm selection, instead, A is a variable taking values a1, a2, . . . , an for the n
algorithms in the portfolio. Likewise, P contains at least the objective function,
but if necessary it is possible to represent the constraints.

One of the advantages of the general framework is to abstract the connections
between high level concepts, being therefore valid across several scenarios (in
particular, problems). An instantiation of the framework for a specific problem
may contain elements that do not apply to other problems (e.g. the number of
clauses in SAT). It is anyway possible to select a tradeoff between generality and
specificity and operate at the desired level of precision. Another consequence of
this is that we do not need to worry about being too precise in the classification
of the components and features, since their relationship with the other entities
of the framework is far more important.

Notation and reasoning on the framework. The notation we use for this frame-
work is somewhat an abuse of the notation used in causal models, and we use
it to model the high-level interactions. For two high-level nodes X and Y , the
Y |X indicates the choice of Y depending on X. For example, we have that
A|PA,SA, because the algorithms in A are generated starting from a specific
instantiation of the components and parameters in PA and SA.

Causal and inferential reasoning is as in any causal model. Since there is no edge
inside each macro-node, all the flows of information we define on the framework
apply also when we “open” the macro-nodes into their constituting nodes.

Limitations of the framework. There are several difficulties we encounter when
constructing and instantiating a specific model from the high-level framework.
The first one lies in the amount of choices we need to make to properly define
the model variables. How to represent the results? Do we consider absolute
solution values, or relative deviations from optimal or best known solutions
for the instances considered? In the latter case we can use best known values
as bounds, but how do we choose to compute them? How to represent the
problem or the constraints, when present? Which features to include, and how to
represent them numerically? Many features will be correlated, so some feature
engineering can be useful: how and to which extent can we do it? How to
represent in a meaningful way the computational environment in C? Some
of these questions have obvious answers when implementing an algorithm to
perform experiments and collect data, but require reflection when integrating
the relative information in a single model instantiation.

The next issue is related to the computational task defined by a model. A full
model will contain several variables, and in particular for nodes in A and R,
with many parent nodes the resulting conditional probability tables will be huge.
One common assumption in many practical causal models e.g. in biology is that
continuous variables appear only as terminal nodes, and causes and intermediate
nodes are discrete. In this context, this assumption does not hold, because our
framework can have continuous causes, for example continuous parameters.
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The third issue lies in the difficulty of fully instantiating a model; aside from the
entities that may not be considered in some of the tasks, single tasks or studies
usually ignore or underestimate some of the variables involved. For example,
algorithm comparisons often restrict the analysis or the experiments to a fixed
set of design and parameter choices. This makes it impossible to generalize the
findings, since, for example, a proper configuration can improve the algorithms
and subvert the results [52].

Nonetheless, in the next section we show two applications of this framework. In
the first one we demonstrate how under our framework the algorithm selection
and configuration problems can be conceptually related to each other, and the
difference between them is not in the characteristics of the tasks but in their
practical application. We then show how to exploit the relationship between
the various entities involved to make use of data collections to automatically
find configuration that work on new, unseen problems.

3. Some examples from the literature

In this section, we revise research lines aimed at understanding the behaviour of
optimization algorithms, and relate them to our framework, showing how they
can be represented as inference tasks on the framework. The goal of this section
is to show how the framework can be used to define the research questions,
highlighting the different perspectives and elements considered in each work.
While a complete literature review is beyond the scope of this work, we choose
to select some papers to cover a wide range of methods and applications.

3.1. Theoretical and experimental analysis of algorithms
The analysis of the results obtained by optimization algorithms is the most
common kind of analysis for SLS algorithms and it appears in the literature
in countless different flavours. Theoretical works aim to establish statements
that are certain and true given a certain set of assumptions. However, conces-
sions usually have to be made in the assumptions to be able to derive general
statements. Nonetheless, several sophisticated mathematical tools have been
developed to analyze the behaviour of an algorithm, from schema theory for
genetic algorithms to methods based on Markov chains to statistical analyses
[59, 47, 39, 6]. Experimental analyses are instead the only viable choice when
moving from ideal assumptions to problems meant to model real-life applica-
tions or from basic algorithmic templates to complex ones. Over the years,
the research community has developed best practices and guidelines about per-
forming computational experiments [61, 62, 8, 72, 25]. Theory and experiments
offer therefore complementary views on the same research questions. Under
our framework, we can focus on the specific question asked in each work, and
consider theory and experiments as tools to provide answers.

Historically, the theoretical analysis of SLS has focused on convergence results,
to show how a particular algorithm could guarantee the discovery of an optimal
solution under a set of assumptions. This means to prove that, for an algorithm
a ∈ A,

R = r∗|A = a, P = p,D = d,C = c, (1)
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where r∗ is one optimal solution, for some assumptions encoded in p, d, c. No-
table examples are the convergence analyses of cooling schemes in the simulated
annealing literature [95, 117, 134], where it is shown how some cooling schemes
are guaranteed to find an optimal solution under the assumption than infinite
runtime is available to solve an instance sampled from an uniformly random
distribution. Noting that, in this case, the cooling scheme is one of the compo-
nents of simulated annealing we can use (H1) and (H2) to describe the goal of
these works as proving3

lim
runtime∈c→∞

Prob(R = r∗|SA = sa,PA = pa, P = p,D = d,C = c) = 1, (2)

that is, given infinite runtime, the probability that an algorithm composed with
a selected set of pa, sa that include the specific cooling scheme considered finds
the optimal solution r∗ for an instance of p, d approaches 1. These analyses
have since then developed also for other algorithms. For example, Gutjahr
studied the convergence to the optimal solution of ant colony optimization algo-
rithms [55, 56]. Rudolph discussed conditions that allow a non-elitist (1, λ)-ES
to converge to the optimal solution in infinite time [119]. He also proved that a
canonical genetic algorithm will never converge to the optimal solution for any
combinatorial optimization problem, but its variant that keeps the best solution
after selection can, in infinite time [118]. Reviews of this area can be found in
[6, 12, 101, 102].

On the other hand, runtime analyses aim to determine (bounds on) the runtime
that an algorithm a ∈ A takes to find the optimal solution of an instance d ∈ D
of a certain problem p ∈ P . Hence, the problem can be framed as

runtime ∈ C|A = a, P = p,D = d. (3)

Examples from the theoretical community include analyses of generalized hill
climbing (another name for the fixed temperature variant of simulated anneal-
ing) [71], or ant colony optimization variants [129, 41].

