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Abstract. The use of metaheuristics in Multi-objective Combinatorial Optimization,
particularly Ant Colony Optimization (ACO), has grown recently. This paper proposes
an approach where multi-species ants compete for food resources. Each species has
its own search strategy and do not access pheromone information of other species. As
in nature, successful ant populations are allowed to grow, whereas the others shrink.
This approach is applied to the Multi-objective Shortest Path Problem and shows to
inherit the behavior of succesful strategies from different types of problems. It is also
compared to an existing ACO and to NSGA-II. Results show that the proposed ap-
proach is able to produce significantly better approximation sets than other methods.

Keywords: Multi-objective Shortest Path, Ant Colony Optimization, Performance
Assessment, Multi-species, Food Regulation

Resumo. O uso de metaheurísticas na Otimização Combinatória Multiobjetivo, par-
ticularmente a Otimização por Colônias de Formigas (ACO), têm crescido recente-
mente. Neste trabalho, propõe-se uma abordagem onde múltiplas espécies de formi-
gas competem por fontes de comida. Cada espécie usa uma busca estratégia de busca
própria e não tem acesso ao feromônio das demais. Como na natureza, populações
bem sucedidas crescem, enquanto as demais encolhem. Esta abordagem é aplicada
ao Caminho mais Curto Multiobjetivo e mostra-se capaz de herdar o comportamento
de estratégias bem sucedidas em diferentes problemas. Compara-se também tal abor-
dagem com um ACO da literatura e com o NSGA-II, e o algoritmo proposto apresenta
conjuntos de aproximação significativamente melhores que os demais.
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1 Introduction
Multi-objective Combinatorial Optimization Problems have drawn the attention of the

scientific community due to their ability to represent real-world situations more appropriately
than the original single objective models. For these problems a single solution will rarely be able
to minimize (or maximize) all criteria, but rather there will be a set of compromise solutions.
These are called efficient non-dominated solutions and are also referred to as Pareto optimal
set. To each solution corresponds an objective vector composed of the objective values of each
criterion. A set of objective vectors is called an approximation front, and the set of objective
vectors corresponding to the solutions of the Pareto optimal set is called Pareto front.

Since many of the MOCO problems are NP-Hard [42], exact algorithms are expected to
perform poorly as instances grow larger or the amount of objectives increases. This fact together
with the broad applicability of the multi-objective models led to the development of meta-
heuristic approaches specially designed to deal with multi-criteria decision problems. These
approaches can generate suboptimal sets of solutions that approximate the Pareto optimal set,
partially retrieve the actual Pareto set, or both. When a metaheuristic is applied to a multi-
objective problem, several design questions arise which may lead to many different approaches.

In this paper, one such metaheuristic approach is investigated, the Ant Colony Optimiza-
tion (ACO). Recently, some papers have been published on the comparison of Multi-objective
ACOs [30, 15, 31, 32] where some results show that the best approaches depend on the type
of instance being tested. This paper introduces a new strategy for Multi-objective ACOs called
food regulated Pareto multi-species. This metaphor consists of having multiple species of ants
in a same algorithm, each using a different strategy which is expected to perform well on a
particular type of problem. No interactions are allowed between the different species. How-
ever, since finding good solutions means finding food, the colonies either grow larger or shrink
depending on their performances.

The proposed approach is applied to the well-known Multi-objective Shortest Path Prob-
lem (MSP) which has been proven to be NP-hard [42]. Exact and heuristic algorithms have
been proposed for the MSP [14, 22, 39, 28, 35, 19, 16, 3] but most of them focus on instances
with two objectives. In this work, a multi-objective ACO, called GRACE, which was recently
proposed for the tri-criteria MSP [3] is extended. A first round of experiments is performed
where different approaches for multi-objective ACOs found in literature are implemented on
GRACE leading to different algorithmic versions. The existing approaches concern mainly dif-
ferent strategies for generation of scalarization vectors and pheromone update. To evaluate these
approaches, two sets of 9 instances with different characteristics are used [37]. Pareto compli-
ant indicators and statistical tests [27, 50] are used to determine which of the tested approaches
is able to produce the best approximation sets. Results show that GRACE produces the best
approximation sets for one set of instances and one of the implemented variations produces the
best approximation sets for the other. Then, computational experiments are conducted using
two species, and show that, while simply combining both approaches without food regulation
jeopardizes the overall algorithm efficiency, the consideration of food regulation, allowing suc-
cessful colonies to grow within the algorithm, produces approximation sets as good as those
produced by the best single-species strategies. Finally, the new approach is compared to an
ACO proposed previously for the MSP [19] and to an effective multi-objective evolutionary
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approach named NSGA-II [6].
This paper is organized as follows. In Section 2, the ACO metaheuristic is revised and

the different approaches found over literature are detailed. Section 3 describes the MSP and
reviews its state-of-the-art. Section 4 presents the methodology utilized in the computational
experiments. In Section 5, GRACE and its single-species variants are described and compared.
The food regulated Pareto multi-species metaphor is described and tested in Section 6. Finally,
conclusions and future work possibilities are pointed out in Section 7.

2 Ant Colony Optimization
Ant Colony Optimization (ACO) is a bio-inspired metaheuristic that uses the concept of

swarm intelligence, i.e., the ability of groups to communicate even in the absence of a central
coordination, through a stimulus that is at the same time physical and local. This phenomenon
is called stigmergy [17], and in the case of ants, this stimulus is called pheromone [12]. When
looking for food, ants are able to identify and perform pheromone deposits over the paths they
tread in order to guide other ants to follow their trails. Once pheromone evaporates with time,
shorter paths are more likely to be reinforced than longer ones. Hence, ants tend to converge to
shorter paths. In an attempt to mimic this natural behavior, the Ant System (AS) metaheuristic
was proposed [13], later improved into the Ant Colony System (ACS) [11].

In ACO algorithms, solutions are iteratively built by agents called ants. Each ant con-
structs a solution and is able to evaluate its current state, i.e., to calculate the objective value
of its current solution (or partial solution). While building its solution, an ant makes decisions
at each state based on information available for the possible choices. That information comes
from the experience of other ants, by means of the amount of pheromone deposited on a given
path, and from its own experience, by means of a heuristic. The probability that an ant makes
the transition from state i to state j, p(eij), is given in Equation (1) where Ni denotes the set of
states that are reachable from i, πij denotes the amount of pheromone between states i and j,
ηij denotes the heuristic value associated to the transition to state j, and α and β are parameters
that weight the importance of the information that comes from the pheromone and the heuris-
tic, respectively. Each time a solution is built, a pheromone deposit may be performed, which
naturally evaporates over time.

p(eij) =


τ α
ij · η

β
ij∑

h∈Ni
τ α
ih · η

β
ih

if j ∈ Ni

0 otherwise

(1)

Two major changes were proposed to improve AS into ACS. First, when evaluating tran-
sitions to choose the next state, ants may choose the best transition available instead of us-
ing stochasticity. The second change refers to pheromone update. In AS, all ants perform
pheromone update altogether when they finish building their solutions. For the ACS, Dorigo
and Gambardella [11] proposed a local pheromone update, i.e., each ant is allowed to deposit
pheromone as soon as it finishes its own constructive procedure. The aim of this adaptation
is to allow ants in a same iteration to use the “knowledge” achieved by the others, instead of
searching based on the pheromone information of the previous iteration.

Proposals of ACO for multi-objective scenarios, called MOACO, were presented in [23,
18, 10, 8, 1]. Regarding the objectives, approaches sometimes might consider objectives sep-
arately or simultaneously. The focus of this paper is on simultaneous consideration of the
objectives.
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2.1 Multi-objective ACOs
Iredi et al. [23] proposed a multi-colony ant system for a scheduling problem. They uti-

lize multiple colonies to search in different regions of the Pareto front. Each ant is associated to
a scalarization vector which is used for weighting both heuristic and pheromone information.
Once they deal with a bi-objective problem, two pheromone matrices are used, one for each ob-
jective. There are two possible strategies for selecting which ants should be allowed to update
the pheromone information: (i) ants that find non-dominated solutions regarding local archives
(one per colony), or; (ii) ants that find non-dominated solutions regarding a global archive. et al.
Iredi et al. [23] affirm the first option leads to the same results as a multi-start approach, which
is not the authors intention. Hence, the second strategy was adopted with two update methods:
update by origin and update by region. In the update by origin method, ants are only allowed to
update the pheromone matrix of their own colony. When the update by region strategy is used,
non-dominated solutions found during a given iteration are sorted lexicographically and divided
into r regions (r is the number of colonies). Each ant is, then, allowed to update the pheromone
matrix of colony i, 1 ≤ i ≤ r, where i stands for the region where the ant found its solution. The
authors also propose the overlapping zones which consist of scalarization vectors common to
more than one colony, promoting cooperation in the algorithm. The experimentation performed
on six bi-criteria instances show the 10 colony version combined with the update by region
strategy produces better results than the single colony algorithm. The authors also show that,
depending on the amount of colonies used, allowing all ants to search the entire objective space
performs worse than versions where the space of objectives is divided in disjoint intervals. Fur-
thermore, using overlapping zones improves overall results. For two colonies, this difference
is clearly perceived. When five colonies are used, it becomes less significant, and practically
disappears for ten colonies.

Guntsch and Middendorf [18] proposed a population based ACO for the same scheduling
problem used by Iredi et al. [23]. In their work, a population P is obtained from a super-
population Q, by choosing the k (a parameter of the algorithm) closest solutions to a random
solution π. The pheromone information is extracted from P : everytime a solution enters this
set, a pheromone update is performed. When a solution leaves this set its influence is removed.
Two pheromone matrices are used (one per objective). The authors report tests for population
sizes 1, 3 and 5, concluding that the best approximation sets are generated with size 1 for a
given bi-criteria instance. For a second bi-objective instance, population size 1 performs worse,
whereas sizes 3 and 5 are roughly equal.

Doerner, Hartl and Reimann [10] proposed a MOACO based on the competition idea, and
tested it for a bi-objective transportation problem. The COMPETants, as they are called, consist
of a two-colony algorithm, each focusing on a specific criterion, and the concept of spies, i.e.,
ants that can analyze the pheromone information of the other colony, and decide whether to use
it. At each iteration, ants choose which colony they will belong to. The lower the average qual-
ity solution of each colony, the greater its chance for receiving ants. In their work, the objective
function is calculated as a weighted function of both criteria given by routing costs and fleet
size. The authors claim that using spies and adaptive size colonies lead to better results than
when these strategies are not used.

