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The probabilistic traveling salesman problem (PTSP) is a central problem in stochastic routing. Recently,
we have shown that empirical estimation is a promising approach to devise highly effective local search
algorithms for the PTSP. In this paper, we customize two metaheuristics, an iterated local search
algorithm and a memetic algorithm, to solve the PTSP. This customization consists in adopting the
estimation approach to evaluate the solution cost, exploiting a recently developed estimation-based
local search algorithm, and tuning the metaheuristics parameters. We present an experimental study of
the estimation-based metaheuristic algorithms on a number of instance classes. The results show that
the proposed algorithms are highly effective and that they deﬁne a new state-of-the-art for the PTSP.
& 2009 Elsevier Ltd. All rights reserved.

Keywords:
Metaheuristics
Probabilistic traveling salesman problem
Empirical estimation

1. Introduction

extension of two of our earlier research efforts. First, we developed

2.5-opt-EEais [4,5], a new state-of-the-art iterative improveDesigning effective algorithms for stochastic routing problems
is a difﬁcult task. This is due to the element of uncertainty in the
data, which increases the difﬁculty of ﬁnding an optimal solution
in a large search space. Exact techniques can solve only small
instances to optimality. This motivated researchers and practitioners to focus on metaheuristics, an important class of
stochastic local search (SLS) methods [1]. Unfortunately, the
literature on metaheuristics for tackling stochastic routing
problems is rather underdeveloped when compared to the
deterministic case, even if it is receiving increasing attention.
The probabilistic traveling salesman problem (PTSP) [2] is a central
problem in stochastic routing. It is an NP-hard problem that has a
number of practical applications not only in transportation but also in
strategic planning and scheduling [3]. The PTSP is similar to the TSP,
the main difference being that each node has a probability of requiring
a visit. The goal is to ﬁnd a TSP tour that minimizes the expected cost
of the pruned tour: this pruned tour is obtained only after knowing the
nodes that require being visited by skipping the nodes that do not
require being visited according to some predeﬁned rules.
Based on the way in which the expected cost is determined,
optimization algorithms for the PTSP can be grouped into two
classes: analytical computation algorithms, which use closed form
expressions for computing the expected cost, and estimation-based
algorithms, which use Monte Carlo simulation for estimating the
expected cost. In this paper, we tackle the PTSP by using
estimation-based metaheuristics, a goal which is a natural
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ment algorithm for the PTSP that uses an estimation-based
approach to compute the cost difference between two solutions.
Second, we showed that the integration of two PTSP-speciﬁc
algorithmic components, 2.5-opt-EEais as local search and an
estimation-based approach to evaluate the solution cost of artiﬁcial
ants, into an ant colony optimization (ACO) algorithm [6] is highly
beneﬁcial in terms of computation time and solution quality [7].
Here, we extend our work to metaheuristics that are known to
have high performance on the related traveling salesman problem
(TSP). In particular, we integrate the two PTSP-speciﬁc components
into iterated local search (ILS) [8] and memetic algorithms (MAs)
[9,10]. We present an experimental study to compare the two
algorithms to the recently developed estimation-based ACO
algorithm and we show that for various instance classes they can
improve upon it. As a control algorithm, we consider a random
restart local search (RRLS) algorithm. In fact, the results show that
all metaheuristics signiﬁcantly outperform RRLS. A further comparison to the so far best performing analytical computation
metaheuristics for the PTSP clearly establishes the estimationbased algorithms as the new state-of-the-art for the PTSP.
The paper is organized as follows. In Section 2, we describe the
PTSP and its solution approaches. In Section 3, we discuss the
proposed estimation-based metaheuristics. In Section 4, we
evaluate their performances. In Section 5, we conclude the paper.
2. The probabilistic traveling salesman problem
An instance of the PTSP is deﬁned on a graph G with the
following elements:

 a set V ¼ f1; 2; . . . ; ng of nodes;
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 a set A ¼ f/i; jS : i; j A V; i a jg of edges, where an edge /i; jS



connects the nodes i and j;
a set C ¼ fcij : /i; jSA Ag of travel costs, where cij is the cost of
traversing an edge /i; jS; the costs are assumed to be
symmetric, that is, for all pairs of nodes i; j we have cij ¼ cji ;
a set P ¼ fpi : i A Vg of probabilities, where pi speciﬁes the
probability that a node i requires being visited. The events that
two distinct nodes i and j require being visited are assumed to
be independent.

The probabilistic data of the PTSP can be modeled using a random
variable x that follows an n-variate Bernoulli distribution. A
realization of x is a vector of binary values, where a value ‘1’ in
position i indicates that node i requires being visited whereas a
value ‘0’ means that it does not require being visited. A
PTSP instance is called homogeneous if all probability values in
the set P are the same; it is called heterogeneous, if for at least
two nodes the values are different.
The PTSP is usually tackled by a priori optimization [2,11],
which comprises two stages. First, an a priori solution, a
Hamiltonian tour, is determined before the realization of x is
available. Once the nodes that require being visited are known, in
the second stage the a posteriori solution is derived from the a
priori solution by visiting the nodes in the same order as in the a
priori solution and by excluding the nodes that do not require
being visited. The goal is to ﬁnd an a priori solution with
minimum expected a posteriori solution cost. See Fig. 1 for an
illustration of a priori and a posteriori solutions.
The analytical computation approach computes the cost FðxÞ of
an a priori solution x ¼ ðpð1Þ; pð2Þ; . . . ; pðnÞ; pðn þ 1Þ ¼ pð1ÞÞ, where
p is a permutation of the set V, using the following closed-form
expression [2]:
FðxÞ ¼
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For the homogeneous PTSP, Eq. (1) can be written as
FðxÞ ¼

n X
n1
X

p2 ð1pÞj1 cpðiÞ;pð1 þ ðði þ j1Þ

mod nÞÞ ;

i¼1j¼1

where p is the probability value, which is common to all nodes,
and mod is the modulo operator.
The empirical estimation approach for the PTSP falls in the
class of so-called sample average approximation method [12],

which consist in estimating the cost FðxÞ on the basis of sample
costs f ðx; o1 Þ, f ðx; o2 Þ; . . . ; f ðx; oM Þ of a posteriori solutions obtained from M independent realizations o1 ; o2 ; . . . ; oM of the
random variable x:
M
1 X
f ðx; or Þ:
F^ M ðxÞ ¼
Mr¼1

ð2Þ

As it can easily be shown, F^ M ðxÞ is an unbiased estimator of FðxÞ.
Note that the number M of realizations is crucial for the
effectiveness of this approach—we will revisit this issue in
Section 3.2.
The development of metaheuristics to solve the PTSP has
received considerable attention in recent years. This is in part
due to the fact that the state-of-the-art exact technique, a branch
and cut algorithm based on integer two-stage stochastic programming [13], has solved to optimality only instances of size up
to 50. Much of the early research in the development of
metaheuristics for the PTSP focused on algorithms that use
analytical computation. Bianchi et al. [14,15] proposed pACS, an
ant colony system (ACS) [16] that adopts Eq. (1) to compute the
cost of solutions. Branke and Guntsch [17,18] and Liu [19,20] used
a truncated version of Eq. (1) in pACS and in a scatter search
algorithm, respectively. Bianchi [21] and Bianchi and Gambardella
[22] integrated 1-shift, an analytical computation local search
algorithm, into pACS and showed that the resulting pACS+ 1shift algorithm is very effective. Recently, Marinakis and Marinaki
[23] proposed HybMSPSO, a particle swarm optimization algorithm built on top of a PTSP-speciﬁc greedy randomized adaptive
search procedure [24]. HybMSPSO also adopts Eq. (1) to compute
the solution cost. The authors show that HybMSPSO obtains
slightly better solutions than pACS+ 1-shift. However, there are
two main problems in this comparative study. Firstly, it is not
clear if the observed differences are signiﬁcant in a statistical
sense. Secondly, the same set of instances is used to ﬁne tune the
parameters of HybMSPSO, to select HybMSPSO as the best from a
set of seven algorithms, and to compare HybMSPSO with pACS
and pACS+ 1-shift: this might possibly induce a bias in favor of
HybMSPSO. Note that the second problem is known as overtuning [25,26].
Concerning estimation-based algorithms, Gutjahr [27,28]
proposed a general purpose, estimation-based ACO algorithm
called S-ACO and a variant S-ACOa. While in S-ACO the number of
realizations needed for cost estimation is increased linearly with
the iteration number, in S-ACOa, the number of realizations is
determined based on a statistical test. Gutjahr used the PTSP to
calibrate the algorithm parameters. ACO/F-Race [29] is an
improved variant of S-ACOa, in which the number of realizations

