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Abstract

Search landscape analysis has become a central tool for analysing the dependency of the per-
formance of stochastic local search algorithms on structural aspects of the spaces being searched.
Central to search landscape analysis is the notion of distance between candidate solutions. This
distance depends on some underlying basic operator and it is defined as the minimum number of
operations that need to be applied to one candidate solution for transforming it into another one.
For operations on candidate solutions that are represented by permutations, in almost all researches
on search landscape analysis surrogate distance measures are applied, although efficient algorithms
exist in many cases for computing the exact distances. This discrepancy is probably due to the fact
that these efficient algorithms are not very widely known. In this article, we review algorithms for
computing distances on permutations for the most widely applied operators and present simulation
results that compare the exact distances to commonly used approximations.

Keywords: Search landscape analysis, metrics, distance, permutations.

1 Introduction

It is widely acknowledged that a careful analysis of the search landscape in which stochastic local search
algorithms such as tabu search, simulated annealing, evolutionary algorithms or iterated local search
navigate is central to a deeper understanding of the behaviour of these algorithms. In fact, search
landscape analysis (often also called fitness landscape analysis) is very widely used in the evolutionary
computation community [20,21,23,25,27] and, more in general, in stochastic local search [18,30,31, 34,
35,41].

Of central importance to search landscape analysis is the concept of distance between solutions. Given
two solutions s and s, their distance d(s, s’) is typically defined as the minimal number of applications
of a certain basic operation in order to transform the first solution into the second one. Depending
on the solution representation and the basic operation involved, the distance can easily be computed.
This is the case, for example, if we consider a binary representation like for the satisfiability problem
in propositional logic, and the basic operation of flipping bits. In that case, the well-known Hamming
distance, which can be computed in linear time as a function of the bit-string length, corresponds to
the desired distance. In other cases, in particular, when solutions are represented as permutations—a
representation that naturally arises in many sequencing problems—in virtually any such endeavours, the
authors used approximations to the exact distances [26,30,36,39]. This is done, although for several,
frequently used basic operations the exact distances can be computed efficiently; in fact, these results
are mainly taken from permutation theory [10]. Nevertheless, for some other standard operators the
problem of whether the exact distances can be computed in polynomial time is still open; in these cases,
however, often good approximations are available, and most of the relevant work on this topic is done
in computational biology for genome rearrangement problems. A comprehensive review of this research
can be found in Christie’s PhD thesis [11], while some special cases are tackled in the PhD thesis of
Vergara [38].



In this article, we review known results on the efficient computation of distance functions and we
present a simulation study that compares the most frequently used approximations to the exact distances.
The article is structured as follows. In the next section, we define the concepts on landscapes used in the
remainder of the article, while Section 3 gives the necessary background on permutations and examples of
the most commonly used basic operations and the corresponding distances. Section 4 is dedicated to an
experimental study of the quality of the approximations that are most widely used for linear permutations
and we conclude in Section 5.

2 Neighbourhoods, landscapes and distances

Search landscape analysis is a tool used for better understanding the interdependence between algorithms,
structure of the search spaces and performance. To define a search landscape, several concepts are
important. First, one needs to define the search space S of candidate solutions an algorithm is searching.
Second, in local search algorithms we need to define a neighbourhood between candidate solutions:

Definition 1 (Neighbourhood)
A neighbourhood is a mapping N : S — 25, that associates to each solution a set of candidate solutions,
called neighbours.

The set of neighbours of s is called N (s) and a usual requirement is that a solution s is not in
N (s). Usually, a neighbourhood is not defined explicitly, but through an operator. In that case, the
neighbourhood of a candidate solution is defined to be the set of candidate solutions that can be reached
by applying the operator once.

Definition 2 (Operator)
An operator A is a collection of operator functions 6 : S — S such that:

s eN(s) < e Ai(s) =5

As usual, it can be avoided that s € N'(s) by forcing that §(s) # s for all s € S. The application of
an operator function we also call move.

Search space and neighbourhood define the neighbourhood graph Gar(S, Exr), in which the set of nodes
corresponds to the set of candidate solutions and the set of edges is defined as Enr = {(s, s'Ys, s’ € SAs' €
N(s)} = {(s,s')|s,s’ € SAT € A.s’ = §(s)}, that is, two candidate solutions s, s" are connected by an
edge if ' is in the neighbourhood of s. All the operators that we investigate in the following result in
connected and symmetric neighbourhood graphs.