Works such as [95, 57, 138, 90], instead, compare alternative cooling strategies,
notably the traditional geometrical cooling scheme and the fixed temperature
one. A statement such as “algorithm a1 ∈ A is superior to algorithm a2 ∈ A”
(or, alternatively, a component sa1 is superior to another component sa2) can be
interpreted in several ways, even when considering one specific scenario. This
can make it difficult to relate the findings of two different works, because of the
different perspectives. Our causal framework can help disambiguate the precise
question asked. For example, we could mean that a1 converges faster than a2
to an optimal solution, thus having a comparative runtime analysis

runtime1 ∈ C1|A = a1, R = r∗, P = p,D = d <

runtime2 ∈ C2|A = a2, R = r∗, P = p,D = d (4)

where C1 and C2 are the respective experimental conditions, including the run-
time, under which a1 and a2 can discover an optimal solution r∗ of an instance

3We use Prob(x) to denote the probability of x, to avoid possible confusion with the variable
for the problem in our framework.
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of a problem p and data d. Alternatively, the statement could be understood
as that under the same conditions, a1 is expected to find a better solution than
a2, which can be formalized as

Prob(r1 > r2|P = p,D = d,C = c) > Prob(r2 > r1|P = p,D = d,C = c) (5)

where r1 is the solution found by a1 for an instance of P andD under constraints
C, r2 the solution found by a2 in the same scenario, and the “>” sign in this
case indicates “better quality”. We could also mean that the probability of a1
finding an optimal solution is higher than the probability for a2, as in

Prob(r = r∗|A = a1, P = p,D = d,C = c) >
Prob(r = r∗|A = a2, P = p,D = d,C = c) (6)

for the same instance of P and D and under the same constraints C. Finally,
another different interpretation is that a1 can operate under more relaxed as-
sumptions than a2, that is

∃ p ∈ P, d ∈ D, c ∈ C :
Prob(R = r|A = a1, p, d, c) > 0,
P rob(R = r|A = a2, p, d, c) = 0 (7)

that is, a1 can potentially reach a target solution r under assumptions on the
problem, the data distribution or the experimental conditions that prevent a2
from doing so. Again, our hypotheses (H1) and (H2) make it possible to apply
Equations 3 to 7 both at the algorithm and the component level.

In the experimental community, the most immediate example of analysis of algo-
rithms is probably the comparison between metaheuristics on a certain problem.
For instance, many works have compared simulated annealing and tabu search
on different problems such as the QAP [9, 67], facility location [5] or constraint
solving [58], or the many heuristic algorithms proposed for the flowshop problem
[120, 106]. Usually this corresponds to the formulation of Equation 5, choos-
ing the algorithm a ∈ A that gives the best results for a problem and a set of
instances, under a certain computational environment

arg max
a∈A

Prob(R|P,D, a, C). (8)

Some works have studied in detail the impact of each component of an algo-
rithm, such as simulated annealing [73, 74, 52], tabu search [137] and ant colony
optimization variants [130, 100]. An a priori understanding on the functioning
of some component in SA or PA can be an essential part in the explanation of
the results in addition to information at the mediator level, and the only way of
explaining the results when no features are computed. For example, the late ac-
ceptance hill climbing cannot accept a solution that is worse than anything the
algorithm has encountered in the past. Thus, it has a limited diversification po-
tential and cannot accept arbitrarily bad solutions, contrarily to the Metropolis
criterion [20, 51]. These insights at the component level make it possible to un-
derstand the behaviour of the entire algorithm. Subsequent analyses have then
focused on the particular impact of several options for one specific component

12



or parameter of an algorithm, such as the tabu list in tabu search [35], the ac-
ceptance criterion in large neighbourhood search [122] and simulated annealing
[51], or the initial population strategies [93] and crossover operators [94] in ge-
netic algorithms. Other studies have instead evaluated the results obtained by
algorithms of different complexity, such as iterated local search algorithms on
flowshop scheduling problems [105], and evolutionary algorithms on knapsack,
Ising model and MaxSAT [50]. From the perspective of this work, all these
works aim to answer the same questions formulated in Equations 3 to 7, either
at the A or at the SA level, simply using different tools.

On top of the different angles explored in the various works, theoretical analy-
ses have for the most part focused on one specific problem and one particular
instance distribution. This is another explanation for which the results can be
contrasting. In [57], Hajek and Sasaki proved that there is no monotonically
decreasing cooling scheme that is optimal for specific instance of the matching
problem. In our framework, we have p = MATCHING ∈ P and a particular
d ∈ D that includes a specifically constructed distribution and a worst-case ini-
tial solution. The authors consider sad and sand ∈ SA, respectively a decreasing
and non-decreasing cooling scheme defined as components of the search part of
the algorithm4 that obtain results rd, rnd ∈ R. The particular implementation
of the decreasing cooling scheme is not important in this work. In fact, Hajek
and Sasaki prove that it exists a non-decreasing cooling scheme sand such that
for every monotonically decreasing cooling scheme sad, and using the Metropolis
acceptance [92] to evaluate a randomly selected candidate solution (also in SA),
we have rnd > rd and for average running time in C polynomial in the size of
the instance.

Wegener proved instead that on natural instances of the Minimum Spanning
Tree, simulated annealing, defined as one specific decreasing cooling scheme
sad ∈ SA, outperforms sand, in that work called the Metropolis algorithm [138],
that is, Prob(rd = r∗) > Prob(rnd = r∗) within a bounded number of steps.
Later Meer proves the same result for a specifically constructed TSP instance
[90].

These results can, of course, be easily reconciliated by noting that the results
depend on the specific problems and problem instances, which generate different
landscapes. Thus, the results have to be explained by using some variables at
the mediator level, as a surrogate for the unobservable landscape:

R|P,D, SA,PA,FA,FS, C. (9)

Here we also mention a parallel and complementary line of research to the
quantitative analyses we focus on in this paper, with recent works such as
[140, 22, 23, 127] that qualitatively study and compare algorithms to show func-
tional similarities and differences between them. This trend arose as a reaction
to the proliferation of metaphor-based metaheuristics that did not include any
actual algorithmic novelty [126]. The first mathematical proof of the equivalence

4Hajek and Sasaki reason in terms of temperature schedule, that is, sequences of tempera-
ture values. However, in practice we construct a function that computes such values from the
instance.
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of a supposedly novel metaheuristic came from a discussion between Weyland
and the authors of the harmony search, that was demonstrated to be perfectly
equivalent to, and its performance always bounded by, the (µ+ 1) evolutionary
strategy [139, 140]. Camacho, Dorigo and Stützle first showed that the intelli-
gent water drops algorithm is a special case of ant colony optimization [22, 23],
and subsequently that grey wolf, firefly and bat algorithms are variants of par-
ticle swarm optimization [24] In these works it is essentially shown how sa1 ∈
SA ≡ sa2 ∈ SA, and therefore Prob(R|P,D, sa1, C) = Prob(R|P,D, sa2, C).

