1Frustrated Chaos in Biological NetworksHugues Bersini and Vera CalenbuhrIRIDIA - CP 194/6Universit� Libre de Bruxelles50, av. Franklin Roosevelt1050 Bruxellesemail:˚bersini@ulb.ac.beSummaryThe behaviour of three biologically inspired networks is investigated: Immune IdiotypicNetwork (IIN), Hopfield Network (HN) and Coupled Map Lattice (CML), mainly theeffect on the dynamics induced by connecting the network in a frustrated way.Frustration occurs when the global structure is such that local connectivity patternsresponsible for stable behaviour are intertwined, leading to mutually competingattractors and chaotic itinerancy among brief appearance of these attractors. Frustrationun-stabilizes the network and provokes an unpredictable �wavering� among the stabledynamic regimes which characterize the same network when it is interconnected in anon-frustrated way. As the main contribution of this paper, an immune idiotypicnetwork in which the prevailing behaviour is oscillatory is studied in details. It isshown how connecting an elementary three-clone network in a frustrating waytransforms the oscillatory regime into a chaotic one. This chaotic regime is furtheranalysed and several interesting aspects are discussed such as the variablehomogeneity, the intrinsic chaotic itinerancy among brief oscillatory regimes and thestrong unpredictability. In addition, dynamical regimes obtained by frustrating theconnectivity of HN and CML are presented and the similarities as well as thedifferences with the INN dynamics are emphasized. Common to all these networks isthe description of the frustrated chaos as a succession of attempts to relax the networkinto one of the oscillatory regimes given by a weaker and non-frustrated connectivity,an impossible achievement making the dynamics rambling over brief but repellingorbits.1. INTRODUCTIONSuppose a generic biological network of N connected Boolean units which can be ineither one of two states. Suppose that the network is further constrained such that twounits being connected means that the unit 1 in one state can only co-exist with the unit 2in the anti-state (i.e. the two units are connected in an inhibitory way). A 2-unitnetwork can only settle in two possible configurations. Now take a 3-unit network and

2connect the units in an open chain fashion: the unit 1 is connected only to the unit 2which in turn is connected only to the unit 3. There again two configurations arepossible with the 1-2 couple as well as the 2-3 couple containing two units settled inreverse states. Each couple per se complies with the local effect of the connection: thestate/anti-state pair.As shown in fig.1, the problem gains interest by closing the chain i.e. connecting theunit 3 back to the unit 1. We now have three couples: 1-2, 2-3 and 1-3 which musteach independently complies with the imposed constraint: the state/anti-state pair. As amatter of fact no global configuration turns out to be possible: the couples mutuallycompete for reaching their state/anti-state configuration. Expressed in a different way,there are three possible stable configurations: �1 in state-opposition with 2 and 3�, �2 instate-opposition with 1 and 3� and �3 in state-opposition with 1 and 2� which competefor �taking possession� of the network. Looking at the Moebius triangle in fig.2 you�llobserve a very similar type of impossible global configuration despite three possiblelocal coupling. In the modeling of spin glasses, this well-known phenomenon has beenoriginally designated by the term �frustration� (Toulouse, 1977). The presence of loopcontaining an odd number of inhibitory bounds is responsible for preventing spinglasses from relaxing to their minimal energy level, and thus for enlarging the set ofhigher energy levels, intermediary and less stable, among which the network canchoose to relax.<INSERT FIGURE 1><INSERT FIGURE 2>The effect of frustration has been detected and analysed in different types of biologicalnetworks: Boolean net (Thomas, 1991), Hopfield net with fixed point dynamics andwith oscillatory dynamics (Amit, 1989; Atiya & Baldi, 1989; Hirch, 1987; Marcus &Westervelt, 1987; Sherrington, 1990) and network of oscillators (Daido, 1992; Omata& Yamaguchi, 1988). The dynamical sensivity to this structural aspect seems to beubiquitous in biologically-grounded networks of ordinary differential equations. Insome cases the presence of frustration has been positively assessed as enlarging therepertoire of equilibrium configurations (Amit, 1989; Sherrington, 1990) while in someothers the same phenomenon has been perceived as something to prevent due to theinstability it induces in the network.On the whole the responsibility of loops with an odd number of inhibitory links forbringing forth instability in systems with desired homeostatic properties is nothing new

3but so far this instability has always been restricted to the appearance of oscillation(which can be seen as another type of stable regime) in homeostatic systems. Thispaper will address the next qualitative jump: no longer how frustration un-stabilizes afixed point attractor to give oscillation, but rather what happens when the system to befrustrated presents an inherent oscillatory dynamics. If the frustrated networkdynamical regime always increments its degree of complexity with respect to the non-frustrated one: from monostability to bistability (Omata & Yamaguchi, 1988), fromfixed point to oscillations, the presence of chaos is likely to be the natural consequenceof frustrating an oscillatory network. This is indeed what is observed in the simulationof an idiotypic immune network (described in the next section) in which the dynamicsof a couple of units is naturally oscillatory, with the first unit oscillating incounterphase with the second one. Here again there is no difficulty to anticipate theglobal behaviour of a network composed of three units interconnected in an open chain(1<-->2<-->3). Unit 1 and unit 3 will oscillate together both in counterphase with unit2. Even if the three units are interchangeable in principle, the fact of not having thesame local connectivity i.e. only unit 2 has two connections, makes immediate theirdifferentiation in the dynamical behaviour.Now frustrate the system just as before and close the chain by looping back unit 3 tounit 1 (1<-->2<-->3<-->1). What is the resulting dynamics? In the computersimulations, the very regular oscillations observed in the open chain situation aresubstituted by a strongly erratic dynamics where any periodicity has disappeared. Thenetwork behaves as if "aiming" to match the open chain situation but with the two unitsassociation characterizing the regular behavior of the open chain continuously changingin a seemingly random way the units it is composed of. Although a simple observationof the simulations indicates the attraction effect exerted by the oscillatory regime i.e. thesystem is wandering in an erratic way around all the possible configurations givingoscillatory regimes, no periodic behaviour similar to the open chain case can besustained for more than one or two cycles.The next section will present an analysis of this dynamics in order to conclude on thechaotic nature of the regime. Besides original aspects of this chaos will be furtherinvestigated by means of a power spectrum analysis and first return maps, but also by asymbolic dynamics analysis. We believe this frustrated chaos to be more appropriatelycharacterized by an unpredictable wavering among brief appearance of repelling orbits.Although such a characterisation of chaotic regimes is rather classical (Grebogi et al.,1988; Lathrop & Kostelich, 1989; Kaneko, 1994), the originality here lies in theidentification of these orbits as the stable regimes of the �non-frustrated� network. Stilla matter for conjecture, the unpredictability might be a direct consequence of the fractal