Furthermore, if s, s’ € S we denote with

B(s,s") = {(s1,...,sn)|s1 = s,8n =5, Vi: 1 <i < h—1.(s;si41) € Ex}

the set of paths in Gxr that start at s and end in s’. A path indicates a sequence of moves for transforming
sinto 8. If ¢ = (P1,...,0n) € ®(s,s") we indicate with |¢| the length |¢| = h of the path.
Given the neighbourhood graph, we can introduce the notion of distance between solutions.

Definition 3 (Distance)
We define the distance dy between two solutions s,s’ € S to be the length of the shortest path between s
and s in Gnr:

dy(s,s’) = min )
nis )= min 1

Finally, we can define the search landscape by additionally associating to each candidate solution in a
neighbourhood graph a value that rates its quality. This value is defined through an evaluation function.

Definition 4 (Search landscape)
Given a search space S, a neighbourhood function N, and an evaluation function f:S — IR, the search
landscape is a triple £L = (S, N, ).

The notion of search landscape and search landscape analysis can be traced back to theoretical works
on evolutionary systems [42] and it is a frequently applied tool in the research on stochastic local search
algorithms [18]. The notion of distance plays a significant role in several types of analysis like that of the
ruggedness of the search landscapes [41] or fitness-distance correlations [20].



3 Operators and Distances

The distance between solutions depends on the representation of candidate solutions and on the op-
erator. In the following we first introduce necessary details about permutations that are required for
understanding the part on operators.

3.1 Permutations

Here, we focus on representations based on (linear) permutations. We indicate by II(n) (or simply IT)
the set of all permutations of the numbers {1 2 ... n}; the sequence (1 2 ... n), which is the identity
permutation, is indicated by 2. If # € II(n) and 1 < i < n, 7; indicates the element at position i of
permutation 7; pos. (i) is the position at which element i is located in 7. A permutation can also be
seen as a bijective function, where 7(i) = m;. We can define the permutation product (7 - 7’) as the
composition of such functions:

(m-m); = 7' (m(i).

Consider, for example, the two permutations 7 = (2 3 4 1) and 7’ = (3 4 2 1). For m we have
pos.(1) =4, pos.(2) =1, pos.(3) =2, and pos(4) = 3. The function composition 7 - 7’ would result in
the sequence (4 2 1 3).

The identity permutation corresponds to the identity function. For each permutation 7, there exists a
permutation 7! such that 771-7 = 7-7~! = 4. Such a permutation can be obtained as (7~1); = pos.. (i),
which implies the following property:

POS -1,/ (1) = pos., (m;). (1)

For example, for the permutation 7 = (2 3 4 1) we have that 77! = (4 1 2 3). 7~ ! -7’ then would be
the permutation (2 3 1 4) and one can easily verify that for this example Equation 1 holds. Permutations
as functions form a non-Abelian group with function composition as binary operation. (The binary
operation needs to be associative; it must be closed; a neutral and an inverse element w.r.t. the operation
must exist.) In fact, permutation theory is an important part of group theory that can be traced back
to Cayley, 1849 [10].

Note, that when permutations are considered, the operator functions of a given operator are bijective
functions that can be represented as well as permutations (d € II). Therefore, the operator is a subset
of the permutation set (Ax CII, ¢ & Apr).

For permutations, the distance function has the following property:

dy (/7)) = dp (et -7/ )0). (2)
This can easily be seen as follows. das(m,7') = k means that, because of what we said before,

Inl,. o 7f e Ay w7k =,

which implies

Inl,. o 7fe Ay o bdoxt o g =0T o=

This means that the distance between two permutations m, 7’ is the smallest number of times an
operator is to be applied to sort 7! - 7’.
A cycle is a specific type of permutation. A permutation 7 is a k-cycle (with k > 1), if, given k

distinct values (i1, ...,4x), it can be written as

J JE i1,k
T = th+1 J=1n,1<h<k
11 J=1x

A 1-cycle is defined to be the identity 2. A k-cycle is usually represented listing only the characterising
values in the right order as (i1 é2 ... ix). Let us give one example for a 4-cycle. In the example, on the



left the permutation is represented using a notation that associates positions (upper row) to elements
(lower row) and on the right side is given the 4-cycle.