Qualitative analyses have been applied also to the experiments reported in some
works. In notable cases such as the harmony search proposed to solve the sudoku
[140] or a modification of the Clarke-Wright heuristic for the Capacitated Vehicle
Routing Problem [127], it is proved both theoretically and experimentally that

Prob(R|P,D,A,C) = 0, (10)

that is, the original papers report results that are impossible to obtain. This is
therefore an indication of possible mistakes or misconducts.

3.2. Instance and landscape analysis
As we mentioned before, understanding the conditions encountered by an al-
gorithm during its search is a necessary step to ultimately understand how an
algorithm works.

It is very common for an algorithm that performs well on a certain set of problem
instances to perform poorly on a set with different characteristics, and possibly
viceversa. In practice, it is commonly observed that some problem instances
and some problem classes are intrinsically harder than other ones. In our causal
framework, we can first of all disambiguate what it is meant with “difficult”.
One possibility is that for two data distributions d1, d2 ∈ D of a problem p ∈ P ,
a randomly chosen algorithm a ∈ A is expected to obtain better results on the
landscapes generated by (p, d1) than on those generated by (p, d2), for some
computational constraints c ∈ C. Or, alternatively, for a ∈ A to obtain results
r1, r2 ∈ R of the same quality on d1, d2 ∈ D the experimental conditions c2 ∈ C
on d2 need to be more relaxed (e.g. a longer runtime) than c1 ∈ C for d1.
Still another possibility is that, given d1, d2 ∈ D, the set of algorithms a1 ∈ A
that can obtain a target solution quality r ∈ R for d1 is greater than the set
of algorithms a2 ∈ A that can obtain the same solution quality r ∈ R for d2,
under the same constraints in c ∈ C. In all these cases, we normally consider
d2 to be a more difficult scenario than d1.

One approach to understand the conditions for an instance to be “difficult”
is to figure out some characteristics that the instance should have, in order
to make it harder for a search algorithm to converge to the optimal solution.
In our framework, this means to distinguish the results in R by conditioning
them on some characteristics d ∈ D. For example, for the TSP when the ratio
of the number of clusters to the number of cities is between 0.1 and 0.11 the
Lin-Kernighan algorithm takes nearly six times longer to converge to a “good”
solution than on a randomly generated instance [125]. Those values are said to
yield a phase transition between practically “easy” and “difficult” instances [26].
Instances can be generated “difficult” for an algorithm, to study the relationship
between instance properties and algorithm performance [124].

14



To have a better chance of explaining the results, we can move to the landscape
and features level. This is equivalent to expanding the relationship between
P,D and R to include also a selection of variables in FA and FS to represent
the landscape L, thus having

R|P,D,FA,SA, C. (11)

In many cases we can, however, omit the experimental conditions C. Some
properties of the fitness landscape have been related to the difficulty of a problem
instance. Several measures such as ruggedness, autocorrelation, fitness distance
correlation, are used as proxies for higher-level properties of the search space
like convexity or multimodality [115, 1, 91, 80].

Local Optima Network analyses study the relationships between solutions en-
tailed by the neighbourhood function, observing local optima and the paths to
escape from them [34, 18]. This kind of analysis aims at understanding global
properties of the landscape L by computing some of its features

L|P,D,FA. (12)

In case of complete exploration of the search space, we are forced to not impose
any computational constraint or limitation.

Fitness Landscape Analysis can also be used for automatic selection and config-
uration of algorithms [16, 66, 114, 85]. In [77] the landscape is translated into
a set of constraints, to understand how complex a local search needs to be on
different landscapes.

A smaller number of works have combined algorithmic analysis with problem
and instance features. The impact of search space features for the Job Shop
Problem on the performance of tabu search was explored in [136]. In [108]
six metaheuristics form the portfolio for an algorithm selection problem for the
PFSP based on both problem and landscape features. Three different objective
functions are instead considered in [54], where a cross-problem analysis identifies
the landscape conditions necessary for two variants of simulated annealing to
perform well.

Some other works have instead applied problem-specific knowledge knowledge
to the design of algorithms. In [4] high quality solutions of Vehicle Routing
Problems are analyzed to understand what makes them good, in order to then
develop a Guided Local Search that is biased towards solutions that “look like”
the good ones [3]. Optimal or high quality CVRP solutions have compact routes
and “narrow”, with few intersections and short edges that connect to first and
last nodes of the routes to the depot. A knowledge-based algorithm can there-
fore penalize solutions that have, for example, overlapping routes, or nodes in
the route that are spread apart. In [98] an analysis of efficient schedules for
small instances of the no-idle Permutation Flow Shop Problem lead to the defi-
nition of superjobs, that is, subsequences of jobs likely to appear in high-quality
solutions, that are treated as a single job to reduce and smoothen the search
space. Two algorithms based on Iterated Greedy are then augmented with a
learning subprocedure aimed at discovering these superjobs.
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3.3. Modeling the algorithm behaviour
For further analysis and applications, it is necessary to represent in a mathe-
matical form the behaviour of an algorithm.

To completely separate the general algorithmic template from its implementa-
tion for a problem, it is often assumed that the algorithm has no access to any
information about the instance, and therefore the algorithms treats the prob-
lem as a black-box function [43, 44, 40]. This corresponds to ignoring any prior
observation of FA, FS or L, and to learn the distribution of some target vari-
ables, being in R, L, in A, or at the component level, during the progress of
the search. The use of artificial problems, whose characteristics are perfectly
known in advance, make it possible also to evaluate how close the behaviour
of the algorithm in the black-box scenario gets to the optimal one, computed
analytically, and in some simple cases to generate optimal algorithms [84, 36].

Surrogate models can model knowledge to approximate the outcome of experi-
ments [83, 96, 97, 121]. A surrogate model can be considered an alternative
model (P,D,PA,SA, C,A, L′,FS′,FA′, R′) that approximates the real model
(P,D,PA,SA, C,A, L,FS,FA, R). This is useful not only in case of expensive
objective functions, but also to filter candidate solutions and guide the search
by focusing on the most promising ones [27, 32, 17]. A notable case is algo-
rithm configuration, where the expensive evaluation of an algorithm is replaced
by a query on an Empirical Performance Model (EPM) that predicts the so-
lution quality of a configuration on an instance, and only the most promising
configurations are actually evaluated [68, 46, 112].