Fig. 1. The left plot shows an a priori solution for a PTSP instance with 16 nodes. The order in which the nodes are visited in the a priori solution is: 1; 2; 3; . . . ; 15; 16, and 1.
Let us assume that, according to a realization of x, the nodes 1, 3, 5, 7, 9, 11, 13, and 15 are to be visited. The right plot shows the a posteriori solution that visits the nodes
following the a priori solution but skipping the nodes 2, 4, 6, 8, 10, 12, 14, and 16.
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for each comparison is determined on-line based on the F-Race
procedure [26,30]. Recently, in Balaprakash et al. [7], we extended
ACS with our effective estimation-based iterative improvement
algorithm, 2.5-opt-EEais [5] and an ANOVA-Race procedure.
This procedure is based on a parametric statistical test for
multiple comparisons to determine the number of realizations.
We showed that the estimation-based ACS+ 2.5-opt-EEais is
more effective than pACS+ 1-shift.
Bowler et al. [31] proposed a proof-of-concept stochastic
simulated annealing for the PTSP in which the annealing schedule
is controlled by the sampling error of the cost estimation. In
Balaprakash et al. [5], we implemented a simple iterated local
search algorithm that adopts the state-of-the-art iterative
improvement algorithm, 2.5-opt-EEais, as local search. This
algorithm is primarily used to show that the advantage of using
2.5-opt-EEais over 1-shift remains once they are included
into a metaheuristic. Therefore, the algorithm is not compared to
current state-of-the-art algorithms. Note that the iterated local
search that we discuss in this paper is an improved variant of the
one proposed in Balaprakash et al. [5].
To summarize, ACO dominates the literature with pACS+
1-shift and estimation-based ACS being the best available metaheuristics for the analytical computation approach and the
estimation-based approach, respectively. Although the effectiveness of HybMSPSO is not quite clear, high quality solutions have
been reported. Therefore, we consider it as a state-of-the-art
algorithm for the PTSP and we include it in our analysis.

3. Estimation-based approach
In this section, ﬁrst we summarize the 2.5-opt-EEais
algorithm, which is used as the underlying local search heuristic
for all metaheuristics. Then, we brieﬂy describe the implemented
metaheuristics and we highlight the customizations performed to
tackle the PTSP.
3.1. The 2.5-opt-EEais algorithm

2.5-opt-EEais [5] is a state-of-the-art iterative improvement algorithm for the PTSP. It adopts the 2.5-exchange
neighborhood, which combines the 2-exchange and the nodeinsertion neighborhoods [32]. The cost differences between
neighboring solutions are computed using delta evaluation based
on an estimation approach that includes method of common
random numbers, importance sampling [33] and an adaptive
sample size. The algorithm has three parameters that affect the
PTSP-speciﬁc importance sampling procedure. This procedure,
which is crucial for tackling instances with very low probability
values, works as follows. In 2-exchange moves, when the number
of nodes in one of the two segments is less than minis % of the
instance size, u% nodes of the shorter segment are biased always
to a same probability value given by a parameter p0 . See Fig. 2 for
an example, where the shorter of the two segments is marked by
minis %. In node-insertion moves, the insertion node is biased
00
always to a same probability value given by a parameter p .
Whenever a node i is biased, the delta evaluation procedure
ignores realizations sampled with the original probability pi and
considers instead realizations sampled with the biased probability
that is larger than pi . The cost difference estimate obtained in this
way is then corrected for the artiﬁcial bias using the likelihood
ratio. The effectiveness of this algorithm is also due to the
adoption of the following neighborhood reduction techniques:
ﬁxed-radius search, candidate lists, and don’t look bits [32,34]. For
more details, we refer the reader to Balaprakash et al. [5].

1941

Fig. 2. In this example, the two edges /3; 4S and /9; 10S are deleted and replaced
with /3; 9S and /4; 10S by a 2-exchange move. Assume that minis and u are both
set to 40. Since the number of nodes in the segment ½4; . . . ; 9 is less than 40% of 20
(that is, eight), importance sampling is used to bias 40% of 6 (that is, two) nodes
between 4 and 9 on each end of the segment. The nodes biased are 4, 5, 8 and 9.

3.2. Estimation-based metaheuristics
A straightforward approach to make a metaheuristic estimation-based is to estimate the cost of solutions using Eq. (2). An
important issue in using the estimation-based approach within a
metaheuristic is determining if one solution is better than
another: Since the cost of a solution is estimated, there is an
inherent variance associated with the cost estimate. To reduce the
variance of the cost estimate, we adopt a variance reduction
technique called the method of common random numbers. For
the PTSP, this technique uses a same set of realizations to
sequentially evaluate and compare two or more solution costs
obtained at each iteration of a metaheuristic.
The estimation problem becomes crucial for PTSP instances
with low probability values. This is due to the fact that the
estimator of the cost of solutions has a very high coefﬁcient of
variation: with respect to the expected value, the variance is very
high. In this case, the adoption of a large number of realizations
improves the estimation
pﬃﬃﬃﬃﬃ because the variance of the estimator
decreases with Oð1= M Þ, where M is the number of realizations.
However, for instances with high probability values, the use of a
large number of realizations results in a waste of computation
time. This issue can be addressed by using an adaptive sample
size procedure, which selects the most appropriate number of
realizations for each estimation with respect to the coefﬁcient of
variation. We implement such an adaptive sample size procedure
using Student’s t-test: Given two solutions, the cost estimate of
each solution is computed on a realization-by-realization basis. As
soon as the t-test rejects the null hypothesis that the cost
estimates of the two solutions are equal, the computation is
stopped. If no statistical evidence is gathered, the computation is
continued until a maximum number M of realizations, where M is
a parameter of the procedure. Finally, the solution with the lower
cost estimate is selected as the best. Note that Gutjahr [28] used a
very similar procedure within S-ACOa.
The aforementioned adaptive sample size procedure can be
adopted easily to compare two solutions in algorithms such as
iterated local search (ILS). However, in memetic algorithms (MAs),
a set of solutions needs to be compared at each iteration. For this
purpose, we use ANOVA-Race, which we developed for the
estimation-based ACS. ANOVA-Race is a racing algorithm based
on analysis of variance (ANOVA) [35], which is implemented as
follows: a given set of solutions is sequentially evaluated on a
number of realizations. The ANOVA test is used to gather
statistical evidence that the cost estimate of a solution is worse
than at least another one. As soon as this evidence is obtained, the

ARTICLE IN PRESS
1942

P. Balaprakash et al. / Computers & Operations Research 37 (2010) 1939–1951

inferior solution is discarded and not considered for further
evaluation. The inferior solution is identiﬁed using Tukey’s
honestly signiﬁcant differences test [36]. The procedure stops
when either one single solution remains or when any of the
surviving candidate solutions is evaluated on a maximum number
M of realizations. If more than one solution survives the race, the
solution with the least cost estimate is selected as the best one.
3.2.1. Random restart local search
RRLS consists in applying a local search algorithm a number of
times, starting each time from a new initial solution, which is
generated independently of the previously found local optima. For
the PTSP, we implemented an RRLS algorithm that at each
iteration generates a new starting solution by using the nearest
neighbor heuristic and then applies 2.5-opt-EEais. Once
each of the n possible nearest neighbor solutions has been
generated, the algorithm considers a random solution as the
starting point. In order to compare the current local optimum to
the best-so-far local optimum, the algorithm uses the adaptive
sample size procedure with the t-test. We denote this algorithm
as RRLS-EE, where EE refers to empirical estimation.
3.2.2. Iterated local search
ILS consists in a sequence of runs of a local search algorithm,
where the initial solution of each run is obtained by a
perturbation of the incumbent local optimum. The implementation of ILS for the PTSP is a straightforward extension of TSPspeciﬁc ILS algorithms. It starts from a nearest neighbor
solution and uses 2.5-opt-EEais as the underlying local
search algorithm. The perturbation consists of applying ndb
random double-bridge moves and changing the position of ps%
of n nodes, where ps and ndb are parameters and n is the size of
the instance. This change of the position is done by picking
uniformly at random ps% of n nodes, removing them from the
solution and then re-inserting them according to the farthest
insertion heuristic. The adoption of this hybrid perturbation is
inspired by the observation that node insertion moves used in
1-shift are very effective when probability values associated
with the nodes are small [4,5,37,38]. Hence, the proposed
hybrid scheme is suitable for a wide range of probability values.
The acceptance criterion compares two local optima using the
adaptive sample size procedure with the t-test. The algorithm is
restarted from a new nearest neighbor solution when no
improvement is obtained for rst it  n iterations, where
rst it A ½0; 1 is a parameter. We denote this algorithm ILS-EE.
3.2.3. Memetic algorithms
MAs are iterative procedures that start with an initial
population of solutions, which is then repeatedly improved by
applying a series of genetic operators and local search. As a
starting point, we choose MAGX [39], one of the most effective
memetic algorithms for the TSP. In this algorithm, the initialization phase consists in generating a number of solutions using a
randomized variant of the greedy construction heuristic and
applying a local search to each of them. The number of solutions is
given by a parameter pop_size. At each iteration, off _frac 
pop_size offsprings are produced, where off _frac A ð0; 1 is a
parameter. Each offspring is generated from two parent solutons
using the following three step greedy recombination operator:
ﬁrst, all edges that are common to the parents are copied to the
offspring; second, a number (determined by a parameter pn ) of
new short edges that are not common to the parents are added to
the offspring; third, a number (determined by a parameter pc ) of
low cost edges from the parents are copied to the offspring. A
random double bridge move is used for mutating the individuals