Doerner et al. [8] proposed the P-ACO, a population based ACO for the multi-objective
portfolio selection that uses scalarizations for the constructive procedure of the ants. These
weights are randomly generated from the [0,1) domain. Their algorithm uses the pseudo-
random proportional rule, and the constructed non-dominated solutions are stored in a global
archive. An ant is allowed to perform pheromone update only in case it finds either the best or
the second best solution per objective of a given iteration. A local negative pheromone update
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is also used and the algorithm has one pheromone vector for each criterion. A comparison was
made with implementations of Pareto Simulated Annealing (PSA) [5] and NSGA [44] on 18
instances ranging from 5 to 10 objectives, with 20 and 30 projects. All tests used the number
of solutions and the number of efficient solutions as metrics (the authors retrieved the Pareto
set through an exact algorithm a priori). For instances with 20 projects, PSA is better than
the other algorithms for small run times, whereas P-ACO outperforms the other two algorithms
as this parameter increases. When the number of projects is increased to 30, P-ACO always
produces better results than the rest of the optimizers. These results also hold true for a six
objective real world instance with 30 projects. After 40 minutes of run time, PSA generates
bigger approximation sets than P-ACO, but with less efficient solutions. Doerner et al. [9] im-
proved this algorithm by adding a preprocessing Integer Linear Programming (ILP) procedure
that allows the ACO to find supported efficient solutions, and to use these solutions to warm up
the pheromone vectors. The authors affirm that using the whole set of solutions found in that
stage for the warming of the vectors is better than using only the best and the second best per
objective. They expanded their comparison to include an implementation of the Multi-objective
Tabu Search [20] showing that P-ACO is able to outperform the former on the same real-world
instance used in the previous experiment.

Alaya et al. [1] present four variants of a generic MOACO parameterized by the number
of ant colonies and the number of pheromone trails. Given a problem with k objectives, the
MOACO variant has k+1 colonies. k of these colonies focus on a unique objective. Each has
one pheromone matrix and one source of heuristic information. There is also an extra colony
which leads with all objectives simultaneously. This extra colony selects which pheromone in-
formation to use, aggregates the heuristic information from all other colonies, and updates all
pheromone matrices. For the colonies focused on a single objective, only the best solution of the
corresponding objective is allowed to update the corresponding pheromone matrix. The second
MOACO version is similar to the first one, except by the extra colony that uses an aggregation
of the pheromone information from all other colonies instead of choosing one at random. The
third variant uses only one colony and one pheromone matrix, and the heuristic information is
the sum of the heuristic information of all objectives. In this version only non-dominated solu-
tions are allowed to perform pheromone update. Finally, the fourth variant uses one colony with
one pheromone matrix per objective. The pheromone matrix to be used is randomly chosen at
each step, and the heuristic information is calculated as in the third variant. The best solution
per objective is allowed to update the corresponding pheromone matrix. The comparison held
by the authors use the Multi-objective Knapsack Problem and several MOEAs. Based on the C
metric [51], the authors conclude that the single colony strategies are generally better than the
multi-colony ones. The performance of the fourth version is much similar to the third’s, but the
former generates better sets for some instances. The same happens between the first and second
versions: they are initially alike, but as instances grow larger, the first version performs better.
The fourth variant is also better than most compared MOEAs, but no significant difference is
found when it is compared with SPEA [51].

2.2 Comparative Studies
López-Ibáñez, Paquete and Stützle [30] present a discussion on several strategies to deal

with ACOs in the multi-objective context. They conduct an experimental investigation of dif-
ferent MOACO algorithms on the Bi-objective Quadratic Assignment Problem (bQAP) which
are based on the MIN -MAX Ant System (MMAS) [47]. No heuristic information is used.
Only the best solution per objective is allowed to perform pheromone update using the update by
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region strategy (when multiple colonies are used). They also tested hybridizing the algorithms
with local search procedures. Using instances generated by [25] and the binary and unary ε-
indicators [52], the authors reported that results strongly depended on the correlation of the ob-
jectives, but the usage of local search procedures improved the overall algorithm performance.
They also compared the ACO algorithms with the Robust Tabu Search algorithm [49], and
showed that the latter produced better approximation sets for unstructured instances, whereas
the opposite happened on structured ones.

López-Ibáñez and Stützle [31] present an experimental analysis of MOACOs for the
Bi-objective Traveling Salesman Problem (bTSP). The authors include information from two
heuristics (one per objective). If one pheromone matrix is used, each heuristic is weighted
equally and summed. Otherwise, informations are weighted according to some ponderation,
and summed. Experiments are carried on 3 Euclidean instances with 500 cities. They conclude
that the correlation of the objectives does not interfere as strongly as in the bQAP and that the
use of local search is, again, determinant for the optimizer’s efficiency. They also observe that
the use of the same scalarization vectors by all ants produces better results than when several
vectors are considered in the same iteration. In the absence of local search, versions with a
single pheromone matrix perform better in the central region of the objective space than ver-
sions with multiple matrices, whereas the latter ones obtain the best results at extreme regions.
The use of multiple colonies improves results where the single versions did not perform well:
extreme regions for one pheromone matrix and center region for multiple matrices.

García-Martínez, Cordón and Herrera [15] review several MOACO proposals classifying
them according to the number of solutions returned, the number of heuristic information and the
number of pheromone trails the algorithm maintains. The authors also implemented adaptations
of many of these algorithms for the bTSP, and performed a comparison with other approaches
which included the NSGA-II [6] and the SPEA2 [53]. They report that these MOEAs are faster
than the MOACOs, but perform poorly in regard to dominance of solutions. Among the MOA-
COs, some generate well distributed approximation sets, sometimes dominated by sets gener-
ated by other optimizers that are concentrated on the center region of the objective space. The
authors also report that the proposed taxonomy is not a determinant factor to the performance
of the algorithm, since most MOACOs from the same families behaved differently. Angus and
Woodward [2] present a theoretical study that aims to revise the taxonomy presented in [15].
The authors classify the existing algorithms according to number of pheromone matrices, how
to use weights for the construction process, the ways of evaluating solutions, the methods used
to update pheromone and how solutions are archived. No experimentation was performed.

Finally, López-Ibáñez and Stützle [32] also compared several existing MOACOs using
the bTSP and proposed a general framework for designing this type of algorithm [29]. They
argue that the comparison conducted in [15] did not target the specific differences between
each algorithm, but rather which algorithm performed better, whereas [2] was only a theoret-
ical work. The authors applied all the characteristics of the MOACOs on both ACS [11] and
MMAS [47]. For each algorithm, the authors analyze the use of different approaches. The
proposed general framework for MOACOs [29] can vary regarding: (i) the number of colonies
(N col); (ii) pheromone update strategy (region or origin), maximum number of solutions al-
lowed to perform update (Nupd), and selection strategy (non-dominated, best-of-objective or
best-of-objective-per-weight); (iii) the number of weights per colony (|Λ|), and if all weights
will be used at each iteration or if only one will be shared by all ants; (iv) number of pheromone
([π]) and heuristic ([η]) matrices, and; (v) how weights are used to aggregate different matrices
(weighted sum, weighted product or random). The authors show that their automatically tuned
MOACO outperforms the BicriterionAnt [23] for 3 bi-criteria Euclidean instances [29].
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3 The Multi-objective Shortest Path Problem
The Multi-objective Shortest Path problem studied in this paper is a generalization of the

classical point-to-point shortest path problem, and is presented by Raith and Ehrgott using a
network flow formulation for two objectives [41]. In this work, we expand this formulation to
deal with any number of objectives:

min z(x) =


z1(x) =

∑
(i,j)∈A

c1ijxij

...

zk(x) =
∑

(i,j)∈A

ckijxij

(2)

s.t.
∑

(i,j)∈A

xij −
∑

(j,i)∈A

xji =


1 if i = s,

0 if i 6= s, t
-1 if i = t,

(3)

xij ∈ {0, 1}, ∀(i, j) ∈ A . (4)

where s and t are, respectively, source and terminal nodes, c is a k-dimensional cost matrix for
each edge (i, j), and z is the objective vector composed by k objective functions.

Shortest paths are a classical problem from graph theory and combinatorial optimiza-
tion areas. Among several different real-world applications, routing scenarios are of particu-
lar interest. On the Internet, for example, determining the best route for sending a package
following path-based protocols is an important step for ensuring routing efficiency. On navi-
gation systems, which have become very common on popular vehicles, shortest paths help on
both planning and optimization of the resources. On emergency situations, retrieving minimal
routes is critical to the rescue and survival of citizens. Considering multiple (and sometimes
conflicting) objectives has become a common approach on combinatorial optimization; many
real-world situations present this characteristic. When traveling from a deposit to a deliver spot,
for example, a truck has not only to consider time, but also traffic, conservation of the tracks
and even the landscape, for it directly affects the amount of gas used. Analogously, a router
determining the path packets should travel in order to reach their destination has to consider
the bandwidth of the links besides of the number of intermediary nodes. Optimizing multiple
objectives simultaneously, however, has an important drawback: the amount of solutions is ex-
pected to grow exponentially as more objectives are considered or larger instances are used.
Raith and Ehrgott [41] state the BSP (Bi-objective Shortest Path problem) is considered to be
intractable [21].

The MSP belongs to a class of problems that have polynomial algorithms for their original
single versions. This allows optimizers to use a two-phase strategy that was shown to perform
efficiently on the bi-objective context [40, 41]. This approach takes advantage of the fact that
some of the solutions contained in the Pareto set can be retrieved with the help of scalariza-
tions, i.e., by attributing weights to each objective. This means that part of the Pareto set can be
retrieved polynomially. Having these solutions (or part of them) a priori, an optimizer can nar-
row the search space when looking for non-supported solutions. The literature on this problem
includes exact and heuristic algorithms, which include evolutionary and ant colony optimiz-
ers. Raith and Ehrgott [41] recently compared different exact proposals [33, 43, 36] for the
Bi-objective Shortest Path (BSP) problem, and showed that the two-phase approach is able to
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solve instances up to 21000 nodes in less than 30 seconds, and up to 300000 nodes in less than
40 seconds. This algorithm, however, has not been expanded to handle problems with more
than two objectives (this generalization is not trivial).

Among the Multi-objective Evolutionary Algorithms (MOEA), Mooney and Winstans-
ley [35] use two populations (elitist approach), random walking (initial population), path en-
coding (representation by vertices), one-point crossover, binary tournament and a path mutation
operator that substitutes the gene of a random locus by another random node (operators only
succeed in case the path feasibility is maintained). Their experimentation showed the random
walking strategy enabled the algorithm to cover a set of nodes and edges considered to be satis-
factory by the authors. For three and four objectives, with instances ranging from 100 to 3500
nodes, their algorithm was able to approximate a reference set created by three algorithms: Di-
jkstra’s [7], a k-th shortest path and many executions of their own algorithm. Their EA is also
able to find extreme supported solutions faster than Dijkstra’s algorithm [7] on real-world net-
works, but no information is given on how many objectives are used.

He et al. [22] also used two populations (elitist approach), depth-first search (initial in-
dividuals), dominance ranking with niche count, and path encoding (using vertices). The one-
point crossover with binary tournament chooses a random locus from one parent, and in case
the same node is also present on the other parent, the chromosomes are paired and the crossover
is performed (a repair function eliminates possible loops). The mutation operator reconstructs
the chromosome from a random locus through depth-first search mechanism. An illustrative
example showed the efficiency of the proposed MOEA on a 50 nodes 3-objective instance.

Pangilinan and Janseens [39] tested SPEA2 [53] for the MSP using the implementation
available on PISA framework [4]. They also used path encoding, but generated the initial pop-
ulation randomly. The one-point crossover and the mutation operator are identical to [22],
but mutation reconstructs individuals randomly. Using three objectives instances, the approx-
imation set presented good diversity on two of the objectives, but the authors were unable to
determine the optimality of the solutions, since the actual Pareto sets were unavailable. Com-
putational results showed that their MOEA is slower than [33].

