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Abstract

We introduce and discuss a local method to learn one-step-ahead
predictors for iterated time series forecasting. For each single one-step-
ahead prediction, our method selects among different alternatives a
local model representation on the basis of a local cross-validation pro-
cedure. In the literature, local learning is generally used for function
estimation tasks which do not take temporal behaviors into account.
Our technique extends this approach to the problem of long-horizon
prediction by proposing a local model selection based on an iterated
version of the PRESS leave-one-out statistic. In order to show the ef-
fectiveness of our method, we present the results obtained on two time
series from the Santa Fe competition and on a time series proposed in
a recent international contest.

1 Introduction

The use of local memory-based approximators for time series analysis has
been the focus of numerous studies in the literature [5, 14]. Memory-based
approaches do not estimate a global model of the dynamic process under-
lying the time series but defer the processing of data until a prediction is
explicitly requested. A database of observed values is stored in memory and
the prediction is derived from an interpolation based on a neighborhood of
the current state (locally weighted regression). These methods have been
recently grouped under the denomination of lazy learning methods [1]. A



key issue in local learning is the selection of the local model structure which
will have the best generalization performance given a set of sparse and noisy
data (bias/variance dilemma). Under the assumption that data is described
locally by a linear model, enhanced linear statistical procedures can be used
to validate the local approximator. One example is the PRESS (Predicted
Sum of Squares) statistic [6]: this statistic returns the leave-one-out cross-
validation error of a linear model as a by-product of the least-squares re-
gression. As a consequence, the performance of a local linear model can be
assessed with no additional computational burden, making easier the task of
selecting the best local approximator. Once the most promising structure in
cross-validation is selected, the local model returns the prediction.

The goal of the paper is to present a method for long term prediction
based on the iteration of a one-step-ahead local learning predictor. Fore-
casting the value of a time series multiple steps ahead requires either a direct
prediction of the desired value or the iteration of a one-step-ahead estimator.
In order to emulate the system, a direct predictor often requires higher func-
tional complexity than a one-step-ahead predictor. On the other hand it is
more difficult for a one-step-ahead model to deal with the problem of accumu-
lation of errors due to the iteration [5]. The novelty of our approach consists
in defining an iterated formulation of the PRESS leave-one-out statistic as
a criterion for local model selection in multiple-step-ahead forecasting. We
will show how the iterated PRESS outperforms a non iterated criterion, by
assessing the generalization performance of a one-step predictor on a horizon
longer than a single step, yet preserving nice properties of computational
efficiency. To our knowledge there are no methods in local modeling litera-
ture which adopt cross-validation methods for iterated time series prediction.
This technique makes local learning an effective alternative to state-of-the-
art iterated techniques like recurrent neural networks approaches which are
typically based on time consuming tuning procedures (e.g. back propagation
through time [8] or real-time recurrent learning [13]).

2 Iterated and direct methods for time series
prediction

A time series is a sequence of measurements ¢! of an observable ¢ at equal
time intervals. The Takens theorem [7] implies that for a wide class of de-
terministic systems, there exists a diffeomorphism (one-to-one differential
mapping) between a finite window of the time series {¢©'~!, =2 ... =™}
(lag vector) and the state of the dynamic system underlying the series. This



means that in theory it exists a multi-input single-output mapping (delay
coordinate embedding) f : R™ — R so that:

Ot = feh o ™ (1)

where m (dimension) is the number of past values taken into consideration.
This formulation returns a state space description, where in the m dimen-
sional space the time series evolution is a trajectory, and each point represents
a temporal pattern of length m.

A model of the mapping (1) can be used for two objectives: one-step
prediction and iterated prediction. In the first case, the m previous values
of the series are assumed to be available and the problem is equivalent to
a problem of function estimation. In the case of iterated prediction, the
predicted output is fed back as an input to the following prediction. Hence,
the inputs consist of predicted values as opposed to actual observations of the
original time series. A prediction iterated for £ times returns a k-step-ahead
forecasting. However, iterated prediction is not the only way to perform &-
step-ahead forecasting. Weigend [12] classifies the methods for k-step-ahead
prediction, according to two features: the horizon of the predictor and the
horizon of the training criterion. He enumerates three cases:

1. the model predicts k steps ahead by iterating a one-step-ahead predic-
tor (Eq. 1) whose parameters are optimized to minimize the error on
one-step-ahead forecast (one-step-ahead training criterion)

2. the model predicts k£ steps ahead by iterating a one-step-ahead pre-
dictor whose parameters are optimized to minimize the error on the
iterated k-step-ahead forecast (k-step ahead training criterion)

3. the model performs a direct forecast at time ¢ 4 k:
PR =R ot

Methods of class 1 have low performance in long horizon task. This is due to
the fact that they are essentially models tuned with a one-step-ahead crite-
rion and therefore they are not able to take temporal behavior into account.
Methods like recurrent neural networks [13] are an example of class 2. Their
recurrent architecture and the associated training algorithm (temporal back-
propagation) are more able to handle the time-dependent nature of the data.
Direct methods of class 3 often require high functional complexity in order
to emulate the system. An example of combination of local techniques of
type 1 and 3 is provided by Sauer [9]. In the next section we will present our
local technique as a member of the second class of predictors.



