
Chapter 4

Usage of Exact Algorithms to Enhance
Stochastic Local Search Algorithms

Irina Dumitrescu and Thomas Stützle

Abstract Exact mathematical programming techniques such as branch-and-
bound or dynamic programming and stochastic local search techniques have
traditionally been seen as being two general but distinct approaches for the
effective solution of combinatorial optimization problems, each having par-
ticular advantages and disadvantages. In several research efforts true hybrid
algorithms, which exploit ideas from both fields, have been proposed. In this
chapter we review some of the main ideas of several such combinations and
illustrate them with examples from the literature. Our focus here is on algo-
rithms that have the main framework given by the local search and use exact
algorithms to solve subproblems.

4.1 Introduction

Many problems arising in areas such as scheduling and production planning,
location and distribution management, Internet routing or bioinformatics are
combinatorial optimization problems (COPs). COPs are intriguing because
they are often easy to state but often very difficult to solve, which is captured
by the fact that many of them are NP-hard [48]. This difficulty and, at the
same time, their enormous practical importance, have led to a large num-
ber of solution techniques for them. The available solution techniques can be
classified as being either exact or approximate algorithms. Exact algorithms
are guaranteed to find an optimal solution and prove its optimality for every
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finite size instance of a COP within an instance-dependent, finite run-time,
or prove that no feasible solution exists. If optimal solutions cannot be com-
puted efficiently in practice, it is usual to trade the guarantee of optimality
for efficiency. In other words, the guarantee of finding optimal solutions is
sacrificed for the sake of getting very good solutions in reasonably short time
by using approximate algorithms.

Two solution method classes that have significant success are integer pro-
gramming (IP) methods as an exact approach, and stochastic local search
(SLS) algorithms [61] as an approximate approach. IP methods rely on the
characteristic of the decision variables being integers. Some well known IP
methods are branch-and-bound, branch-and-cut, branch-and-price, and dy-
namic programming [86]. In recent years, remarkable improvements have been
reported for IP methods when applied to some problems (see, e.g. [11] for
the TSP). Important advantages of exact methods for IP are that (i) proven
optimal solutions can be obtained if the algorithm succeeds, (ii) valuable in-
formation on upper/lower bounds on the optimal solution are obtained even if
the algorithm is stopped before completion (IP methods can become approx-
imate if we define a criterion of stopping them before solving the problem),
and (iii) IP methods allow to provably prune parts of the search space in
which optimal solutions cannot be located. A more practical advantage of IP
methods is that research code such as Minto [85] or GLPK [54], or powerful,
general-purpose commercial tools such as CPLEX [63] or Xpress-MP [113]
are available. However, despite the known successes, exact methods have a
number of disadvantages. Firstly, for many problems the size of the instances
that are practically solvable is rather limited and, even if an application is
feasible, the variance of the computation times is typically very large when
applied to different instances of a same size. Secondly, the memory consump-
tion of exact algorithms can be very large and lead to the early abortion of a
program. Thirdly, for many COPs the best performing algorithms are prob-
lem specific and they require large development times by experts in integer
programming. Finally, high performing exact algorithms for one problem are
often difficult to extend if some details of the problem formulation change.
The state-of-the art for exact algorithms is that for some NP-hard problems
very large instances can be solved fast, while for other problems even small
size instances are out of reach.

SLS is probably the most successful class of approximate algorithms. When
applied to hard COPs, local search yields high-quality solutions by iteratively
applying small modifications (local moves) to a solution in the hope of find-
ing a better one. Embedded into higher-level guidance mechanisms, which are
called (general-purpose) SLS methods [61]or, more commonly, metaheuristics,
this approach has been shown to be very successful in achieving near-optimal
(and often optimal) solutions to a number of difficult problems [1, 61, 108].
Examples of well-known general-purpose SLS methods (or metaheuristics)
are simulated annealing, tabu search, memetic algorithms, ant colony op-
timization or iterated local search [52]. Advantages of SLS algorithms are
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that (i) they are the best performing algorithms available for a variety of
problems, (ii) they can examine a huge number of possible solutions in short
computation time, (iii) they are often more easily adapted to slight variants
of problems and are therefore more flexible, and (iv) they are typically easier
to understand and implement by the common user than exact methods. How-
ever, local search based algorithms have several disadvantages. Firstly, they
cannot prove optimality and typically do not give bounds on the quality of
the solutions they return. Secondly, they typically cannot provably reduce the
search space. Thirdly, they do not have well defined stopping criteria (this
is particularly true for metaheuristics). Finally, local search methods often
have problems with highly constrained problems where feasible areas of the
solution space are disconnected. Another problem that occurs in practice is
that, with very few exceptions [110], there are no efficient general-purpose
local search solvers available. Hence, although one can typically develop an
SLS algorithms of reasonable performance rather quickly, many applications
of SLS algorithms can require considerable development and implementation
efforts if very high performance is required.

It should be clear by now that IP and SLS approaches have their par-
ticular advantages and disadvantages and can be seen as complementary.
Therefore, it appears to be a good idea to try to combine these two distinct
techniques into more powerful algorithms. Many articles use the probably
most straightforward of these combinations, which is the use of an SLS algo-
rithm to compute good intial upper bounds (in the minimization case) that
allow an early pruning of non-optimal solutions. Intuitively, one would expect
more advanced combinations of exact and local search methods to result in
even stronger algorithms.

In this chapter we focus on approaches that strive for an integration of
IP and SLS techniques. In particular, we describe ways of integrating IP
methods (or methods derived from an IP approach) into SLS methods. In
other words, we focus on approaches where the main algorithm (the master)
is the local search technique and the IP method is typically used to solve some
subproblems. For an overview of methods where as the master method can be
considered the IP method and SLS techniques are used to solve subproblems,
we refer to Chapter 3 of this book. We refer to this chapter and Chapter 2 for
methods that use the spirit of local search inside IP methods (such as local
branching [46]).

More in detail, we will cover the following five ideas that can be abstracted
from the various true hybrid algorithms proposed in the literature: (i) the us-
age of exact algorithms to explore large neighborhoods in SLS algorithms, (ii)
ways of enhancing metaheuristics by solving some subproblems exactly, (iii)
the usage of techniques taken from branch-and-bound to enhance construc-
tive SLS methods, (iv) the exploitation of the structure of good solutions
identified by SLS algorithms, and (v) the exploitation of information from
relaxations in SLS algorithms. In fact, the first three ways of combining local
search and exact algorithms are classified in [96] as integrative combinations,
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while the last two are classified as collaborative combinations: the two meth-
ods are executed in sequence. For each of these five groups, we will describe
some general ideas, give one or more detailed examples, and give pointers to
literature for other ideas following the corresponding idea.

Before proceeding with our discussion we need to clarify the notion of
solution component and decision variable that we will use in our chapter.
We explain what we mean by using the example of the symmetric traveling
salesman problem (TSP). The TSP can be defined on an undirected graph
G = (V,E), where V is the set of nodes and E the set of edges. An edge
represents a pair of nodes between which travel is possible. Every edge {i, j}
has an associated cost dij and the goal in the TSP is to find a Hamiltonian
circuit of minimal length. When applying local search to the TSP, a solution
component usually refers to a single edge in a tour; each tour contains exactly
n such solution components. More generally, a solution component can be
seen as an atomic item and a set of such atomic items defines a problem
solution. The analogue to a solution component in IP formulations is the
notion of decision variable. For example, in the usual IP formulations of the
TSP (see [86] for an overview), a variable xij ∈ {0, 1} is associated with each
edge {i, j}. The variable xij is equal to 1, if the edge {i, j} is included in a
tour and zero, otherwise. The xij variables are called decision variables. In
the following sections, if we say that a decision variable is fixed to one (zero),
we mean that we consider only those solutions in which this variable is set
to one (zero). Analogously, in the local search case we say that a solution
component is forced to always occur (not occur) in any solution considered.
In the case of the TSP, this corresponds to an edge always (never) being used
in any of the solutions considered. If a variable is free, it can take any value
in {0, 1}.