The data collected in the selection and configuration tasks, either on actual ex-
periments or using surrogate models and EPM, is particularly useful to analyze
the performance of algorithms. For example, several techniques can be used to
estimate the importance of features or algorithmic components and parameters.
Determining the most important feature or subset of features means to find the
subset FA′,FS′ ⊆ FA,FS such that the proportion of influence mediated from
P,D to R remains approximately the same than using FA,FS. Finding instead
the most important parameter means to estimate the subset PA′,SA′ ⊆ PA,SA
that has the greatest impact on the results, that is,

arg max
PA′,SA′⊆PA,SA

∆R|P,D, do(PA′),do(SA′), C (13)

with a slight abuse of the do(·) notation to indicate a generic intervention on
the variable rather than a precise value assignment. These are again different
questions, but they share the innately causal goal of estimating the effect of an
intervention. Hence, the following methods can be applied to both tasks.

Functional ANOVA [60] is one such approach to quantify the importance of
the variables of a function and their interactions according to the proportion
of variance explained. One possible alternative is to apply forward selection
to the features observed in the EPM [69]. Random forests [19] and surrogate
models based on them also provide a native way of estimating the variable
importance, that has been used to compute importance of parameters [70, 113,
13, 52]. Ablation analysis [48] is another technique proposed to determine the
subset of parameters having the highest impact on the results. It is a path
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relinking procedure that connects two configurations flipping one parameter a
time, choosing the one that yields the maximum gain (or the minimum loss)
from the previous configuration. Data obtained in the configuration phase can
be analyzed also to find similarities in the final configurations [141], to infer
what makes a configuration perform well on a scenario.

The multilevel regression proposed in [30] uses a two-level regression to relate
the algorithms components with the problem characteristics. In the first level,
the algorithm components and parameters are used to predict the objective
function value; in the second level, the problem features are used to predict the
coefficients of the first regression. This is equivalent to performing a series of
tasks, the first one being

R|PA,SA, C (14)

followed by
x|FA,FS, P,D ∀x ∈ PA,SA. (15)

The use of regression in this order is aimed at explaining first the results in
terms of the algorithm used, and then the algorithm in function of the land-
scape, represented by the features. We note that this approach is justified by
the implicit assumption of a set of causes and effects that prescinds from the
mathematical method itself, which alone is not sufficient to determine the causal
relationship between the entities. It provides a more detailed analysis that the
functional ANOVA, relating single instances and configurations to their results,
instead of their average values [29].

Studies on the scaling behaviour of algorithms such as [65, 45] instead aim to
predict the results obtained by an algorithm on instances larger than those that
have been observed. This corresponds to inferring R|P,D,A,C2, using data
from a model (R,P,D,A,C1) with C2 in this case being a longer runtime than
C1.

3.4. Discussion
In this partial literature review, we have seen how virtually any method proposed
to explain the behaviour of an optimization algorithm can be represented as an
inference task on a subset of entities of our causal framework. By outlining the
research question of different lines of works we have also shown how they can be
related to each other. This is very important to navigate the research literature
on this subject, and understanding precisely why two works that deal with the
same algorithms on the same problems can offer different conclusions.

Of course, how to perform the inference task in practice depends on the observ-
able variables, the tools available, and the computational environment that can
be used. Nonetheless, we argue that in order to properly understand and explain
the behavior of an algorithm and its results, it is required to collect information
at the mediator level, that is, the features that represent the landscape. This
is also a necessary step to furthen the generalization and automation of algo-
rithm instantiation, an example of which we will discuss in the next section.
This perspective is shared by other works such as [42], who effectively outline
a sequence of operations that can be considered an effective implementation of
one such inference tasks.
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4. First application: A unified view of selection and configuration

Given a set of instances arisen from a problem P and data D, a set of algorithms
A and a cost function c(·) to measure the quality of each algorithm a ∈ A
on P,D, the Algorithm Selection Problem (ASP) [116, 81, 78] aims to find a
mapping S : P,D 7→ A such that ∀d ∈ D, c(a(d)) is minimized, or, in other
words, to find the algorithm in A that obtains the best results on each instance.

ASP is usually tackled by computing a set of proxy problem features that rep-
resent the problem instance “well enough” and thus allow to find a mapping S
that works “well enough” in practice. Features can be of various kinds. For con-
tinuous optimization problems, usually fitness landscape features are considered
[91, 16, 99, 79]. For combinatorial optimization problems, very often features
are problem-specific (or even class-specific) characteristics, such as statistics of
the cities in TSP-related problems, or of clauses in SAT, thus requiring a certain
degree of problem-specific knowledge. Efforts to use fitness landscape features
to select algorithms for combinatorial optimization problems include [108] for
flowshop scheduling, or [33] for the QAP. The selection of the set of features is
crucial for the performance of the mapping. Problem-specific features can pro-
vide deep insights on the specific instance, at the cost of sacrifying generality of
the mapping, while for more general features it is more difficult to pinpoint the
ones that can give a reliable mapping.

Some authors have instead explored the possibility of using the automatic fea-
ture extraction of deep neural networks to bypass the manual definition of fea-
tures in AS, on the bin packing problem and the TSP [2, 123]. The drawback is,
of course, the difficulty or impossibility to a posteriori understand and explain
the selection.

Given a set of instances that arise from a problem P and data D, an algorithm
a ∈ A with a set of parameters θa and a cost function c(·) to measure the quality
of a on D, the Algorithm Configuration Problem (ACP) aims to find the set
of parameters θ?

a such that c(a) is minimized on P,D. That is, the goal is to
find the best configuration of parameters for a on the instances. This problem is
also known as parameter tuning or, in machine learning, hyperparameter tuning.
Contrary to ASP, in ACP features are not necessarily considered. The problem
is often modeled as a black-box stochastic optimization problem, so the best
configuration θ? is the one which obtained the best results on a set of training
instances, but no insights are given. However, by comparing different outcomes
of ACP across different scenarios, we can infer explanations for the different
results. The inclusion of features in the configuration process gives instead the
Per-instance Algorithm Configuration Problem [76, 10, 11], which will be the
focus of the rest of this section.

Automatic approaches for the ACP can be naturally applied to the task of
automatically design algorithms, following the Programming by Optimization
paradigm [63]. This makes it possible to tailor an algorithm for a specific sce-
nario, performing extensive experiments and improving the final performance
while reducing the burden for the user

The Combined Algorithm Selection and Hyperparameter optimization (CASH)
problem [132, 82] is the problem of selecting an algorithm and its parameter
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configuration that best solve a problem, or arg min c(a, θ?
a), for the a ∈ A. It

differs from ASP because in the latter the configuration task is omitted, and
from ACP because it consider a set of algorithms rather than a single one, and
finally it differs also from separately running a selection phase and a subsequent
configuration of the outcome of the selection. It appeared more recently in the
literature with respect to ASP and ACP, mostly due to the higher computational
cost entailed.