Finally, Lin and Gen [28] proposed an MOEA for the BSP. Their adaptive weight al-
gorithm uses priority-based encoding (fixed chromosome sizes), roulette selection, weight-
mapping crossover, a random mutation operator and also an immigration operator [34]. No
information is given on how the initial population is generated. The authors use two fuzzy
logic controllers in order to auto-tune the parameters of their algorithm. They compare their
MOEA against implementations of NSGA-II [6], SPEA [51] and rwGA [24] that use the same
encoding and operators, analyzing diversity, cardinality, ratio of non-dominated solutions and
computational time. Regarding these indicators, results show that priority-based encoding and
auto-tuning are good strategies, and that their algorithm outperforms the others.

As far as the authors are aware of, only three Ant Colony Optimization algorithms have
been proposed for the MSP [19, 16, 3]. Häckel et al. [19] proposed a version of the algorithm
presented in [23]. Their algorithm, however, does not contain overlapping zones. The heuris-
tic information comes from a Dynamic Programming algorithm called Look-Ahead Heuristic
(LAH), proposed by the authors. As for the pheromone matrices, equations are presented as
if multiple matrices were used, but it is stated that only one matrix is used. The experiments
conducted in their work show that the usage of LAH improves overall results, and that their
ACO obtains solutions well distributed along the objective space in comparison to a dynamic
multi-objective algorithm not referenced by the authors on three objective instances.

An ACO for the BSP is proposed by Ghoseiri and Nadjari [16] and is compared to an
exact label correcting algorithm, also not referenced. A single colony and two pheromone ma-
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trices, one for each objective, were used. As for the heuristic information, two sources are
used: normalized edge weights and number of nodes to the destiny node. Scalarizations are
used to compute both pheromone and heuristic information. This algorithm resembles ACS,
except for the fact that local pheromone update is performed at each step of the construction
procedure (after each transition is chosen). The experimentation conducted by the authors used
two objective NetMaker [43] instances. Results showed their algorithm was able to generate
an approximation set well distributed over the objective space, but the Pareto fronts graphically
presented contained no efficient solutions. Their ACO was computationally faster than the label
correcting method.

Bezerra et al. [3] proposed a two-phase ant colony optimization algorithm, called
GRACE. In the first phase, a search strategy is used to retrieve supported solutions. In the
second phase each ant, during a set of iterations called generational cycle, receives a random
scalarization vector for its search. The heuristic information comes from the application of
Dijkstra’s algorithm [7] to the inverted graph. A single pheromone matrix is used. An ant is
allowed to update the pheromone information only when it finds a new non-dominated solution
regarding an external archive of non-dominated solutions found during the search. No evapo-
ration is used. GRACE was compared with an NSGA-II algorithm and to an ACO previously
published for the MSP [19]. Pareto compliant quality indicator are used to assess the perfor-
mance of the algorithms on 18 instances divided into two classes with 9 instances each. The
results show that GRACE is able to produce better approximation sets than the NSGA-II for
both classes of tested instances. The former algorithm also outperformed the ACO from Häckel
et al. [19] on 12 out of 18 instances used.

4 Methodology, Platform and Instances
Performance assessment for multi-objective problems is a complex subject and a number

of proposals exist in the literature. The assessment of the results produced in the computational
experiments reported in this paper is done with basis on the methodology presented by Knowles,
Thiele and Zitzler [26]. At first, the approximation sets delivered by the tested algorithms are
compared by means of dominance ranking. Given a list of q optimizers, ri (i = 1, ..., q) in-
dependent executions for each of them and a collection C containing all approximation sets
Ci

j (i = 1, ..., q, j = 1, ..., ri) generated at each run of the corresponding optimizer, to each set
Ci

j is given a rank, rank(Ci
j), equal to one plus the number of sets that are better than it. To state

the concept of better between two approximation sets, some definitions are necessary. Given
two objective vectors z1 and z2, z1 is said to weakly dominate z2 if z1 is not worse than z2 in all
objectives [52]. This concept is extended to approximation sets by the relation sets better. Let
A1 and A2 be two approximation sets. A1 is said to be better than A2 when every objective vec-
tor z2 ∈ A2 is weakly dominated by at least one z1 ∈ A1 and the approximation sets differ from
each other, at least, in one objective vector. Hence, every optimizer is characterized by a sample
(rank(Ci

0), ..., rank(C
i
ri
)), and these samples can be compared using statistical tests. Knowles,

Thiele and Zitzler [26] claim that, if an optimizer Q1 has dominance rankings statistically lower
than another optimizer Q2, then it can be said that Q1 generates better approximation sets than
Q2, and no further testing is required.

In case no statistical difference is pointed out with the data produced with the dominance
ranking method, quality indicators are used. Quality indicators are functions that attribute quali-
tative values to approximation sets. A quality indicator I is defined as a mapping from the set of
all approximation sets to the set of real numbers. Some quality indicators use a reference set to
compare the approximation sets generated by an optimizer. This reference set can be generated
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by merging the approximation sets of all optimizers being tested [26]. Each indicator measures
a specific characteristic of the set and, therefore, combining multiple indicators is suitable. In
this work, two of these indicators are used:

1. the hypervolume indicator (IH) [51], which calculates the hypervolume of the objective
space that is weakly dominated by the approximation set being tested (limited by a refer-
ence point);

2. the additive unary-ε indicator (I1ε+) [52], which calculates the minimum ε which must be
added to each solution in a set A2 for it to become weakly dominated by another set A1.

To compare more than two optimizers, we initially use the Kruskal-Wallis test [27], and if
a statistically significant difference is found at a significance level 0.05, new samples/values are
generated for a pairwise comparison, and two more tests are applied: the Wilcoxon two-tailed
test and the Wilcoxon one-tailed test [50]. If only two optimizers are being compared at a time,
there is no need to use Kruskal-Wallis test, and the Wilcoxon tests are directly applied. The
results returned by the Wilcoxon test are, finally, compared using Taillard’s test [48] for com-
parison of proportions with significance level of 0.05. In this work, p-values from Taillard’s
test results are rounded to two decimal places.

All tests were executed on an Intel Xeon QuadCore W3520 2.8 GHz, with 8G of RAM
running Scientific Linux 5.5 64bits distribution. Experiments were executed with 18 instances
generated by Santos [37], from two distinct classes: grid, which represents a square grid,
and complete, which contains complete graphs. Fixed processing times for each instance are
adopted as the stopping criterion. The limits for processing times are set according to each in-
stance size and class. The instances are presented in Table 1 where column # shows the instance
identification, column Type shows identification <type>N-<size> where <type> stands for in-
stance type (grid or complete) and <size> stands for the instance size (small, medium or large).
Moreover, |N |, |A| and k are respectively the number of vertices, edges and objectives of each
instance, t(s) is the maximum processing time seconds and Seed is the seed used for generating
the instance. Throughout this work the basic parameters presented in the original GRACE will
remain unchanged, that is, nants = 300, α = 0.6, β = 0.6, τ0 = 1, τdeposit = 10 and R=5.

5 Extending GRACE
As seen on the literature review on MOACO algorithms, there are many possibilities on

designing an ACO for the multi-objective context. Some of those approaches are not trivially
extended to problems with more than two objectives. In this section, MOACO algorithms are
presented to the MSP where some critical design questions are discussed for the three-objective
context. These algorithmic versions extend the GRACE algorithm [3] which is described in this
section firstly. Then, the proposals are presented and tested, and results are discussed.

5.1 GRACE
Proposed as a two-phase algorithm, GRACE initially uses a search procedure, named Lo-

gos, to retrieve supported efficient solutions. This search strategy was proposed for bi and tri-
criteria scenarios (2 and 3-Logos, respectively). 2-Logos iteratively divides each search region
into 2 sub-regions, resembling a logarithmic function. The general framework of 2-Logos is
presented in Algorithm 1. In the first execution of 2-Logos two solutions si and sf are obtained
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Table 1: List of instances. Only the first three objectives were used on large instances.

# Type |N | |A| k t(s) Seed

1 CompleteN-small 25 600 3 5 45

2 CompleteN-small 50 2450 3 10 12

3 CompleteN-small 100 9900 3 12 13

4 CompleteN-medium 40 780 3 5 18

5 CompleteN-medium 120 14280 3 10 14

6 CompleteN-medium 200 39800 3 15 21

7 CompleteN-large 100 9900 6 8 1

8 CompleteN-large 150 22350 6 40 10

9 CompleteN-large 200 39800 6 40 1

10 GridN-small 64 224 3 7 14

11 GridN-small 144 528 3 36 1

12 GridN-small 256 960 3 81 26

13 GridN-medium 484 1848 3 100 1

14 GridN-medium 961 3720 3 100 40

15 GridN-medium 1225 4760 3 100 2

16 GridN-large 121 440 6 60 41

17 GridN-large 484 1848 6 100 42

18 GridN-large 900 3480 6 100 43

by solving the single-objective minimum shortest path for each objective separately. Each solu-
tion corresponds to solving an scalarized version of the MSP problem with scalarization vectors
(1,0) and (0,1). More generally, solutions si and sf correspond respectively to points (xi, yi)
and (xf , yf ) in the objective space. A scalarization vector corresponding to (xmidpoint, ymidpoint)
is generated, and the single-objective minimum shortest path using this ponderation is retrieved,
returning a solution smid (line 1). If this solution is non-dominated regarding the global archive,
the procedure is recursively called for (si, smid) and (smid, sf ) (lines 2-4). Otherwise, the recur-
sion stops. This strategy is similar to [46] and [41].

Algorithm 1 Procedure 2-Logos
Require: archive S, solution si, solution sf
1: smid = Dijkstra(midpoint(si.weights, sf .weights));
2: if newSolution(S, smid) then
3: 2-Logos(S, si, smid);
4: 2-Logos(S, smid, sf );
5: end if

Analogously, the 3-Logos initially finds extreme supported efficient solutions using Di-
jkstra’s algorithm [7]. These three solutions are considered vertices of a triangle where each
edge is formed by the line that connects each pair of input solutions. Each edge is scanned
by the 2-Logos procedure (line 1). After completion of 2-Logos executions on the three edges
(line 2), the centroid of the triangle is calculated and, in case the obtained solution is new in the
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set S of non dominated solutions, 3-Logos is recursively called for these three new subtriangles
(lines 4-6). Both 2-Logos and 3-Logos are illustrated on Fig. 1.

Figure 1: Example of one iteration of 3-Logos.