4.2 Exploring large neighborhoods

Given a current solution s, (perturbative) local search [61] explores the neigh-
borhood N (s) of s iteratively and tries to replace s by a solution s′ ∈ N (s)
according to some criterion. In local search, it is appealing to search large
neighborhoods because much better solutions can be reached in one local
search step than when using simple, small neighborhoods. However, large
neighborhoods have the associated disadvantage that a considerable amount
of time may be spent to search them in order to find some or the best improv-
ing neighboring solution. More than that, many of the large neighborhoods
proposed in the literature are exponentially large with respect to instance
size [51, 70, 93, 106, 107] and the main potential bottleneck for local search
in large neighborhoods is the task of searching for a better or the best solution
in the neighborhood of the current one.
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Local search algorithms for large neighborhoods can be classified roughly
into two classes. The first class comprises those where the large neighbor-
hood is searched heuristically in some problem-specific way. Examples of this
class of local search algorithms are variable-depth search algorithms [70, 65]
or ejection chains [51]. The second are local search algorithms where the
neighborhood is searched exactly, i.e. the central idea of these algorithms is
to model the problem of searching a large neighborhood as an optimization
problem, which is solved exactly. The solution of the resulting search problem
will determine the neighbor that will replace the current solution in the local
search.

Two main possibilities are considered for defining the neighborhood search
problem. The first one is to define a special-purpose neighborhood and to
model the exploration of the full neighborhood as an optimization problem.
In this case, a search problem is defined such that each feasible solution
of it induces a move of the local search algorithm. Clearly, the task of the
exact algorithm in this case will be to solve the resulting neighborhood search
problem (NSP). A general algorithmic outline of this idea can be given as
follows:

Algorithm 4.2.1 Neighborhood search

Step 1: Initialization
Let s be a feasible initial solution.

Step 2: Local search
while stopping criterion is not met do

Define a search problem P(s) that depends on s.
Find opt(P(s)), an optimal solution of P(s).
Let s′ be the solution induced by opt(P(s)).
if s′ is better than s w.r.t. the objective function then s = s′.

enddo
Step 3: Return s.

The stopping criterion may be triggered, e.g., if no improved solution s can
be obtained or the solutions to P(s) are infeasible etc. The first two examples
that we present, very large scale neighborhood search and Dynasearch, fall in
this class of NSP hybrids. Typically, algorithms that are based on NSP try
to determine composite moves, which are composed of a sequence or set of
simpler moves.

The second “possibility” is that at each step of the local search a part of
the current solution s is maintained fixed, thus defining a partial solution,
while the values of the rest of the decision variables are left free. The free
part is then rearranged optimally, subject to the constraint that the fixed part
cannot be altered. In this sense, the task of the exact algorithm is to solve
the partial neighborhood search problem (PNSP). The following algorithmic
outline gives a high level view of such a procedure in a first-improvement
style of local search. The outline sketches an iterative improvement algorithm
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that stops in the first locally optimal solution encountered. The operator ⊗,
which is used below, joins two partial solutions into a complete solution. A
distinctive feature to the NSP type algorithms is that the final move is not
considered to be composed of simple underlying moves.

Algorithm 4.2.2 Partial neighborhood search

Step 1: Initialization
Let s be an initial solution.

Step 2: Neighborhood search
while improvement found do

Step 3: Neighborhood scan
while not full neighborhood examined do

Delete solution components from solution s resulting
in a partial solution: sp = s \ r.

Define a search problem P(r).
Find opt(P(r)), the optimal solution of P(r).
Perform the move induced by opt(P(r)), resulting in
solution s̄′; s′ = sp ⊗ s̄′.
if s′ is better than s w.r.t. the objective function then s = s′.

enddo
enddo

Step 4: Return s.

We illustrate the partial neighborhood search principle on the hyperopt
local search algorithm. In fact, hyperopt is only one example of such methods.
They can be traced back to Applegate and Cook’s shuffle heuristic [12].

4.2.1 NSP Example: Cyclic and Path Exchange
Neighborhoods

One application of NSP is the very large scale neighborhood (VLSN) search
that was introduced by Ahuja et al. [5, 6] in the context of solving parti-
tioning problems. Examples of partitioning problems include graph coloring,
vehicle routing, generalized assignment, parallel machine scheduling, cluster-
ing, aggregation, and graph partitioning. Next, we briefly describe the type of
problems to which VLSN search is applied and how the neighborhood search
problem is defined.

A partition T of a set W of n elements is a set of subsets T = {T1, . . . , TK}
such that W = T1 ∪ · · · ∪ TK and Tk ∩ Tk′ = ∅, k, k′ = 1, . . . ,K. To each
set Tk one can associate a cost ck(Tk). Then, the partitioning problem is to
search for a partition of W such that the sum of the costs of the partitions
is minimal. The properties of the cost function are not important for now,
except that it is separable over subsets.
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Fig. 4.1 Example of a cyclic exchange for a partitioning problem.

The one-exchange neighborhood, which is based on the move of one ele-
ment of W from one partition into another one, and the two-exchange neigh-
borhood, which is based on exchanges of two elements of two different parti-
tions, are typical simple neighborhoods for partitioning problems. Cyclic ex-
change neighborhoods generalize the two-exchange neighborhood [6, 106, 107]
by exchanging not only two elements from two different subsets but moving
several elements, each of a different subset. An illustration of this neighbor-
hood is given in Figure 4.1. A path exchange is similar to a cyclic exchange
except that from the last subset of the path no element is removed.

The cyclic (path) exchange neighborhood of a partition T is then the set of
all partitions T ′ that can be obtained by a cyclic (path) exchange as described
above. In what follows we focus on the cyclic exchange neighborhood. A
cyclic exchange modifies the cost of the partitions involved in the move. If
the cost function is separable over subsets, the cost of a cyclic exchange can
be obtained as the sum of the cost differences of all subsets that are modified
by the move.

Ahuja et al. define an improvement graph on which a search problem is
solved in order to find an improving cyclic exchange. The node set V of the
improvement graph is defined as the collection of integers 1, . . . , n such that
each node in V is in one-to-one correspondence to an element of W . For
each pair of elements that do not belong to the same subset in T , an arc
(i, j) between the corresponding nodes is added in the improvement graph if
and only if the subset to which the element corresponding to node j belongs
remains feasible after the removal of the element corresponding to j and
the addition of the element corresponding to i. The partition U of V is the
collection of subsets U1, . . . , UK that corresponds to the subsets in T . Hence,
we have that a cyclic exchange in T corresponds to a subset disjoint cycle
in the improvement graph with respect to U . The cost associated to any
arc (i, j) is defined to be equal to the difference between the cost of the set
after the removal of the element corresponding to j and the addition of the
element corresponding to i, and the cost of the original set that contains the
element corresponding to j. Thompson and Orlin [106] showed that there is
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a one-to-one correspondence between the cyclic exchanges with respect to T
and the subset-disjoint cycles in the improvement graph (with respect to U)
and that both have the same cost.