Nonetheless, here we argue that these three problems can be conceptually rep-
resented as an inference task on the same set of variables. Informally, this can
be understood by considering the portfolio A for the ASP as a categorical pa-
rameter of a super-algorithm, whose values are the different algorithms in the
portfolio. With (H1) and (H2) we assume that we can instantiate at least one,
and possibly more, algorithms from A. The mapping S searched for in Algo-
rithm Selection as presented above can thus be described as A|P,D,FA,FS, C.
Since FA,FS already depend on observing P,D, and the selection is made by
observing the results R for the alternatives evaluated, we can define ASP as the
inference task A|R,FA,FS, C. The emphasis on the mediators FA, FS empha-
sizes the “white-box” characteristic of ASP.

With (H1) and (H4) we also claim we can configure an algorithm using PA and
SA. The usual black box formulation of the Algorithm Configuration Problem
is PA,SA|D,C. Again, the final decision is based on results R observed in the
tuning phase. Taking into account that the fact that the algorithm already
works for a given problem P is usually assumed, we have PA, SA|P,D,R,C.
For a proper definition of PA, SA, the same formulation applies to the PbO
paradigm for Algorithm Design.

Therefore, we see the relationship between ASP and ACP. They are similar
problems, in the sense that they are both inference problems based on problem
and instances, and the outcome depends on the results (in fact, the racing
algorithm [88] proposed in 1997 for model selection was subsequently used for
configuring algorithms [15]). They instead differ in (i) whether we use fully
configured algorithms (in A, for ASP) or building blocks (in PA and SA, for
ACP), and (ii) if we can observe (and use in the selection or configuration
process) some features in F or L.

The separation is, however, neither crisp nor immutable. By observing any
feature in F or L in a configuration or PbO task we open the black box and move
towards a per-instance configuration approach. By allowing the configuration
of numerical parameters of the algorithms in a portfolio for a selection task we
have the CASH problem, which can also be instantiated as PA,SA|R,F, L,C. In
practice, therefore, the question is what tools should we use for our application,
and the answer depends on the possibility of observing features, the extent
to which our algorithm or set of algorithms can be parameterized, and the
computational constraints we have.

5. Second application: Per-instance configuration and transfer learn-
ing

Transfer learning is the application of knowledge obtained on one domain onto a
different domain [133, 107]. It is an important task in machine learning, where
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it aims to reuse of past learning tasks as starting point for new tasks. Trans-
fer learning is an inherently causal task, because the conditions that determine
whether some information is transferrable between two tasks can be determined
by observing the causal structure of the tasks [110, 7]. In particular, we have
direct transportability between two tasks that share the same set of causal rela-
tionships [110].

In this section, we show how our causal framework can be used to transfer
algorithm configurations obtained for some problems and instances into new
scenarios. This is an open problem of great interest, because one of the limita-
tions of many existing configuration approaches is the difficulty of making use of
past experiments for new configuration tasks. Transferring configurations onto
new scenarios would make it possible not only to speed up new configuration
tasks, but also to exploit the vast amount of data collected in the past. This
would also be extremely useful in scenarios where a configuration is not possi-
ble or not convenient, such as when the evaluation of the objective function is
extremely expensive, when few instances are available, or in case of a problem
that have to be tackled only once.

In a typical transfer learning task in machine learning, we typically consider one
model and different distributions. The question is therefore how to translate the
typical optimization scenario, consisting in algorithms, problems and instances
into distributions. The starting point to answer this is to note that transfer
learning and per-instance configuration are the same task. This can easily be
seen with a derivation analogous to the one between AC and AS in Section
3. From our framework in Figure 1 we see that {FA,FS} is a set of mediator
variables between the problem instances {P,D} and the results R (since we
assume the landscape L is unobserved, an assumption derived from (H3)). Thus,
for a specific problem p ∈ P , the goal is to obtain the best configuration for
each instance, that is

{PAd,SAd}|{p, d,FAd,FSd, R, C} ∀d ∈ Dp (16)

where FAd and FSd are the features computed for every instance d of problem
p, to distinguish them from the sets of features FA and FS computed over all
the instances, for example, the instances we use in the training of the model.

Equation 16 explicitly includes instantiation of a problem with its data. Fol-
lowing our argument in Section 3, we can remove this explicit dependency by
observing a suitable set of features in {FA,FS} that are representative enough
of the information contained in {P,D}. We thus obtain

{PAd,SAd}|{FAd,FSd, R, C} ∀d ∈ Dp. (17)

Hence, we see that the observation of this suitably representative set of features
makes the starting objective function irrelevant, allowing us to characterize sce-
narios only at the feature level. Of course, this requires also the features to be
problem-independent for the procedure to work across different objective func-
tions, which is why we are going to focus only on landscape features, as they
can be more easily defined to suit our goals.

The inference process is reported in Figure 2. The training data is composed of
data collected on the training instances, pairing the features computed on each
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Figure 2: Inference process for the transfer of configurations.

training instance with the configurations tested on it, and the results observed.
For each instance, only the configuration that obtains the best results is kept.
This data is fed to an inference engine; in principle, any engine can be used for
the tasks. The inference engine will then take the features computed on the test
instances and compute suitable configurations to use on the test instances.

5.1. Transfer of configurations of a fixed temperature simulated annealing
We follow our procedure to find good configurations for a fixed-temperature vari-
ant of simulated annealing (FTA). This is a very simple SLS that always accepts
improving moves and accepts worsening solutions probabilistically, weighting
the relative worsening in solution quality by a scaling parameter called tempera-
ture. Contrarily to the classic simulated annealing, which alters the temperature
during the search, FTA always uses the same temperature value. Following our
earlier work [54], we define FTA as a two-parameter SLS, the fixed temperature
value (real-valued factor in [0, 1] that rescales the average gap between consecu-
tive solutions observed in a preliminary random walk), and the neighbourhood
exploration, a binary parameter that determines whether the next solution to be
evaluated in the neighbourhood of the incumbent has to be selected randomly
or following some ordering.

We consider four objective functions: the Quadratic Assignment Problem (QAP),
the Permutation Flowshop Problem under the makespan objective (PFSP-MS),
the Permutation Flowshop Problem under the total completion time objective
(PFSP-TCT), and the Traveling Salesperson Problem (TSP). For each objec-
tive function we have two instance classes. These are all permutation problems
where all the possible solutions are feasible, and we can expect a similar al-
gorithmic behaviour. In fact, in [54] we have characterized the behaviour of
FTA and simulated annealing with respect to the landscape, analyzed using
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Table 1: Set of landscape features used in the transfer learning. Each feature is computed
with both a first-improvement and a best-improvement local search.