Algorithm 2 Procedure 3-Logos
Require: Pareto set S, solution sa, solution sb, solution sc
1: S = addSolutions(S, 2-Logos(sa, sb), 2-Logos(sa, sc), 2-Logos(sb, sc));
2: sctr = Dijkstra(centroid(sa.weights, sb.weights, sc.weights));
3: if newSolution(S, sctr) then
4: 3-Logos(S, sa, sb, sctr);
5: 3-Logos(S, sa, sctr, sc);
6: 3-Logos(S, sctr, sb, sc);
7: end if

The second phase of GRACE can be seen on Algorithm 3. A single colony approach is
adopted. The solutions found in the first phase are used to warm the single pheromone matrix
up (line 4): every time an edge is found on a supported efficient solution, a deposit is made. Di-
jkstra’s algorithm [7] provides heuristic information to the ants: a scalarization vector is used to
obtain a single-objective problem, and Dijkstra’s algorithm [7] is applied on an inverted graph,
which is obtained from the original graph with the inversion of the direction of all edges (line
7). In other words, the heuristic information available in each node v is the distance from v
to the terminal node t, under a given scalarization. These scalarization vectors are randomly
generated at the beginning of each iteration (line 6), and all ants use the same vectors per itera-
tion. New non-dominated solutions found by the ants are added to an external archive (line 11),
which is unlimited. The ants are only allowed to perform pheromone updates if they find new
non-dominated solutions (lines 10-13). Each of the ants fallowed to update the pheromone ma-
trix deposits an equal amount of pheromone, regardless of the objective values of the solution
found. The main loop (line 5) comprises a group of R iterations each called cycles. If dur-
ing a cycle a new non-dominated solution arises, then a new cycle of iterations is allowed and
the algorithm receives more processing time. This verification is made in lines 15-17, where
the boolean procedure newSolution(cycle) returns true if a new non-dominated solution was
generated in the corresponding cycle.

5.2 Proposals and Experimentation
Extensions of this algorithm are presented in the following sections, with single and

multiple-colony approaches. When the concept behind the version do not allow the single
colony approach, it is explicitly stated. In the multi-colony approaches, different colonies do
not interact directly: each of them has its own pheromone matrix and heuristic information. A
single type of heuristic information and pheromone is used for all colonies. However, when
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Algorithm 3 GRACE
Require: graph G, vertex s, vertex t
1: extreme_solutions = Dijkstra(canonicalVectors());
2: supported = addSolutions(supported, extreme_solutions);
3: 3-Logos(supported, extreme_solutions);
4: pheromoneM = pheromoneWarmup(supported);
5: for i = 0; i < R; i++ do
6: l = randomScalarizationVector();
7: heuristicM = heuristicInfo(Dijkstra(reverse(G), t, l));
8: for j = 0; j < nants; ++j do
9: s = buildSolution(pheromoneM, heuristicM, s, t, l);

10: if newSolution(unsupported, s) then
11: unsupported = addSolution(unsupported, s);
12: pheromoneUpdate(s);
13: end if
14: end for
15: if ((i == R) and (newSolution(cycle)) then
16: i = 0;
17: end if
18: end for

selecting which ants are allowed to perform pheromone update, all colonies test their solutions
according to dominance in regard to the external global archive that stores the solutions found
by all colonies during the whole execution of the algorithm. An important question arises,
which is easily solved for bi-objective problems, regarding the update by region strategy: how
to order solutions to determine the regions when this update strategy is utilized on three objec-
tives problems. Whereas a simple lexicographic ordering divided the objective space “equally”
among objectives in the bi-objective case, there is no trivial solution for the three objective
context. The strategies utilized to overcome this problem are described in the corresponding
sections.

Four versions of the basic algorithm were developed with the aim of evaluating meth-
ods for the creation of the scalarization vectors used to provide heuristic information to the
ants. These versions are named: Global-Random, Fixed-Unique, Fixed-Multi, Pseudo-Global-
Random and Mixed. In the Global-Random (GRan) version, the scalarization vectors are gener-
ated randomly. There is no division of the Pareto front region, whatever the amount of colonies
used. Therefore, it is only possible to use the update by origin strategy for the pheromone ma-
trices update. There is no direct relation between the number of scalarization vectors generated
and the number of colonies of the algorithm.

The scalarization vectors are generated systematically in the Fixed-Unique (FUn) ver-
sion. At first, a parameter d is chosen to establish the number of equal divisions of the interval
[0,1]. This number determines the possible weighting values each component of the scalar-
ization vectors can be set. For a tri-criteria problem, the number of combinations is given by
((d+1)∗(d+2))/2. Then, all possible scalarization vectors are generated, uniformly distributed
in the region defined by the extreme points of the objective space. For instance, if k=3 that re-
gion is defined by the extreme points (1,0,0), (0,1,0) and (0,0,1). When d = 2 is used, there are
three possible weighting values: 0, 0.5 and 1. Then, for k=3 and d=2, the scalarization vectors
are [1,0,0], [0.5,0.5,0], [0.5,0,0.5], [0,0.5,0.5], [0,1,0] and [0,0,1]. In this algorithmic version,
the number of colonies is equal to the number of ponderations, since each of these vectors will
be assigned to a single colony.

The Fixed-Multi (FMu) version comprises a variation of FUn where the generated scalar-
ization vectors are equally distributed among the m colonies. Therefore, for m colonies and
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d divisions, ((d + 1) ∗ (d + 2))/2m scalarization vectors are assigned to each colony (for the
cases of non-exact division, the m-th colony may receive extra vectors corresponding to the
remainder of the integer division). This variant is expected to have the same characteristics of
FUn, but to be computationally more efficient.

The Pseudo-Global-Random (PGRan) joins the characteristics of the previous versions.
For tri-criteria problems, the scalarization vectors are generated randomly within limits estab-
lished by a triangulation procedure. Given a number of d divisions, the same procedure used
in FUn to generate the weighting vectors is used to generate vectors in the region limited by
points (1,0,0), (0,1,0) and (0,0,1) as shown in Fig. 2. These points define the vertices of triangu-
lar regions. The scalarization vectors of each colony are randomly drawn within each of these
regions. Thus, in this algorithmic version there are d 2 colonies. Once the computation effort
grows rapidly for increasing values of d, small values are preferred.

Figure 2: Example of ponderations and colonies for PGRan. With d = 2, six vectors are
generated, resulting in four colonies.

For the assessment of these versions, the parameters of each variant was initially tuned.
The GRan version is tested with 1, 3 and 5 colonies, where the single colony version corre-
sponds to the original GRACE. Ants only update the pheromone matrix of its own colony.
The p-values obtained with the Kruskal-Wallis test [27] are shown in Table 2, where column #
shows the instance identification and columns DR, I1ε+ and IH show, respectively, the p-values
corresponding to the dominance ranking, the unary epsilon indicator and the hypervolume in-
dicator. Regarding significance level of 0.05 and the dominance ranking, the results presented
in Table 2 show that significant differences exist for 3 of each instances class. For the instances
where dominance ranking did not point out differences, the IH shows significant results on 1 an
4 instances of classes complete and grid, respectively. On these four grid instances the I1ε+ also
shows significant results.

Pairwise comparisons with the Wilcoxon’s test were carried out on instances where signif-
icant differences were found. Then, the number of successes of each optimizer was counted and
submitted to the test for proportions comparison proposed by Taillard, Waelti and Zuber [48]
and available at [45]. A success is defined when one approach outperforms another one con-
cerning the dominance ranking and the quality indicators. Table 3 shows the p-values returned
when only the dominance rankings comparison is considered (DR), and when the indicators are
included (DR + QI). Considering significance level 0.05, an entry inferior to this value in line
i and column j states that the GRan version with the number of colonies (column Colonies)
shown in line i is significantly better than the version with the number of colonies shown in
column j, for the considered type of instance.

When only the dominance ranking methodology is considered, GRan using a single
colony performs better than using three colonies for the complete set, and that using five
colonies for the grid set. The overall results show that the use of multi-colonies (as defined
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Table 2: Results from Kruskal-Wallis test on dominance rankings and quality indicators from
GLOBAL using 1, 3 and 5 colonies. NaN means rankings were equal.

# DR I1ε+ IH # DR I1ε+ IH

1 0.00195 - - 10 0.02245 - -
2 0.00013 - - 11 1.38e-06 - -
3 0.15987 0.21236 0.58046 12 NaN 0.00014 4.66e-15
4 0.35899 0.50174 0.16563 13 NaN 3.51e-05 1.49e-13
5 0.46921 0.30966 0.59756 14 NaN 0.54740 0.11592
6 0.16459 0.26382 0.90371 15 NaN 0.25459 0.50540
7 0.04576 - - 16 4.75e-13 - -
8 0.60301 0.00376 0.00821 17 NaN 1.55e-11 9.07e-17
9 0.84017 0.79358 0.24028 18 NaN 0.03452 0.00796

Table 3: p-values for proportions comparison on GRan.
DR DR + UQI

Colonies 1 3 5 1 3 5
1 - 0.04 0.09 - 0.01 0.01

Complete 3 0.96 - 0.75 0.99 - 0.75
5 0.91 0.25 - 0.99 0.25 -
1 - 0.09 0.04 - 0 0

Grid 3 0.91 - 0.25 1 - 0.01
5 0.96 0.75 - 1 0.99 -

for this paper) does not improve the performance of the original GRACE. The results also show
that the version with 3 colonies is better than the one with 5 colonies for Grid instances. A
possible explanation for these results is that, since this multi-colony approach is equivalent to a
multi-start strategy, using multiple colonies only increases the computational effort.

For the FUn version, values 1, 2 and 3 were tested for parameter d which correspond
to 3, 6 and 10 scalarization vectors and colonies. Again, only update by origin is used. Re-
sults for comparisons among these three versions and the GRan with one colony are presented
on Table 4. Those results take in account the dominance ranking and the quality indicators.
Considering dominance ranking, significant differences were found among the optimizers on
four complete and three grid instances. The unary additive ε detected significant differences
on another complete instance and on three grid instances. The hypervolume indicator shows
significant differences on five grid instances.

The resultant p-values from the test for proportions comparison concerning the pairwise
examinations are shown in Table 5. Those results show that the single-colony GRan performs
better than all FUn versions for all instances. Among the different parameter settings tested for
FUn, no statistically significant differences were found on the complete instances. On the other
set of instances, however, the results show that the smaller the number of divisions, the better
the performance of the algorithm version.

For the FMu version, tests were conducted using m ∈ {1, 3, 5} and d ∈ {3, 6, 10}, which
correspond to a total of 10, 28 and 66 scalarization vectors, respectively. At first, versions with
m=1 were tested for the different values of parameter d. Significant different results were not
found either with dominance ranking or the quality indicators among those versions. The same
occurred for m=3 and 5. This means the m parameter could much likely be tested with any
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Table 4: Kruskal-Wallis p-values: single-colony GRan against FUn.

# DR I1ε+ IH # DR I1ε+ IH

1 3.85e-05 - - 10 7.48e-06 - -
2 0.00251 - - 11 4.92e-09 - -
3 0.00541 - - 12 NaN 2.30e-08 6.27e-21
4 0.06157 0.59784 0.11722 13 NaN 0.00063 7.85e-16
5 0.07878 0.08633 0.01941 14 NaN 0.46923 0.06072
6 0.61764 0.76049 0.093 15 NaN 0.21608 0.00357
7 0.1909 0.28956 0.05886 16 6.94e-19 - -
8 0.10916 0.00476 0.33655 17 NaN 7.19e-14 4.14e-09
9 0.00974 - - 18 NaN 0.12736 0.00020

Table 5: p-values for proportions comparison on GRan against FUn.
DR DR + UQI

Versions G 3 6 10 G 3 6 10
G - 0.04 0.04 0.25 - 0 0 0

Complete 3 0.96 - 0.5 0.5 1 - 0.25 0.25
6 0.96 0.5 - 0.5 1 0.75 - 0.5
10 0.75 0.5 0.5 - 0.91 0.75 0.5 -
G - 0.04 0.04 0.04 - 0 0 0

Grid 3 0.96 - 0.09 0.09 1 - 0 0
6 0.96 0.91 - 0.25 1 1 - 0.04
10 0.96 0.91 0.75 - 1 1 0.96 -

value for d, and results are expected to be similar. Therefore, fixing d=6, Table 6 shows the
results of the Kruskal-Wallis test for the comparison of the different m values.