and the candidates for mutation are chosen at random. Local
search is applied on any new solution that is generated by
mutation or recombination. The customization of this algorithm
to the PTSP consists in using the ILS composite perturbation
mechanism parameterized by ndb and ps (see Section 3.2.2) as the
mutation operator, ANOVA-Race at each iteration to compare the
cost of the solutions, and 2.5-opt-EEais as the local search.
The mutation is performed when all solutions survive the race at a
given iteration. We denote this algorithm MAGX-EE.
3.2.4. Ant colony optimization
As an ACO algorithm for the PTSP, we choose ACS-EE [7], a
recent state-of-the-art ACO algorithm for the PTSP. It is an
extension of the ant colony system (ACS) algorithm [16] designed for the TSP. At each iteration, m ants, where m is a
parameter, construct solutions in the following way. Initially,
each ant is placed at a randomly selected node; the choice of
the ant to move from the current node i to a next node j
depends on q, a random variable uniformly distributed over [0,
1], and a parameter q0 . If q r q0 , then the ant chooses a node j
that maximizes the product tij Zbij ; otherwise a node j is chosen
P
with probability pkij ¼ tij Zbij = l A Nk til Zbil as the next node. The
i

terms tij and Zij ¼ 1=cij are the pheromone value and the
heuristic value associated with edge /i; jS, respectively; b is a
parameter that determines the relative inﬂuence of the
heuristic information; Nik is the set of feasible nodes to move
from node i. ACS updates pheromone in two phases. The ﬁrst
phase takes place when an ant moves from node i to node j: the
pheromone value associated with the edge /i; jS is updated to
tij ¼ ð1jÞ  tij þ j  t0 . Typically, j is set to 0:1, and t0 , the
initial value of the pheromone, is set to 1=ðn  C nn Þ, where C nn is
the TSP cost of a nearest neighbor solution. The second phase
takes place at the end of each iteration: the pheromone value
associated with each edge /i; jS of the best-so-far solution is
updated to tij ¼ ð1rÞ  tij þ r  Dtbest
ij , where r A ð0; 1 is a parameter and Dtbest
¼ 1=C best . The value of C best is set to the cost of
ij
the best-so-far solution. The PTSP-speciﬁc customization consists of using ANOVA-Race to evaluate the cost of solutions
produced at each iteration and adopting 2.5-opt-EEais as
the local search, which is applied to all solutions constructed by
the ants prior to the pheromone update.

4. Experimental analysis
In this section, we present the experimental setting and the
empirical results. The goal of the experiments is to assess the
performance of the proposed metaheuristics and to compare them to
the state-of-the-art analytical computation algorithms for the PTSP.
4.1. Experimental setup
The PTSP instances used for the experiments are obtained as
follows: First we generated TSP instances with the DIMACS instance generator [40]; from these TSP instances, PTSP instances
are obtained by associating a probability value to each node
using a beta distribution as described by Bianchi [21]. In this
scheme, the probability values of each instance are characterized
by two parameters. The mean probability pm and the percentage
of maximum variance pv : When an instance is generated with
pm and pv , the expected value and the variance of the random
variable x parameterized by P are pm and ðpv =100Þ  pm ð1pm Þ,
respectively. For the sake of convenience, we refer to the
probability level of an instance as p ¼ pm ðpv %Þ. We considered
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the values for pm from 0.050 to 0.200 with increments of 0.025
and from 0.3 to 0.5 with increments of 0.1; for each value of pm ,
we considered four values for pv : f0; 16; 50; 83g. We generated 50
instances for each probability level, each with 1000 nodes
arranged as a number of clusters in a 106  106 square.
The generated instances are grouped into three classes
according to pm : f0:050; 0:075; 0:100g (Class I), f0:150; 0:175;
0:200g (Class II), f0:300; 0:400; 0:500g (Class III). This resulted
in 12 levels (3 levels of pm times 4 levels of pv ) per instance
class. This grouping is based on our previous study on 2.5-optEEais [5], where we found that on our hardware setting, on
clustered instances of size 1000, 2.5-opt-EEais reaches local
optima in approximately 6, 2, and 1 CPU second(s) on the
instances grouped under Classes I, II, and III, respectively.
All algorithms are implemented in C and compiled with gcc,
version 3.3. The implementation of ACS-EE is based on ACOTSP
[41]. Experiments are carried out on AMD OpteronTM 244
processors running at 1.75 GHz with 1 MB L2-Cache and 2 GB
RAM under Rocks Cluster GNU/Linux.
We use 100 and 1000 CPU seconds as stopping criteria for each
algorithm. This setup allows the algorithms to perform a relatively
small and large number of iterations and it enables us to test the
relative performance of the algorithms under different application
scenarios, in particular, short and long computation times.
In RRLS-EE, ILS-EE, and MAGX-EE, the nearest-neighbor
heuristic is used to generate initial solutions. In ACS-EE, the size
of the candidate list for solution construction is set to 40 and it is
generated with the quadrant nearest-neighbor strategy [34,42].
The minimum number of realizations used in the adaptive
sampling procedure before applying the t-test/ANOVA-Race
is set to ﬁve. The null hypothesis is rejected at a signiﬁcance level
of 0.05. The maximum number M of realizations is set to 1000 in
all algorithms. The critical values of the t-test, ANOVA, and Tukey
tests are pre-computed and stored in a lookup table. Each
algorithm uses a same set of realizations for all iterations. In the
context of the PTSP, this strategy is more effective than changing
realizations for each iteration [4]. However, the realizations are
selected randomly from the given set at each full iteration of the
estimation-based metaheuristics. This is done to avoid the bias
due to the order in which the realizations are generated—if the
order of the realizations is the same in all iterations, then a
solution whose cost estimate is better than that of other solutions
only on the ﬁrst few realizations will always be selected as the
best due to the sequential application of the t-test/ANOVA-Race.
Eq. (1) is used for the post-evaluation of the best-so-far solutions
found by all estimation-based metaheuristics.
Due to space limitations, we present only the results
obtained on certain instance sets. The general trends of the
results on other instances are consistent with the results
presented here. The complete results are given in Appendix A.
We also conducted a comparison with the aggregation
approach [44] and the progressive approximation approach [45],
proposed for the PTSP. Although these two approaches do not
belong to the class of metaheuristics, they are considered to be
viable alternatives to tackle the PTSP [46]. However, the results
showed that our iterative improvement algorithm 2.5-optEEais usually dominates the two methods. We report the
detailed results in Appendix A.
4.2. Parameter tuning
A major PTSP-speciﬁc customization of the estimation-based
metaheuristics consists in ﬁnding appropriate values for their
parameters. For this purpose, we used a parameter tuning
algorithm, Iterative F-Race [48]. For each of the three instance
classes, we generated 120 instances (12 probability levels times
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10 instances). The parameter tuning is done in two phases: in the
ﬁrst phase, the parameters of 2.5-opt-EEais are ﬁne tuned
on each instance class. The obtained parameter values are
reported Table 1.
In the second phase, we tuned the parameters of the
metaheuristics on each instance class for two stopping criteria:
100 and 1000 CPU seconds. In total, Iterative F-Race is run 18
times (3 metaheuristics times 3 instance classes times 2 stopping
criteria), each with a computational budget of 1000 metaheuristic
runs. Note that RRLS-EE is not included in the tuning because it
does not have any parameters apart from the ones of 2.5-optEEais. The tuning with Iterative F-Race was repeated 10 times.
This was done to ensure that the observed trends in the results
are not an artifact of Iterative F-Race, which is itself a stochastic
algorithm. Consequently, for each instance class and stopping
criterion combination, we have a set of 10 ﬁne tuned parameter
conﬁgurations for each metaheuristic. We report all the obtained
parameter conﬁgurations in Balaprakash et al. [43].