1 Number of moves to local optimum
2 Number of moves to local optimum, rescaled by instance size
3 Number of moves to local optimum, rescaled by neighbourhood size
4 R2 of a linear model fit on the solution values
5 R2 of a linear model fit on the solution values normalized in [0, 1]
6 R2 of an exponential model fit on the solution values
7 R2 of an exponential model fit on the solution values normalized in [0, 1]
8 R2 of a linear model fit on the number of improving moves in the sequence

of neighbourhoods traversed
9 Average proportion of neutral moves in the neighbourhoods traversed
10 Number of neutral last moves
11 Difference of features 4 and 6
12 Difference of features 5 and 7
13 Slope of the sequence of differences between best and average solution

in a neighbourhood

problem-independent features. The goal is to make use of collection of experi-
ments, either performed in the past or simulated, for example via a surrogate
model, to infer good configurations for each new test instance, both for the same
problem and across different problems.

Following the causal framework, problem instances and algorithmic components
become conditionally dependent if one or more common descendants are ob-
served. In our case, the observations of features in FA is the set of descendants
that makes this possible. In particular, the landscape features we consider,
listed in Table 1, are computed with a first improvement and a best improve-
ment. Since the features in FA descend from one specific algorithm a ∈ A
instantiated from {PA,SA}, for which there are virtually countless valid com-
binations, we cannot expect for two algorithms a1 and a2 to observe similar
values for the the respective set of features in FA. We choose therefore to use
a probing algorithm a0 that can approximate the behaviour of all or at least
many FTA combinations, assuming that the set of features FA0 observed can be
considered an approximation of the set of features observed by the set of actual
FTAs tested, and a first improvement can be seen as a FTA with temperature 0.
Following [52], the “right” temperature value is the minimal one that guarantees
the correct diversification.

The FTA algorithm is implemented in a component-based fashion in the emili
framework, and an algorithm is instantiated at runtime by a desired parameter
configuration [104]. We find good configurations for the various scenarios using
the irace configurator, a state-of-the-art-offline configurator [87]. Each tuning
is repeated 15 times, and the best configuration of each tuning is used on the
entire test set. The configurations evaluated by irace during the tuning phase,
and the relative results observed, are also paired with the features computed on
the training instances to be used as training data for the inference task. We use
MERCS to infer the test configurations [135]. Also with MERCS we generate
15 configurations for each test instance, for statistical purposes. QAP and TSP
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Figure 3: Results obtained in terms of relative percentage deviation from the best known
solutions on the random and structured QAP instances by irace (separate tunings for each
instance class) and MERCS; lower boxplots represent better results.

experiments run for 10 seconds, while the runtime for the PFSP experiments
is 0.015 × n × m/2, where n is the number of jobs and m is the number of
machines of an instance. All the experiments are performed on a machine with
Intel Xeon E5-2680 v3CPUs running at 2.5GHz, with 16MB cache and 2.4GB
of RAM available for each algorithmic run, in single thread mode.

The structure of the experiments is the same in every scenario presented in
the following; they differ only in the set of problems and instance considered.
First we perform one tuning with irace on the training set, then we couple the
training data with the instance features to infer a new configuration for every
test instances. We therefore compare the results obtained on the whole test
set considered by the final configuration obtained using irace, with the results
obtained by the set of test configurations obtained using MERCS, each one on
a single test instance. The goal of this experiment is not to compare the tuning
methods, but to show that a general purpose inference engine can be a valid
alternative practice for automatic algorithm configuration, using collections of
past experiments. This use of problem-independent features makes it possible
to apply this process to any collection of problems, with meaningful outcomes.

In the first two scenarios we perform transfer learning between QAP instances.
First we consider separately two different instance classes, performing sepa-
rate tunings and evaluating separately the configurations found on random and
structured instances. Inference is also applied separately for the two instance
classes, so configurations for the test random instances are inferred only from
data obtained during the tuning on random instances, and the same is done
on the structured instances. The results are reported in Figure 3, separated
by instance size, comparing the solution qualities obtained by the configura-
tions found with both irace and MERCS in terms of percentage deviation from
the best known solutions. The results are very similar. Only in the case of
structured instances of size 60 there is a statistical difference in favour of the
per-instance approach with MERCS, with a p-value < 3 × 10−5, where all the
other cases have a p-value greater than 0.05. This happens because for each
instance class and size there is a relatively narrow interval of good temperature
values that allow FTA to reach those solutions in the given runtime. irace is
able to identify it, and MERCS can exploit the information collected during the
tuning.
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Figure 4: Results obtained in terms of relative percentage deviation from the best known
solutions on the random and structured QAP instances by irace (separate tunings for each
instance class) and MERCS; lower boxplots represent better results.

In the second experiment we consider the two instance classes together, and
tune FTA with irace using a training set of both random and structured in-
stances, obtaining one configuration to test on the entire test set. The results
are worse than in the previous case, especially on the random instances, be-
cause the two instance classes are better tackled using different configurations.
During the training phase, however, irace evaluated also configurations that are
good for the random instances, but were eventually discarded because of their
poor performance on the structured instances. The feature-based approach with
MERCS can exploit those configurations, obtaining better results, albeit not as
good as in the previous experiment. In this case, in fact, the configuration space
suitable for the random instances was not properly explored during the tuning
phase by irace. The results are statistically equivalent only on the structured
instances of sizes 60 and 80.

5.2. Transferring configurations across different objective functions
In the third experiment, we use the feature-based approach to infer configu-
rations for the TSP, starting from the tuning data generated by irace on the
QAP and the two PFSP objectives. That is, MERCS uses data for these three
problems to suggest configurations to test on each TSP instance. We consider
two TSP instance classes, uniformly random (RUE) and clustered (RCE), with
sizes 100, 150 and 200 cities. We created the instances using the generator from
[75], with coordinates on a 1000 × 1000 matrix.5 The results obtained by the
configurations inferred by MERCS are compared against the results obtained
by irace when tuned on a training set of TSP instances, considering the two in-
stance classes separately but including the three instance sizes. In addition, we
include the results obtained with a 2−opt heuristic as a reference. The results
are reported in Figure 5. A summary on the temperature values obtained is
reported in Table 2.

In both instance classes the results obtained by the configurations found by
MERCS are comparable to those found by irace for instance sizes 100 and 150,

5On the RCE instances the coordinates may exceed those boundaries, due to the sampling
procedure of the generator. This does not cause any numerical instability, so we do not need
to correct a posteriori the coordinate list.
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Figure 5: Results obtained in terms of relative percentage deviation from the optimal solutions
on the RUE and RCE TSP instances by a 2-opt, irace (tuning on a training set of TSP
instances, across all sizes) and MERCS (inference on QAP and PFSP data); lower boxplots
represent better results.