The search for a best neighboring solution can then be modeled as a search
problem on the improvement graph. In fact, for determining an improving
cyclic exchange move, a subset disjoint negative cost cycle (SDNCC) needs to
be found in the improvement graph, i.e. a cycle that uses at most one node
from every subset of the partition of the set of nodes. Determining the best
among the improving neighbors corresponds to finding the most negative such
cylce (this problem is called the SDNCCP) and needs to be solved exactly.
Several exact methods for the SDNCCP are proposed by Dumitrescu [40].
She also proposes algorithms for the more general problem of determining a
subset disjoint minimum cost cycle (SDMCC), which includes the case when
such a minimum cost cycle need not be negative (i.e., it does not correspond
to an improvement). Such cases are important if, e.g. the VLSN technique is
embedded into a tabu search. The algorithms for determining the optimal so-
lutions to SDNCCP and SDMCCP can be seen as generalizations of dynamic
programming algorithms for shortest path problems. An acceleration method
that exploits symmetries for the SDMCCP is given, and an elegant theorem
of Lin and Kernighan [70] is exploited in the SDNCCP case. Although both
problems are NP-hard, the proposed algorithms have been shown to be very
efficient for the subproblems that arise in practical applications of VLSN
search methods. Dumitrescu also proposes heuristics that are obtained by
limiting or truncating the exact methods in some way.

An exact solution of SDNCCP was also presented by Ahuja et al. [7].
They integrated the exact solution of the SDNCCP into a VLSN local search
for the capacitated minimum spanning tree problem and obtained very good
results, improving the best known solutions for 36% of the tested bench-
mark instances. A more recent study of an exact evaluation of cyclic and
path exchange neighborhoods for graph coloring has been presented in [33].
Although the usage of these neighborhoods gave significant improvements
with respect to the solution quality reachable for iterative improvement algo-
rithms for graph coloring [33], once these neighborhoods have been integrated
into metaheuristic algorithms, the overhead in computation time made the
approach undesirable. Since this may happen also for other problems, it is
not surprising that the exact solution of the neighborhood search problem in
cyclic and path exchange neighborhoods is sometimes replaced by a heuris-
tic solution to the SDNCCP or SDMCCP, which are, however, often derived
from a possible exact solution of the neighborhood search problem.
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4.2.2 NSP Example: Dynasearch

Dynasearch is a local search technique that uses a dynamic programming
algorithm to search for the best possible combination of mutually indepen-
dent, simple search moves to be executed in one local search iteration. In the
context of dynasearch, the independence of the simple moves refers to the
requirements that they do not interfere with each other with respect to (i)
the evaluation function being used and (ii) the feasibility of a solution after
the execution of the moves. In particular, the independence of the moves
with respect to the evaluation function implies that the gain obtained by a
dynasearch move can be obtained as the sum of the gains of the simple moves.

So far, various applications of dynasearch to permutation problems have
been proposed. The independence between simple search moves is typically
related to the fact that the indices affected by the simple moves are not
overlapping. Let π = (π(1), . . . , π(n)) be the current permutation. Two moves
that involve elements from π(i) to π(j) and π(k) to π(l), with 1 ≤ i < j ≤ n
and 1 ≤ k < l ≤ n need to have that either j < k or l < i.

The best combination of independent moves can be obtained by a dynamic
programming algorithm, which gives the name of this technique. Let Δ(j) be
the maximum total cost reduction obtained from independent moves affecting
only positions 1 to j of the current permutation and let δ(i, j) be the cost
reduction by a move involving positions between i and j, including i and j.
The idea of the algorithm is to compute the maximum total cost reduction
obtained by either appending element π(j) to the partial permutation of the
elements π(1) to π(j−1) or by appending element π(j) and applying a move
involving element π(j) (and possibly elements from π(i) onwards).

The values of Δ(j), j = 0, . . . , 1 can be computed in a dynamic program-
ming fashion. Let π be the current solution and set Δ(0) = 0 and Δ(1) = 0.
Then, Δ(j), j = 1, . . . , n− 1 can be obtained in a forward evaluation by the
recursive formula

Δ(j + 1) = max{ max
1≤i≤j

{Δ(i − 1) + δ(i, j + 1)},Δ(j)}. (4.1)

Δ(n) gives the largest reduction in solution cost. The compound move to
be executed can then be determined by tracing back the computation steps.

When applying the algorithm, the particularities of the problem and of
the moves may have to be taken into account to slightly adapt the dynamic
programming recursion given by Equation (4.1). (Note that the dynasearch
algorithm can be cast in terms of a search for a shortest path in an appro-
priately defined improvement graph [3].)

Current applications of dynasearch comprise the TSP [34], the single ma-
chine total weighted tardiness problem (SMTWTP) [34, 35, 55] and a time-
dependent variant of it [8], and the linear ordering problem (LOP) [34]. A
general observation is that dynasearch, on average, is faster than a standard
best-improvement descent algorithm and may return slightly better qual-
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Fig. 4.2 (a) A feasible tour can be seen as the union of H(i1, ik+1), H(ik+1, j1),
H(j1, jk+1), and H(jk+1, i1). (b) The hyperedges H(i1, ik+1) and H(j1, jk+1) are removed.

(c) A new feasible tour is constructed.

ity solutions. Particularly good performance is reported when dynasearch is
used as a local search routine inside other metaheuristics such as iterated lo-
cal search [73]. Currently, iterated dynasearch is the state-of-the-art method
for SMTWTP [55], and very good results were obtained for the TSP and the
LOP [34].

4.2.3 PNSP Example: Hyperopt Neighborhoods

A relatively simple example of a PNSP approach is the hyperopt local search
approach applied to the TSP [27, 37, 28]. To keep the presentation as simple
as possible, we will only consider its application to the symmetric TSP.

The hyperopt neighborhood is based on the notion of hyperedges. Given
a tour of the TSP, a hyperedge is defined to be a subpath of the tour; in
other words, a sequence of successive edges of the tour [37]. If i is the start
node and j the end node of the hyperedge, we denote the hyperedge by
H(i, j). The length of a hyperedge is given by the number of edges in it.
Let t be a feasible tour of the TSP and H(i1, ik+1) and H(j1, jk+1) two
hyperedges of length k such that H(i1, ik+1) ∩ H(j1, jk+1) = ∅ with re-
spect to the nodes contained. We assume that the tour t can be written
as t = (i1, . . . , ik+1, . . . , j1, . . . , jk+1, . . . , i1). It is obvious that the tour t
can be described completely by four hyperedges: H(i1, ik+1), H(ik+1, j1),
H(j1, jk+1), and H(jk+1, i1), as shown in Figure 4.2(a). A k-hyperopt move is
defined as a composition of the two following steps: remove H(i1, ik+1) and
H(j1, jk+1) from the tour t, then add edges to H(ik+1, j1) and H(jk+1, i1)
such that a new feasible tour is constructed (see Figure 4.2 for an example).
The k-hyperopt neighborhood consists of all k-hyperopt moves.

The size of the k-hyperopt neighborhood increases exponentially with k.
The authors propose an “optimal” construction of a k-hyperopt move by
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solving exactly a subproblem: the TSP defined on the graph G′ = (V ′, E′),
where V ′ is the set of nodes included in H(i1, ik+1) and H(j1, jk+1) and E′ is
the set of edges in the original TSP that have both ends in V ′. However, this
approach is bound to be efficient only when k is relatively small. Otherwise,
a large size TSP would have to be solved as a subproblem. To avoid this, the
authors propose to use a dynamic programming algorithm for the case k ≥ 3
[28, 37], but no details of the algorithm are given.