Table 6: Kruskal-Wallis analysis of parameter m in FMu: d = 6, m ∈ {1, 3, 5}. NaN means
samples were equal.

# DR I1ε+ IH # DR I1ε+ IH

1 NaN NaN NaN 10 0.19424 0.03246 0.03246
2 NaN NaN NaN 11 0.01064 - -
3 NaN NaN NaN 12 NaN 0.00023 9.61e-16
4 NaN NaN NaN 13 NaN 0.00386 1.96e-15
5 NaN NaN NaN 14 NaN 0.58568 0.03837
6 NaN NaN NaN 15 NaN 0.14769 0.50766
7 NaN NaN NaN 16 2.27e-09 - -
8 NaN NaN NaN 17 NaN 4.15e-14 3.39e-16
9 NaN NaN NaN 18 NaN 0.28622 0.00019

Apparently, the same approximation sets have been generated for complete instances,
regardless of the configuration used. However, there is statistically significant difference ac-
cording to dominance ranking for three grid instances, and, regarding the quality indicators, for
six other instances. Table 7 shows the Taillard test applied on the Wilcoxon’s test [50] on the
pairwise comparison. For any number of divisions, the smaller the amount of colonies used, the
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better the overall performance of the algorithm on grid instances.

Table 7: Results from Taillard’s test on the pairwise Wilcoxon’s test result.
DR DR + UQI

Colonies 1 3 5 1 3 5
1 - 0.09 0.09 - 0 0

Grid 3 0.91 - 0.25 1 - 0.01
5 0.91 0.75 - 1 0.99 -

Finally, for PGRan, tests were conducted with d ∈ {1, 2, 3, 4, 5}, which correspond to
1, 4, 9, 16 and 25 colonies, respectively. Table 8 lists the results for the comparison among
all versions with the Kruskal-Wallis test. The p-values presented in Table 8 show that there
is significant difference for the majority of instances. The results of the pairwise comparisons,
presented in Table 9, show that the single colony version, which corresponds to the single colony
GRan, performs better than all other versions.

Table 8: Results for the comparison of PGRan with d ∈ {1, 2, 3, 4, 5}.

# DR I1ε+ IH # DR I1ε+ IH

1 6.30e-06 - - 10 1.17e-12 - -
2 0.07911 0.00568 0.00031 11 1.34e-08 - -
3 0.07548 0.00406 0.05932 12 NaN 4.48e-14 6.24e-24
4 0.02135 - - 13 NaN 4.00e-06 1.38e-20
5 0.32284 0.41566 0.37870 14 NaN 0.88783 0.00022
6 0.20164 0.74161 0.58289 15 NaN 0.09336 0.00021
7 0.02269 - - 16 4.02e-21 - -
8 0.66612 0.04934 0.00142 17 NaN 2.35e-15 2.89e-21
9 0.09430 0.35075 0.00032 18 NaN 0.03802 6.12e-09

Table 9: p-values for proportions comparison on PGRan with d ∈ {1, 2, 3, 4, 5}.
DR DR + UQI

Complete 1 2 3 4 5 1 2 3 4 5
1 - 0.09 0.09 0.09 0.04 - 0 0 0.01 0
2 0.91 - 0.09 0.25 0.25 1 - 0.25 0.25 0.04
3 0.91 0.91 - 0.5 0.25 1 0.75 - 0.75 0.09
4 0.91 0.75 0.5 - 0.25 0.99 0.75 0.25 - 0
5 0.96 0.75 0.75 0.75 - 1 0.96 0.91 1 -

Grid 1 2 3 4 5 1 2 3 4 5
1 - 0.09 0.04 0.04 0.04 - 0 0 0 0
2 0.91 - 0.09 0.09 0.09 1 - 0 0 0
3 0.96 0.91 - 0.09 0.09 1 1 - 0 0
4 0.96 0.91 0.91 - 0.5 1 1 1 - 0
5 0.96 0.91 0.91 0.5 - 1 1 1 1 -

Two overall comparisons were performed: one with the single colony and the other with
the multiple colony approaches. For one colony configuration, the tested algorithmic versions
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were: GRan, FMu with d=3 and PGRan with d=1. Furthermore, FUn is substituted by FMu
with d=1, aliased Fix. Table 13 presents the results obtained with the Kruskal-Wallis test. Those
results show significant differences for all Complete instances and two Grid instances regarding
dominance ranking. Among the remaining Grid instances, the hypervolume indicates significant
differences on six instances and the unary additive ε shows differences on three instances at
significance level 0.05. The results of the pairwise comparisons exhibited in Table 10 show that
for the different type of instances, different performances among the algorithms is observed.
Regarding Complete instances, Table 10 shows the best overall performances of approaches
GRan and PGRan. For Grid instances, the opposite happens. The systematic approaches FUn
and FMu outperform the others for almost all instances.

Table 10: Kruskal-Wallis for 1-colony versions: GRan, Fix, FMu, PGRan.

# DR I1ε+ IH # DR I1ε+ IH

1 5.33e-23 - - 10 0.28296 0.28296 0.28296
2 1.07e-23 - - 11 0.00337 - -
3 7.51e-25 - - 12 NaN 0.66977 1.46e-11
4 4.17e-22 - - 13 NaN 0.27017 7.01e-12
5 4.39e-22 - - 14 NaN 0.04226 2.20e-07
6 1.62e-24 - - 15 NaN 0.71302 0.00170
7 2.14e-22 - - 16 2.33e-02 - -
8 1.27e-25 - - 17 NaN 6.77e-06 1.79e-18
9 3.23e-25 - - 18 NaN 5.82e-05 6.00e-11

Table 11: p-values for proportions comparison among single colony versions: GRan, Fix, FMu,
PGRan.

DR DR + UQI
Complete GRan Fix FMu PGRan GRan Fix FMu PGRan

GRan - 0 0 0.5 - 0 0 0.5
Fix 1 - 0.5 1 1 - 0.5 1

FMu 1 0.5 - 1 1 0.5 - 1
PGRan 0.5 0 0 - 0.5 0 0 -
GRan - 0.91 0.75 0.5 - 1 1 0.5
Fix 0.09 - 0.5 0.09 0 - 0.5 0

FMu 0.25 0.5 - 0.25 0 0.5 - 0
PGRan 0.5 0.91 0.75 - 0.5 1 1 -

Using m=3, GRan, FMu with d=3, PGRan with d=2 (the closest configuration to m=3)
and Fix (FMu with d=1) are compared to assess the multiple colony versions. Table 12 shows
that, as in the single colony overall comparison, dominance ranking indicates significant differ-
ences on the whole set of complete instances. For grid instances, the optimizers’ performance
can be considered different for all but one instance. Table 13 shows that all optimizers are able
to generate better approximation sets than FMu for all complete instances, whereas the opposite
happens for the grids.

Summarizing the results from this group of versions, the single colony optimizers present
better behavior on the tested instances than the versions with multiple colonies. Among in-
stances of the first group, GRan generates the best approximation sets for complete instances,
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Table 12: Overall comparison of 3-colony versions using Kruskal-Wallis test: GRan, Fix, FMu
and PGRan.

# DR I1ε+ IH # DR I1ε+ IH

1 1.66e-15 - - 10 0.08541 0.08154 0.08101
2 1.39e-15 - - 11 0.10916 1.09e-08 7.89e-13
3 7.94e-20 - - 12 NaN 0.03913 7.03e-14
4 8.24e-15 - - 13 NaN 1.55e-05 9.75e-12
5 2.33e-13 - - 14 NaN 0.09508 5.87e-07
6 8.58e-19 - - 15 NaN 0.02027 0.02720
7 3.42e-15 - - 16 1.38e-08 - -
8 1.92e-24 - - 17 NaN 6.44e-05 1.82e-15
9 4.16e-22 - - 18 NaN 0.00074 5.74e-09

Table 13: Proportions comparison among GRan, Fix, FMu and PGRan (m=3).
DR DR + UQI

Complete GRan Fix FMu PGRan GRan Fix FMu PGRan
GRan - 0.25 0 0.5 - 0.04 0 0.5
Fix 0.75 - 0 0.5 0.96 - 0 0.91

FMu 1 1 - 1 1 1 - 1
PGRan 0.5 0.5 0 - 0.5 0.09 0 -

Grid GRan Fix FMu PGRan GRan Fix FMu PGRan
GRan - 0.5 0.75 0.5 - 0.75 1 0.04
Fix 0.5 - 0.75 0.25 0.25 - 1 0.01

FMu 0.25 0.25 - 0.25 0 0 - 0
PGRan 0.5 0.75 0.75 - 0.96 0.99 1 -

but presents the worst performance for grids. The opposite situation happens for FMu. As for
the multi-colony versions, GRan also generates better sets than FMu and FUn for complete in-
stances. For grids, FMu shows the best overall performance.

A fifth version, named Mixed (Mix), was developed as another aggregation attempt to use
stochasticity is a systematic way. This variant is equal to FMu, except for the inclusion of a ran-
dom scalarization vector per generation in each colony. This allows colonies to search different
regions of the objective space, which could either interfere positively or negatively on the overall
efficiency of the algorithm. Furthermore, a second group of algorithmic versions was devised to
allow different pheromone update strategies to be used among multi-colonies approach. Since
there is no trivial way to order solutions for a division of the objective space, objective-driven
colonies were used. A first version, called Obj, is proposed, where the scalarization vectors are
generated as in FMu, but to each colony are assigned only ponderations which give priority to
the specific criterion the colony is focused on. For example, a vector [0.5, 0.5, 0] would be re-
jected by the colony specialized in the first objective, for it does not reflect the colony’s priority.
The number of scalarization vectors per colony is smaller than (d+ 1)(d+ 2)/2, where d is the
number of divisions (as in FMu). The amount of colonies is directly related to the number of
objectives. Since there must be at least one colony per objective, a single colony version cannot
be created. However, there is no limitation for how many colonies there might be per objective.
In the experiments reported here, only one colony per objective is used. Each colony has its
own pheromone matrix, that specializes for its primary objective.

For the pheromone update, three strategies were tested: update by origin, update by re-
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gion and using both strategies at the same time. In the case of the update by region strategy it is
necessary to determine the region to which a new generated solution belongs a solution. Given
a new solution snew and an external archive A, the policy adopted states that:

1. if a solution s ∈ A is dominated by the new solution snew, then the pheromone matrices
of the colonies that focus on the objectives that have been optimized are updated;

2. if snew does not dominate any solution of A, it is compared to the last solution found.
For every objective i ∈ {1, ..., k}, if f i(snew) < f i(slast), a pheromone update will be
performed on the matrix of the colony that focus that objective.