4nature of the basins of attractions of the cyclic regimes around which the systemwanders. In section 3 and 4, two related dynamics respectively obtained in CoupledMap Lattice and Hopfield networks will be presented and discussed in a more sketchyway. Although these dynamics are likely to be obtained by means of some form offrustrated connectivity, in both cases the phenomenon is less salient, less �pure� andeventually less easy to characterize.2. FRUSTRATED CHAOS IN IDIOTYPIC IMMUNE NETWORKThe possibility that frustration turns an homeostatic idiotypic network into anoscillatory one was already observed with circumspection by Hiernaux (1977). Hebelieved that this remarkable sensitivity of the dynamics of the network to itsconnectivity ought to make questionable the idiotypic network structure of the immunesystem, another negative perception of the frustration effect. In this section, the nextqualitative transition will be investigated: from oscillations to chaos. The system ofcoupled ODE�s showing this interesting frustration induced phenomenon wasoriginally meant to study the dynamics of one particular IIN first proposed by Varela etal. (1988), Stewart and Varela (1990) and largely studied and described in the literature(Bersini & Calenbuhr, 1995; De Boer & Perelson, 1991; De Boer et al., 1993;Perelson, 1990; Stewart & Varela, 1990; Varela et al., 1988; Varela & Coutinho,1991).The interest for the dynamical behaviour of the IIN arose from the observation that theconcentration of natural antibodies displays fluctuation patterns that are believed to berelated to the connectivity of the immune cells instead of the result of encounters withexternal antigens. Moreover these antibodies in normal and auto-immune individualshave been shown to fluctuate in a different way, and this might hypothetically suggestto relate these two states with different structures of connectivity and to explain thedisease by a structural alteration. Up to date, the most interesting dynamical patternexhibited by the network simulations is an oscillatory regime (some of the fluctuationpatterns observed in biological experimental data have in fact a strong oscillatorytendency (Varela & Coutinho, 1991)) in which the units always split into two groupsoscillating in counterphase. As a consequence, this type of network turns out to besusceptible to a frustration phenomenon that we indeed observed in the presence of oddloops.Since among all biological networks the idiotypic network must be one of the lessfamiliar and also because the remaining part of the paper concerns more original work,

5its modeling deserves to be described into sufficient details (a much more detaileddescription can be found in (Calenburh et al., 1996). The IIN model under studycontains n units (i=1..n) (such an unit is often called a clone in the immune literature).In contrast with other more familiar biological structures like neural networks, a unit isrepresentative of two different immune cells: the antibody fi and its associate producerthe B lymphocyte bi. On account of the very high specificity of B lymphocytes whichonly produce antibodies sharing this same specificity, an unique index i serves asreference mark to one type of antibody and its B lymphocyte associate producer. Foreach clone i, the system of ODE�s accounts for B lymphocyte proliferation andmaturation, antibody production, the formation and subsequent elimination ofantibody-antibody complexes, the natural "death" of antibodies and B lymphocytes andfinally a supply of B lymphocytes (named the �source�) coming from the bonemarrow. Antibody-antibody and antibody-B lymphocyte interactions are determined bya so-called affinity matrix m, which is symmetric and reflects the network structure ofthe model. An entry mij is called the affinity between clone i and j and, for the presentstudy, only takes value 1 if affinity exists between clone i and j and 0 if not. Theevolution in time of the concentration of the clone i two immune actors fi and bi isdescribed by the two differential equations:

dfi dt = − k1σ ifi − k2fi +k3mat(σ i)bi

(1)

dbi dt = − k4bi +k5prol(σ i)bi +k6 i = 1..n

(2)k1 to k6 are six time constants. The extent to which two clones interact in the networkis thus determined by m and the concentration of the antibodies. The integral impact ofthe whole network on a specific clone i is measured by a value si which is called thefield:

σ i= mij j=1j=n∑ fj

(3)mat and prol are two log-normal functions which determine how B lymphocytesmaturate and proliferate upon activation by the field:mat(si) = exp

-lnsi/mms m2 prol(si) = exp-lnsi/mps p2The parameter values for the simulations described in this paper are:k1 = 0.0016[conc-1d -1]; k2 = 0.02[d-1]; k3 = 2.0[d-1]; k4 = 0.1[d-1]; k5 = 0.2[d-1] ; k6 = 0.1[d-1]; m m = 80[conc]; sm = 0.5; m p = 120[conc]; sp = 0.5.

6The biological motivations behind such a modeling is outside the scope of this paper(see (Varela & Coutinho, 1991) for these motivations). Also the value for eachparameter was determined in agreement with biological data which need not bediscussed here. Basically the parameters were tuned so as to obtain an oscillatorybehaviour for the simplest possible network containing 2 complementary clones withthe affinity matrix given by:

0 11 0

It is worth saying that some stability analysis and bifurcation diagram have been drawnby various authors for this model or very related ones (De Boer et al., 1993; Stewart &Varela, 1990). For instance DeBoer, Perelson and Kevrekidis (1993) have shown thatfor a very similar model limited to a two-clone idiotypic network, the dynamicalregimes can be of any classical type: fixed point, oscillation and Lorenz type of chaos.The focus of this paper is aside from this parametric type of bifurcation analysis butrather, by maintaining all parameters constant, is concentrated on examining thesensitivity of the dynamics to connectivity alterations. Thus this is the reason why inthis paper we limit the parametric exploration to the obtainment of limit cycle behaviourfor the 2-clone network, the starting point of our study. As shown in (Stewart &Varela, 1990) this oscillatory behaviour is very robust and strongly prevails for a largerange of parameter values.In order to produce frustration in the structure of connectivity, attention will be paidonly to affinity matrix which reflects the complementarity of the clones (twocomplementary clones which can be seen as two opposite spins), thus in the absence ofself-affinity (mii=0) and with affinity restricted to complementary clones (mij= mji andcan only take value 0 or 1). Such a structure will indeed lead to the open and closedchainswhicharepreciselyourobjectsofinterest.In fig.3, simulations are shown for the network sizes 2 and 3 with indicated for eachcase the corresponding affinity matrix. Only the temporal evolution of the antibodyconcentrations is shown. The figure clearly shows the periodic nature of the regimeobtained for both the 2-clone and the non frustrated 3-clone situation. Interestinglyenough the 3-clone open chain situation is very close to the 2-clone situation whensubstituting one of the clones in the 2-clone case by a couple of them in the 3-clonecase.<INSERT FIGURE 3>

7It is remarkable to see for the 3-clone situation and for whatever number of clones ingeneral how much the 2-clone dynamics prevails and the attractive effect it exerts on allother configurations. In the 3-clone open chain situation described by six differentialequations the network behaves nearly in the same way as in the 2-clone case withclones 1 and 3 oscillating in perfect synchronization so as to form a double-cloneequivalent to one of the two clones in the 2-clone case (except for the amplitude whichis not surprisingly half the value). Since taken individually clone 1 and 3 are in asituation indistinguishable from the 2-clone situation i.e. they present affinity with oneand only one clone (i.e. clone 2), they tend to behave just like in the 2-clone situationwith as direct consequence their mutual coupling and the appearance of the double-clone.When closing the chain (1<-->2<-->3<-->1) and so doing obtaining a frustratedtriangle, the periodic regime switches to an aperiodic one. Since now, takenindividually, each clone presents the same local connectivity (they are all connected totwo neighbors) and then appears indistinguishable from the others (as will beconfirmed below), none of them can assume the privilege to oscillate alone (thendifferently) in counterphase with the double-clone. Accordingly, the double-clone iscontinuously and erratically changing the nature of its members. This perfect clonalequivalence is obviously a very basic reason and original feature of the complicatedregime which typifies the closed chain case. As expected this type of aperiodicitydisappears for four clones and in general for an even number of clones. In the 4-cloneeither closed or open chain, the two double clones oscillate in counterphase, in contrastwith the 5-clone closed chain where the aperiodic regime reappears. In fig.4, the time-dynamics of the second antibody is plotted against the first one both for the 3-cloneopen chain and the closed one. By simply looking at the figures, it is easy tounderstand the nature of the frustrated attractor as a dynamical regime which randomlywanders around the cyclic attractor (with the three possible compositions). Indeed thislatter is clearly perceivable in the background of the chaotic attractor.< INSERT FIGURE 4>The IIN as a whole does not naturally self-sustain its frustrated configuration andshows a strong tendency to eliminate one of its clones so as to return to a non-frustrated configuration. When decreasing either the degree of maturation k3 or thesource term k6 , the system tries to suppress one of its clones in order to reach the 2-clone configuration. For instance, when decreasing k3 the suppression occurs duringlonger intermittent periods. The frustrated network displays stages of pure oscillatorybehaviour whose duration can be roughly said inversely related to k3. Intermittently,

8these oscillations are interrupted by chaotic bursts due to the resurgence of theeliminated clone.We have extended the observation of how chains of interconnected clones (only theclosest neighboring elements of the diagonal of the connectivity matrix are non-zero)behave up to 19 clones. As we expected, first return maps and the calculated powerspectra indicate the presence of chaos for any odd loop while even chains areresponsible for oscillatory behaviour. More surprisingly, for 19 clones connected in aloop, two oscillatory attractors were found in addition to the frustration chaos. Ingeneral increasing the number of clones connected in a loop seems to favour thepresence of oscillatory regimes and to decrease the size of the basin of attraction of thefrustration chaos.Always aiming at a better characterization of how the three-clone dynamical regimesscale up when increasing the network size, together with Vincent Detours (Detours etal., 1994) we have recently launched a systematic study largely inspired fromKauffman�s NK analysis for Boolean networks (Kauffman, 1992) where N is thenumber of clones and K the radius of interaction (i.e. each clone has affinity with its Kneighbours on the list of N clones). The NK analysis reduces to the chain analysisdescribed above for K=1 and the network is fully connected for K=N. A completestudy of the results is under progress but so far some general tendencies can be drawn.Chaos is found for most of the N-K values and a significant outcome appears to be thefragmentation of the network into clusters of 2,3 or sometimes 4 activated clonesseparated by resting clones. Clusters of 2 and 4 clones are oscillating and clusters of 3clones shows the frustration chaos presented above. The clones within the clustersfluctuate with an average of fi=40 whereas the resting clones separating the clustersfluctuate around mean concentration three orders of magnitude less. However as a verypreliminary conclusion of this NK analysis, the omnipresence of chaos reveals the highprobability of the presence of frustration and its destabilizing effect within a large rangeof networks.The main question to be addressed in this paper is the nature of the 3-clone closed chainregime and of the, generally speaking, frustrated chaos. The computer experiments ofthe dynamics show strong evidence of an aperiodic behaviour. A simple reasoning mayhelp to eliminate some well-known possible regimes intermediary between chaos andperiodicity like a toroidal attractor. Indeed this type of attractor is generally due to themerging of distinct periodicities, each associated to different variable activities.However, an essential characteristic of the 3-clone closed chain is the perfectequivalence among the three clones. It is indeed this structural equivalence which is