1 2 3 45 6 7 8

1 45326 7s8]|-(2439

Any permutation can be uniquely expressed as a composition of disjoint cycles. This cycle decompo-
sition (factorisation) is unique except for the order of the cycles, which can be arbitrary, and the first
element of each cycle, which can be an arbitrary element of the cycle. In such a representation of a per-
mutation m, all elements are listed, possibly using 1-cycles if needed. We indicate the number of cycles
as ¢(m). An example for a cycle decomposition of a permutation (the same as above with the elements 1
and 8 interchanged) is

W
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with ¢(7) = 4.

Finding the cycle decomposition is a very straightforward task: Given an element 7;, first add (po-
sition) 4 to the cycle. Then, at each step a next position is considered; the next position of the cycle
is given by m; and the process (addition of a position, consideration of the next position) is iterated. If
the process returns to the initial position, the construction of the cycle terminates and all the elements
that have been met in the construction belong to the same cycle of the factorisation. (Consider, for
example, the permutation in the previous example and start with element w9 = 4; then, position 4 is
considered next and we have m4 = 3; this is followed by position 73 = 5 and finally again position 75 = 2
at which point the construction of the cycle ends. The elements added in this process correspond to the
second cycle, (2 4 3 5), of the decomposition.) To obtain all cycles, the next cycle construction starts at
a position that was not yet considered; all cycles are found once all positions have been considered.

Finally, for the following we also need the concept of a transposition, which in permutation theory is
a 2-cycle. Any transposition 7 is the inverse of itself (7 - 7 = 1) and any permutation can be represented
as a composition of transpositions.

3.2 Swap Operator
The swap operator is formally defined as:
Ag = {051 <i<n},
where 0% : II(n) — II(n) and
5%(7r1 e T g1 e M) = (T . Wig1 Wi T).

In other words, the swap operator swaps the position of two adjacent elements in a permutation.

For the computation of the distance, recall that bubble sort is a sorting algorithm that sorts any
permutation using the minimal number of swaps [19,38]. This fact, together with the property given by
Equation 1 on the previous page implies that we can use bubble sort to compute the swap-operator based
distance in O(n?).

Consider now a measure s : II — 1,...,n of the sortedness of a permutation 7 defined as

s(m) = #{ (1.1 <1< <n, pos,() < pos,(i)}

This measure counts how many couples in 7 have the wrong relative order. A sortedness of 0 means
that the permutation is ordered, while the maximum value of n(n — 1)/2 for this measure indicates that
all couples are in the wrong order, which corresponds to a reversal of :. Each time a swap is done, this
measure is decreased by one. Since at the end of bubble sort the sortedness is 0, the sortedness gives also
the number of swaps done by bubble sort and

dns (!, 7) = dys (m -7 0) = s(n - 7).

Interestingly, the sortedness and the number of swaps to be done in bubble sort correspond also to
the precedence based distance metric [30,40], which is defined as

#{G N1 <i<i<n, posy(n) < posy(m)}.

The diameter of the search space for the swap operator is n(n —1)/2.



3.3 Interchange Operator

The interchange operator is given as follows:
Ax ={0{|1<i<j<n},
where 6% : TI(n) — II(n) and
62(77) = (M ... Wim1 T W41 --. Tj—1 T Tjgp1 «-. Tp).

Actually, this operator corresponds to the set of all transpositions (see Section 3.1). The neighbour-
hood graph Gy is a transposition graph.

Any permutation can be obtained by a series of transpositions applied to ¢ and since Cayley it is
known that the minimum number of transpositions needed to obtain a given permutation 7 from 2 is
n — ¢(m). This corresponds to the distance dus (2, 7) and, since the transposition graph is symmetric, it
also corresponds to dusy (m,2). Thus, considering two permutations 7 and 7’ we have

dny (m, 7)) = dpy (771 -7 0) = — (™ - 7).

The permutation 7—1 - 7/ can be sorted by interchanging adjacent elements in a cycle (the first and

the last are considered adjacent), which splits the cycle into two cycles, one with one element and the
other one with all the remaining elements. Hence, to transform a permutation to a composition of cycles
of single elements—the ordered sequence +—we need to apply for each cycle c; of length #c; to apply
#c; — 1 transpositions.