4.3. Comparison between estimation-based metaheuristics
In this section, we compare the cost of the solutions obtained
by ILS-EE, MAGX-EE, ACS-EE, and RRLS-EE in 100 and 1000 CPU
seconds. To quantify the effectiveness of each algorithm, we study
the expected solution cost of a metaheuristic, where the
expectation is taken with respect to the set of 10 parameter
conﬁgurations and the set of all test instances. In order to group
the results obtained on different instances on each instance
class, the cost of the solutions obtained by ILS-EE, MAGX-EE,
and ACS-EE are normalized by the ﬁnal solution cost reached by
RRLS-EE. The normalization is done on an instance-by-instance
basis for 50 instances for each probability level.
Fig. 3 shows an exemplary run time development plot that
characterizes the development of the solution cost of the
algorithms over time up to 100 CPU seconds. The observed
trends are very similar for all probability levels. From the plot, we
can observe the following general trend: the initial solution is
improved by 30–40% in a very short computation time of 10 CPU
seconds. The traces of the algorithms show that this large
improvement is achieved in the very ﬁrst iteration. The reason
for this behavior is that the ﬁrst run of 2.5-opt-EEais on the
initial solution allows each algorithm to obtain a large
improvement. Note that in the case of population-based
algorithms, the plots take into account the improvement
incurred by the ﬁrst local search applied to an individual of the
population. Further improvements in the following iterations are
considerably smaller than that in the ﬁrst iteration. When going
from 100 to 1000 CPU seconds, all four algorithms achieved an
average solution cost that is less than that for 100 CPU seconds.
The improvements in solution quality for this one order of
magnitude increase in computation time are up to 3%. In
Table 1
Fine tuned parameter values for 2.5-opt-EEais.
Algorithm

2.5-opt-EEais

Parameters

minis
w
p0
p0 0

Range

[0.0,
[0.0,
[0.0,
[0.0,

50.0]
20.0]
1.0]
1.0]

Selected value
Class I

Class II

Class III

42.0
13.0
0.003
0.92

46.0
16.0
0.47
0.67

2.40
5.80
0.70
0.95

This table gives the parameters considered for tuning, the range of each parameter
given to Iterative F-Race, and the chosen values for each instance class. For an
explanation of the parameters, see Section 3.2.
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Fig. 3. An exemplary run time development plot on clustered PTSP instances of 1000 nodes for 100 CPU seconds. The plot represents the cost of the solutions obtained by
ILS-EE, MAGX-EE, ACS-EE, and RRLS-EE. The obtained solution costs of the algorithms are normalized by the ﬁnal solution cost reached by RRLS-EE. The normalization is
done on an instance-by-instance basis for 50 instances; the normalized solution cost is then aggregated.

Fig. 4. Experimental results on clustered PTSP instances of 1000 nodes. The box plots represent the cost of the solutions obtained by ILS-EE, MAGX-EE, and ACS-EE.
The obtained solution costs of the algorithms are normalized by the ﬁnal solution cost reached by RRLS-EE. The normalization is done on an instance-by-instance basis for
50 instances; the normalized solution cost is then aggregated. The dotted horizontal line denotes therefore the ﬁnal cost of RRLS-EE.

particular, MAGX-EE and ACS-EE highly proﬁt from the longer
computation time.
Fig. 4 shows the box plots of the solution cost of the algorithms
after 100 and 1000 CPU seconds. From the plots, we can
observe that the solution cost obtained by the baseline
algorithm RRLS-EE is signiﬁcantly worse than that of all other
algorithms across most probability levels. The poor relative
performance of RRLS-EE is ascribed to the fact that it does not
exploit the solution components from the best-so-far local
optimum. An interesting observation from the plot is that the
relative difference in the solution cost between RRLS-EE and the
other algorithms increases with an increase of the mean
probability value pm . (Recall that pm increases from Classes I to

III.) This shows that for instances with small pm , it is feasible to
ﬁnd high quality solutions by simply restarting 2.5-optEEais with different nearest neighbor solutions. However, for
instances with large values of pm , besides 2.5-opt-EEais, the
use of sophisticated metaheuristics is crucial to ﬁnd high quality
solutions.
Table 2 reports the observed relative difference between the
solution costs obtained by the algorithms for 100 CPU seconds
with a 95% conﬁdence bound obtained through a t-test. The
results show that ILS-EE is more effective than the other
algorithms. The average cost of the solutions obtained by
ILS-EE is up to 0.87% and 1.27% less than that of MAGX-EE and
ACS-EE, respectively. The observed differences are signiﬁcant
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according to a t-test except for a few probability levels, where the
observed differences between the algorithms are not signiﬁcant
or ILS-EE obtains solution costs that are slightly worse than those
of ACS-EE.
The results for 1000 CPU seconds are given in Table 3. The
results show that ILS-EE and MAGX-EE are particularly effective
on instances of Classes I and II. On Class I instances, ILS-EE and
MAGX-EE obtain solutions whose averages are 0.04% less than
that of ACS-EE, respectively. On Class II instances, ILS-EE is more
effective than MAGX-EE and ACS-EE: the average solution
cost obtained by ILS-EE is 0.09% and 0.16% less than that of
ACS-EE and MAGX-EE, respectively. However, on Class III
instances, ACS-EE achieves an average solution cost which is
between 0.22% and 0.05% less than that of ILS-EE and MAGX-EE,
respectively.
The effectiveness of ILS-EE under short computation time can
be explained as follows: Since 2.5-opt-EEais is applied on a
single solution at each iteration, the computation time per
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iteration is lower than that of MAGX-EE and ACS-EE. As a
consequence, ILS-EE can do more iterations and ﬁnds high quality
solutions. However, it seems that the high computation time per
iteration due to the adoption of population of solutions is not a
major issue under long computation time. While ACS-EE has been
shown to be effective for the PTSP [7], the reason for high
performance of MAGX-EE can be ascribed to the fact that it
operates exclusively on a population of high quality local optima
obtained by 2.5-opt-EEais. Also note that MAGX-EE is
derived from MAs of Merz and Freisleben [39], which is one of
the most effective algorithm for the related TSP [1].
We also compared ILS-EE, MAGX-EE, and ACS-EE to previously
proposed estimation-based simulated annealing algorithms. We
implemented two simulated annealing algorithms built on top of
2.5-opt-EEais. The ﬁrst algorithm uses an acceptance
criterion as in Bowler et al. [31]. The second algorithm adopts a
sample size scheme and the acceptance criterion as in a general
purpose stochastic simulated annealing algorithm of Gutjahr and

Table 2
Comparison of the average cost obtained by ILS-EE, MAGX-EE, and ACS-EE on clustered instances with 1000 nodes for 100 CPU seconds.
p

ILS-EE vs. MAGX-EE

ILS-EE vs. ACS-EE

MAGX-EE vs. ACS-EE

d

CI

d

CI

d

CI

Class I

0.050(00%)
0.050(16%)
0.050(50%)
0.050(83%)
0.075(00%)
0.075(16%)
0.075(50%)
0.075(83%)
0.100(00%)
0.100(16%)
0.100(50%)
0.100(83%)
Overall

0:06
0:07
0:03
0:01
0:09
0:11
0:10
0:03
0:18
0:16
0:16
0:06
0:09

[  0.10,  0.03]
[  0.11,  0.02]
½0:06; þ 0:00
½0:03; þ 0:01
[  0.12,  0.06]
[  0.14,  0.08]
[  0.13,  0.07]
[  0.05,  0.01]
[  0.21,  0.14]
[  0.19,  0.13]
[  0.19,  0.12]
[  0.09,  0.03]
[  0.10,  0.08]

0:50
0:20
0:02
 0.00
0:36
0:32
0:24
0:07
0:64
0:63
0:41
0:28
0:31

[  0.59,  0.40]
[  0.25,  0.15]
½0:05; þ 0:01
½0:02; þ 0:02
[  0.40,  0.33]
[  0.35,  0.29]
[  0.26,  0.21]
[  0.09,  0.05]
[  0.68,  0.60]
[  0.66,  0.59]
[  0.44,  0.37]
[  0.32,  0.24]
[  0.32,  0.29]

0:43
0:13
þ 0:01
þ 0:01
0:27
0:22
0:14
0:04
0:46
0:47
0:25
0:22
0:22

[  0.53,  0.33]
[  0.19,  0.08]
½0:02; þ 0:04
½0:02; þ 0:03
[  0.31,  0.24]
[  0.25,  0.18]
[  0.17,  0.10]
[  0.06,  0.02]
[  0.51,  0.42]
[  0.51,  0.43]
[  0.29,  0.21]
[  0.25,  0.19]
[  0.23,  0.21]

Class II

0.150(00%)
0.150(16%)
0.150(50%)
0.150(83%)
0.175(00%)
0.175(16%)
0.175(50%)
0.175(83%)
0.200(00%)
0.200(16%)
0.200(50%)
0.200(83%)
Overall

0:23
0:45
1:28
1:79
0:19
0:44
1:12
1:59
0:25
0:41
1:04
1:57
0:86

[  0.26,  0.20]
[  0.48,  0.41]
[  1.35,  1.21]
[  1.89,  1.69]
[  0.23,  0.15]
[  0.49,  0.40]
[  1.18,  1.06]
[  1.67,  1.51]
[  0.29,  0.21]
[  0.45,  0.36]
[  1.09,  0.98]
[  1.64,  1.50]
[  0.89,  0.84]

0:44
0:77
1:84
2:67
0:38
0:74
1:57
2:30
0:32
0:62
1:43
2:14
1:27

[  0.48,  0.40]
[  0.82,  0.72]
[  1.92,  1.75]
[  2.82,  2.52]
[  0.43,  0.33]
[  0.79,  0.69]
[  1.63,  1.50]
[  2.41,  2.19]
[  0.36,  0.27]
[  0.67,  0.56]
[  1.49,  1.37]
[  2.21,  2.06]
[  1.30,  1.24]