9responsible here for inducing the frustration phenomenon and the resultingaperiodicity. Structural equivalence means that the three units evolve in time in the samemathematical way and are similarly connected to two of their neigbours. Why thenshould three equivalent units, similar in their dynamics and their connectivity, behavein a different way? As a consequence it is unlikely that this irregular behaviour beattributed to a toroidal attractor characterized by an heterogeneity in the dynamics of itsassociated variables. In fig.5, the power spectrum given by the dynamics of one cloneis displayed. The presence of a continuous broad band which can, in a certain range offrequencies, be described by a law proportional to 1/fd is a good indicator for a chaoticregime.<INSERT FIGURE 5>In fig.6 first return maps are shown for two of the three clones antibody concentration.Their perfect similitude is remarkable (also for the third which is not displayed here),c o n f i r m i n g t h e h o m o g e n e i t y o f t h e v a r i a b l e s d i s c u s s e d a b o v e . F u r t h e r m o r e , t h e obtained map is here again very characteristic of a chaotic regime with the presence ofseveral regions of high density. These regions might be associated with the differento s c i l l a t o r y a t t r a c t o r s t h e n e t w o r k i s c o n t i n u o u s l y t r y i n g t o r e a c h a n d h e l p i n understanding the chaos here as an unpredictable wavering among the cycles obtainedwhen �un-frustrating� this same network.< INSERT FIGURE 6>The computation of the 6 Lyapunov exponents gives l1= 0.018 for the greatest one(using Wolf et al�s (1985) classical algorithm) and the exponents sum turns out to benegative. This is clear evidence for a stretching-and-folding type of chaos despite thedifficultytodetectthedivergentandconvergentdirectionswhenallvariablesbehaveina same way. One possible intuitive explanation would be that the divergence occurswhen the dynamics leaves a cyclic intermittent period to be trapped into another one,whileconvergenceoccursduringthebrieftrappingintotherepellingorbits.The IIN frustrated chaos is a succession of attempts to decouple the system in twogroups of oscillators, an impossible achievement making the dynamics rambling oververy brief and successful configurations. Since each cyclic behaviour presents fractalb a s i n b o u n d a r i e s , t h e w a v e r i n g a m o n g t h e s e c y c l i c a t t r a c t o r s i s b e y o n d a l l predicitability. It is impossible to predict when a point in the phase space will beattracted by one of the cycles since the attractive regions have frontiers themselvesimpossible to draw with finite precision. Also important differences can be pointed out

10with the standard type of intermittency since intermittent oscillatory phases, as short asthey appear to be, always concern a 2-clone version of the network to contrast withclassical intermittent regimes which involve all the variables in an indifferent way.Symbolic dynamics is being more and more proposed to extract invariant grammaticaland statistical characteristics from time series (Ebeling, 1991; Hao, 1991; Nicolis andPrigogine, 1991). It is generally achieved by dividing the phase space into a finitenumber of partitions and by labeling each partition with a symbol. Then a symbolicstring is generated by following and marking how the trajectory circulates over thepartitions. Since in our model, the symbolic analysis was easy to conceive, we decidedto rely a lot on these statistical tools for characterizing the chaotic regime. Symbolicstrings were generated just by spotting the clone whose antibody concentration exceedsthe concentration threshold of 150 (like indicated in fig.7).< INSERT FIGURE 7>Since there are three clones: 1,2 and 3, the resulting long string produced by thedynamics were constituted by the three possible digits. However the most accurateresults were obtained with strings (of length up to 20000) composed of only two lettersjust by spotting the clones 1 and 2 when they crossed the concentration threshold. Astatistical analysis revealed that the generation of the string could be matched with greataccuracy by a third order Markov process (Bersini & Calenbuhr, 1995). Such a smallorder can be taken as the signature of a strong chaotic behaviour (Ebeling & Nicolis,1991; Nicolis & Prigogine, 1990). Furthermore up to words of length 10, the Shannonentropy for subwords of length n (1,..,10): s(n)=-�ipilogpi (with pi the probability ofo c c u r r e n c e o f t h e i t h s u b w o r d o f l e n g t h n ) s c a l e s l i n e a r l y w i t h t h e l e n g t h o f t h e subwords: another strong indication not only of the chaotic nature of the regime but ofa fully developed chaos contrasting with weakest types like type 1 intermittency (for adetailed discussion on this type of analysis see (Ebeling & Nicolis, 1991; Nicolis &Prigogine, 1990).Finallythemoststrikingcharacteristicofthisstatisticalanalysis(forbothtwoandthreeletters alphabet) is the equality of the probability of occurrence of two subwords whenthe substitution in the first subword of all the appearance of one of the three digits byanother one (and vice versa) gives the second subword (Bersini & Calenbuhr, 1995).F o r i n s t a n c e f o r s u b w o r d s o f t w o l e t t e r s a n d i n d i c a t i n g b y P r t h e o c c u r r e n c e probability: Pr(11) = Pr(22) = Pr(33) and Pr(12) = Pr(21) = Pr(13) = Pr(31) = Pr(23)= Pr(32). In the same way, for subwords of length 5 we had Pr(12123) = Pr(21213) =

11Pr(31312) = .... This equality together with the possibility to superimpose the threefirst return maps confirms the total equivalence and "interchangeability" of the clones.3. FRUSTRATED CHAOS IN COUPLED MAP LATTICEChaotic itinerancy has been first observed and described by Kaneko (1994) in CML.Similarly to the frustrated chaos, the dynamics wanders around various quasi cyclicattractors in a very unpredictable way. Each attractor is characterized by several clustersof units which fluctuate in a synchronous way. Chaotic itinerancy refers to thecontinuous alteration of these clusters which continuously modify their compositionand dynamics. Ordered states characterized by this spontaneous clustering areintermittently replaced by highly chaotic states. Since this phenomenon is reminiscentof what happens in the IIN, it is worth investigating whether an elementary 3-unit CMLcould reproduce the type of dynamics observed in IIN ? CML equations can be writtenin a network form as:

xi (t +1) = (1− ε)f(xi(t))+ εn-1 wijf(j=1n∑ xj(t))

with

f(x) =1− ax2

(4)When tuning e to 0.1 and a to 1.65, a non-frustrated three-unit CML (W=

1 1 0

1 1 10 1 1

)behaves in the way indicated by fig.8 (only two units are shown since one is indeed adouble-unit). Like in the IIN case, a double-unit seems to regularly oscillate incounterphase with the single one, and, again like in the IIN case, the effect offrustrating the network by closing the chain (W=