In summary, we have the following result. To compute the distance d, (7, 7") between two sequences,
it is enough to first compute 7! - 7/, which can be done in O(n), and then the number of permutation
cycles that compose that permutation, which again can be done in linear time. Thus, we have a linear-time
algorithm for computing the required distance.

An algorithm that computes this distance can be given as follows:

c—0
T=x 7"
fori«<1...ndo
if m; is not checked then
c—c+1
J—t
repeat
mark 7; as checked
J T
until j =i

1

dx(m, ') —n—c

This algorithm generates the disjoint cycles that compose 7! -7’. If these cycles were stored, it would

be possible to determine all possible paths that lead from 7 to 7’ and vice-versa.

In his PhD thesis [1], Bachelet proposes an algorithm that applies transpositions between elements
that are adjacent in a cycle of 7—! - 7/ without directly computing 7! - /. However, there was no proof
or argument given in [1] that indicated that this algorithm actually computed the exact distance for the
interchange operator. The algorithm of Bachelet is as follows.

d«—0
fori—1...ndo
while 7; # 7, do
J < pos(m;)
™ e ()
d—d+1
end while
dx(m,7") —d

The diameter of Gar,, is n — 1.



3.4 The Insert operator

The third operator, insert, is defined as
Ar={6/[1<i<nl<j<n j#i},
where 5? : II — IT and

5”'(”): (7‘(‘1...7Ti_17Ti+1...7Tj7Ti7Tj+1...7Tn) 1<
I (7‘(‘1...7Tj7Ti7Tj+1...7Ti_17Ti+1...7Tn) 1>

With this operator, the distance dy, (s, s') is known as Ulam’s metric [6,13]:
dy, =n — |lis(z=' - 7",

where lis(7) is the longest increasing subsequence (LIS) of the permutation 7 and |-| denotes the length
of the given sequence. An increasing subsequence is formed by the elements of 7 that are in increasing
order in the given sequence. Note that more than one LIS may exist. Intuitively, the LIS indicates which
elements are already in the right order and need not to be moved for sorting the sequence. For example,
we have four maximal LISs in the following permutation:

(13458)
(13457)
(13468) "
(13467)

lis

(13410962587) =

In this case, five insert moves would be needed to sort the sequence: if we use the first LIS, we would
need to put into the right order the elements 10,9, 6,2, 7. The order in which the elements are moved can
be arbitrary. Trivially, it is always possible to increase the length of the longest increasing subsequence
with one insert move. Furthermore, there is no way to increase the length of an LIS by two and the only
sequence with an LIS of length n is the sorted one.

The algorithm given next can be used to compute the length of the LIS for a permutation 7. This
algorithm uses four operations on a data structure, which stores the elements of the permutation that
already have been examined. The four operations are:

e insert(v): Insert v in the data structure;

e delete(v): Delete v from the data structure;

e prev(v): The largest element smaller than v in the data structure.
e next(v): The smallest element larger than v in the data structure.

The algorithm scans a permutation 7 from left to right and for each element checked it stores the LIS
in which an element participates, which is the length of the partial LIS that uses this element. In the
algorithm, L[u] gives the length of the LIS that ends in w and, at termination,  is the length of the LIS
for .

[0
fori—1...ndo
insert(m;)
if prev(m;) # nil then
L[m;] <« L{prev(m;)] + 1
else
L[ﬂ'i] —1
if L|m;] > [ then
I — L[m;]
if (prev(m;) # nil) A (L[next(m;)] = L[m;]) then
delete(next(m;))



For the efficiency of the algorithm it is important that the four operations can be performed as
quickly as possible. A straightforward implementation using some kind of balanced binary search tree
(such as AVL or Red-Black trees [12]), achieves an overall complexity of the algorithm of O(n log(n)).
A smarter implementation using the van Emde Boas data structure [37] of the same algorithm will
obtain a complexity of O(n log(log(n))). In [5] it is shown, how all LISs can be enumerated. All the
permutations of all LISs of 7=1 - 7/ correspond to all possible paths on G, to reach 7/ from 7 and
vice-versa. Another algorithm for finding an LIS in a sequence is described in [29]; this algorithm has a
higher complexity of O(n log(n)) when compared to the best version of the previous one, but it allows
for an easier implementation. This algorithm is also used in [32].

The diameter of Gpr, is n — 1.