3 A local method for iterated time series pre-
diction

We propose a locally weighted regression method to estimate a one-step-
ahead predictor trained and selected according to a k-step-ahead criterion.
Typically, the data analyst who adopts a local regression approach, has to
take a set of decisions related to the model (e.g. the number of neighbors,
the kernel function, the parametric family, the distance metric). However,
in local learning literature different methods exist which automatically se-
lect the adequate configuration [2, 4] by adopting tools and techniques from
the field of linear statistical analysis. The most important of these tools
is the PRESS statistic which is a simple, well-founded and economical way
to perform leave-one-out cross-validation and to assess the performance in
generalization of local linear models. By assessing the performance of each
linear model, alternative configurations can be tested and compared in order
to select the best one in terms of expected prediction.

Our method adopts the local learning procedure by replacing the one-
step-ahead criterion for model selection, represented by the conventional
PRESS, with a k-step-ahead criterion, defined as iterated PRESS. This cri-
terion is used to select the best structure of a one-step-ahead estimator with
the aim of capturing the long term dynamics underlying the available set of
observations. In this paper we will present experiments where the method
is used to select query-by-query (i.e. at each time step) the best number of
neighbors by keeping fixed the shape of the regression kernel (tricube) and
the distance metric (euclidean). However, this approach can be extended to
the selection of any desired model features, such as the set of regressors or
the degree of the local approximator [3]. Our local learning procedure can
be summarized as follows:

1. The available realization of the time series is described in terms of a
dataset Dy of N ordered pairs (z;,y;), where z; is a temporal pattern
of length m, and the concatenation of x; and the scalar y; is a temporal
pattern of length m + 1. Following this formulation, the current state
is itself described by a pattern z of length m.

2. The one-step-ahead predictor is a local estimate of the mapping
f :R™ — R from the dataset Dy. The estimate is performed by
a locally weighted regression which selects the neighbors of Z in the
input space R™.

3. The k-step-ahead prediction is performed by iterating a one-step-ahead
estimator.
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Figure 1: Local modeling in the embedding space

4. The local model is selected in a space of alternative model configura-
tions, each characterized by a different number of neighbors.

5. The prediction ability of each alternative model is assessed by an iter-
ated formulation of the cross-validation PRESS statistic (k-step-ahead
criterion).

The basic idea of cross-validation for local modeling is represented in Fig. 1
which plots a time series in the embedding space. The open circles denote the
current state ¢’ and its unknown future values ¢'*! and '** while the dashed
lines are a set of n observed trajectories in the neighborhood of the current
state. Conventional cross-validation consists in assessing the accuracy of
the local predictor by repeating n times the following procedure: the 7*®
trajectory is removed, a one-step-ahead prediction of the removed trajectory
is computed with the observations of the i'" trajectory set aside and finally
the leave-one-out error is obtained by comparing the prediction with the real
value. The iterated PRESS generalizes this procedure by returning the leave-
one-out error along the i*" trajectory in the case of a prediction iterated for
k > 1 steps. In the next section we will show how the analytic expression of
the iterated statistic can be derived from the one-step-ahead leave-one-out
PRESS formula.

3.1 The conventional and iterated PRESS statistic

For a more concise formulation and a simpler graphical illustration, some
simplifications are required. First, we present the case of a local model
where the neighbors are weighted according to a rectangular kernel. Second,
we discuss only the one-dimensional case (i.e. model in Eq. (1) with m = 1:
ot = f(¢')), leaving the general case in the appendix. Furthermore, given
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Figure 2: Conventional Press in the input-output space X — Y;

a generic regressor r, the notation in bold characters r stands for a vector
where a constant value 1 is appended to the value r in order to consider the
offset term in the regression. Denote the values of the series at time ¢ and
t + 1 with the variables z = ¢’ and y = ¢!, respectively. Suppose that the
value of the series at time ¢ is ¢* = 7, that a set of n neighbors {z;}"_, of the
current state is selected and that a linear regression is used to model locally
the data. Let e4y(i) i = 1...n be the residual of the linear model and eg; (1)
the leave-one-out residual

ay() =Yi — Ui = yi — x] ;;yi (2)
that is the difference between the real value of the mapping and the prediction
§_; in x; of the linear model estimated with the i*! point aside (see Fig. 2).