When update by origin and update by region are used simultaneously, the strategy applied
to determine which regions a solution belongs to is done first, but the region which corresponds
to the colony the ant belongs to is always updated. A second version, called ObjMixed (OMix),
is a variant of Obj, created by the inclusion of a random scalarization vector per generation
to each colony. It is an attempt to allow colonies to eventually search regions of the objective
space they would not be able to. For the evaluation of Mix, Obj and OMix, parameter tuning
was done first, and then an overall comparison that include the best approaches found in the
first group of algorithmic versions was performed.

Regarding Mix, the results of the previous experiments are used to reduce the number of
possible values to be tested for tuning parameters m and d. The values tested for m are 1 and
3, and for d are 3, 6 and 10. The Kruskal-Wallis test does not indicate significant differences
among the versions with the different values for d when m is set to 1 or 3. The same effect
was not observed when parameter m was tested. Significant differences were pointed out by the
Kruskal-Wallis test among simple and multi-colonies versions depending on the value set to d
on the set of Complete instances. For d=6, the single colony produces better approximation sets
than the version with m=3, whereas for d=1 and d=3 this does not hold true. For Grid instances,
all d values behave similarly. An example of these results is shown in Table 14 for d=6. The
results of the statistical tests concerning pairwise comparisons confirm that the single-colony
version prevails on both instance sets (p-value < 0.01).

Table 14: Wilcoxon two-tailed test results for Mix: m=1 and m=3 (d=6).
# DR I1ε+ IH # DR I1ε+ IH

1 0.69334 0.53947 0.37614 10 0.08599 0.06904 0.06904
2 0.03959 - - 11 3.11e-05 - -
3 0.16491 0.09387 0.04962 12 NaN 0.00020 7.40e-17
4 0.36820 0.96358 0.81861 13 NaN 0.00015 3.38e-17
5 0.27834 0.23760 0.02753 14 NaN 0.71329 0.18226
6 0.20222 0.44755 0.93568 15 NaN 0.65548 0.70819
7 0.37640 0.33371 0.45529 16 9.63e-11 - -
8 0.16074 0.00279 0.41467 17 NaN 0.00010 1.69e-17
9 0.33371 0.73703 0.063228 18 NaN 0.15839 1.40e-05

For the tuning of Obj, experiments were conducted initially to set parameter d with test-
ing values 3, 4 and 5. Considering any of the pheromone update methods used in this work
(update by origin, update by region and using both strategies at the same time), no signifi-
cant differences were pointed out by the Kruskal-Wallis test at significance level 0.05. In the
second part of the test, the three pheromone update strategies were directly compared to un-
derstand their individual contribution to the performance of the algorithm. Table 15 shows the
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p-values for dominance ranking and the quality indicators when d=3. The Kruskal-Wallis test
with significance level 0.05 does not indicate significant differences on the Complete instances.
Significant results were produced on seven Grid instances. The results obtained with the pair-
wise comparison are presented in Table 16, and show that the update by origin strategy is the
one that performs worst among the tested Grid instances. No significant differences were found
between the performances of the algorithm that updates by region, and that the one that uti-
lized both strategies simultaneously. This result indicates that the efficiency of the algorithm is
directly related to the update by region method.

Table 15: Kruskal-Wallis test results for Obj: update by origin, by region or using both strategies
at the same time.

# DR I1ε+ IH # DR I1ε+ IH

1 0.74524 NaN NaN 10 0.03702 - -
2 0.87877 NaN NaN 11 0.00277 - -
3 0.96529 NaN NaN 12 NaN 0.61858 6.84e-10
4 0.60516 NaN NaN 13 NaN 0.09566 1.28e-10
5 0.09474 NaN NaN 14 NaN 0.95142 0.61685
6 0.14312 NaN NaN 15 NaN 0.68661 0.45992
7 0.88791 NaN NaN 16 1.87e-13 - -
8 0.35550 NaN NaN 17 NaN 2.80e-05 2.51e-13
9 0.14968 NaN NaN 18 NaN 0.08899 0.00690

Table 16: Proportions comparison of Obj with different pheromone update methods.
DR DR + UQI

Grid Origin Region Both Origin Region Both
Origin - 0.96 0.91 - 1 1
Region 0.04 - 0.5 0 - 0.5
Both 0.09 0.5 - 0 0.5 -

The same values for parameter d were tested for OMix versions. No significant differ-
ence was found for the grid instances, regardless of the pheromone update strategy used. For
the Complete instances set, however, two different scenarios were found. For all methods, d=3
produced approximation sets significantly better than the versions with d=5. No significant dif-
ferences were detected between versions with d=3 and d=4.

The different update strategies were tested for d=3. Table 17 shows for the class of Com-
plete instances that no significant differences were found, except for instances 6 and 8 where
the quality indicators hypervolume and ε, respectively, detected significant differences with sig-
nificance level 0.05. On the other hand, significant differences were pointed out for seven of
the nine Grid instances. The test for proportions comparison on the results provided by the
Wilcoxon test showed that there is no difference among the versions with the three different
updating strategies on the complete instances. For the Grid instances, however, the same be-
havior found for Obj is repeated: the update by region strategy is critical to the efficiency of the
algorithm concerning the quality of the approximation sets.

To conclude this group of experiments, three comparisons were conducted, concerning
versions: GRan, FMu, Mix, Obj and OMix. The first considers parameters m and d set to 3,
and Obj and OMix with update by origin. The second also uses m=d=3, but Obj and OMix using
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Table 17: Kruskal-Wallis test results for OMix with d=3: update by origin, update by region
and using both strategies simultaneously.

# DR I1ε+ IH # DR I1ε+ IH

1 0.74524 0.26767 0.51013 10 0.00293 - -
2 0.47284 0.79410 0.21648 11 0.07043 0.00017 4.22e-06
3 0.96529 0.56443 0.44202 12 NaN 0.15397 6.33e-12
4 0.60516 0.48452 0.84530 13 NaN 0.00848 1.00e-08
5 0.09474 0.35550 0.09422 14 NaN 0.90868 0.97435
6 0.14312 0.06349 0.03547 15 NaN 0.85855 0.49478
7 0.88791 0.34751 0.07134 16 7.40e-12 - -
8 0.35550 0.04803 0.66676 17 NaN 7.87e-10 4.75e-16
9 0.14968 0.75931 0.63876 18 NaN 0.00592 0.00157

Table 18: p-values for the proportions comparison of OMix with different pheromone update
strategies.

DR DR + UQI
Complete Origin Region Both Origin Region Both

Origin - 0.5 0.5 - 0.25 0.5
Region 0.5 - 0.5 0.75 - 0.25
Both 0.5 0.5 - 0.5 0.75 -
Grid Origin Region Both Origin Region Both

Origin - 0.91 0.91 - 1 1
Region 0.09 - 0.5 0 - 0.75
Both 0.09 0.5 - 0 0.25 -

update by origin and update by region simultaneously. The motivation behind this separation
is to determine the impact of the update by region strategy on these two version when only
multiple colony approaches are used. Finally, in the third comparison, parameter m is set to 1
and d to 3. Again, both update strategies are used simultaneously.

Tables 19 and 20 show the results when m and d are set to 3, and only update by region
is considered for Obj and OMix. Table 19 shows that significant differences are identified
on 12 of the 18 instances with the dominance ranking, at significance level 0.05. Significant
differences are also found for the remaining instances by, at least, one quality indicator. The
results from pairwise comparison exhibited in Table 20 show that Mix behaves exactly like
GRan, meaning the former loses FMu’s characteristics when random scalarization vectors are
added to it. A similar performance is also observed for Obj and FMu on the two sets of instances.
The same table also shows that versions GRan and Mix are the best and the worst ones for
classes Complete and Grid, respectively. OMix performs better than FMu and Obj for the set
Complete, but not as well as GRan and Mix.

When the update by region is allied to the update by origin strategy, again there is sig-
nificant difference among the approximation sets for all instances. Table 21 shows that the
performances of Obj and OMix are significantly improved on the Grid instances, and both out-
perform FMu. No changes are observed for the complete set regarding these two versions.

Finally, Table 22 shows the results for the third overall comparison. Significant differ-
ences are found on 16 of the 18 instances by the Kruskal-Wallis test with significance level
0.05. Table 23 exhibits the results for the pairwise comparisons, where the same results ob-
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Table 19: Kruskal-Wallis test results (m=d=3): GRan, FMu, Mix, Obj, and OMix (considering
these last two versions with update by origin).

# DR I1ε+ IH # DR I1ε+ IH

1 5.73e-29 - - 10 0.04356 - -
2 9.76e-29 - - 11 0.00261 - -
3 1.50e-29 - - 12 NaN 0.01786 7.37e-17
4 1.70e-27 - - 13 NaN 3.67e-05 1.21e-16
5 1.53e-26 - - 14 NaN 0.94244 6.50e-06
6 1.38e-27 - - 15 NaN 0.28765 4.53e-05
7 1.14e-26 - - 16 5.06e-07 - -
8 4.29e-30 - - 17 NaN 0.11306 4.77e-18
9 1.60e-29 - - 18 NaN 0.00019 6.30e-11

Table 20: Proportions comparison with m=d=3: GRan, FMu, Mix, Obj, and OMix (considering
these last two versions with update by origin).

DR DR + UQI
Complete GRan FMu Mix Obj OMix GRan FMu Mix Obj OMix

GRan - 0 0.25 0 0 - 0 0.25 0 0
FMu 1 - 1 0.5 1 1 - 1 0.5 1
Mix 0.75 0 - 0 0 0.75 0 - 0 0
Obj 1 0.5 1 - 1 1 0.5 1 - 1

OMix 1 0 1 0 - 1 0 1 0 -
Grid GRan FMu Mix Obj OMix GRan FMu Mix Obj OMix
GRan - 0.91 0.5 0.91 0.75 - 1 0.5 1 1
FMu 0.09 - 0.09 0.5 0.5 0 - 0 0.5 0.04
Mix 0.5 0.91 - 0.91 0.75 0.5 1 - 1 1
Obj 0.09 0.5 0.09 - 0.25 0 0.5 0 - 0.25

OMix 0.25 0.5 0.25 0.75 - 0 0.96 0 0.75 -

Table 21: Proportions comparison with m=d=3: GRan, FMu, Mix, Obj, and OMix (considering
these last two versions using update by origin and by region simultaneously).

DR DR + UQI
Complete GRan FMu Mix Obj OMix GRan FMu Mix Obj OMix

GRan - 0 0.25 0 0 - 0 0.25 0 0
FMu 1 - 1 0.5 1 1 - 1 0.5 1
Mix 0.75 0 - 0 0 0.75 0 - 0 0
Obj 1 0.5 1 - 1 1 0.5 1 - 1

OMix 1 0 1 0 - 1 0 1 0 -
Grid GRan FMu Mix Obj OMix GRan FMu Mix Obj OMix
GRan - 0.91 0.5 0.96 0.96 - 1 0.5 1 1
FMu 0.09 - 0.09 0.91 0.96 0 - 0 1 1
Mix 0.5 0.91 - 0.96 0.96 0.5 1 - 1 1
Obj 0.04 0.09 0.04 - 0.5 0 0 0 - 1

OMix 0.04 0.04 0.04 0.5 - 0 0 0 0.09 -
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served previously for the set of Complete instances are seen. Obj and OMix, however, are not
able to outperform FMu on the Grid instances. These results confirm the single colony versions
as superior to the multi-colony approaches tested in this paper for this problem, regarding the
instance sets used.