3.5 Other operators

There are several other operators that are widely applied to permutations. An example is the well-known
2-edge-exchange operator used in the Travelling Salesman Problem (TSP), which replaces two edges of
a tour with two different edges so that the feasibility of the solution is maintained. 2-edge-exchange
corresponds to a reversal of a subsequence in a circular permutation.

It has been shown that sorting a linear permutation by reversals (this problem is known as sorting by
reversal—SBR) is an N'P-hard problem [8]. Additionally, it was shown that SBR on linear and circular
permutations is linearly equivalent [33] and that there does not exist any polynomial-time algorithm that
provides an approximation ratio of 1.0008 [4]. Currently, the best known approximation guarantee is of
1.375 [3]. In many researches on the search landscape structure of the TSP, the bond distance has been
used [7,24,27,36]: given two TSP tours, the bond distance counts the number of edges that are not in
common among the two tours. This metric is similar to the adjacency metric defined in Section 4 but
applied to circular permutations. The bond distance gives a 2-approximation of the exact distance by
reversal between tours, much worse than the 1.375 ratio of the best known approximation algorithm;
however, it has the advantage that it is straightforward to compute in O(n).

Caprara proposed a branch-and-price algorithm for SBR on linear permutations that achieves fairly
good results [9]; for example, it requires a few (around 500 seconds on a Digital Ultimate Workstation
500MHz) for instances of the size of 200 [9], but few seconds for size 100. In order to use this algorithm
for circular permutations, however, all 2n possible linearisations would need to be sorted [33], which
makes the exact distance computation already computationally prohibitive for a few hundreds of points.
Completely different is the case for signed permutations; in fact, in this case there exists polynomial
algorithms to find the sorting by reversal [2,22].

A second, commonly used operator consists in moves of a contiguous subsequence into another posi-
tion in the sequence. In local search, this operation is often referred to as block-moves; in computational
biology, this operation is called transposition, which raises some confusion with the meaning of this term
in permutation theory (see Section 3.1). Sorting by block-moves has not been studied as extensively as
SBR. In fact, there is no proof that this problem is A'P-hard; however, there also does not exist a proven
polynomial-time algorithm for solving it. A block-move applied to circular permutations corresponds to
the well-known 3-edge-exchange move in the TSP. In [15], it was shown that sorting by block-moves over
linear or circular permutations are linearly equivalent problems. In the same paper, the best approxima-
tion algorithm known to-date is given, which gives an approximation guarantee of 1.5 times the exact
solution; the algorithm has a complexity of O(n%\/log n).

Some work has been done on special cases of this problem, in particular for sorting by bounded
block-moves, where the length of the block moved is bounded [16] and for sorting by short block-moves,
where the block moved is of maximum length three [17]. The latter is of particular interest because
it corresponds to the Or-exchange moves [28]; the authors of [17] conjecture that a polynomial-time
algorithm exists for solving this problem; however, presently such an algorithm is not known.

4 Metrics used as Approximation

Fitness-distance correlation analysis is often applied using a surrogate distance metric that (hopefully)
gives a good approximation to the true distance [26,30,36,39]. Probably this is the case because the
authors were not aware that the exact distance can easily be computed. In this section, we present
an experimental study about the correlation between the distances computed by exact algorithms and
approximations using four different surrogate metrics for linear permutations. The four approximations



are the precedence metric, which, as shown in Section 3.2, measures the exact distance when using the
swap operator, and the following three.

Permutation Hamming Distance The permutation Hamming distance dg(m, 7') is used, for ex-
ample, for the Quadratic Assignment Problem [26,36]. It counts the number of positions at which two
permutations mismatch and, hence, the distance values range from 0 (both are the same) to n (the length
of the sequences); more formally we have

O (m, ') = ##{ilm; # i}
Adjacency based distance The adjacency relation of two elements in a permutation 7 is defined as:

adjr(u,v) = |pos_.(u) — pos,.(v)| = 1.

Based on the adjacency relation, the adjacency-based distance d 4(m, ') between two permutations 7 and
7’ can be defined as:
da(m,m")y=n—1—#{1 <i < nladj (m,mi+1)}-

This measure counts the number of elements that are adjacent in one permutation but not in the other.
This metric was used, for example, in [30].