Table 2: Average temperature values obtained for each instance class, with the relative stan-
dard deviation. For irace the averages are computed over fifteen tunings, for MERCS across
all the temperature values for the relative class and size. Ti is the average temperature ob-
tained by irace on the two separate TSP training sets, and is the temperature value used in
the experiments reported in Figure 5. T ′

i is the temperature obtained by separate tunings on
different instance class and size. TM is the average of the temperatures identified by MERCS
for the instances of each size.

Class Size Ti T ′i TM

100 (0.0489, 3.014× 10−3) (0.0372, 6.192× 10−3)
RUE 150 (0.0349, 3.615× 10−3) (0.0373, 2.029× 10−3) (0.0437, 9.002× 10−3)

200 (0.0313, 2.156× 10−3) (0.0569, 6.811× 10−3)
100 (0.054, 4.439× 10−3) (0.0337, 6.247× 10−3)

RCE 150 (0.018, 5.738× 10−3) (0.0443, 3.908× 10−3) (0.0409, 6.217× 10−3)
200 (0.0134, 1.603× 10−3) (0.0399, 8.95× 10−3)
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Table 3: Distances (rounded to the nearest integer) for selected neighbours in each instance
class. For each test instance we compute the average and standard deviation of the distance
to the nearest neighbour, the distance to the 50%-th neighbour when ranked by distance, and
the distance to the farthest point. The values reported are the average across each instance
class and size.

1-NN 50%-NN Farthest point
Class Average St.Dev. Average St.Dev. Average St.Dev.

RUE 100 52 29 528 46 987 144
RUE 150 42 23 529 43 1004 144
RUE 200 36 20 530 40 1013 144
RCE 100 23 19 171 34 400 63
RCE 150 15 14 139 27 338 52
RCE 200 16 13 328 27 725 70

while they differ greatly, in both solution quality and variance, for size 200.
On the RUE instances the results are not significantly different for size 100
(p-value of 0.2059), with an average solution quality around 0.7% worse than
the optimal solutions. For size 150, the solutions found by the configurations
inferred by MERCS have an average of 1.42% RPD, compared to a 1.1% of
the solutions found by the configurations obtained by irace. For size 200, the
results are considerably worse, with an average RPD of 5.6%, but still better
than those obtained with a 2−opt heuristic.
On the RCE instances, for sizes 100 and 150 the solutions found by the configu-
rations obtained with irace are around 3−4% worse than the optimal solutions,
while those found by the configurations inferred using MERCS are on average
1.2% worse than the optimal ones. On size 200, instead, the quality of the
solutions obtained using MERCS is drastically worse, even with respect to the
results obtained with a 2−opt.
The explanation can be found by observing the instances generated. Represen-
tative instances for each class and size are reported in Figure 6. TSP instances,
overall, have a landscape that is globally very different from the landscape gen-
erated by the QAP and the two PFSP problems of Section 5.1. In particular,
a random TSP solution can be expected to have an RPD of 120% from the op-
timal solution, while on the QAP the initial RPD rarely exceeds 50%. A local
search, however, can exploit only local information at the neighbourhood level.
A fixed temperature algorithm in particular will work well if the structure of
the neighbourhoods is similar in different areas of the solution space [54].

RUE instances exhibit a “regular” behaviour, and a properly configured FTA
can traverse a large portion of the search space and find good quality solutions.
This is a similar situation to the random QAP landscape of our previous two
experiments, so MERCS can exploit these similarities up to a certain extent
and find reasonably good configurations. The basic landscape differences, and
possibly the set of features considered, make it however not possible to fully
distinguish the details between the instance sizes, so the temperature values are
suboptimal, and in an opposite trend with respect to the correct one. On our
instance sets, good temperature values decrease as the instance size grows, as
the increased density of the points makes the average relative difference between
neighbouring solutions smaller.
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On the RCE instances we observe instead a different situation. The generator
we used creates instances with bn/100c clusters, which, in our case, results in
1, 1, 2 clusters for sizes 100, 150 and 200 respectively. These are very different
instances. With a single cluster, the distances between each node are actually
more uniform than on the RUE instances. As we see in Table 3, on RCE
instances of sizes 100 and 150 not only the average distance between nearest
neighbours is smaller than on the RUE instances, but also more distant points
are anyway comparatively closer. This generates neighbourhoods that are quite
uniform, a situation well suited for a fixed temperature algorithm, which in fact
obtains better results than on the RUE instances.

Two clusters, on the other hand, will partition the distances into small intra-
cluster and much larger inter-cluster distances, as can be inferred from Table 3,
making this a challenging scenario for a FTA. A careful inspection of the results
on each instance shows how the solution quality found by the FTA worsens as
the distance between the clusters increases. This correlation between cluster dis-
tance and results explains the huge variability obtained by MERCS. Conversely,
overlapping clusters generate a landscape no different from the landscape gener-
ated by a single cluster, which results in good final solution qualities. A similar
situation arises when the two clusters are adjacent, as also in this case it is
possible for a FTA to perform well.

Some visual examples of different instance classes are given in Figure 6. In
Figure 7 we show instead three different RCE instances of size 200, with over-
lapping, adjacent and distant clusters. It is interesting in particular to note
the average solution quality found by the 15 configurations found by MERCS
in these latter instances. On rce200-85, with two overlapping clusters, the
average RPD is 1.69%. On rce200-96 the two clusters are instead adjacent,
and the average RPD obtained is 3.19%. Finally, on rce200-95, where the two
clusters are very distant, the RPD is 50%. In Figure 8 we report the correlation
between cluster proximity and final RPD obtained. For MERCS, that relies on
features whose value is in some cases dependent on the size of the instance or
of the neighbourhood, the correlation is very close to 1. Also for irace, when
tuned across all the RCE instance sizes, the correlation is quite strong (0.787).
When instead the tuning is done only on the RCE instances of size 200, the
correlation on the test set is negligible; in this case the results are better for
instances with average distance between clusters, and worse for overlapping or
extremely distant clusters.

These results reflect the fact that different point distributions generate differ-
ent landscapes, and in some cases they may resemble very closely landscapes
observed in different situations, making it possible to obtain meaningful con-
figurations from past experiments. On the other hand, on a completely new
landscape our method fails to produce a valid configuration, and the too high
temperature value prevents the FTA to converge to any decent solution.