For a given hyperedge H(i1, ik+1) the k-hyperopt move to be performed is
determined in [28, 37] in a first descent form. Hence, a sequence of subprob-
lems is generated and solved, one subproblem for every hyperedge that does
not intersect with H(i1, ik+1). To speed up computations, usual TSP speed-
up techniques such as “don’t look bits” are used [19]. In addition, extensions
based on embeddings of the hyperopt local search into iterated local search
and variable neighborhood search algorithms are considered. However, the
currently available results suggest that the resulting hyperopt local search
for the ATSP is somewhat inferior to current state-of-the-art local search
techniques [64]. In spite of this, the k-hyperopt approach may have potential
if the size of the neighborhood is greatly enlarged and truly efficient algo-
rithms such as Concorde [10] are used to solve the resulting subproblems.

4.2.4 Other Approaches

The two NSP techniques for exploring a neighborhood that we have de-
scribed in this section have been applied to a variety of problems. For a
recent overview of VLSN search applications we refer to the book chapter
by Ahuja et al. [4]. Recently, the corridor method has been proposed by
Sniedovich and Voß [103]. The central idea put forward is to define constraints
on the problems, such that efficient exact methods can be designed to solve
the neighborhood search problem efficiently. Another example of an NSP
method is the constraint programming approach by Pesant and Gendreau
[89, 90], where the exploration of the neighborhood is modeled as a prob-
lem that is then solved with constraint programming techniques [78, 109].
Constraint programming is an especially promising approach, if the resulting
search problems are tightly constrained.

PNSP algorithms have been more widely applied. As mentioned before,
one of the first PNSP algorithms is the shuffle heuristic of Applegate and
Cook [12], which was applied to the job-shop scheduling problem. Briefly,
their approach consists of defining a partial solution by leaving the sequence
fixed for one or a few machines. The subproblem of completing the sched-
ule is then solved by branch-and-bound. Another example is the MIMAUSA
algorithm, introduced by Mautor and Michelon [79, 80, 81], applied to the
quadratic assignment problem. In MIMAUSA, at each step k variables are
“freed”. The subproblem of assigning values to the free variables, such that
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the rest of the solution is kept fixed, is solved to optimality. A similar ap-
proach has been applied by Büdenbender et al. [26] to the direct flight network
design problem. Hu et al. [62] search large neighborhoods for the generalized
minimum spanning tree problem. In particular, they implemented a vari-
able neighborhood descent algorithm, where in the largest neighborhood a
mixed-integer program (MIP) solver is used to determine optimal solutions
to the subproblems arising in the local search. Computational results show
that their approach obtained excellent performance. A similar approach of
searching large neighborhoods by a MIP solver is applied by Prandtstetter
and Raidl to a car sequencing problem [94]. PNSP methods have been suc-
cessfully applied in combination with constraint programming techniques.
Some noteworthy examples are the work of Caseau and Laburthe [31] for
the job-shop scheduling problem or that of Shaw [102] for the vehicle rout-
ing problem, where a branch-and-bound algorithm is integrated into tabu
search. An earlier overview of combinations of local search and constraint
programming is given in an article by Focacci et al. [47].

4.2.5 Discussion

In general, the use of exact algorithms for exploring large neighborhoods is
appealing. For some problems the resulting neighborhoods can be explored
fully by polynomial time algorithms, a noteworthy example being here the dy-
nasearch approach. If the large neighborhoods cannot be explored in provably
polynomial time, often the resulting neighborhood search problems, whether
corresponding to full or partial neighborhood, can be solved efficiently by
exact algorithms. This is mainly due to the exact algorithms being, in most
cases, rather quick if the problem size is not too large and to the fact that the
resulting subproblems often have a special structure that can be exploited
efficiently.

Despite the usefulness of exact algorithms in these methods, it is clear
that the resulting subproblems could be solved by approximate algorithms.
In fact, this is often done. A general framework for this idea of defining
subproblems and exploring them heuristically, POPMUSIC, was defined in a
paper of Taillard and Voß [104]. Similar ideas were put forward in variable
neighborhood decomposition search [58]. It would be interesting to study
more carefully the use of heuristics versus the use of exact algorithms for
exploring the large neighborhoods using sound experimental designs and try
to derive more general insights into when one is prefered of the other.
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4.3 Enhancing Metaheuristics

Occasionally, exact methods are employed to implement central sub-procedures
in a metaheuristic, typically with the goal of adding specific features of di-
versification or intensification of the search that are beyond the reach of local
search algorithms. One early example of such a combination is the usage of
exact algorithms as perturbation operators in iterated local search.

4.3.1 Example: Perturbation in Iterated Local Search

A successful approach to solving difficult COPs is iterated local search (ILS)
[73]. ILS consists of running a local search procedure, starting from solutions
obtained by perturbing available local optima. A simple form of an ILS is
given in Algorithm 4.3.1.

Algorithm 4.3.1 Iterated Local Search

Step 1: Let s be an initial solution.
Step 2: while stopping criterion is not met do
(i) Let s′ be the solution obtained from s after a perturbation.
(ii) Call local search(s′) to produce the solution s′′.
(iii) if s′′ is accepted as the new incumbent solution then s = s′′.

enddo
Step 3: Return s.

The main role of the perturbation in ILS is to introduce significant changes
in the current solution in order to allow the local search to explore different
local optima, while still conserving good characteristics of a current solution.
Simple ways of introducing such perturbations, like applying a random move
in a large neighborhood, are usually enough to obtain good performance.
However, state-of-the-art performance is often reached by more problem spe-
cific perturbations and when the perturbations introduce some structural
changes that cannot be reversed easily by a local search [73].

One possibility of combining exact algorithms with ILS is to let an exact
algorithm determine the perturbation. This may be very useful, since the
exact algorithm may introduce larger structural changes, which cannot be
easily undone by the local search. The implementation of this idea can be
done by first fixing some part of the solution and leaving the rest free. Next,
the free part is optimized, and the solution to the free part is reinserted into
the fixed part, possibly after restoring feasibility if this should be necessary.
In other words, at Step 2(i) of Algorithm 4.3.1 a subproblem is solved to
optimality. Formally, Step 2(i) is replaced by:

Algorithm 4.3.2 Solving a subproblem to determine the perturbation (new
Step 2(i) of ILS)
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begin
Let s′′ = s \ r, where r ⊂ s.
Define P(r), a subproblem that depends on r.
Let opt(P(r)) be the optimal solution of P(r).
Let s̄′ = s′′ ∪ opt(P(r)).
Modify s̄′ such that feasibility is restored.
Return s′, be the modified feasible solution.

end

An early example of how to determine a perturbation by solving a sub-
problem exactly is given by Lourenço [72]. In her paper, Lourenço conducts
an extensive computational study of ILS applied to the job-shop scheduling
problem (JSP). The JSP is defined for m machines and n jobs. Each job con-
sists of a sequence of operations that have to be performed in a given order.
Each operation has to be executed for a specified, uninterrupted time (i.e.
preemption is not allowed). In the JSP, precedence constraints induce a total
order on the operations of each job. Additional constraints require that each
machine handles at most one job at a time. A feasible schedule is a schedule
that satisfies all the precedence and capacity constraints. The JSP consists
in finding a feasible schedule that minimizes the overall job completion time.

The JSP can be modeled using the disjunctive graph G = (V,A, E) repre-
sentation, where V is the vertex set corresponding to the operations, A is the
arc set corresponding to the job precedence constraints, and E is the edge
set corresponding to the machine capacity constraints [101]. In this graph,
the scheduling decision corresponds to orienting each edge in E.