Position based distance Given two permutations 7,7’ the position-based distance dp (7, ') measures
the sum of the differences between the positions of the elements. More formally, it is measured as

dp(m,7') = Z |pos (i) — pos (i)].

This metric is considered, for example, in [30,39].

Since the surrogate metrics are used as approximations to the true distances, it is interesting to analyse
how good this approximation is. To do so, we generated 16 000 random permutations of length n = 100
and measured the distance to the identity permutation ¢ for all surrogate metrics and exact metrics. When
doing so, we faced one important problem. If we generate random permutations and when considering
one specific, fixed metric, the distances measured for this metric are distributed with a fixed mode and
very small variance; that is, all random permutations were all closely around one specific distance value.
However, for our study we aimed at having the distances distributed over all possible values and this for
all metrics. To generate such permutations, we started from the identity permutation and we iteratively
applied random moves and recorded all permutations generated after each random move. Here, we
considered four different moves: insert, interchange, reverse and a hybrid one that chooses uniformly
at random among the previous three. For each of these possibilities, random moves were applied 200
times and for each the process was repeated 10 times. To gain further diversification, for every generated
sequence the reversed sequence is added. This results in a total of 4 - 200 - 10 - 2 = 16 000 permutations.

For each permutation we computed the distance to 2 using the distance measures for which we know
a polynomial time algorithm and the approximations. (Recall that the value for the exact swap distance
is the same as the one given by the precedence metric.) In this way, we can do pairwise comparisons of
how well the correlation is between any pair of distance measures; this was done by computing pairwise
linear correlations and additionally using pairwise scatter-plots. Figure 1 shows in the lower left triangle
the scatter plots, while in the upper right triangle the empirical correlations are given. The values for all
the distances are normalised so that they range between 0 and 1.

As can be seen from the plots, the highest correlation of 0.96 is between swap and the position-based
distance measure. For several other pairs, the correlation coeflicients are still reasonably high, as it
is the case between interchange moves and the Hamming distance. However, this approximation has
several problems: a lot of sequences result to be at the maximum distance from the identity permutation
according to the Hamming distance, considering instead the real distance, they are much closer. Why
this discrepancy may appear can be explained as follows. Consider the sequence (2143 ... nn—1)—in
the case n is even—where each couple of elements ¢ and ¢ + 1 (with 7 even) are swapped; this sequence
can be sorted with n/2 interchange moves, but the sequence differs in all positions from the identity
sequence, resulting in a Hamming distance of n. The approximation is better when the value of the real
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Figure 1: Given are scatter plots for the pairwise relationship between distance metrics for permutations
(lower triangle) and the corresponding correlation coefficients (upper triangle). Recall that Swap measures
the same value as the precedence metric. See the text for details on the generation of the permutations.

distance is actually small. This effect is due to the fact that the Hamming distance is a 2-approximation
of the real one.

If we consider instead the insert move, there is no metric that can effectively approximate the real
distance. The adjacency based distance is a bad choice for all the basic moves we considered in this
analysis. As we said, a similar distance for circular permutations (called bound distance) is instead
extensively used in the study of the TSP search space.

5 Conclusions

In this paper we review metrics for permutations that seem to have been ignored in search landscape
analysis. In particular, we focused on three basic operators in problems represented by linear permutations
for which fast algorithms are known to compute the exact distances. When we introduced the exact
distance for the operators insert, interchange and swap, we also explained how the moves needed for
transforming a permutation into another one can easily be obtained. This is interesting for techniques
like Path Relinking [14], but may also be incorporated into the design of specialised crossover operators
(like the distance-preserving crossover [24]) in evolutionary algorithms to interpolate between two parents.

Besides the review of the metrics, we experimentally studied the tightness of the most widely used
approximations to the exact distances. In general, these approximations seem not to be very good and,



even worse, they do not give any advantage from the computational point of view. This suggests that
it could be worthwhile to carefully re-consider previously achieved results in light of the true distance
metrics and to use the exact distances in future endeavours of this kind.

Another issue arises for metrics that cannot be computed efficiently. However, at least for some cases,
approximation algorithms with known bounds on the deviation from the exact distance are known. It
would be interesting to develop SLS algorithms for obtaining distances close to the exact ones and then
to conduct a correlation study, similar to that of Section 4, between the approximations of the exact
distances and the usually used surrogate distance metrics for these cases.
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