Table 22: p-values of the Kruskal-Wallis test that compared 1-colonies GRan, FMu, and Mix,
and 3-colonies Obj and OMix with update by origin and by region simultaneously.

# DR I1ε+ IH # DR I1ε+ IH

1 3.66e-29 - - 10 0.07402 0.07402 0.07402
2 3.63e-29 - - 11 0.07596 1.21e-06 1.54e-10
3 4.36e-29 - - 12 NaN 0.57686 8.97e-10
4 3.17e-28 - - 13 NaN 0.02665 1.15e-10
5 1.19e-24 - - 14 NaN 0.19158 3.81e-07
6 3.95e-27 - - 15 NaN 0.75345 0.01110
7 4.57e-28 - - 16 0.23917 0.33997 0.11440
8 1.81e-30 - - 17 NaN 1.04e-06 2.41e-18
9 8.47e-30 - - 18 NaN 1.81e-05 3.09e-09

Table 23: p-values from pairwise comparisons concerning single-colonies GRan, FMu, and
Mix, and 3-colonies Obj and OMix with update by origin and by region simultaneously.

DR DR + UQI
Complete GRan FMu Mix Obj OMix GRan FMu Mix Obj OMix

GRan - 0 0.09 0 0 - 0 0.09 0 0
FMu 1 - 1 0.5 1 1 - 1 0.5 1
Mix 0.91 0 - 0 0 0.91 0 - 0 0
Obj 1 0.5 1 - 1 1 0.5 1 - 1

OMix 1 0 1 0 - 1 0 1 0 -
Grid GRan FMu Mix Obj OMix GRan FMu Mix Obj OMix
GRan - 0.5 0.5 0.5 0.5 - 1 0.5 1 1
FMu 0.5 - 0.5 0.5 0.5 0 - 0 0.04 0
Mix 0.5 0.5 - 0.5 0.5 0.6 1 - 1 1
Obj 0.5 0.5 0.5 - 0.5 0 0.96 0 - 0.09

OMix 0.5 0.5 0.5 0.5 - 0 1 0 0.91 -

6 Food Regulated Pareto Multi-Species
The results of the experiments reported in the previous section showed that different algo-

rithm configurations produced the best approximation sets for each instance set. Some attempts
were made to combine the stochastic and the systematic characteristics of those versions into a
single algorithm, but no version prevailed over the others for the different instance classes. In
order to obtain a framework that identifies potentialities among different algorithmic strategies,
this section aims at devising an algorithm version that adapts itself depending on the charac-
teristics of the instance. To achieve this goal the idea of food regulation among different ant
species is introduced and compared to the other best performing versions previously presented.
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Then, a final experiment is performed to compare this version with two existing algorithms: an
ACO previously proposed for the MSP [19] and an adaptation of an available implementation
of NSGA-II [6], a well-known efficient MOEA.

This section presents an Ant Colony Optimization algorithm which is based on the idea
that ants from different species can walk on the same tracks looking for food, causing no in-
terference in the pheromone updating of each other. Once they are from different species, they
can only recognize their own pheromone. Each species is specialized on a search strategy. In
this work, two species are used: one with the stochastic strategy from GRan and the other with
the systematic aspect of FMu. Each species focuses on all criteria simultaneously, instead of
focusing on a particular objective. There is no pre-determined number of species to be used,
and each can follow a different search strategy. There is also no limitation for the number of
colonies of each species and how they interact.

The first algorithmic version presented in this section is called Red&Black (R&B). In this
version the ants are partitioned into two sets of equal sizes. Each set represents one species and
uses its own search strategy. The spieces do not interact with each other. An external archive
stores the non-dominated solutions found by all ants. A possible drawback in this strategy is
that the usage of multiple species might jeopardize the overall algorithm efficiency, since more
computation effort is needed. With each strategy receiving less processing time to work, this
could result in worse approximation sets than those generated by the algorithmic versions pre-
sented previously. To overcome this drawback, a second concept is proposed: food regulation.
The mimetism originally devised by Dorigo [13] came from the observation of ants looking
for food. However, the ability of ants to find food sources is only used to create a reinforce-
ment learning process where information emerges from pheromone deposit. In nature, if an ant
colony is able to find food, it grows. Otherwise, it can shrink to the point of disappearing. In this
work, the same phenomenon is proposed to occur within the species of artificial ants. The basic
R&B algorithm is, then, modified to allow species regulation. If the search strategy being used
by a particular species is being effective, it means that food is being found, which allows the
colony to grow. Since the species are looking for food in the same environment (search space)
and food resources are limited (the number of efficient non-dominated solutions of a MOCO
problem is finite), the growth of a species causes the shrinking of the other.

The food regulated versions can also be implemented with single or multiple colonies of
each species. In this work, the same number of colonies and ants in each colony are used for
both species. A counter of new non-dominated solutions is associated to each colony. At each
iteration, all ants from all colonies of all species build their solutions. Whenever an ant of a
given colony finds a new non-dominated solution regarding the external archive, the counter
corresponding to its colony is increased. In order to operationalize the process of food regula-
tion, colonies are arranged in pairs. Each pair contains one colony from each species. The pairs
remain the same over the execution of the algorithm. Every fgen generations, the counters of the
colonies of each pair are compared. The colonies that found more new non-dominated solutions
are given the chance to grow, whereas the others shrink. This is controlled by a variation rate
frate that is initially set to one. The amount of ants in each colony frate · nij , where nij stands
for the number of ants in the i-th colony of species j, i=1,...,m, j=1, 2. When the colony grows,
variable frate is increased by a parameter ∆frate. The opposite happens when the number of
ants decreases in a colony. The growth of a colony can be limited or unlimited. Algorithmic
versions allowing each of these features are proposed.

Four variants of food regulated R&B are investigated where two of them allow unlimited
growth of the size of colonies. In the other two variants the size growth is limited: when the
frate of one of the colonies from a pair reaches zero, the other is not allowed to grow any further.
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Versions named R&B-FRd and R&B-FRld correspond to R&B with unlimited and limited size
growth of the colonies, respectively. The initial numbers of ants of each species also leads to
different variants, particularly for our processing time limited experiment: whether each species
will receive an amount of ants equal to the total number of ants when a single species was used,
or if there will be a proportional division. While R&B-FRd and R&B-FRld use this propor-
tional division, in R&B-FR and R&B-FRl the amount of ants per species equals the amount of
ants from the original R&B.

Since R&B inherits GRan and FMu features, it also inherits their parameters. Tests were
conducted for m ∈ {1, 3} and d ∈ {3, 6, 10}. The variation of values of d for fixed values
of m produced similar behaviors. Table 24 shows the results obtained for m=1. Significant
differences are pointed out for six Complete instances on the dominance ranking, whereas for
Grid instances a significant difference is observed only on one instance which is detected by
the hypervolume indicator. Pairwise comparisons concerning Wilcoxon’s test with significance
level 0.05 on the set of Complete instances shows that the best results are obtained for d=3.
Significant differences are also found in the comparison among d=6 and d=10, with the former
exhibiting the best results.

Table 24: Comparison from R&B experimentation of parameter d with m=1.
# DR I1ε+ IH # DR I1ε+ IH

1 6.47e-05 - - 10 0.36788 0.36788 0.36788
2 8.32e-08 - - 11 0.72339 0.21347 0.44775
3 0.00139 - - 12 NaN 0.18566 0.32502
4 0.08576 0.75264 0.17745 13 NaN 0.17040 0.44394
5 0.60309 0.36788 0.60302 14 NaN 0.46112 0.31178
6 0.74014 0.52739 0.77601 15 NaN 0.68690 0.12025
7 0.00063 - - 16 0.12535 0.29756 0.30742
8 2.17e-07 - - 17 NaN 0.10729 0.00190
9 2.77e-07 - - 18 NaN 0.61626 0.25463

To tune parameter m, comparisons were performed using fixed values for d=3, 6 and 10.
Results are very similar, whichever the value of d is. The p-values obtained with the Wilcoxon
test are presented in Table 25. Significant results are found on eight of the nine Complete
instances and three Grid instances concerning dominance ranking and on the other four Grid
instances concerning, at least, one quality indicator. The test for proportions comparison shows
that the single version outperforms the three colony version for Grid instances (p-value < 0)
whereas the opposite occurs on the instances of set Complete (p-value < 0).

When comparing the three colonies versions R&B, GRan, FMu, Obj, and OMix (these
last two using update by origin and by region simultaneously), Kruskal-Wallis test with sig-
nificance level 0.05 shows that significant differences are found on all instances as shown in
Table 26. Results listed on Table 27 show that for set Complete R&B is able to generate bet-
ter approximation sets than FMu and Obj, but not than GRan. Significant differences are not
pointed out for R&B and OMix. As for the grid set, the approximation sets obtained with R&B
are only considered statistically better than the sets produced by GRan.

Comparing single-colony versions R&B, GRan and FMu with 3-colonies Obj and OMix
(which use update by origin and by region simultaneously), the Kruskal-Wallis test continues
pointing out significant differences for all instances. In this case, approximation sets produced
for grid instances by R&B are better than those generated by Obj and OMix, and there is no
difference regarding the ones produced by FMu. Table 28 summarizes these results. For the set
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Table 25: p-values obtained with the two-tailed Wilcoxon test for R&B with m ∈ {1, 3} and
d=3.

# DR I1ε+ IH # DR I1ε+ IH

1 3.39e-05 - - 10 0.00270 - -
2 6.68e-05 - - 11 4.29e-05 - -
3 2.02e-06 - - 12 NaN 0.00155 1.69e-17
4 4.47e-05 - - 13 NaN 0.00677 1.64e-15
5 0.16040 0.16080 0.16042 14 NaN 0.37928 0.06112
6 0.00183 - - 15 NaN 0.80926 0.53250
7 0.00012 - - 16 2.12e-10 - -
8 4.38e-05 - - 17 NaN 4.32e-09 1.69e-17
9 0.00239 - - 18 NaN 0.55379 0.00087

Table 26: p-values obtained with Kruskal-Wallis test for three-colonies GRan, FMu, R&B, Obj,
and OMix with d=3.

# DR I1ε+ IH # DR I1ε+ IH

1 1.52e-28 - - 10 0.00061 - -
2 5.65e-28 - - 11 1.01e-15 - -
3 5.61e-28 - - 12 NaN 3.18e-06 6.66e-25
4 1.06e-26 - - 13 NaN 1.29e-08 1.85e-22
5 3.28e-22 - - 14 NaN 0.75412 0.00014
6 1.28e-21 - - 15 NaN 0.02611 0.05925
7 9.00e-27 - - 16 4.29e-15 - -
8 2.10e-28 - - 17 NaN 3.80e-16 7.04e-26
9 7.79e-28 - - 18 NaN 0.00011 1.27e-08

Table 27: Pairwise proportions comparison test results of the three-colony versions R&B, GRan,
FMu, Obj, and OMix (with d=3).