Lourenço experimentally tested several ways of defining the perturbation.
One perturbation procedure proposed by Lourenço is making use of Carlier’s
algorithm [30], which is a branch-and-bound method applied to a one-machine
scheduling problem. The particular problem solved here can be seen as a very
simple version of the JSP: a number of operations need to be scheduled on
one machine in the presence of temporal constraints. Lourenço’s idea is to
modify the directed graph corresponding to the current solution of the JSP by
removing all the directions given to the edges associated with two randomly
chosen machines. Then Carlier’s algorithm is applied to one of the machines.
The problem to solve is therefore a one-machine scheduling problem. Next,
the edges corresponding to that machine are oriented according to the opti-
mal solution obtained. Finally, the same treatment is applied to the second
machine. Lourenço mentions that this perturbation idea can create cycles in
the graph and suggests a way of obtaining a feasible schedule from the graph
with cycles (see [72] for details). In conclusion, at each iteration of the ILS,
two subproblems are solved in order to construct a new initial solution for
the local search procedure. Lourenço proposed similar perturbation schemes
for her ILS algorithm for the JSP; for details we refer to [71, 72].

Finally, it should be said that the computational results of Lourenço can-
not be considered state-of-the-art performance. The main reason probably is
that she used a rather weak local search algorithm when compared to the



4 Usage of Exact Algorithms to Enhance Stochastic Local Search Algorithms 117

effective tabu search algorithms proposed by Nowicki and Smutnicki [87] or
the local search procedure of Balas and Vazacopoulos [15]. However, it would
be interesting to see how the performance of these two algorithms would be
affected by the addition of the perturbation steps proposed by Lourenço.

4.3.2 Other Approaches

Exact algorithms can be used within particular metaheuristics for specific
operations that are to be done while searching for solutions. An example in a
somewhat similar spirit as the previously described one is followed in the re-
cent paper by Fernandes and Lourenço [43]. They introduce occasional large
perturbations into a tabu search algorithm, which consists in a partial de-
struction of a solution and a reconstruction of a new one. The reconstruction
is guided by using violated valid inequalities that enforce some specific order
among unscheduled operations. Apart from the perturbations in ILS, other
examples can be found in applications of genetic algorithms. Here, exact algo-
rithms are typically used in the recombination operation, in which two solu-
tions s and s′ are combined to form one or several new solutions (also called
offspring). The main idea is to define a subproblem Recombination(s, s′)
that comprises all the solutions that can result following a particular way of
combining s and s′, and then to search for the best solution of the resulting
subproblem.

The subproblem can be obtained by keeping common solution features of
the two “parent” solutions fixed and to try to find the best solution for the free
parts. A second possibility is to define a subproblem consisting of the union
of the solution components contained in the two parent solutions s and s′.
An example for the first approach is presented by Yagiura and Ibaraki [114].
They apply this idea to permutation problems using a dynamic programming
algorithm for finding an optimal permutation subject to the constraint that
a partial order common to the two parent solutions s and s′ is maintained by
the new solution. Other examples include the MIP-recombination operator
for a specific supply management problem [24] and for the balancing transfer
lines problem described in Chapter 7. There, many of the variables that
have the same value in the parents are fixed and the resulting subproblem
is solved by a mixed-integer programming solver. The complexity of optimal
recombination when solutions are represented as bitstrings is studied in [42].
Examples of the second idea are the papers of Balas and Niehaus [14] on the
maximum clique problem (MCP), and of Aggarwal et al. [2] on the maximum
independent set problem (MISP). The MCP and MISP are subset problems
in graphs, where a subset of the vertices needs to be chosen. Hence, in both
cases, a solution corresponds to a subset of the vertices of the original graph
G = (V,A), i.e. we have s, s′ ⊂ V . In both cases, the subproblem consists
of a subgraph comprising all the vertices in s ∪ s′ and all edges that connect
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them. It can be shown that the resulting subproblem is a matching problem
in a bipartite graph. Hence, it can be solved in polynomial time [2, 13].
Another paper following these lines is that of Lourenço et al. [74] on a multi-
objective bus driver scheduling problem, where analogous ideas are applied
to the offspring determination of a genetic algorithm applied to a set covering
problem.

4.3.3 Discussion

Clearly, the techniques discussed here are specific to particular metaheuris-
tics. However, these examples indicate possible areas of interest, where such
combinations can be useful. In general, mainly hybrid metaheuristics will be
candidates for possible combinations. We call hybrid metaheuristics those
metaheuristics that consist of the combination of several clearly distinct pro-
cedures like perturbation and local search in the ILS case or recombination,
mutation, and (possibly) local search in the genetic algorithm case. In fact,
the examples outlined above illustrate well the potential of such combina-
tions. Other metaheuristics that could profit from such combinations are ant
colony optimization [38], e.g. by optimizing partial solutions or extending
partial solutions in an optimal way, or scatter search [53], in a way analogous
to what is described for the genetic algorithms.

4.4 Using Branch-and-Bound Techniques in
Constructive Search Heuristics

Construction heuristics build solutions starting from an empty partial solu-
tion. They iteratively add solution components until a complete solution is
obtained. Construction heuristics typically rate the desirability of adding a
solution component based on a heuristic measure of its objective function
contribution. Then, they either add a solution component greedily, i.e. by
choosing the best rated component, or probabilistically, biased by the heuris-
tic information.

In construction heuristics partial solutions are typically only extended and
never reduced. However, construction heuristics can easily by transformed
into tree search algorithms, e.g. by adding a backtracking-type mechanism
and usages of lower and upper bounds. This finally leads to branch-and-bound
algorithms [61].Hence, a somewhat natural hybrid is to extend construction
heuristics or metaheuristics that are based on the repeated construction of
solutions such as ant colony optimization [39] by tree search techniques.
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4.4.1 Example: Approximate Nondeterministic Tree
Search (ANTS)

Ant Colony Optimization (ACO) [39] is a recent metaheuristic approach for
solving hard COPs. In ACO, (artificial) ants are stochastic solution construc-
tion procedures that probabilistically build a solution by iteratively adding
solution components to partial solutions while taking into account (i) heuris-
tic information on the problem instance being solved, if available, and (ii)
(artificial) pheromone trails. Pheromone trails in ACO serve as distributed,
numerical information which is adapted during the execution of the algo-
rithm to reflect the search experience. Of the available ACO algorithms, the
approximate nondeterministic tree search (ANTS) algorithm [75] was the first
to integrate branch-and-bound techniques into ACO.

ANTS was first applied to the quadratic assignment problem (QAP). In
the QAP, a set of objects has to be assigned to a set of locations with given
distances between the locations and given flows between the objects. The
goal in the QAP is to place the objects on locations in such a way that the
sum of the product between flows and distances is minimal. More formally,
in the QAP one is given n objects and n locations, values aij representing
the distance between locations i and j, and brs representing the flow between
objects r and s. Let xij be a binary variable which takes value 1 if object i
is assigned to location j, and 0 otherwise. The problem can be formulated as
follows:

min
n∑

i=1

n∑

j=1

n∑

l=1

n∑

k=1

aijbklxikxjl (4.2)

subject to the constraints

n∑

i=1

xij = 1 j = 1, . . . , n (4.3)

n∑

j=1

xij = 1 i = 1, . . . , n (4.4)

xij ∈ {0, 1} i, j = 1, . . . , n (4.5)

In ANTS, each ant constructs a solution by iteratively assigning objects
to a free location. Hence, the solution components to be considered are pair-
ings between objects and locations (there are n2 such solution components).
Given a location j, an ant decides to assign object i to this location with a
probability given by

pk
ij(t) =

α · τij(t) + (1 − α) · ηij∑
l∈Nk

j
α · τlj(t) + (1 − α) · ηlj

if i ∈ Nj . (4.6)
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Here, τij(t) is the pheromone trail associated to the assignment of object i
to a location j, which gives the “learned” desirability of choosing this assign-
ment (pheromones vary at run-time), ηij is the heuristic desirability of this
assignment, α is a weighting factor between pheromone and heuristic, and Nj

is the feasible neighborhood, i.e. the set of objects that are not yet assigned
to a location.