Results in linear statistical analysis say that a simple relation (PRESS
statistic) exists between e, (i) and egy (7) that is

oCv (’l) _ emy(i) (3)

W1 = hy

where h;; is the i*" diagonal element of the Hat matrix (see Appendix). Once
the vector ez (1) is available, it is possible to compute a leave-one-out measure
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(e.g. the mean squared error) of the performance of the local model for a
single step prediction. Unfortunately, this index gives no hints about the
expected performance of this model when used for iterated prediction. In
fact, it is based on the representation of the time series as an input-output
static mapping and it cannot take into account the behavior of the model as
a dynamic process. To this aim it is necessary to compute a k-step-ahead
criterion in order to measure the quality of the prediction on a longer horizon.

Here, we present an iterated formulation of the PRESS statistic for the
horizon k = 2. Notice that an iterated prediction from time ¢ to time ¢ + 2
is the composition of two predictions: ¢! = f,(¢!) and @2 = fi i (41
with f, local model of the embedding (1) at time ¢.

Denote the values of the series at time ¢, t+ 1 and ¢+ 2 with the variables
x = ¢ y= ¢ and z = o2, respectively. Hence, the prediction problem
is analogous to the estimation of a composed mapping z = g(h(z)) whose
components are z = g(y) and y = h(z) (see Fig. 3). Let 3 be the vector
of the regression parameters estimated on the set {(y;, z;)};_, with the i-th
sample aside and let eg? (i) be the leave-one-out residual of the mapping g.
We will define the iterated cross-validation residual for k = 2 as

€ar (1) = 2 — (Y_5)' B, (4)

that is, the difference between the k£ = 2 steps ahead real value and the
iteration of two one-step leave-one-out predictions.
We illustrate the idea in Fig. 3. Here we have n = 5 triples {(z;, y;, zi)}le
and we want to estimate the iterated cross-validation residual in x; = 3.
According to Eq. (2), e (3) is the difference between ys and «3 3,2, and

X
eg’;(yg) is the difference bet%veen 23 and (g 5)7 2;.43. From (2) and (4), the
iterated cross-validation residual €, (3) is the difference between z3 and the
regression value (Q_S)Tﬂy_;‘ where § 3 = y3 — e; (¥3) obtained by shifting y3
by the error €% (3) incurred at the previous step. The formula of the iterated
PRESS for a generic dimension m and a generic horizon k is derived in the
Appendix.

The iterated cross-validation error returns an estimate of the performance
of an iterated one-step estimator from time ¢ to time ¢t + k. As far as long
horizon predictions are required, this statistic returns richer information than
the simple one-step PRESS statistic and allows more reliable local model
selection for iterated prediction.
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Figure 3: Iterated Press in the composed space X - Y — 7

4 Experiments and final considerations

The iterated PRESS approach has been applied both to the prediction of a
real-world data set (A) and to a computer generated time series (D) from
the Santa Fe Time Series Prediction and Analysis Competition. The A time
series has a training set of 1000 values and a test set of 10000 samples: the
task is to predict the continuation for 100 steps, starting from different points.
The D time series has a training set of 100000 values and a test set of 500
samples: the task is to predict the continuation for 25 steps, starting from
different points.

We adopt a local learning iterated prediction method where the selection
of neighbors is made according to the iterated PRESS with horizon h = 2.
The number of neighbors is limited to range from 4 to 12. We adopt for the
series A an embedding model having the same dimension m = 16 proposed
in [9] and for the series D an embedding model with m = 20 as reported
in [15]. Each prediction of the local model, inclusive of the modeling phase,
takes about one second of computation on a Pentium machine.