1 1 1

1 1 11 1 1

) is to un-stabilize the network(also shown in fig.8).< INSERT FIGURE 8>Similarly to the IIN case, the double unit is continuously and erratically changing thenature of its members. This indeed might consist of the most elementary instance ofchaotic itinerancy in a CML. However a fundamental difference has to be pointed outwith IIN. The non-frustrated 3-unit CML does not behave in a purely periodic way likethe figure 9, plotting unit 2 against unit 1 both for the non frustrated and frustratedcases, clearly shows. Actually, the open-chain dynamics is quasi-periodic. The only

12apparent effect of frustration is to increase the degree of chaoticity of the already chaoticnon-frustrated system. Here by degree of chaoticity, we intuitively mean the chaoticattractor apparent diffusion in the phase space.< INSERT FIGURE 9>In CML chaos does not turn to be the sole effect of frustration (like for IIN) but thereexits some intrinsic chaoticity due to the dynamical nature of the units. In facteverything that happens in CML happens in an un-stabilizing chaotic sea and it is veryhard to obtain a pure periodic behaviour like for the non-frustrated HN and IIN. Alsothe chaotic itinerancy is not only caused by the perturbing effect produced by the othercompeting cyclic attractors but rather can be, in part, attributed to the intrinsic chaoticityof the system. So although frustration seems to further increase the instability of thesystem in a similar way to IIN (changing erratically the composition of the double-unit), its effect in the CML is less remarkable than in the IIN due to the genuineunstable nature of this network inherent to the chaotic dynamics of the units.4. FRUSTRATED CHAOS IN HOPFIELD NETWORKSIn its original conception, symmetric and without self-connection (wij = wji and wii=0), HN dynamics relaxes to fixed points. These fixed points are minima of an energyf u n c t i o n w h i c h d e c r e a s e s a s t h e n e t w o r k e v o l v e s i n t i m e . F r u s t r a t i o n w a s f i r s t discovered and discussed by Toulouse (1977) in the context of spin glasses in whichunit settles in one or the other state so as to decrease a similar energy function. Sincespin glasses and HN share the same energy function, some physicists like Amit (1989)or Sherrington (1990) have tried to rely on statistical physics results obtained in thefield of spin glasses to better characterize the capacities of HN. In a frustrated network,it is easy to see that there is no configuration which collectively drives the energy to ag l o b a l m i n i m u m . A l l c o u p l e s o f u n i t s a r e u n a b l e t o s i m u l t a n e o u s l y s e t t l e i n t h e i r s t a t e / a n t i - s t a t e p a i r i n g a n d t h e n t h e n e t w o r k i s d r i v e n i n t o o n e a m o n g s e v e r a l i n t e r m e d i a r y c o n f i g u r a t i o n s w i t h h i g h e r e n e r g y . T o g e t h e r f r u s t r a t i o n r a i s e s t h e minimum energy and increases the degeneracy of the ground state. When HN are usedas a mechanism for associative memory, it is interesting that there be many availablefixed points namely an energy function with a lot of equivalent minima, a situationtypically arising in frustrated networks. This is one of the few cases where frustrationisconsideredtobebeneficialtothenetwork.

13More interesting for understanding the un-stabilizing effect of frustration is the study ofthe same HN but now allowing for asymmetric connectivity (then loosing the proof ofconvergence to fixed-point attractors) and taken in its continuous form. Atiya and Baldi(1989) have done a deep analysis on how the neurons behave when they areinterconnected in a loop or a ring and confirmed a preliminary investigation of Hirsch(1987) where it was shown that a necessary condition for the HN to oscillate is indeedto exhibit frustration in its connectivity. Very naturally a question comes to mind.Besides the oscillatory behaviour resulting from frustrating a HN with fixed points, isfrustrated chaos a possible regime in an asymmetric HN ? We believe the answer to bepositive and also that such a regime was already presented in a paper by Lewis andGlass (1992) although the authors did not make any explicit connections with thefrustration phenomenon and did not propose any description of this regime as acomposition of brief repelling cycles. The network they presented in their paper will bethe starting point of this study and it will be proposed that chaos in this network mightindeed result from some form frustrated connectivity, although not as easy to pinpointas in the IIN and the CML .The continuous version of the Hopfield Network is given by:

daidt = − aiτ +f(ε wijj=1n∑ aj) - β

n is the number of neurons(5)f(x) is the hyperbolic tangent function. The following values have been taken for theparameters: t=2.5, e=10 and b=0.5 which makes the network behaves in the chaoticregime. The time unit is given in second. The connectivity matrix wij is exactly theone discussed in the paper by Lewis and Glass (1992) :

0 -1 0 0 -1 -1

0 0 0 -1 -1 -1

-1 -1 0 0 -1 0

-1 -1 -1 0 0 0

-1 -1 0 -1 0 0

0 -1 -1 -1 0 0

. All six neuronsare connected in an homogeneous way by inhibitory synapses (-1) to three of theirneighbours. Although the presence of odd loops as generator of instability is simple todetect a priori, which key structural feature of this connectivity matrix is responsiblefor chaos deserves more study and is still the object of investigations.Again, no parametric bifurcation analysis is presented here since the emphasis lies onthe structural sensitivity of the network with respect to its connectivity rather than onthe sensitivity with respect to parametric change. It is just worth saying that a carefultuning of the parameters has been done so as to obtain the dynamical regime which

14allows an easy observation and characterisation of the chaotic regime. Fig.10 shows atwo dimensional representation of the chaotic attractor where a4(t) is plotted againsta3(t). The selection of neurons 3 and 4 has been done for sake of clarity and of visualrepresentation. The calculation of the Lyapunov exponents gives l1 = 0.14 for thelargest exponent and a negative sum for the six exponents, two facts testifying for achaotic regime. In fig.11, 12 and 13 you can observe the same plotting but now forthree non-frustrated matrices: one in which the connection 5-->2 has been suppressed