Lower bound computations are exploited at various places in ANTS. Be-
fore starting the solution process, ANTS first computes the Gilmore-Lawler
lower bound (GLB) [49, 68]. The GLB is defined to be the solution to the as-
signment problem min

∑n
i=1

∑
j=1 cijxij subject to constraints (4.3) to (4.5).

The coefficients cij are defined as a function of distances and flows and the
variables xij are binary. It is known that the assignment problem has the inte-
grality property. Therefore a solution of it can be obtained by simply solving
its linear programming relaxation. Along with the lower bound computation
one gets the values of the dual variables ui and vi, i = 1, . . . , n, corresponding
to the constraints (4.3) and (4.4), respectively. The dual variables vi are used
to define a pre-ordering on the locations: the higher the value of the dual
variable associated to a location, the higher the impact of the location on the
QAP solution cost is assumed to be. Hence, the assignment of an object to
that location is tried earlier.

The essential idea of ANTS is to use computations on the lower bounds
on the completion cost of a partial solution in order to define the heuristic
information about the attractiveness of adding a specific solution component
(i, j) in (4.6). This is achieved by tentatively adding the solution component
to the current partial solution and by estimating the cost of a complete
solution, (containing that solution component), by means of a lower bound.
This estimate is then used to influence the probabilistic decisions taken by
the ant during the solution construction: the lower the estimate, the more
attractive the addition of a specific pair. A further advantage of the usage of
a lower bound is that an extension of a partial solution, for which the lower
bound estimate is higher than the cost of the best solution found so far, can
be discarded.

A disadvantage of the GLB, which is computed in an initialization phase of
the algorithm, is that its computation is O(n3). This is clearly expensive, since
a lower bound has to be computed at each step during a solution construction
of an ant. Therefore, Maniezzo proposes a lower bound weaker than GLB,
the so-called LBD bound, which exploits the values of the dual variables to
estimate the completion cost of a partial solution. Although LBD can be
shown to be weaker than GLB, the main advantage of using LBD is its low
computational complexity, which is O(n). For details on the lower bound
computation we refer to [75]. Experimental results have shown that ANTS
was at the time it was proposed one of the best available algorithms for the
QAP. The good performance of the ANTS algorithm has been confirmed in
a variety of further applications [77, 76].
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4.4.2 Other Approaches

The integration of tree search techniques into constructive algorithms is
an appealing possibility of hybridization. Given that ACO is, apart from
GRASP, probably the most widespread used constructive metaheuristic, it
is not astonishing that a number of other hybrids between ACO and tree
search algorithms have been proposed. Probably the most noteworthy is the
beam-ACO algorithm, which combines ACO with beam search, a derivative
of branch-and-bound algorithms. Beam search is a tree search algorithm that
keeps at each iteration a set of nodes of a search tree and expands each of
them in several directions according to a selection based on lower bounds [88].
beam-ACO takes from ACO the probabilistic extension of partial solutions
and uses a beam search type of management of partial solutions. It has shown
very high performance for problems such as open shop scheduling [20] and
assembly line balancing [21]. More details on beam-ACO and similar hybrid
algorithms can be found in [22]. A combination of a GRASP algorithm with
a branch-and-bound algorithm is described in [44] for an application to the
JSP.

Another active area of hybridization is the integration of constraint pro-
gramming techniques into constructive algorithms and, again, in particular
into ACO. Such approaches have been described first by Meyer and Ernst [84]
and in some more detail in a book chapter [83]. More recently, the integration
of ACO into constraint programming languages has been considered [66].

4.5 Exploiting the Structure of Good Solutions

Many optimization problems show some type of structure in the sense that
high quality solutions have a large number of solution components in com-
mon with optimal solutions. This observation is exploited by some hybrid
methods. These define appropriate subproblems of the original problem by
using the information obtained from high quality solutions. Often the result-
ing subproblems are small enough to be solved rather efficiently by exact
algorithms.

This approach consists of two phases, which are executed in sequence. In
the first phase, an approximate algorithm is used repeatedly to collect a num-
ber of high-quality solutions of the problem under consideration. Based on
the solution components that are included in the set of solutions, a subprob-
lem of the original problem is defined. It is expected that the subproblem
still contains all or, if not all, most of the “important” decision variables and
that the subproblem can be solved relatively easily by an exact algorithm.
The optimal solution for the subproblem provides an upper bound for the
optimal solution of the original problem.
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An algorithmic outline of the type of methods falling into this framework
is given next.

Algorithm 4.5.1 Exploiting structure by collecting information

Step 1: Initialization
Let I = ∅, where I is the set of collected solutions.

Step 2: Approximate algorithm
while stopping criterion is not met do

Let s be the solution returned after running an approximate
algorithm.
Add s to I.

enddo
Reduce I according to some criteria (optional).

Step 3: Optimization
Define a subproblem P(I) that depends on I.
Find opt(P(I)), the optimal solution of P(I).

Step 4: Return opt(P(I)).

Here we discuss two well known examples where this idea was successfully
applied to the p-median problem and the TSP.

4.5.1 Example: Heuristic Concentration

Rosing and ReVelle designed the heuristic concentration algorithm for the
solution of the p-median problem [99]. Given a graph G = (V,A), where
V = {1, . . . , n}, a weight associated with each node, and a distance associated
with each arc, and given a positive integer p, the p-median problem consists
of finding p nodes in the graph, called facilities, such that the sum of the
weighted distances between every node and its closest facility is minimized.
The nodes that are not facilities are called demand nodes.

The technique developed by Rosing and ReVelle is called heuristic concen-
tration. In the first phase, a local search procedure, in this case the Teitz and
Bart heuristic [105], is run repeatedly with different random starts. Every
solution obtained in this process is recorded in a set I. The number of times
the heuristic is run is determined after conducting numerical experiments.

The second phase starts with the selection of a subset I ′ of the solutions
in I. I ′ contains only the best solutions of I with respect to the objective
function. The number of solutions in I ′ is again determined by numerical
experiments. The facility locations used in these “best” solutions form a
subset of the set of all nodes. They will be collected in what the authors
call the concentration set (CS). Finally, a restricted p-median problem, with
the facility locations restricted to those contained in the concentration set, is
solved.
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Clearly, this method is built on the assumption that a near-optimal or
optimal solution must have the facilities located at sites from CS. However,
this is only an assumption based on experimental results. An even stronger
assumption is made by the authors in order to further reduce the dimension
of the subproblem being solved. This is the claim that the nodes that are
facilities in all solutions considered must be facilities. The rest of the CS
contains possible locations. Therefore, they split CS into two subsets: one
contains the locations where there are facilities in all solutions, called CS
open (CS0), and the other one contains the nodes where there is a facility in
at least one but not all solutions. The latter subset of CS is called CS free
(CSf ). The authors exploit the fact that each demand node not in CS must
be assigned to the closest facility. For every node, variables are needed only
for that node in CS0 that is closest to the demand node, and only for those
nodes in CSf that are even closer than that member of the CS0.