0:21
0:33
0:57
0:90
0:19
0:30
0:45
0:72
0:06
0:21
0:40
0:57
0:41

[  0.26,  0.17]
[  0.38,  0.27]
[  0.67,  0.46]
[  1.07,  0.72]
[  0.24,  0.15]
[  0.35,  0.24]
[  0.53,  0.37]
[  0.85,  0.59]
[  0.11,  0.02]
[  0.26,  0.15]
[  0.48,  0.32]
[  0.66,  0.48]
[  0.44,  0.38]

Class III

0.300(00%)
0.300(16%)
0.300(50%)
0.300(83%)
0.400(00%)
0.400(16%)
0.400(50%)
0.400(83%)
0.500(00%)
0.500(16%)
0.500(50%)
0.500(83%)
Overall

0:17
0:17
0:43
0:77
0:16
0:18
0:29
0:48
0:18
0:20
0:14
0:54
0:31

[  0.23,  0.11]
[  0.23,  0.11]
[  0.51,  0.36]
[  0.85,  0.69]
[  0.22,  0.10]
[  0.25,  0.10]
[  0.36,  0.21]
[  0.56,  0.41]
[  0.25,  0.11]
[  0.28,  0.13]
[  0.22,  0.06]
[  0.62,  0.46]
[  0.33,  0.29]

þ 0:02
0:03
0:70
1:36
þ 0.16
þ 0.15
0:14
0:65
þ 0.19
þ 0.21
þ 0.23
0:28
0:19

½0:04; þ 0:07
½0:09; þ 0:03
[  0.78,  0.63]
[  1.45,  1.27]
½ þ 0:09; þ 0:22
½ þ 0:08; þ 0:23
[  0.22,  0.07]
[  0.74,  0.57]
½ þ 0:11; þ 0:26
½ þ 0:13; þ 0:28
½ þ 0:15; þ 0:31
[  0.36,  0.20]
[  0.21,  0.16]

þ 0.19
+ 0.13
0:27
0:59
þ 0.32
þ 0.33
þ 0.15
0:17
þ 0.37
þ 0.41
þ 0.37
þ 0.27
þ 0.12

½ þ 0:14; þ 0:24
½ þ 0:08; þ 0:19
[  0.34,  0.20]
[  0.69,  0.50]
½ þ 0:27; þ 0:37
½ þ 0:28; þ 0:38
½ þ 0:09; þ 0:21
[  0.25,  0.09]
½ þ 0:32; þ 0:42
½ þ 0:36; þ 0:46
½ þ 0:31; þ 0:43
½ þ 0:20; þ 0:33
½ þ 0:10; þ 0:14

Explanation of the contents and the typographic conventions adopted in the table: for a given comparison A vs. B, the table reports the observed relative difference d
between the two algorithms A and B and the 95% conﬁdence interval CI obtained through the t-test. If the value is positive, algorithm A obtained an average cost that is
larger than the one obtained by algorithm B. In this case, the value is typeset in italics if it is signiﬁcantly different from zero according to the t-test at a conﬁdence level of
95%. If the value is negative, algorithm A obtained an average cost that is smaller than the one obtained by algorithm B. In this case, the value is typeset in boldface if it is
signiﬁcantly different from zero according to the t-test, at a conﬁdence level of 95%.
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Table 3
Comparison of the average cost obtained by ILS-EE, MAGX-EE, and ACS-EE on clustered instances with 1000 nodes for 1000 CPU seconds.
p

ILS-EE vs. MAGX-EE

ILS-EE vs. ACS-EE

MAGX-EE vs. ACS-EE

d

CI

d

CI

d

CI

Class I

0.050(00%)
0.050(16%)
0.050(50%)
0.050(83%)
0.075(00%)
0.075(16%)
0.075(50%)
0.075(83%)
0.100(00%)
0.100(16%)
0.100(50%)
0.100(83%)
Overall

þ 0:00
þ 0.01
þ 0.01
þ 0.01
þ 0.02
þ 0:00
þ 0:00
þ 0.01
0:02
0:02
0:01
þ 0:00
þ 0:00

½0:01; þ 0:01
½ þ 0:00; þ 0:01
½ þ 0:00; þ 0:01
½ þ 0:00; þ 0:01
½ þ 0:01; þ 0:03
½0:01; þ 0:01
½0:00; þ 0:01
½ þ 0:00; þ 0:01
[  0.03,  0.01]
[  0.02,  0.01]
[  0.01,  0.00]
½0:00; þ 0:01
½0:00; þ 0:00

0:06
0:02
 0.00
þ 0:00
0:07
0:06
0:02
 0.00
0:08
0:11
0:05
0:02
0:04

[  0.06,  0.05]
[  0.03,  0.01]
½0:01; þ 0:00
½0:00; þ 0:01
[  0.08,  0.06]
[  0.07,  0.06]
[  0.03,  0.02]
½0:01; þ 0:00
[  0.10,  0.06]
[  0.12,  0.09]
[  0.06,  0.05]
[  0.02,  0.01]
[  0.04,  0.04]

0:06
0:03
0:01
0:01
0:08
0:06
0:03
0:01
0:06
0:09
0:05
0:02
0:04

[  0.06,  0.05]
[  0.03,  0.02]
[  0.01,  0.01]
[  0.01,  0.00]
[  0.09,  0.08]
[  0.07,  0.06]
[  0.03,  0.02]
[  0.01, 0.00]
[  0.07,  0.04]
[  0.10,  0.08]
[  0.06,  0.04]
[  0.02,  0.02]
[  0.04,  0.04]

Class II

0.150(00%)
0.150(16%)
0.150(50%)
0.150(83%)
0.175(00%)
0.175(16%)
0.175(50%)
0.175(83%)
0.200(00%)
0.200(16%)
0.200(50%)
0.200(83%)
Overall

þ 0.04
0:02
0:17
0:22
þ 0.05
0:04
0:18
0:22
þ 0.07
þ 0:00
0:17
0:24
0:09

½ þ 0:02; þ 0:06
½0:04; þ 0:00
[  0.19,  0.15]
[  0.25,  0.19]
½ þ 0:02; þ 0:08
[  0.07,  0.02]
[  0.20,  0.15]
[  0.24,  0.19]
½ þ 0:04; þ 0:10
½0:03; þ 0:03
[  0.19,  0.14]
[  0.26,  0.21]
[  0.10,  0.08]

þ 0.05
0:06
0:33
0:40
þ 0.06
0:05
0:22
0:38
þ 0.06
 0.01
0:20
0:41
0:16

½ þ 0:03; þ 0:07
[  0.08,  0.04]
[  0.35,  0.30]
[  0.43,  0.38]
½ þ 0:03; þ 0:09
[  0.07,  0.02]
[  0.24,  0.19]
[  0.41,  0.35]
½ þ 0:03; þ 0:09
½0:04; þ 0:02
[  0.23,  0.18]
[  0.44,  0.39]
[  0.17,  0.15]

þ 0:01
0:04
0:16
0:18
þ 0:01
 0.00
0:04
0:16
 0.01
 0.01
0:04
0:18
0:07

½0:01; þ 0:03
[  0.06,  0.02]
[  0.18,  0.13]
[  0.22,  0.15]
½0:02; þ 0:04
½0:03; þ 0:03
[  0.07,  0.01]
[  0.19,  0.13]
½0:03; þ 0:02
½0:03; þ 0:02
[  0.06,  0.01]
[  0.21,  0.15]
[  0.07,  0.06]

Class III

0.300(00%)
0.300(16%)
0.300(50%)
0.300(83%)
0.400(00%)
0.400(16%)
0.400(50%)
0.400(83%)
0.500(00%)
0.500(16%)
0.500(50%)
0.500(83%)
Overall

þ 0.18
þ 0.14
þ 0:03
0:09
þ 0.22
þ 0.23
þ 0.18
þ 0.10
þ 0.29
þ 0.27
þ 0.28
þ 0.14
þ 0.16

½ þ 0:14; þ 0:23
½ þ 0:10; þ 0:18
½0:01; þ 0:07
[  0.13,  0.05]
½ þ 0:17; þ 0:27
½ þ 0:18; þ 0:28
½ þ 0:13; þ 0:22
½ þ 0:05; þ 0:15
½ þ 0:24; þ 0:35
½ þ 0:21; þ 0:32
½ þ 0:22; þ 0:33
½ þ 0:09; þ 0:19
½ þ 0:15; þ 0:18

þ 0.28
þ 0.20
0:07
0:50
þ 0.43
þ 0.40
þ 0.23
 0.02
þ 0.53
þ 0.49
þ 0.47
þ 0.21
þ 0.22

½ þ 0:23; þ 0:32
½ þ 0:16; þ 0:24
[  0.11,  0.02]
[  0.55,  0.45]
½ þ 0:38; þ 0:48
½ þ 0:34; þ 0:45
½ þ 0:18; þ 0:28
½0:08; þ 0:03
½ þ 0:47; þ 0:59
½ þ 0:43; þ 0:55
½ þ 0:41; þ 0:53
½ þ 0:15; þ 0:26
½ þ 0:20; þ 0:23

þ 0.09
þ 0.06
0:10
0:41
þ 0.21
þ 0.17
þ 0.05
0:12
þ 0.23
þ 0.22
þ 0.19
þ 0.07
þ 0.05

½ þ 0:06; þ 0:12
½ þ 0:03; þ 0:09
[  0.13,  0.06]
[  0.46,  0.36]
½ þ 0:18; þ 0:24
½ þ 0:13; þ 0:20
½ þ 0:02; þ 0:08
[  0.16,  0.08]
½ þ 0:20; þ 0:27
½ þ 0:19; þ 0:25
½ þ 0:16; þ 0:22
½ þ 0:03; þ 0:10
½ þ 0:04; þ 0:07

Typographic conventions are the same as in Table 2.

