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Ant Colony Optimization:
A Component-Wise Overview
Manuel López-Ibáñez, Thomas Stützle and Marco Dorigo

Abstract The indirect communication and foraging behavior of certain species of
ants has inspired a number of optimization algorithms for NP-hard problems. These
algorithms are nowadays collectively known as the ant colony optimization (ACO)
metaheuristic. This chapter gives an overview of the history of ACO, explains in
detail its algorithmic components and summarizes its key characteristics. In addition, the chapter introduces a software framework that unifies the implementation
of these ACO algorithms for two example problems, the traveling salesman problem and the quadratic assignment problem. By configuring the parameters of the
framework, one can combine features from various ACO algorithms in novel ways.
Examples on how to find a good configuration automatically are given in the chapter. The chapter closes with a review of combinations of ACO with other techniques
and extensions of the ACO metaheuristic to other problem classes.

1 Introduction
Ant Colony Optimization (ACO) [31, 33, 35] is a metaheuristic that generates candidate solutions by repeated applications of a probabilistic solution construction
procedure. In ACO, the probabilities that bias the solution construction are computed from two types of numerical information associated to construction decisions:
heuristic information, which is derived from the problem instance being tackled, and
artificial pheromone trails, which are adapted based on the search performance to
bias the solution construction towards high quality solutions. Pheromone trails are
the result of a learning mechanism that tries to identify the solution components
that, when appropriately combined, lead to high quality solutions.
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As the name suggests, the inspiring source of ACO were experiments made by
entomologists using real ant colonies. These experiments demonstrated that some
ant species can find the shortest path between their nest and a food source and
showed how this mechanism is enabled by the ants’ pheromone trail laying and following behavior [22]. The equations used in computer simulations that mimicked
the probabilistic behavior of real ant colonies inspired computer scientists to define the way artificial ants take decisions when solving combinatorial optimization
problems [30, 36, 38]. Nonetheless, rather than faithfully simulating the behavior of
natural ants, the focus of ACO research, since its early days, has been the computational performance of ACO algorithms and the quality of the solutions that can be
generated. To this aim, additional algorithmic techniques have been quickly added
to the first ACO algorithms to make them competitive with other metaheuristics.
One example of such algorithmic techniques is the exploitation of heuristic information for guiding the construction of solutions [30, 36, 38]; another example is the
use of local search algorithms for improving the solutions constructed by the ants
[34, 35, 47, 120, 122].
The first ACO algorithm, Ant System, was proposed by Dorigo et al. [30, 36, 37,
38]. After the publication of the first journal paper on Ant System in 1996 [38],
the research on ACO has gained momentum and a large number of algorithmic
improvements have been proposed. A first improvement over the basic form of Ant
System was elitist Ant System (EAS) [30]. Among the most successful of these
successors have been Ant Colony System [34, 45] and Max-Min Ant System [119,
120, 122]. Generally speaking, the main features of these improvements over the
basic Ant System include mechanisms to intensify the search around high quality
solutions and mechanisms to maintain a sufficient level of search space exploration.
When viewing algorithms from a component-wise perspective, that is, when considering that an algorithm is composed of algorithmic components that fulfill specific tasks for which alternative procedures may exist, there are similarities between
various components of MMAS, ACS and other ACO algorithms such as Elitist Ant
System (EAS) [30, 38], Rank-based Ant System (RAS) [19], Best-Worst Ant System (BWAS) [21], and others. In this chapter, we present the available ACO algorithms for combinatorial optimization from such a component-wise perspective.
This perspective makes the contributions of each of the ACO algorithms more easily
identifiable, which allows a more flexible approach towards their implementation.
One additional contribution of this chapter is to provide such an implementation.
The main advantage of this framework is that it enables the composition of new
ACO variants. While one possible approach would be to manually explore different ACO algorithm designs and test their effectiveness, this exploration may also
be done using automatic methods [65]. For illustration purposes, we demonstrate
here how to find the best configuration of such a framework for the traveling salesman problem (TSP) and the quadratic assignment problem (QAP) using irace, an
automatic algorithm configuration method [81].
This chapter is structured as follows. In Section 2 we introduce some basic
notions of combinatorial optimization and construction heuristics. Next, in Section 3, we present the ACO metaheuristic as an algorithmic framework for single-
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objective combinatorial optimization problems, explaining ACO algorithms from a
component-wise perspective. Section 4 describes how historical ACO algorithms
are instantiations of this framework and how ACO algorithms can be automatically
configured. Section 5 describes recent developments in ACO applied to problems
with particular characteristics, including continuous optimization, mixed-variables,
multi-objective and dynamic problems. Section 6 reviews hybridizations of ACO
with other methods, such as tree search methods, exact methods, and surrogate
models. We also briefly discuss recent experiments in dynamically changing the
parameters of ACO algorithms during execution. Finally, Section 7 concludes with
some perspectives for future research in ACO.