It is clear that when CS can be split, the size of the second subproblem
is smaller than the size of the first one. However, there is no guarantee that
such a partition of CS exists. When CS0 = ∅, the only possibility is to use
the first subproblem. Since in most cases the solution of the LP relaxation
of the binary integer model of a p-median problem is integer, Rosing and
ReVelle solve the LP relaxation of the restricted problem using an LP solver
(in this case CPLEX). Even when the solution is fractional, an integer so-
lution is found very easily. Numerical results are provided in both [99] and
subsequent papers [98, 100]. They prove that the heuristic concentration is a
viable technique that obtains very good results in practice.

4.5.2 Example: Tour Merging

Applegate et al. [9] proposed the tour merging approach, which was further
refined by Cook and Seymour [36]. Tour merging is a two phase procedure
following the steps outlined above.

The first phase consists of generating a number of high quality tours for
the TSP instance that needs to be solved. While Applegate et al. [9] used
their chained Lin-Kernighan (LK) algorithm, in the later study in [36] the
iterated version of Helsgaun’s LK implementation [60] is used. This heuristic
reaches significantly better quality solutions and using it to define the set
of tours I in the first stage was found to result in better quality tours in
the second stage. Additionally, given that for the same number of tours the
number of decision variables is smaller, larger instances can be tackled in this
way.

The second phase consists of solving the TSP on the graph induced by the
set of tours I on the original graph. In other words, a TSP is solved on a
restricted graph that has the same set of nodes as the original graph, but its
set of edges consists of the edges that appear at least once in any of the tours
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in I. Formally, if the original graph is G = (V,A), where V is the set of nodes
and A the set of arcs, the reduced graph can be described as G′ = (V,A′),
where A′ = {a ∈ A : ∃t ∈ I, a ∈ t}.

Several possibilities of solving the TSP on the reduced graph G′ can be
considered. In [9], an exact solver part of the Concorde package, was used.
When Concorde was applied to medium sized instances (with up to 5000
cities), the tour merging method could identify optimal solutions for all in-
stances at least twice out of ten independent trials. However, on few instances
the computation time was large, with most of it being taken by the optimiza-
tion code applied in the second stage. Another possibility of solving the TSP
on G′ is to use special purpose algorithms that exploit the structure of the
graph G′. In particular, G′ is a very sparse graph and it is likely to have a
low branch-width [97]. In [36], a dynamic programming algorithm that ex-
ploits this property is presented and computational results on a wide range
of large TSP instances (2,000 up to about 20,000 cities) show excellent per-
formance, resulting in computation times for the second stage that are much
shorter than the times required by a general purpose TSP solver. In fact, the
tour merging approach is currently one of the best performing approximate
algorithms for medium to large TSP instances.

4.5.3 Discussion

The two examples show that approaches based on collected information can
result in highly efficient hybrid algorithms in practice. For the approach to
work on specific problems, high-quality solutions need to have specific char-
acteristics. Firstly, it is important that these solutions have many compo-
nents in common. Then the resulting subproblem will have a small number
of decision variables and will be amenable to solving with exact algorithms.
Secondly, the resulting subproblem is required to contain most of (ideally, all)
the important decision variables to ensure that the second stage can return
a very high quality solution. Such properties appear to hold in the TSP case:
it is a well known property that local minima cluster in a small region of the
search space and that the better their quality, the more edges they have in
common with an optimal solution [23, 67, 82]. Some evidence exists that sim-
ilar conclusions hold for the p-median problem [57]. Notions of search space
analysis are important in this context. Intuitively, problems with a high fit-
ness distance correlation are more likely to be amenable for such algorithmic
approaches. Roughly speaking, a high fitness distance correlation indicates
that the better the solutions the closer they are to an optimal solution in
terms of an appropriate distance definition.

Clearly, the ideas outlined in this section are not necessarily restricted
to using an exact algorithm in the second stage. For example, in the case
of the set covering problem (SCP), Finger et al. [45] first provide a fitness
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distance correlation analysis of the SCP search space. Based on the result
that for some classes of SCP instances the characteristics mentioned above
were satisfied, a subproblem is defined by the solutions returned by several
local searches and then solved by simulated annealing [25]. Puchinger et al.
[95] study the “core” concept [16, 92] for the multidimensional knapsack
problem and apply SLS algorithms (a memetic algorithm and a relaxation
guided variable neighborhood search) and exact algorithms to the resulting
reduced instances. They obtain very high quality solutions and show that the
SLS algorithms reach better quality solutions on the “core” instances than
when applying them directly to the original instances. (Note that the concept
of “cores” is often defined through linear relaxations, e.g. by fixing variables
that are integer in the relaxation; these approaches are related to those that
are discussed in Section 4.6.)

Finally, it should be mentioned that the approaches described in this sec-
tion are related to some already discussed in Section 4.3. The “optimized
crossover” algorithms described there define a new problem similar to the
union of solution components in tour merging or heuristic concentration.
In fact, the latter two could be seen as an “optimized multi-parent recom-
bination” operator. A difference is that the approaches presented here were
originally conceived as consisting of two stages that are executed in sequence.
However, alternative and intermediate approaches can easily be conceived.

4.6 Exploiting Information from Relaxations in
Metaheuristics

A more frequent way of combining elements from exact algorithms and meta-
heuristics is the exploitation of some type of information obtained from a
relaxation of the original problem to bias in some way the SLS algorithm.
Various possibilities have been explored from rather straightforward uses to
more complex ones. From the latter ones we present an example given by
Vasquez and Hao [111] for the multidimensional knapsack problem. We then
give some pointers to more literature on the exploitation of relaxations.

4.6.1 Example: Simplex and Tabu Search Hybrid

Vasquez and Hao [111] combine a tabu search with an exact method, in this
case a simplex algorithm that solves some linear programming subproblems.
Given m resources, each having a corresponding resource limit, n objects,
each with an associated profit, and an associated vector of resource con-
sumption, the 0-1 multidimensional knapsack problem seeks to maximize the
total profit made by using the objects such that the amount of resources con-
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sumed is within the resource limits. In what follows we will denote the profit
associated with object i by pi, the amount of resource j consumed by select-
ing object i by rji, and the limit of resource j by Rj . The standard integer
programming formulation of the 0-1 multidimensional knapsack problem can
be written as:

max
n∑

i=1

pixi

s.t.
n∑

i=1

rjixi ≤ Rj , ∀j = 1, . . . ,m (4.7)

xi ∈ {0, 1}, ∀i = 1, . . . , n, (4.8)

where xi = 1 if object i is used and xi = 0 otherwise.
The method starts by relaxing the integrality constraint. Since the solution

of the linear programming relaxation of an integer programming problem can
be far away from the integer optimal solution, the linear programming relax-
ation is then “strengthened” by the addition of an extra constraint. It is clear
that the integer optimal solution of the 0-1 multidimensional knapsack prob-
lem can have only a certain number of components that are not zero. Based
on this observation, the constraint added to the linear programming relax-
ation enforces the number of non-zero components to be equal to k, where
0 ≤ k ≤ n (see constraint (4.9) below). Therefore n + 1 linear programming
problems are obtained (one for each value of k):

max
n∑

i=1

pixi

s.t.
n∑

i=1

rjixi ≤ Rj , ∀j = 1, . . . ,m

n∑

i=1

xi = k (4.9)

xi ∈ [0, 1], ∀i = 1, . . . , n (4.10)

We denote such a subproblem by P(k). Clearly, the solutions of these prob-
lems can be fractional. However, it is hoped that the optimal solution of the
original problem is close to one of the optimal solutions obtained after solving
the relaxed problems. (To reduce the number of subproblems that need to be
solved, Vasquez and Hao compute bounds on k; for details see [111].)