5.3. Discussion
In this section, we have described the per-instance configuration task in terms
of our causal framework, and have shown how to relate it to the transfer learn-
ing more commonly encountered in the machine learning literature. We have
also reported a proof-of-concept that shows how existing tools can be used to
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Figure 6: Sample TSP instances from our test set. Top row, from left to right: RUE 100,
RUE 150, RUE 200. Bottom row, from left to right: RCE 100, RCE 150, RCE 200. These
instances have been generated using the same random seed.

Figure 7: Different cases from the RCE TSP test instances with two clusters. From left to
right: rce200-85 with overlapping clusters, rce200-96 with adjacent clusters, rce200-95 with
distant clusters.
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Figure 8: Correlation between cluster distance and RPD obtained on the RCE 200 test in-
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successfully perform this task on various scenarios, including transferring config-
urations across different objective functions. In particular, this is made possible
by the the observation of problem-independent features that represent the con-
ditions encountered by an algorithm during the search. This is of particular
interest especially in situations where past experiments are available, but it is
not possible or not convenient to perform a focused configuration task. This
may be in case of extremely expensive function evaluations, a limited budget,
or the impossibility to obtain a homogeneous or representative training set of
instances.

In the QAP experiments we have seen how our approach can make us of past
experiments to match or even outperform a state-of-the-art offline batch con-
figurator, when our starting data is sufficiently representative of the testing
scenario.

We have then obtained configurations for TSP instances, starting only from
QAP and PFSP observations. The results obtained clearly demonstrate the
viability of our approach. On the RUE instances, and even more so on the
RCE ones with one cluster, the results can be considered very good. In these
cases, MERCS was able to make use of data from similar landscapes, that were
generated by different objective functions. This strenghtens the validity of our
working hypothesis (H3), in that only the landscape suffices to characterize the
behaviour of an algorithm, and the observation of enough information about it
can “cut off” the information flow from the variables in P and D. On the clus-
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tered instances of size 200, instead, the results were drastically worse, because
either the landscape generated was too different from anything observed in the
training data, or the features measured were not sufficient to properly represent
the information needed.

Our results can of course be improved in several ways. First of all, a larger col-
lection of problems, instances, features and algorithms increases the likelihood
of observing new situations to use in future tasks. It is in fact unlikely that the
current training base would allow for the same quality of results on other kinds
of problems, in particular problems where the solution is not, in principle, a
complete permutation. A more focused choice of features, achieved by feature
selection or by the inclusion of additional relevant ones, can also improve the
results. We also note how the inference engine we used, MERCS, is not a causal
tool. It is possible that an alternative procedure that considers several config-
urations for every test instance, for example by means of a surrogate model,
could obtain better results. The use of a proper causal inference engine could
also be better suited for this task. Finally, the failure of our configurations on
the TSP RCE instances of size 200 strongly indicates how our procedure needs
to be augmented with some mechanism capable of evaluating the suitability
of the configuration for the test scenario. The starting point to build such a
mechanism would be to analyze the features computed and to relate them to
the results obtained, to define a distance metric to not trespass in order for
the procedure to output a test configuration. Another possible direction is to
determine whether, based on the features computed, the test instance can be
considered an anomaly with respect to the starting data, in which case the
procedure should alert the user, rather than returning a configuration almost
guaranteed to fail.

6. Conclusions

Understanding the behaviour of a stochastic local search (SLS) algorithm is an
open question of fundamental importance in operations research and artificial
intelligence. There is a huge corpus of literature aimed at this goal, but it
is difficult to navigate it because of the different perspectives offered by each
work, making it more difficult to narrow bridge the gap between theory and
practice. In this work we have proposed a causal framework to model the
relationships between the elements involved in the solution of an optimization
problem, in order to relate all these approaches in a unified perspective. We have
also demonstrated how our approach could be useful to automatically configure
an algorithm for an unseen problem, using tools that are already available.
Albeit a proof-of-concept, our results prove that the systematic organization
of knowledge that already exists is useful to both understand how algorithms
work, and to advance the development of algorithms.

The framework is a formalization of our current understanding of the behaviour
of optimization algorithms. It is therefore a representation of our subjective
interpretation, and thus open for debate in case of disagreements. However,
one of the main advantages of using such a model is the possibility of pointing
out precisely what the subject of the disagreement is, making it more likely to
have a productive discussion about the subject. This applies both at the general
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level, that is, on our general understanding of how algorithms work, and when
considering specific research works.

While we focused on unconstrained combinatorial problems and SLS algorithms,
the framework can be extended to include other classes of optimization prob-
lems, such as constrained or continuous ones, and other classes of exact and
heuristic algorithms. The conceptual structure of the causal framework makes it
possible to relate different works, and include information from different sources.
This makes it possible to design a knowledge-based system, an extension of the
currently available algorithmic frameworks that can include more and more al-
gorithmic components and problem data, to eventually be able to automatically
instantiate a valid algorithm for any unseen scenario. We have already discussed
several possible directions to improve the performance of our transfer learning
procedure. Additionally, the framework can also be used in a dynamic fashion
to perform online configuration, selection and design based on local information,
to tailor the resulting behaviour in an optimal way for different shapes of the
landscape.

Having explicitly outlined the relationships between the elements involved in the
solution of an optimization problem, we can easily define new research questions.
A natural one is quantifying how well the set of observed features represents the
landscape. While in Section 5 we ignored this issue, it is a fundamental step for
applying our transfer learning procedure in a reliable way. This questions can
be answered by performing mediator analysis, to estimate the proportion of the
information from P and D to R that is effectively mediated by FA and FS. In
fact, our working hypothesis (H3) that says that a search algorithm traverses a
landscape, regardless of how it was generated, in practice can be applied only
if the information we collect about the landscape is truly representative of the
real one.

Another possible direction is the estimation of the equivalence between algo-
rithms, in order to establish how an algorithm a has to be composed for it to
obtain statistically equivalent results to another algorithm b, or to understand
when it cannot reach the same level of performance. The theoretical equivalence
or non-equivalence of SLS algorithms is a long-standing research direction in the
theory of optimization algorithms and the systematic collection of data would
make this direction both grounded on real experiments and scalable, thanks to
the use of automated tools.

A systematic comparison of artificial and natural landscapes based on experi-
ments with automatically generated state-of-the-art algorithms can advance our
understanding about the applicability of theoretical results to the development
of algorithms for real-world problems. Similarly, it is possible to define an ex-
perimental protocol to answer the question of whether and how different classes
of problems generate different landscape. The collection of data from different
NP-hard problems may also be used in conjunction with the polynomial-time
reduction between them, to understand how this transformation alters the land-
scape, and consequently, how this transformation reflects onto the development
of algorithms.
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