2 Combinatorial Optimization Problems and Constructive
Heuristics
Many problems of enormous practical and theoretical importance can be modeled
as combinatorial optimization problems (COPs) [104]. Although practical problems
usually have a large number of constraints to be satisfied and uncertainties or multiple objectives to be considered, even simpler COPs without such complicating
factors may be very difficult to solve.
A COP can be defined as consisting of a set of instances [104]. An instance of
a combinatorial optimization problem (S , Ω , f ) is defined by
• a search space S given by the possible value assignments to discrete decision variables xi , with i = 1, . . . , n;
• a set of constraints Ω among the decision variables;
• and an objective function f : S → R, which may have to be minimized or
maximized.
The notion of problem refers to the general abstract task to be solved, while the
instance is defined as a concrete instantiation of this task with fully specified data.
One of the most studied combinatorial optimization problems is the traveling
salesman problem (TSP). In the TSP, a graph G = (N, E) is given with n = |N|
nodes, a set E of edges fully connecting the nodes, and distances associated to the
edges di j , ∀(i, j) ∈ E. The goal is to find a Hamiltonian tour of minimal length. Such
a tour can be represented as a permutation π = (π1 , . . . , πn )t of the n nodes, where
πi is the node index at position i. Thus, S is the space of such permutations. The
objective function in the TSP is
n−1

min dπn π1 + ∑ dπi πi+1

π∈S

i=1

(1)
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It is important to note that the permutations in the TSP are cyclic, that is, for a
TSP solution the absolute position of a node in the permutation is not relevant.
Another well-known combinatorial problem is the quadratic assignment problem
(QAP), where two matrices are given describing the distances between n locations
and the flows (of persons, goods, etc.) between n facilities. The goal is to find an
assignment of facilities to locations that minimizes the sum of the products between
distances and flows. More formally, given two n × n matrices [di j ] and [ fi j ] with
i, j = 1, . . . , n, a solution to the QAP is a an assignment of facilities to locations (or,
equivalently, of locations to facilities). Because the number of facilities is the same
as the number of locations, such an assignment can be represented by a permutation
π, where πi is the facility assigned to location i. The objective function in the QAP
is
n

n

min ∑ ∑ di j · fπi π j

π∈S i=1 j=1

(2)

Solving a combinatorial optimization problem can often be described as choosing
a subset from a finite set of solution components C = {c1 , c2 , . . . } and determining
their precise combination that results in a solution that satisfies the problem constraints, i.e., a feasible solution, and that optimizes the objective function, i.e., an
optimal solution. (For what follows, we assume without loss of generality that the
objective function is to be minimized.) In the TSP, for example, the solution components ci j are typically taken to be the edges (i, j) of the given graph, whereas in
the QAP they are the possible individual assignments of a facility j to a location i.
Commonly, problems are solved by either searching only in the feasible candidate
solution space or, if this is deemed to be too difficult, by allowing the evaluation of
infeasible candidate solutions but biasing the search in some way towards feasible
ones. For both the TSP and the QAP, a search in the feasible space can be easily
enforced, as any permutation is a feasible candidate solution.
Many COPs with practical applications belong to the class of NP-hard problems [49] and, hence, they are considered hard to solve. The NP-hardness of many
of these problems, including the TSP and the QAP, implies that, in the worst case,
the time needed to find the optimal solution for a given instance grows exponentially with instance size. Thus, instead of searching for a provably optimal solution,
which may require an infeasible amount of computation time, heuristic algorithms
are used to generate good solutions within a reasonable computation time.
Perhaps the simplest heuristic methods are constructive heuristics. A constructive
heuristic starts by an empty or partial candidate solution and then iteratively extends
it by adding solution components to it. In many cases, a heuristic estimation of the
quality of solution components is available and can be used to guide the choice
of which solution components to add. Greedy constructive heuristics rank solution
components according to their heuristic value and, at each construction step, they
add the best-ranked solution component to the current partial solution. If more than
one solution component has the best heuristic value, tie-breaking can be done either
randomly or by a secondary heuristic.
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An example of constructive heuristic for the TSP is the nearest neighbor heuristic. Starting from a random node i and an empty candidate solution π = hi, it selects
the solution component ci j , j ∈ N \ {i} with the smallest distance di j and adds it to π
such that π1 = i and π2 = j. The next solution component c jk chosen is the one that
minimizes the distance d jk , k ∈ N \ {i, j}, and so on until a complete permutation π
of the nodes in N is obtained.
A constructive heuristic for the QAP would be guided by the fact that facilities with a high total flow to other facilities should be placed at locations that
are central and, thus, have a small sum of distances to other locations. Thus, one
may pre-compute values f = ( f1 , . . . , fn )t where fi = ∑nj=1 fi j (and analogously
d = (d1 , . . . , dn )t where dk = ∑nl=1 dkl ) and then assign the facility with the largest fi
to the locations with smallest dk and iterate these steps.
If the heuristic values of solution components remain constant during the solution
construction, the resulting construction heuristics are called static. Otherwise, when
the heuristic values are a function of the partial solution generated so far, one talks
of an adaptive construction heuristic. In the QAP case, one may obtain an adaptive
heuristic by using the intuition that facilities with a high interaction with already
assigned ones should be put on a location that is as close as possible to already
chosen locations. Adaptive heuristics generally require higher computation times as
the heuristic values need to be updated or even recomputed after each construction
step; however, making decisions dependent on a partial solution may lead to higher
quality complete candidate solutions.
Constructive heuristics are basic ingredients of many metaheuristics. As an example, semi-greedy heuristics [64] are a randomized form of constructive heuristics,
i.e., they make randomized decisions during the constructive search, thus generating many different solutions. The GRASP metaheuristic [42, 43] extends upon
semi-greedy heuristics by combining randomized adaptive construction heuristics
with local search algorithms. Another example are iterated greedy algorithms [110],
which consist in the repeated application of constructive heuristics that start from
partial solutions. A destruction mechanism generates these partial solutions by removing solution components from a complete candidate solution.