After the reduction, each linear program is solved by the simplex algo-
rithm. The solutions returned are then used to generate starting solutions to
a following tabu search phase. More precisely, an initial solution is obtained
from a possibly fractional solution x[k] to P(k) by fixing its largest k elements
to one and the rest to zero. The solution x[k] of P(k) has the additional use
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to restrict the search space explored by a tabu search procedure. In fact,
the subsequently run tabu search algorithm, which is based on the reverse
elimination method [50], is restricted to explore only solutions x for which
it holds that

∑n
i=1 |xi − x

[k]
i | ≤ δmax, i.e. the solutions explored by the tabu

search are limited to a ball of radius δmax around x[k]. The radius δmax is
computed heuristically as follows. Let no int denote the number of integer
components of x[k] and no frac the number of fractional components; then,
the radius is set to a value of δmax ≈ 2 × (no int + no frac − k). Note that
δmax = 0 corresponds to the case when an integer solution is returned by sim-
plex. The search space is further reduced by limiting the number of objects
taken into configurations. For each k, the number of non-zero components of
a candidate solution is considered to be exactly k and only the integer candi-
date solutions are considered. This actually corresponds to a partitioning of
the search space. The neighborhoods are defined as add/drop neighborhoods.
The neighborhood of a given configuration is the set of configurations that
differ by exactly two elements from the initial configuration, while keeping
the number of non-zero elements constant.

An extensive computational study of the final algorithm is provided. The
authors report many improved results compared to the best known results
at the time of publication; however, they acknowledge large computational
time of about three days on a set of computers with Pentium 300MHz or 500
MHz computers for very large instances with as many as 2,500 items and 100
constraints. Further improvements on this approach are described in [112].

4.6.2 Discussion

The paper of Hao and Vasquez is an example of how information of solutions
of relaxations of IP formulations can be used to restrict the area of the search
space examined by local search and to provide good initial solutions for the
local search. As said before, there are a number of other approaches that
in some form make use of relaxations and information derived from them.
How relaxations and problem decompositions can be used to define heuristic
methods and metaheuristics is shown in Chapter 5 of this book.

A particularly active area appears to be the exploitation of lower bound
computations through Lagrangean relaxation (LR). (For an introduction to
Lagrangean relaxation and its use in combinatorial optimization we refer to
[18].) Such approaches have been proposed for a variety of problems and for
several they result in state-of-the-art algorithms. The central idea in these
approaches is to use Lagrangean multipliers and costs to guide construction
or local search type heuristics. Among the first approaches that use LR is
the heuristic of Beasley [17]. Currently, state-of-the-art algorithms for the
set covering problem are, at least in part, based on exploiting information
from LR [29, 32]. Ways of integrating information gained in LR into a tabu
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search algorithm is given in [56] and computational results are presented
for an example application to the capacitated warehouse location problem.
Other, recent examples of using LR to direct SLS algorithms include a ge-
netic algorithm for the prize collecting Steiner tree problem [59], exploiting
Lagrangean decomposition for an evolutionary algorithm for the knapsack
constrained maximum spanning tree problem [91], or hybrid approaches to
the design of the last mile in fiber optic networks [69].

4.7 Conclusions

In this chapter we reviewed existing approaches that combine stochastic local
search and methods from the area of integer programming for the solution of
NP-hard combinatorial optimization problems, extending significantly over
our earlier review [41]. We focused on techniques where the “master” routine
is based on some stochastic local search method and strengthened by the use
of exact algorithms; see Chapter 3 for the case where the IP method is the
master. In the terms used in [96], the discussed approaches can be classified
as integrative or as collaborative, sequential approaches. In the former class
(covered here in Sections 4.2 – 4.4), the exact algorithms are used to repeat-
edly solve subproblems that arise in the SLS algorithm. In the latter type of
approaches (discussed in Sections 4.5 and 4.6), an exact methods is executed
either before the start of the SLS part, typically, to produce information that
is later used to bias the local search, or used as a post-processing facility to
improve solutions generated by typically several local search processes.

The main conclusion we can make here is that there are many research
opportunities to develop algorithms that integrate local search and exact
techniques. Despite the fact that local search and exact algorithms have some-
what complementary advantages and disadvantages, relatively few researches
present algorithms that try to combine the two areas. One reason for this may
be that such combined methods are often rather complex and hence they may
involve significantly long development times. A possibly more important ob-
stacle is that they require strong knowledge about the techniques available in
two rather different techniques, which are often treated in different research
streams. Fortunately, this situation appears to be improving, as exemplified
by the contributions in this book. In general, we strongly believe that com-
binations of exact methods and stochastic local search methods are a very
promising direction for future research in combinatorial optimization.
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57. P. Hansen and N. Mladenoviç. Variable neighbourhood search for the p-median.
Location Science, 5(4):207–226, 1998.

58. P. Hansen, N. Mladenovic, and D. Perez-Britos. Variable neighborhood decomposition
search. Journal of Heuristics, 7(4):335–350, 2001.

59. M. Haouari and J.C. Siala. A hybrid Lagrangian genetic algorithm for the prize

collecting Steiner tree problem. Computers & Operations Research, 33(5):1274–1288,
2006.

60. K. Helsgaun. An effective implementation of the Lin-Kernighan traveling salesman

heuristic. European Journal of Operational Research, 126(1):106–130, 2000.
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104. É.D. Taillard and S. Voß. POPMUSIC: Partial optimization metaheuristic under

special intensification conditions. In C.C. Ribeiro and P. Hansen, editors, Essays

and Surveys in metaheuristics, pages 613–629. Kluwer Academic Publishers, Boston,
MA, 2002.

105. M.B. Teitz and P. Bart. Heuristic methods for estimating the generalized vertex

median of a weighted graph. Operations Research, 16:955–961, 1968.
106. P.M. Thompson and J.B. Orlin. The theory of cycle transfers. Working Paper No.

OR 200-89, 1989.

107. P.M. Thompson and H.N. Psaraftis. Cyclic transfer algorithm for multivehicle routing
and scheduling problems. Operations Research, 41:935–946, 1993.

108. P. Toth and D. Vigo, editors. The Vehicle Routing Problem. Society for Industrial
and Applied Mathematics, 2002.

109. P. van Hentenryck. The OPL Optimization Programming Language. MIT Press,

Cambridge, MA, 1999.
110. P. Van Hentenryck and L. Michel. Constraint-Based Local Search. MIT Press, Cam-

bridge, MA, 2005.

111. M. Vasquez and J.-K. Hao. A hybrid approach for the 0-1 multidimensional knapsack
problem. In B. Nebel, editor, Proceedings of the Seventeenth International Joint

Conference on Artificial Intelligence, pages 328–333. Morgan Kaufmann Publishers,

San Francisco, CA, 2001.
112. M. Vasquez and Y. Vimont. Improved results on the 0-1 multidimensional knapsack

problem. European Journal of Operational Research, 165(1):70–81, 2005.
113. Xpress-MP. http://www.dashoptimization.com/home//products/products

optimizer.html, last visited December 2008.

114. M. Yagiura and T. Ibaraki. The use of dynamic programming in genetic algorithms
for permutation problems. European Journal of Operational Research, 92:387–401,

1996.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