0 -1 0 0 -1 -1

0 0 0 -1 -1 -1

-1 -1 0 0 -1 0

-1 -1 -1 0 0 0

-1 0 0 -1 0 0

0 -1 -1 -1 0 0

, a second one in which the connection 1-->5 has been suppressed

0 -1 0 0 0 -1

0 0 0 -1 -1 -1

-1 -1 0 0 -1 0

-1 -1 -1 0 0 0

-1 -1 0 -1 0 0

0 -1 -1 -1 0 0

and the last one in which the connection 2-->4 has been suppressed

0 -1 0 0 -1 -1

0 0 0 0 -1 -1

-1 -1 0 0 -1 0

-1 -1 -1 0 0 0

-1 -1 0 -1 0 0

0 -1 -1 -1 0 0

. When carefully observing the fig.10, it is easy to observe theintermittent attraction exerted by the cycles presented in fig.11, 12 and 13. At least,one can clearly see the first cyclic attractor (seen in fig.11) standing out against thechaotic one. So the classical characterisation of chaos as a random itinerancy aroundbrief orbits clearly applies here again. However the additional original fact is that in ourcase these background oscillations are the ones obtained by �non-frustrating� thenetwork.< INSERT FIGURE 10>< INSERT FIGURE 11><INSERT FIGURE 12><INSERT FIGURE 13>This chaos in small Hopfield Network can again be seen as a recurrent alternatingbetween possible orbits obtained by opening here and there the connectivity matrix.One great weakness remains in this analysis of frustration in HN: The impossibility (in

15contrast with the classical characterisation of frustration in (Toulouse, 1997; Hiernaux,1977; Amit, 1989; Sherrington, 1990; Marcus and Westervelt, 1987; Marcus et al.,1991; Bersini and Calenbuhr, 1995; Daido, 1992; Omata and Yamaguchi, 1988;Thomas, 1991) to anticipate the appearance of chaos due to a certain connectivitypattern and accordingly to clearly identify what is responsible in the matrix for thisfurther source of instability (besides the presence of odd inhibitory loops which isknown to produce oscillations).Again, symbolic dynamic analysis is a precious tool to characterize this chaotic regime.Here, the 3-4 neuron phase space is discretised in four regions by just dividing thevariable a3(t) into four intervals, each labeled by a letter: �a�, �g�, �e�,�d�, like indicatedin fig.14.<INSERT FIGURE 14>T h e d y n a m i c s g e n e r a t e s w o r d s i n t h e f o l l o w i n g w a y : A s s o o n a s o n e o f t h e f o u r intervals is reached, i.e. when the frontier between two intervals is crossed, the lettera s s o c i a t e d w i t h t h e s u b s e q u e n t i n t e r v a l i s a d d e d a t t h e w o r d . S o f o r i n s t a n c e t h e dynamics plotted in fig.11, and departing from the extreme right position, repeatedlywrites the word: �degage�. This oscillatory regime will in fact be symbolized by theword: �degage�. The dynamics plotted in fig.12 repeatedly writes the two words �de�and �degagage� subsequently, while the two words �degage� and �degegage� writtensubsequentlycharacterizethedynamicsplottedinfig.13.When running the chaotic attractor for a huge number of time steps, only 6 words turnout to be possible which, with their associated frequency, are: 1: �degage� (90%), 2:�de� (3%), 3: �dege� (2.5%), 4: �degagegagage� (1.6%), 5: �degagage� (1.6%), 6:� d e g a g e g a g e� ( 1 . 3 % ) . F o r i n s t a n c e t h e 1 6 5 f i r s t a p p e a r a n c e s o f t h e s e s i x w o r d s ( n u m b e r e d f r o m 1 t o 6 ) i s t h e f o l l o w i n g ( 1 5 1 i s t h u s e q u i v a l e n t t o : �degagedegagagedegage�).1 5 1 1 1 1 1 1 1 1 1 1 1 1 1 5 1 1 1 1 1 1 1 1 1 1 1 1 6 1 1 3 1 1 1 1 1 1 1 1 1 3 2 1 1 11 3 2 1 1 3 2 1 1 1 2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 1 4 1 1 5 1 1 6 1 1 1 1 3 1 1 4 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 1 1 1 1 1 1 2 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 5 1 1 1 1 1 1 1 1 1 1 2 1 1So �degage� (associated with number 1), which characterizes the non-frustrated cyclicattractor shown in figure 11 and 13, is by far the most frequent word of the chaotic

16attractor. It remains the most salient regularity of the chaotic attractor together withsome parasitic cycles (2,3,4,5,6) which un-stabilize it and which are due to thepresence of the other cycles (in their totality or in pieces) associated with other non-frustrated connectivity matrices. The average period of a word can be easily estimatedby computing the time needed between two occurrences of �d�. In the experiments, wefound that this average period was approximately 10 sec.A further procedure helping to reveal the periods of local cyclic stability is to plot thelargest Lyapunov exponent time-local value as a function of time. The time-local valueof a Lyapunov exponent l(n) is restrictively computed over a limited amount of timesteps, say T:

λ (n) = 1T e(t +1) t=n t=n+T∑

and plotted as a function of n (e(t+1) is theexpansion of the first normalized vector given by the GSR procedure (Wolf et al.,1985)). The classical Lyapunov exponents are obtained for T being the full period andn=1. In fig.15, l(n) is plotted as a function of n for n varying between 100 and 995by successive steps of T=5 sec (179 points are then plotted). There is an irregularmixing of negative and positive values which could be roughly assimilated to theintermittence of cycles and departure from these cycles.<INSERT FIGURE 15>Lastly, the autocorrelation coefficient rkhasbeencalculatedforthefirstneuronactivitya n d f o r k v a r y i n g f r o m 1 t o n s e c w i t h n = 1 0 0 s e c f o r t h e m a t r i x w i t h o u t t h e connection5-->2andn=200secforthefrustratedmatrix:

rk = 1n− k (a1(t)− a1

t=1n− k∑ (t))(a1(t +k)− a1(t))

r as a function of k is plotted for both cases in figures 16 and 17. Again, one can seehow the autocorrelation coefficient of the chaotic regime (fig.17) presents somedamping oscillation with a period of approximately 10 sec, nearly the same period ofoscillation as given by the non-frustrated network (which is slightly longer). Thedamping results from the lowering of correlation in time and the overcoming ofunpredictability.<INSERT FIGURE 16>