Table 1 compares the NMS (Normalized Mean Squared) prediction errors
on the A test set of the local predictor (iterated and not iterated) with the
performance statistics reported by Sauer [9] and Wan [11]. Sauer used a
combination of iterated and direct local linear models with a fixed number of



Table 1: NMSE of the predictions for time series A

Test data | Non iter. PRESS | Iter. PRESS | Sauer | Wan
1-1100 0.350 0.029 0.077 | 0.055
1180-1280 0.035 0.028 0.174 | 0.065
2870-2970 0.003 0.003 0.183 | 0.487
3000-3100 0.022 0.030 0.006 | 0.023
4180-4280 0.001 0.001 0.111 | 0.160

Table 2: RMSE of the predictions for time series D

Test data | Non iter. PRESS | Iter. PRESS | Zhang Hutchinson
0-24 0.6581 0.0553 0.0665
100-124 0.0246 0.0244 0.0616
200-224 0.0952 0.1073 0.1475
300-324 0.0148 0.0240 0.0541
400-424 0.0179 0.0381 0.0720

four neighbors on a data set obtained by interpolating the original one. Wan
used a recurrent network (FIR-network) with one input unit, two layers of 12
hidden units each, and one output unit. The architecture was trained with
temporal backpropagation, and according to Wan, a training run typically
took over night on a Sun Sparc2.

Table 2 compares the local RMS (root mean squared) errors on the series
D with the results obtained by [15]. Zhang and Hutchinson adopted a com-
bination of multilayer perceptrons for iterated and direct predictions which
were trained on a Connection Machine for a total period of about 100 hours.

The iterated approach has been applied also to the prediction of a time se-
ries proposed in the competition of the International Workshop on Advanced
Black-box techniques for nonlinear modeling (Leuven, Belgium; 1998). The
data set! consists of 2000 values and the task is to predict the continuation
for the next 200 steps (see Fig. 4). Two predictions submitted by the authors
with different embedding orders (m = 20 and m = 24) ranked second and
fourth, respectively [10].

The experiments show that for long horizons the iterated PRESS can
improve the performance of the local approach based on the conventional
leave-one-out cross-validation. At the same time it emerges that in iterated
tasks the local approach is able to outperform complex nonlinear architec-

lavailable on the web at http://www.esat.kuleuven.ac.be/sista/workshop/
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Figure 4: Predictions performed by the iterated PRESS predictor for the Leu-
ven time series competition (full line: to be predicted, dotted: prediction):
a) embedding order m=20 (NMSE = 0.0475) b) m =24 (NMSE = 0.0667)

tures at a reduced computational cost.

Appendix

The PRESS leave-one-out formula for a linear regression model with X input
matrix [n, m + 1] and y output vector [n, 1] is derived in [6] as

eoy(0) = i = X By =
PxxI'p hiixi PXTy_;
T iX; T T T 1140 —1J 0
Yi = X [ + 1 — hy ] —iY e e 1 — hii
_ (M —hi)yi —xi PXTyi (1= i)y —xi P(XTy — X))
_ (1 — hid)yi — Ui + hiys _ exy(i) (5)
1 — hy 1 — hy

where P = (XTX) !, h; is the diagonal element of the Hat matrix H =
XPXT xT is the i-t row of X, §; = x} PXTy is the prediction of the linear
regression, ey, (i) = ; —¥; is the residual and ﬂ;yi denotes the vector [m+1, 1]
of least-squares coefficients computed with the i*" data point aside. Note
that the derivation of the PRESS formula in (5) makes use of the following
equivalence XL,y ; + x;y; = X7 y.

We derive now the iterated PRESS formula for a problem of prediction
from time ¢t to time ¢ + £ having m as embedding order . Let X be the
embedding vector at time ¢ and x; a neighbor of X. Consider the trajectory

in the m dimensional state space passing through x;: let y; the embedding
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vector k — 1 steps ahead with respect to x; and z; the value of the series k
steps later than x;. The k-iterated leave-one-out residual at time ¢ in the ¢!
point is defined as the value of the leave-one-out regression 5; computed
in the point y; previously shifted of the vector §; of errors cumulated in the
k — 1 previous steps. Then the iterated PRESS formula is derived as follows:

el (i) =z — (yi — 8:)7 B, =
Pyiy] P

Py;yI'pP

— -yl [P+ =YY", 4 8T [P+ YTz ;=

1 — hi 1 — hi
_ 6yz(i) + 5;11 [(1 — hu) + PyiyiT] PY_TZ-Z_Z' _

1 — hii

_ ey (1) + 52~T [(1 — hii) + PyiyﬂP(YTz — Yi%)
B 1 — hi B
_eyo(i) + 8] [(1 — hiy) PYTz — (1 — hyg) Pyizi + Pyiyl PY" 2 — Py;y! Py;z;)
B 1 — hy B
eyo(i) + 6] [(1 — hiy) PYT 2 — Pyiz; + Py
- 1 — hii B
_eys(i) + 07 [(1 — hai)By: — Pyie(i)]

1 — hi

where we used the following equivalences: P = (YTY)™!, Yz, + yiz; =
YTz, yIPYT2 = 2, ey,(i) = zi — 2, y] Pyizi = hi and 3, = PY' 2.
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