DR DR + UQI
Complete GRan FMu R&B Obj OMix GRan FMu R&B Obj OMix

GRan - 0 0 0 0 - 0 0 0 0
FMu 1 - 1 0.5 1 1 - 1 0.5 1
R&B 1 0 - 0 1 1 0 - 0 0.25
Obj 1 0.5 1 - 1 1 0.5 1 - 1

OMix 1 0 1 0 - 1 0 0.75 0 -
Grid GRan FMu R&B Obj OMix GRan FMu R&B Obj OMix
GRan - 0.91 0.75 0.96 0.96 - 1 1 1 1
FMu 0.09 - 0.5 0.5 0.09 0 - 0.02 0.98 0
R&B 0.25 0.5 - 0.96 0.91 0 0.98 - 1 1
Obj 0.04 0.5 0.04 - 0.75 0 0.02 0 - 0.75

OMix 0.04 0.91 0.09 0.25 - 0 0 0 0.25 -

Complete, however, the sets generated by R&B are better than the ones generated by FMu and
Obj, but worse than those produced by GRan and OMix.

Results show that using multiple species allowed the algorithm to generate approxima-
tion sets as good as the ones produced by FMu for the Grid instances, but not as good as the
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Table 28: p-values obtained with the (pairwise) proportions comparison test for three colonies
version of R&B, GRan, FMu, Obj, and OMix.

DR DR + UQI
Complete GRan FMu R&B Obj OMix GRan FMu R&B Obj OMix

GRan - 0 0 0 0 - 0 0 0 0
FMu 1 - 1 0.5 1 1 - 1 0.5 1
R&B 1 0 - 0 1 1 0 - 0 1
Obj 1 0.5 1 - 1 1 0.5 1 - 1

OMix 1 0 0 0 - 1 0 0 0 -
Grid GRan FMu R&B Obj OMix GRan FMu R&B Obj OMix

GRan - 0.75 0.91 0.5 1 - 1 1 1 1
FMu 0.25 - 0.5 0.5 0.5 0 - 0.09 0.04 0
R&B 0.09 0.5 - 0.5 0.5 0 0.91 - 0.04 0.01
Obj 0.5 0.5 0.5 - 0.5 0 0.96 0.96 - 0.09

OMix 0.25 0.5 0.5 0.5 - 0 1 0.99 0.91 -

ones generated by GRan for the set Complete. This can be due to what had been previously
discussed: the division of the computational resources among the different species impairs the
overall algorithm’s efficiency. To overcome this problem, food regulated versions of R&B au-
tomatically check where the search effort is being compensated and send more resources to the
corresponding colonies.

Besides m and d, parameters fgen and ∆frate need to be tuned for the food regulated
versions. Values tested for these parameters are: m ∈ {1, 3} per species, d ∈ {1, 3, 6},
∆frate ∈ {0.1, 0.3, 0.5} and fgen ∈ {1, 5}. Regarding parameter d, the experiments showed
that the smaller the amount of scalarization vectors, the better the approximation sets obtained
for Complete instances were. Then d=1 was adopted for testing with these instances. For Grid
instances, the best performance was found for d=3. Therefore, this value was chosen for this
set. The second testing aimed at tuning ∆frate and fgen. Since this parameters are highly corre-
lated all six combinations were compared. Generally no configuration could be attested better
than the others, but some were found to be worse than the others: ∆frate=0.1 with fgen=1 and
∆frate=0.1 with fgen=5. Values ∆frate=0.3 with fgen=1 were chosen. Finally, regarding the
number of colonies in each species, pairwise comparison using the Wilcoxon test showed that
no significant differences are found on Complete instances, but exist for the Grid set: the single
colony version outperforms the 3-colonies version at significance level 0.01.

Overall comparisons were performed between R&B and its variants. At first three
colonies versions of the algorithm were tested. Table 29 shows that significant differences are
identified by dominance ranking on all Complete instances. Differences were also pointed out
on five of the nine Grid instances by at least one indicator. Pairwise comparisons showed that
all food regulated versions improve the results obtained with R&B (p-value=0). Those results
did not point out significant differences among the four variants. For single colony versions
results are different for Grid instances where none of the versions produce approximation sets
significantly better than the others.

Once the four food regulated R&B variants presented similar results concerning the qual-
ity of the generated approximation sets, single colony version R&B-FRd was chosen to be
compared to single colonies GRan and FMu, and 3-colonies Obj and OMix (which use update
by origin and by region simultaneously). The proportions comparison statistical test on the re-
sults produced by the Wilcoxon tests among each pair of approaches (all tests at significance
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Table 29: p-values obtained with the Kruskal-Wallis test on the comparison of food regulated
versions with R&B.

# DR I1ε+ IH # DR I1ε+ IH

1 1.17e-13 - - 10 0.27478 0.23883 0.27224
2 5.82e-15 - - 11 NaN 0.54268 0.00088
3 1.30e-30 - - 12 NaN 0.75195 0.00031
4 7.22e-13 - - 13 NaN 0.91722 0.23137
5 0.00165 - - 14 NaN 0.01836 0.04177
6 1.37e-11 - - 15 NaN 0.96750 0.41583
7 8.69e-10 - - 16 0.03203 - -
8 6.36e-29 - - 17 NaN 0.16866 7.18e-05
9 1.07e-15 - - 18 NaN 0.80297 0.51552

level 0.05), showed that R&B-FRd behaves as well as GRan on the instances of set Complete
and as well as FMu on the Grid instances. Results are listed on Table 30. Once R&B-FRd was
found to perform as well as the best approaches on each instance set, these results confirm that
the food regulated multi-species approach is able to identify search strategies that are best for
each instance type and direct search efforts. Therefore, this approach is able to perform well
regardless of the characteristics of the instances.

Table 30: Proportions comparison test for versions single colonies R&B-FRd, GRan and FMu,
and 3-colonies Obj and OMix (with update by origin and by region simultaneously).

DR DR + UQI
Complete GRan FMu FRd Obj OMix GRan FMu FRd Obj OMix

GRan - 0 0.09 0 0 - 0 0.09 0 0
FMu 1 - 1 0.5 1 1 - 1 0.5 1
FRd 0.91 0 - 0 0 0.91 0 - 0 0
Obj 1 0.5 1 - 1 1 0.5 1 - 1

OMix 1 0 1 0 - 1 0 1 0 -
Grid GRan FMu FRd Obj OMix GRan FMu FRd Obj OMix
GRan - 0.75 0.75 0.5 0.75 - 1 1 1 1
FMu 0.25 - 0.5 0.5 0.5 0 - 0.5 0.09 0
FRd 0.25 0.5 - 0.5 0.5 0 0.5 - 0.04 0.01
Obj 0.5 0.5 0.5 - 0.5 0 0.91 0.96 - 0.09

OMix 0.25 0.5 0.5 0.5 - 0 1 0.99 0.91 -

To conclude the experimentation of the food regulated versions, single version R&B-FRd
is compared to two existing multi-objective algorithms for the MSP, each representing a differ-
ent metaheuristic. For the MOACOs, an ACO previously published for the MSP [19] is used.
For the MOEAs, since no available implementation for the MSP of the published works exists,
an adaptation an available implementation of the NSGA-II [38] was made. Parameters are set
as in [3]. For the NSGA-II, population varies according to instance class and number. For the
first seven Complete instances 2500 individuals are used, whereas for the last two this number
is increased to 3000. For the Grid instances, the linear equation p(x)=a · t(x) + b determines
the population p of instance x according to the processing time t it is given; a=25 and b=800
are used. Crossover and mutation rates are set to 0.9 and 0.005, respectively. For the ACO
proposed by [19], which is referred to as HACO in this work, parameters are set according to
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the original paper where it was published. The only parameter which had to be adjusted was the
negative pheromone update ξ, which is set to 0.8. Final settings for HACO are: χcolonies = 3,
χants = 4, α = 0.5, β = 3, τ0 = 0.05, ρ = 0.1, q 0 = 0.5 and ξ = 0.8.

Regarding dominance ranking, results from the Kruskal-Wallis test show significant dif-
ferences for all instances. The pairwise proportions comparison test results are shown on Ta-
ble 31. For the Complete set, R&B-FRd shows the best performance among the three opti-
mizers. Moreover, HACO is also considered statistically better than NSGA-II. For the Grid
instances, NSGA-II outperforms HACO, but once again the approximation sets produced by
R&B-FRd are considered to be significantly better than the ones produced by the other optimiz-
ers.

Table 31: p-values from proportions comparison: single-colony R&B-FRd, NSGA-II [38] and
HACO [19].

DR DR + UQI
Complete R&B-FRd NSGA-II HACO R&B-FRd NSGA-II HACO
R&B-FRd - 0 0.25 - 0 0
NSGA-II 1 - 1 1 - 1
HACO 0.75 0 - 1 0 -
Grid R&B-FRd NSGA-II HACO R&B-FRd NSGA-II HACO

R&B-FRd - 0 0 - 0 0
NSGA-II 1 - 0 1 - 0
HACO 1 1 - 1 1 -

7 Conclusions and Future Work
This paper introduced the food regulated Pareto multi-species ACO, a new strategy for

Multi-objective Ant Colony Optimization (MOACO). The proposed approach was applied to
the well-known Multi-objective Shortest Path (MSP). In order to show the potentiality of the
proposed method, a initial investigation was performed concerning several extensions of an
ACO algorithm recently shown to perform well on the MSP. Each of those extensions imple-
mented a different strategy related to an important design feature of MOACO algorithms. The
objective was to carry out an investigation of the performance of different MOACO approaches
on the problem studied in this work. Two different sets of tri-criteria instances, each one with
its own structural characteristics, were considered in the experiments. The results showed that
the best strategy depended on the type of the instances being tackled. Two algorithmic versions
were shown to produce significant better results than the others, each for one set of instances.
To devise a single algorithmic version capable of performing well on different type instances,
two concepts for ACOs were adopted: the use of multiple species, each with a different search
strategy, combined with the use of food regulation to allow more computational effort to the
species with best performance.

The algorithmic version that used the concept of multi-species without food regulation,
combining in a single algorithm different search strategies, did not achieve the objective of
performing as well as the best single-species versions. However, the experimentation results
confirmed the hypothesis that multiple species could allow a single algorithm to inherit differ-
ent virtues of good optimizers. When multiple species are combined with food regulation, ants
are given enough computational time and this version performs as well as the best single-species
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approaches. Furthermore, for what concerns the MSP, the developed version is able to improve
the results previously found by GRACE on the Grid instance set. When comparing to HACO
and NSGA-II, results are even better than when the original comparison was performed, likely
due to the different platform used in this work. This shows that, when more time is given to all
algorithms, GRACE is able to use it more effectively than the other two optimizers.

In short, a new line of investigation concerning MOACO algorithms is proposed in which
a number of issues can be further explored. For instance, future works can address metrics to
evaluate the relative performance among colonies or species and new ways of combining the
different species.
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