17<INSERT FIGURE 17>5. CONCLUSIONS: THE BIOLOGICAL GOODNESS OF BEINGFRUSTRATEDIt has been shown in (Calenbuhr et al., 1995) how, when coupled to an auto-antigen,the frustrated chaotic attractor degenerates into one of the three periodic regimes andhow the network realizes then a form of tolerant response to this auto-antigen. Thepresence of the auto-antigen stops the frustration by making the concentration of theclone with which it presents affinity to vanish. This is a very simple illustration of aparticular idiotypic network showing tolerance towards auto-antigen without the needfor ad hoc mechanisms that prevent an immune response. Moreover the resulting two-clone oscillatory network, when having one of its clone connected with an auto-ag (likedone before), will see its connected clone to grow exponentially in a way whichreminds the classical immune reaction against an external antigen. This two stagesphenomenon obtained by two successive antigenic encounters: first tolerance with athree-clone network and then immune reaction with the two-clone network resultingfrom the first interaction, can be seen as a low scale qualitative replica of the twoconsecutive lives of the immune system: tolerant in its embryonary state and defensivein the adult state.An interesting observation was that not all initial conditions of the three-clone frustratednetwork lead to the �tolerant� periodic regime. We found that about 1/4 of the initialconditions gives rise to unstability when reacting to the auto-antigen perturbation. Wehave tried to characterize the initial conditions leading to either one of the twobehaviours and have found none. This result is a nice confirmation of the fractal natureof the basins of attraction of the cyclic attractors (Ott, 1993) and of the fact that thefrontiers being impossible to trace, when and how the frontiers are crossed turn out tobe unpredictable. The tolerance phenomenon presents also interesting similarities with the control ofchaos since it is by perturbing the dynamics that the system is trapped into one of theoscillatory attractors that it was recurrently visiting. However a fundamental differencelies in the fact that the control is here achieved by a parametric perturbation, and thedynamics can be trapped only into one of the three oscillatory attractors that arerecurrently visited, not into one of the infinite oscillatory modes characterizing moreclassical form of chaos. Apart from positively answering to a fundamental question inimmunology: can a dynamic idiotypic network which grows in the relatively stable

18somatic molecular environment develop a natural tolerance to endogenouscomponents?, this way of stabilizing the dynamics by external interaction reflects a keyand appealing property of frustrated biological networks.Frustrated networks, when de-stabilized by the presence of odd negative loops,wanders continuously among different stable configuration, and it is the externalinteraction which makes the network to settle into one of these stable regimes. Let’scharacterize any dynamical regime by different degree of complexity: for instance 1 forfixed point, 2 for oscillations, 3 for chaos. A frustrated network is following a regimeof degree n which visits recurrently all possible regimes of degree n-1 until thiswavering is stopped by being externally perturbed and stabilized into a regime ofdegree n-1. This new regime is the one which gives sense or label the externalperturbation. In the field of neurophysiology Skarda and Freeman (1987) have shownhow a neural net can exploit chaos for the generation of an enormous repertoire ofattractors. It is the encounter with an external stimulus, like an odor, that will turn thechaotic regime into an oscillatory one.The fact that frustration has been detected in the great majority of physical andbiological networks studied so far: spin glass, genetic, neural, oscillatory and immune,whose mathematical description can be quite different, is pleading for theunderstanding of frustration as dependent just upon the structure of connectivity. Sucha generic phenomenon should not be restrictively construed as an insignificant artifactof our mathematical and computer modeling but rather as a real biological effect,playing yes or not a benefic role (if not a natural way to un-frustrate the network mustexist), that further investigation will have for goal to better characterize.Acknowledgments: The authors want to thanks V. Detours for his preciouscomputational works and interactions, Prof. Nicolis for his help while doing thesymbolic Markovian analysis and Prof. Kaneko for his help in analysing the frustrationeffect in his coupled map lattice.REFERENCESAmit, D.J. (1989). Modelling Brain Function: The World of Attractor NeuralNetworks - Cambridge University Press - Cambridge

19Atiya, A. and P. Baldi. (1989). Oscillations and Synchronization in Neural Networks:An exploration of the Labeling Hypothesis - International Journal of NeuralSystems - Vol.1, No 2 - pp. 103-124 (1989)Bersini, H. and V. Calenbuhr (1995). Frustration Induced Chaos in a System ofCoupled ODE’s - Chaos, Solitons and Fractals - Vol.5 - No.8 - pp. 1533-1549.Calenbuhr, V., Bersini, H., Stewart, J. and F.J. Varela. (1995). Natural Tolerance ina Simple Immune Network - J. Theoretical Biology - 177, pp. 199-213 .Daido H. (1992). Quasientrainment and Slow Relaxation in a Population of Oscillatorswith Random and Frustrated Interactions - Physical Review Letters - VOl. 68,No 7 - pp. 1073-1076De Boer, R.J. and A. Perelson. (1991). Size and Connectivity as Emergent Propertiesof a Developing Immune Network - In J. Theoretical Biology - 149 -pp. 381-424.De Boer, R.J., A. S. Perelson and I. G. Kevrekidis. (1993). Immune NetworkBehaviour - I. From Stationary States to Limit Cycle Oscillations - Bulletin ofMathematical Biology , Vol. 55, No 4, pp. 745-780.Detours, V. , Calenbuhr, V. and H. Bersini. (1995). Fragmentation in a NK analysisof idiotypic network: - IRIDIA Technical Report.Ebeling, W. and G. Nicolis. (1991). Entropy of Symbolic Sequences: The Role ofCorrelations - Europhysics Letters 14 (3) - pp. 191-196.Grebogi,C., Ott, E. and J.A. Yorke. (1988). Phys. Rev. A 37, 1711.B-L Hao. (1991). Symbolic dynamics and characterization of complexity - Physica D51, pp. 161-176.Hiernaux, J. (1977). Some Remarks on the Stability of Idiotypic Network -Immunochemistry, Vol. 14 - pp. 733-739. Pergamon Press.Hirsch, M.W. (1987). Convergence in neural networks - in Proc. 1987 Int. Conf.Neural Networks, San Diego, CA.Kaneko, K. (1992). Pattern Dynamics in Spatiotemporal chaos - Physica D 34 - pp. 1-41.Kauffman S.A. (1989). Principles of Adaptation in Complex Systems - Lectures in theSciences of Complexity - SFI Studies in the Sciences of Compexity - Ed. D.Stein - Addison-Wesley - pp. 619-712.Lathrop, D.P and E. J. Kostelich. (1989). Characterization of an experimental strangeattractor by periodic orbits - Phys. Rev. A 40, 4028.Lewis, J.E. and L. Glass. (1992). Nonlinear Dynamics and Symbolic Dynamics ofNeural Networks - in Neural Computation - Vol.4 - No 5 - pp. 621-642.Marcus, C.M. and R.M. Westervelt. (1987). Basins of Attraction for Electronic NeuralNetworks - In Neural Information Processing Systems - Dana Z. Anderon (Ed.)- American Institute of Physics - New York.