Pﬂug [49] and Gutjahr [28]. The results showed that ILS-EE,
MAGX-EE, and ACS-EE completely outperform the two estimation-based simulated annealing algorithms. For complete results,
please see Appendix A.
4.4. Comparison with analytical computation algorithms
Currently, the best performing analytical computation algorithms are pACS+ 1-shift [22] and HybMSPSO [23]. In this section,
we compare ILS-EE, MAGX-EE and ACS-EE to these two algorithms.
First, we focus on the comparison with pACS+ 1-shift.
The algorithms are evaluated on the instances adopted by
Bianchi [21] to show the effectiveness of pACS+1-shift. These
instances are generated from the well-known TSPLIB instances,
kroA100, eil101, ch150, d198, lin318, att532, and
rat783; probabilities associated with the nodes are generated
by the beta distribution using the same parameters as described
for the previous set of experiments. We used the stopping
criterion suggested by Bianchi and Gambardella [22] and Bianchi
[21]: each algorithm is allowed to run for a computation time of
n2 =100 CPU seconds. This stopping criterion allows the algorithms

to run for a very long computation time. Concerning the
parameter conﬁguration for pACS+ 1-shift, we use the one given
in Bianchi and Gambardella [22] and Bianchi [21]. For ILS-EE,
MAGX-EE, and ACS-EE, we choose the parameter values that
produced the lowest average cost across the 10 tuning runs for
1000 CPU seconds in Section 4.3. They are listed in Table 4.
A problem in pACS+ 1-shift is that the underlying local search,
1-shift, suffers from numerical precision problems for large
instances [4]. This problem can been addressed by resorting to
computationally expensive arbitrary precision arithmetics [50].
For the given stopping criterion, the usage of the arbitrary
precision arithmetics in pACS+1-shift does not even allow the
algorithm to complete the ﬁrst iteration. Therefore, we compared
the solution costs obtained for the probability levels at which the
numerical problems do not occur.
Fig. 5 shows exemplary run time development plots on
PTSP instances generated from rat783. Since there is no
recognizable visual difference among the estimation-based
algorithms, only MAGX-EE is chosen for the plots. We can
see that MAGX-EE (and also ILS-EE and ACS-EE) obtains high
quality solutions in a very short time. More precisely, the
estimation-based algorithms reached the average solution cost
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of pACS+ 1-shift in approximately two to three orders of
magnitude less CPU time.
Table 5 reports the average difference between the ﬁnal
solution costs obtained by MAGX-EE and pACS+ 1-shift on
instances generated from rat783, d198, and kroA100. The
results of ILS-EE and ACS-EE are quite similar. On all probability
levels for rat783, the estimation-based algorithms achieve
average solution costs that are signiﬁcantly less than that of
Table 4
Fine tuned parameter values for each algorithm in 1000 CPU seconds.
Algorithm

ILS-EE

MAGX-EE

ACS-EE

Parameters

ps
ndb
rst itr
pop_size
off_frac
ps
ndb
pn
pc
m
q0

b

r

Range

[1, 90]
[1, 50]
[0, 1]
[3, 15]
[0.1, 1.0]
[1, 90]
[1, 50]
[0.1, 1.0]
[0.1, 1.0]
[3, 15]
[0.0, 1.0]
[0.0, 5.0]
[0.001, 1.0]

Selected value
Class I

Class II

Class III

1
1
0.089
4
0.24
9
1
0.33
0.92
10
1.0
0.18
0.31

1
1
0.34
3
0.67
2
1
0.11
0.97
8
1.0
0.00
0.30

1
1
0.69
8
0.16
1
1
0.29
0.72
11
0.97
0.83
0.61

This table gives the parameters considered for tuning, the range of each parameter
given to Iterative F-Race, and the chosen values for each instance class. For an
explanation of the parameters, see Section 3.2.
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pACS+1-shift. The average improvements are up to 4.90% (MAGXEE), 7.35% (MAGX-EE), and 12.39% (ACS-EE) on Classes I, II, III
instances, respectively. We can observe a similar trend but
smaller improvements for d198 and kroA100 instances. There
are a few exceptions at some probability levels. These results also
show a general trend in which the differences between the
average solution costs of the estimation-based algorithms and
pACS+1-shift increase with an increase in the instance size and
also with an increase in the probability level (the only exception is
on Class II instances of kroA100).
The high performance of the estimation-based algorithms is
mainly due to the adoption of the effective iterative improvement
algorithm as local search: Since, for the given computation time,
2.5-opt-EEais is much faster than 1-shift, the estimationbased algorithms perform a much larger number of local searches
than pACS+1-shift. The average number of local searches
performed by each algorithm is shown in Table 6.
For the comparison between the estimation-based algorithms
and HybMSPSO, we adopt the instances used by Marinakis and
Marinaki [23], on which the authors showed that HybMSPSO
is more effective than pACS+1-shift for high probability values.
These are homogeneous PTSP instances generated from the
TSP instances kroA100, eil101, ch150, d198, and rat783
with some probability values between 0.1 and 0.9. On these
instances, we made a direct comparison of the cost of the
solutions obtained by the estimation-based algorithms to the
ones of HybMSPSO reported in Marinakis and Marinaki [23]. Note
that we compare the average cost of the estimation-based
algorithms to the reported best solution cost of HybMSPSO. This

Fig. 5. Experimental results on the instance rat783. The plots represent the development of the solution cost over time for MAGX-EE and pACS + 1-shift. The obtained
solution costs of the two algorithms are normalized by the ﬁnal solution cost reached by pACS + 1-shift. The normalization is performed on a run-by-run basis for 10 runs;
the normalized solution cost is then aggregated.
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Table 5
Comparison of the average cost obtained by MAGX-EE and pACS+ 1-shift on rat783, d198, and kroA100.
p

rat783

d198

kroA100

d

CI

d

CI

d

CI

Class I

0.050(00%)
0.050(16%)
0.050(50%)
0.050(83%)
0.075(00%)
0.075(16%)
0.075(50%)
0.075(83%)
0.100(00%)
0.100(16%)
0.100(50%)
0.100(83%)
Overall

þ 0:04
7:57
–
–
2:33
6:81
–
–
2:82
9:91
–
–
4:90

½0:08; þ 0:16
[  9.91,  5.23]
–
–
[  3.47,  1.19]
[  9.98,  3.64]
–
–
[  3.49,  2.14]
[  12.98,  6.85]
–
–
[  6.06,  3.74]

þ 0.07
0:16
0:62
1:84
þ 0.06
0:02
0:27
1:92
þ 0.08
þ 0.03
0:16
3:85
0:72

½ þ 0:05; þ 0:08
[  0.23,  0.09]
[  1.09,  0.15]
[  2.87,  0.81]
½ þ 0:05; þ 0:07
[  0.03,  0.01]
[  0.41,  0.12]
[  2.65,  1.19]
½ þ 0:07; þ 0:10
½ þ 0:02; þ 0:04
[  0.23,  0.09]
[  5.03,  2.66]
[  0.96,  0.47]

þ 0.08
0:29
0:99
1:34
þ 0.08
0:03
0:36
0:42
þ 0.08
þ 0:00
0:23
0:32
0:31

½ þ 0:06; þ 0:11
[  0.42,  0.16]
[  1.52,  0.46]
½2:84; þ 0:17
½ þ 0:05; þ 0:10
[  0.06,  0.01]
[  0.48,  0.24]
[  0.60,  0.24]
½ þ 0:06; þ 0:10
½0:01; þ 0:02
[  0.31,  0.15]
[  0.41,  0.23]
[  0.45,  0.17]

Class II

0.150(00%)
0.150(16%)
0.150(50%)
0.150(83%)
0.175(00%)
0.175(16%)
0.175(50%)
0.175(83%)
0.200(00%)
0.200(16%)
0.200(50%)
0.200(83%)
Overall

4:89
8:82
–
–
5:34
8:96
–
–
5:64
10:46
–
–
7:35

[  6.13,  3.64]
[  10.17,  7.47]
–
–
[  6.21,  4.46]
[  10.61,  7.31]
–
–
[  6.24,  5.04]
[  11.92,  8.99]
–
–
[  8.05,  6.65]