20Marcus, C.M., F.R. Waugh and R.M. Westervelt. (1991). Nonlinear dynamics andstability of analog neural networks - in Physica D 51 - pp. 234-247.Nicolis, G. and I. Prigogine. (1990). Exploring Complexity - Freeman, New York,N.Y.Omata, S. and Y. Yamaguchi. (1988). Entrainment among coupled limit cycleoscillators with frustration - Physica D 31 - pp. 397-408.Ott, E. (1993). Chaos in Dynamical Systems - Cambridge University Press.Perelson, A.S. (1990). Theoretical Immunology - In Lectures in Complex Systems -SFI Studies in the Sciences of Complexity, Lect. Vol. II, Edited by Erica Jen,Addison-Wesley.Sherrington, D. (1990). Complexity Due to Disorder and Frustration - Lectures in theSciences of Complexity - SFI Studies in the Sciences of Complexity - Lect. Vol.II, Ed. Erica Jen - Addison-Wesley - pp. 415-455.Skarda, C.A. and W.J. Freeman. (1987). How brains make chaos in order to makesense of the world. Behavioural and Brain Sciences 10 - pp. 161-174.Stewart, J. and F. Varela. (1990). Dynamics of a class of immune networks. II.Oscillatory activity of cellular and humoral components. Journal of TheoreticalBiology. 144, pp. 103-115 (1990).Thomas, R. (1991). Regulatory Networks Seen as Asynchronous Automata: A LogicalDescription - J. Theor. Biol. 153 - pp. 1-23.Toulouse, G. (1977).Commun. Phys. 2 - 115.Varela, F.J., Coutinho, A., Dupire, B. and N.N. Vaz (1988). Cognitive networks:immune, neural and otherwise - In Theoretical Immunology, Part Two, edited byA.S. Perelson. SFI Studies in the Sciences of Complexity, vol. 3, Reading, MA:Addison-Wesley, 377-401.F.J. Varela and A. Coutinho.(1991). Second Generation Immune Network - inImmunology Today - Vol. 12 No 5 - pp. 159-166.Wolf, A., Swift, J.B., Swinney, H. and J.A. Vastano. (1985). Determining Lyapunovexponents from a time series. Physica D 16, 285.

21 2-units open chain3-units open chain

???3-units closed chainFig.1. The frustration phenomenon

22Fig.2: A Moebius triangle is a frustrated figure

23050100150200250

Ab conc050100150200250time [d]300350400 2-clonecase

0 11 0

050100150200250

Ab concentrations050100150200250time [d]300350400

01002003004005000

Ab concentrations100200300400500600time [d]7008003-clone open chain

0 1 0 1 0 1

3-cloneclosedchain

0 1 1 1 1 0

Fig.3: Time series of the 2 and 3-clone cases, respectively. In all three cases, theconcentrations of the antibody of the first and second clone are displayed.

24Fig.4: Plotting the concentration of antibody 2 vs antibody 1 for the non-frustrated andthe frustrated 3-clone IIN.

25Fig.5: Power Spectrum of the 3-clone closed chain system

26Fig. 6: First Return Maps of the two of the three antibodies concentration for the 3-clone closed chain case.

27150fit

1231 3 2 1 3Figure 7: The generation of a �three-digit� symbolic string from the dynamics

28Fig.8 Plotting the time dynamics of unit 1 and 2 of a 3-unit non frustrated andfrustrated CML. The change in the composition of the double-unit is easy to see in themiddle of the second figure.

29Fig. 9 Plotting of unit 2 vs 1 for the non frustrated and frustrated CML. The diffusionin the space reveals chaos in both cases.

30Figure 10: Plotting the chaotic attractor given by frustrating the connectivity of anHopfield network. The activation of neuron 4 is plotted against the activation of neuron3.

31Figure 11: Plotting the oscillatory attractor given by suppressing connection 5-->2 andthus non frustrating the connectivity. The dynamics is projected onto the plane a3-a4.

32Figure 12: Figure 3: Plotting the oscillatory attractor given by suppressing connection1-->5 and thus non frustrating the connectivity in a second way. The dynamics isprojected onto the plane a3-a4.

33Figure 13: Plotting the oscillatory attractor given by suppressing connection 2-->4 andthus non frustrating the connectivity in a third way. The dynamics is projected onto theplane a3-a4.

34-0.500.5dega

a3(t)Figure 14: How are the words generated by the HN dynamics. Four letters labelize thefour intervals on the variable a3 (t). Each time a3 (t) reaches a new interval the lettersymbolizingthisintervalisaddedattheword.

35Figure 15: Plotting the time-local Lyapunov exponent computed every 5 second for atotal period of 900 sec.

36Figure 16: Plotting the autocorrelation coefficient as a function of the time interval(from 1 to 100 sec.) for the non-frustrated network given by suppressing connection 1-->5.

37Figure 17: Plotting the autocorrelation coefficient as a function of the time interval(from 1 to 200 sec.) for the frustrated matrix.