þ 0.05
þ 0.04
0:06
4:85
þ 0.05
þ 0:02
0:06
6:33
þ 0.06
þ 0:02
 1.29
6:53
1:57

½ þ 0:04; þ 0:07
½ þ 0:02; þ 0:07
[  0.08,  0.04]
[  6.11,  3.59]
½ þ 0:03; þ 0:07
½0:02; þ 0:06
[  0.10,  0.01]
[  8.05,  4.62]
½ þ 0:03; þ 0:09
½0:00; þ 0:04
½3:22; þ 0:64
[  8.16,  4.90]
[  2.09,  1.06]

þ 0.03
þ 0.02
0:09
0:23
þ 0.03
þ 0.02
0:05
0:18
þ 0.02
þ 0.02
0:04
0:52
0:08

½ þ 0:02; þ 0:05
½ þ 0:01; þ 0:03
[  0.11,  0.06]
[  0.31,  0.15]
½ þ 0:01; þ 0:04
½ þ 0:00; þ 0:04
[  0.07,  0.02]
[  0.23,  0.13]
½ þ 0:01; þ 0:04
½ þ 0:01; þ 0:03
[  0.07,  0.00]
[  0.89,  0.15]
[  0.12,  0.04]

Class III

0.300(00%)
0.300(16%)
0.300(50%)
0.300(83%)
0.400(00%)
0.400(16%)
0.400(50%)
0.400(83%)
0.500(00%)
0.500(16%)
0.500(50%)
0.500(83%)
Overall

9:69
12:32
–
–
10:28
13:44
–
–
12:09
15:91
–
–
12:29

[  10.63,
[  13.54,
–
–
[  11.60,
[  14.35,
–
–
[  13.19,
[  16.88,
–
–
[  12.94,

þ 0:04
 0.08
 1.14
7:57
0:23
0:69
4:95
8:37
0:34
1:23
6:18
8:64
3:28

½0:00; þ 0:09
½0:19; þ 0:03
½2:78; þ 0:50
[  9.07,  6.07]
[  0.43,  0.02]
[  1.21,  0.18]
[  7.27,  2.63]
[  9.69,  7.05]
[  0.61,  0.07]
[  1.75,  0.71]
[  7.72,  4.63]
[  10.42,  6.86]
[  3.97,  2.60]

þ 0.05
þ 0.01
0:02
1:26
þ 0:00
þ 0:01
0:36
2:40
þ 0:00
þ 0:00
1:12
4:82
0:83

½ þ 0:02; þ 0:07
½ þ 0:00; þ 0:02
[  0.02,  0.01]
[  2.14,  0.38]
½0:00; þ 0:01
½0:00; þ 0:02
½0:82; þ 0:09
[  3.78,  1.02]
½0:00; þ 0:00
½0:00; þ 0:01
[  1.81,  0.42]
[  7.03,  2.61]
[  1.15,  0.50]

 8.74]
 11.09]

 8.95]
 12.52]

 11.00]
 14.93]

 11.63]

The results are obtained over 10 independent runs. For certain probability levels in large instances, pACS + 1-shift suffers from numerical problems, where the comparison
is not meaningful. Those cases are marked as ‘‘–’’. Typographic conventions are the same as in Table 2.

Table 6
The average number of local searches performed by the estimation-based
algorithms and pACS + 1-shift over 10 independent runs on instance rat783.
p

ILS-EE

MAGX-EE

ACS-EE

pACS + 1-shift

0.050(00%)
0.050(16%)
0.075(00%)
0.075(16%)
0.100(00%)
0.100(16%)
0.150(00%)
0.150(16%)
0.175(00%)
0.175(16%)
0.200(00%)
0.200(16%)
0.300(00%)
0.300(16%)
0.400(00%)
0.400(16%)
0.500(00%)
0.500(16%)

576
553
2302
929
4714
1505
7790
2712
11 191
4378
15 692
6310
24 777
12 831
41 546
27 886
77 195
50 423

521
573
1903
928
3827
1530
7709
2712
11 353
4376
15 878
6435
23 924
12 958
35 626
26 479
53 900
41 128

468
613
2323
896
6286
1457
13 914
3347
21 458
6441
27 183
10 232
34 864
15 803
49 138
33 784
81 400
58 192

14
5
15
5
16
6
24
10
26
10
26
10
25
12
29
15
34
16

might possibly introduce a bias in favor of HybMSPSO. Table 7
highlights the results from the comparison on instances
kroA100, d198, and rat783. The trend is similar for all other
instances.
The results show that the estimation-based algorithms are
more effective than HybMSPSO and that they obtain average
solution costs, which are signiﬁcantly less than the cost of
the best solution obtained by HybMSPSO on a wide range of
instance sizes and probability levels. On the largest instance
rat783, the observed average difference ranges between
0.32% and 10.23%. On the instances d198 and kroA100,
for most probability levels, the observed differences are
signiﬁcant and the improvements are up to 1.03% and 2.58%,
respectively.

4.5. TSP approximation and the aggregation approach in estimationbased algorithms
A very different approach to the PTSP is to completely forget
about its stochastic component and to tackle a PTSP instance as if
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Table 7
Comparison of the average cost obtained by ILS-EE, MAGX-EE, ACS-EE, and HybMSPSO on instances kroA100, d198, and rat783.
p

ILS-EE vs. HybMSPSO

MAGX-EE vs. HybMSPSO

ACS-EE vs. HybMSPSO

d

[95% CI]

d

[95% CI]

d

[95% CI]

kroA100

0.100(00%)
0.200(00%)
0.300(00%)
0.400(00%)
0.500(00%)
0.600(00%)
0.800(00%)
0.900(00%)

0:36
0:07
þ 0.06
0:92
 0.03
1:91
2:57
0.00

[  0.39,  0.32]
[  0.10,  0.05]
½ þ 0:03; þ 0:10
[  0.99,  0.85]
½0:10; þ 0:04
[  1.92,  1.90]
[  2.58,  2.56]
[0.00,0.00]

0:37
0:08
þ 0:01
1:00
0:08
1:91
2:58
0.00

[  0.40,  0.35]
[  0.10,  0.07]
½0:01; þ 0:04
[  1.00,  0.99]
[  0.08,  0.07]
[  1.92,  1.91]
[  2.59,  2.57]
[0.00,0.00]

0:40
þ 0:04
 0.01
1:00
0:08
1:91
2:57
0.00

[  0.42,  0.38]
½0:11; þ 0:20
½0:03; þ 0:02
[  1.00,  0.99]
[  0.08,  0.07]
[  1.92,  1.91]
[  2.59,  2.56]
[0.00,0.00]

d198

0.100(00%)
0.200(00%)
0.500(00%)
0.900(00%)

0:82
0:97
0:83
 0.02

[  0.85,  0.79]
[  1.01,  0.94]
[  0.86,  0.79]
½0:05; þ 0:01

0:82
1:03
0:85
0:07

[  0.84,
[  1.06,
[  0.87,
[  0.09,

0:85
1:00
0:84
0:03

[  0.86,
[  1.05,
[  0.86,
[  0.05,

rat783

0.100(00%)
0.200(00%)
0.500(00%)
0.900(00%)

10:14
4:60
3:35
0:32

[  10.24,  10.05]
[  4.77,  4.42]
[  3.47,  3.23]
[  0.38,  0.26]

10:23
4:64
3:51
0:32

[  10.32,  10.15]
[  4.75,  4.54]
[  3.61,  3.42]
[  0.52,  0.12]

10:20
4:31
3:35
0:49

[  10.26,  10.14]
[  4.57,  4.05]
[  3.53,  3.17]
[  0.62,  0.36]

 0.81]
 1.01]
 0.82]
 0.04]

 0.84]
 0.95]
 0.82]
 0.01]

For ILS-EE, MAGX-EE, and ACS-EE the results are obtained over 10 independent runs. For HybMSPSO, the values are taken directly from Marinakis and Marinaki [23].
Typographic conventions are the same as in Table 2.

Table 8
Comparison of the average cost obtained by ILS-EE, MAGX-EE, ACS-EE, and Concorde over 10 independent runs on instances kroA100, d198, and rat783.
p

ILS-EE vs. Concorde

MAGX-EE vs. Concorde

ACS-EE vs. Concorde

d

[95% CI]

d

[95% CI]

d

[95% CI]

kroA100

0.100(00%)
0.200(00%)
0.300(00%)
0.400(00%)
0.500(00%)
0.600(00%)
0.700(00%)
0.800(00%)
0.900(00%)
1.000(00%)

0:41
0:41
0:22
0:08
0:05
0:07
0:16
0:03
0:00
0.00

[  0.44,  0.38]
[  0.43,  0.38]
[  0.26,  0.18]
[  0.15,  0.01]
½0:12; þ 0:02
[  0.08,  0.06]
[  0.17,  0.14]
[  0.04,  0.02]
½ þ 0:00; þ 0:00
[0.00,0.00]

0:43
0:41
0:27
0:16
0:09
0:07
0:16
0:04
0:00
0.00

[  0.45,  0.40]
[  0.43,  0.40]
[  0.30,  0.24]
[  0.16,  0.15]
[  0.09,  0.09]
[  0.08,  0.07]
½ þ 0:00; þ 0:00
[  0.05,  0.03]
½ þ 0:00; þ 0:00
[0.00,0.00]

0:45
0:29
0:29
0:16
0:09
0:07
0:16
0:03
 0.00
0.00

[  0.47,  0.43]
[  0.44,  0.14]
[  0.32,  0.26]
[  0.16,  0.15]
[  0.09,  0.09]
[  0.08,  0.07]
½ þ 0:00; þ 0:00
[  0.05,  0.02]
½-0:01; þ 0:00
[0.00,0.00]

d198

0.100(00%)
0.200(00%)
0.300(00%)
0.400(00%)
0.500(00%)
0.600(00%)
0.700(00%)
0.800(00%)
0.900(00%)
1.000(00%)

1:08
1:22
1:44
1:25
0:92
0:51
0:41
0:22
0:08
þ 0.05

[  1.11,  1.05]
[  1.26,  1.19]
[  1.47,  1.40]
[  1.28,  1.21]
[  0.95,  0.88]
[  0.57,  0.44]
[  0.45,  0.38]
[  0.27,  0.18]
[  0.11,  0.05]
½ þ 0:03; þ 0:07

1:09
1:28
1:48
1:28
0:94
0:54
0:47
0:27
0:12
þ 0.03

[  1.10,  1.07]
[  1.31,  1.26]
[  1.51,  1.45]
[  1.30,  1.25]
[  0.96,  0.91]
[  0.59,  0.50]
[  0.47,  0.47]
[  0.27,  0.27]
[  0.14,  0.10]
½ þ 0:01; þ 0:05

1:12
1:25
1:49
1:32
0:93
0:55
0:47
0:27
0:09
þ 0:02

[  1.13,  1.11]
[  1.30,  1.21]
[  1.53,  1.44]
[  1.33,  1.31]
[  0.95,  0.91]
[  0.59,  0.50]
[  0.47,  0.47]
[  0.27,  0.27]
[  0.11,  0.06]
½0:00; þ 0:04

rat783

0.100(00%)
0.200(00%)
0.300(00%)
0.400(00%)
0.500(00%)
0.600(00%)
0.700(00%)
0.800(00%)
0.900(00%)
1.000(00%)

10:18
8:39
6:25
4:72
3:39
2:10
1:17
0:81
0:56
þ 0.81

[  10.27,  10.09]
[  8.57,  8.22]
[  6.34,  6.15]
[  4.85,  4.58]
[  3.51,  3.27]
[  2.21,  1.99]
[  1.32,  1.03]
[  0.90,  0.72]
[  0.62,  0.50]
½ þ 0:71; þ 0:91

10:27
8:44
6:32
4:64
3:56
2:26
1:45
0:82
0:56
þ 0.76

[  10.36,  10.19]
[  8.54,  8.34]
[  6.46,  6.17]
[  4.78,  4.49]
[  3.65,  3.46]
[  2.38,  2.13]
[  1.59,  1.32]
[  0.93,  0.71]
[  0.76,  0.37]
½ þ 0:61; þ 0:91

10:24
8:12
6:43
4:79
3:39
2:28
1:39
0:92
0:73
þ 0.49

[  10.29,  10.18]
[  8.37,  7.87]
[  6.59,  6.28]
[  4.90,  4.67]
[  3.57,  3.21]
[  2.45,  2.12]
[  1.47,  1.31]
[  1.08,  0.75]
[  0.86,  0.61]
½ þ 0:34; þ 0:63

Typographic conventions are the same as in Table 2.

it were a TSP instance. This approach makes it possible to
exploit the state-of-the-art in TSP solving for generating a priori
solutions for the PTSP. In fact, this approach is, according to the

PTSP literature, surprisingly effective: Bianchi [21] and Bianchi
and Gambardella [22] benchmarked pACS+1-shift against the
state-of-the-art exact TSP solver, Concorde [51] and they
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established a critical mean probability of 0.5, above which the
latter is more effective than the former. Note that Concorde is an
exact algorithm that ﬁnds the optimal solution for a given
TSP instance. In this section, we repeat the same experiments
but now using ILS-EE, ACS-EE, and MAGX-EE as the PTSP solver
(using the version that is tuned for 1000 CPU seconds). We use the
same instances and a n2 =100 CPU seconds stopping criterion as
described by Bianchi [21] and Bianchi and Gambardella [22].
The results on PTSP instances derived from the TSP
instances kroA100, d198, and rat783 are shown in Table 8.
The estimation-based algorithms ILS-EE, ACS-EE, and MAGXEE obtain solution costs that are signiﬁcantly lower than those
of Concorde up to probability 0.9. The advantage of the
estimation-based algorithms is quite strong on instances with
low probability values and the observed average difference
increases with instance size reaching more than 10% for the
largest instance rat783.
We also investigated whether the effectiveness of estimationbased algorithms can be improved by using optimal tours for the
TSP or the tours returned by the aggregation approach as initial
solutions under short computation time. However, we could not
observe a signiﬁcant improvement in obtained solution cost with
the two approaches. We refer the reader to Appendix A for
complete results.

5. Conclusions
In this paper, we customized iterated local search and memetic
algorithms to tackle the PTSP. The proposed customization
consists in adopting an estimation-based approach to evaluate
the solution cost and a state-of-the-art iterative improvement
algorithm, 2.5-opt-EEais, as local search. We presented an
experimental comparison of the estimation-based algorithms, in
which we also included a recently developed estimation-based
ant colony system. We used short and long computation times as
stopping criteria. First, we performed a rigorous parameter tuning
of all the estimation-based algorithms to avoid any bias due to the
tuning procedure. Using the ﬁne tuned parameter values,
we evaluated the solution cost obtained by the estimation-based
algorithms on three instance classes. For the short computation
time, the iterated local search is highly effective when compared to the previous estimation-based ant colony system. On
the other hand, for long computation time, both the iterated
local search and the memetic algorithm outperform the ant
colony system on instances with low average probability values
(up to 0.2). Nevertheless, the ant colony system emerges as the
best algorithm on instances with average probability values
between 0.3 and 0.5.
The main contribution of the paper is the development
of new state-of-the-art algorithms for the PTSP. The estimationbased algorithms are particularly effective for large instances.
Compared to the best analytical computation algorithms,
the proposed algorithms obtain high quality solutions in a very
short computation time. The advantage in speed and solution
quality is primarily due to the adoption of 2.5-opt-EEais as
local search. Moreover, in the literature, it has been shown
that the PTSP instances with average probability value greater
than 0.5 can be solved more effectively by an exact TSP algorithm
than the analytical computation PTSP algorithm. Here, we
showed that the estimation-based algorithms can push this
probability limit to much larger values up to 0.9. In a nutshell,
we showed that the estimation-based approach is an effective
replacement for analytical computation in metaheuristics for
the PTSP.
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[30] Birattari M, Stützle T, Paquete L, Varrentrapp K. A racing algorithm for
conﬁguring metaheuristics. In: Langdon WB,
editor. Proceedings of
the genetic and evolutionary computation conference, GECCO 2002. San
Francisco, CA: Morgan Kaufmann; 2002. p. 11–8.
[31] Bowler NE, Fink TMA, Ball RC. Characterization of the probabilistic traveling
salesman problem. Physical Review E 2003;68(3):036703–10.
[32] Bentley JL. Fast algorithms for geometric traveling salesman problems. ORSA
Journal on Computing 1992;4(4):387–411.
[33] Rubinstein RY. Simulation and the Monte Carlo method. New York, NY:
Wiley; 1981.

1951

[34] Johnson DS, McGeoch LA. The travelling salesman problem: a case study in
local optimization. In: Aarts EHL, Lenstra JK, editors. Local search in
combinatorial optimization. Chichester, UK: Wiley; 1997. p. 215–310.
[35] Fisher RA. Statistical methods for research workers. London, UK: Oliver and
Boyd; 1925.
[36] Tukey JW. Comparing individual means in the analysis of variance.
Biometrics 1949;5(2):99–114.
[37] Bianchi L, Knowles J, Bowler N. Local search for the probabilistic traveling
salesman problem: correction to the 2-p-opt and 1-shift algorithms.
European Journal of Operational Research 2005;162(1):206–19.
[38] Bianchi L, Campbell A. Extension of the 2-p-opt and 1-shift algorithms to the
heterogeneous probabilistic traveling salesman problem. European Journal of
Operational Research 2007;176(1):131–44.
[39] Merz P, Freisleben B. Memetic algorithms for the traveling salesman problem.
Complex Systems 2001;13(4):297–345.
[40] Johnson DS, McGeoch LA, Rego C, Glover F. 8th DIMACS implementation
challenge, 2001. URL /http://www.research.att.com/ dsj/chtsp/S.
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