3 The ACO Algorithmic Framework
ACO algorithms can also be seen as an extension of construction heuristics. The
main characteristics that distinguish an ACO algorithm from other metaheuristics
and, in particular, other constructive metaheuristics are the following: (i) it is a
population-based algorithm, where m solutions are generated at each iteration, (ii)
solutions are generated by a probabilistic constructive mechanism that is biased by
numerical information called pheromones (and possibly by heuristic information),
and (iii) the pheromones are updated during the run of the algorithm using the quality of generated solutions as feedback.
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procedure ACO_Metaheuristic
Fig. 1 A high-level view of
the ACO metaheuristic for
NP-hard problems.

ConstructSolutions
LocalSearch // optional
UpdatePheromones

end

The general outline of an ACO algorithm is given in Fig. 1. After initializing
data structures and parameters, an ACO algorithm generally iterates through two
procedures: solution construction (procedure ConstructSolutions) and pheromone
update (procedure UpdatePheromones). Additionally, a local search algorithm may
be used to improve some or all the solutions constructed in the current iteration.
Clearly, each of these procedures may in turn consist of different phases and, depending on the particular ACO algorithm implemented, the particular choices taken
within these phases may differ quite strongly. These differences, however, mainly
concern specific building blocks or parameter settings that are used within the ACO
algorithm phases. These building blocks and parameters are referred as algorithmic
components.
In the following, we present the algorithmic components that have been proposed
in typical ACO algorithms for combinatorial optimization and discuss alternative
options proposed in the literature for implementing these components.

3.1 Choice of pheromone trails and heuristic information
In ACO, the solution construction is probabilistically biased by two types of information: pheromone trails and heuristic information.
The pheromone trails are a set T of numerical values associated, in principle,
to all solution components, that is, ∀c ∈ C , ∃τc ∈ T . Pheromone trails are updated
during the run of an ACO algorithm according to the quality of previously generated
solutions through the mechanisms of pheromone deposit and pheromone evaporation. During the solution construction procedure, pheromone trails bias the choice
of solution components towards constructing high quality solutions. A high value
of τc represents a higher probability of adding solution component c to the solution
being constructed. It is therefore important to appropriately define the set of solution
components C , and the corresponding pheromone trails T , when applying an ACO
algorithm to a particular problem.
For many problems, the appropriate definition of solution component and, thus,
of pheromone trail, is rather straightforward. In the TSP, the adjacency information
is relevant, that is, which node is the direct successor or predecessor to another one,
and therefore a solution component ci j = (i, j) typically refers to the edge connecting nodes i and j. Thus, τi j represents the pheromone trail associated with the edge.
This definition of solution component is also related to the choices made in the near-
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est neighbor heuristic, which underlies the construction mechanism used in almost
all ACO applications to the TSP. Differently, in the QAP, the individual assignments
of facilities to locations are of crucial importance. Therefore, a solution component
ci j denotes that facility j is assigned to location i in a candidate solution π, that
is, πi = j and the pheromone trails τi j then represent the desirability of assigning
facility j to location i. When constructing solutions for the QAP, the order in which
facilities are chosen for assigning them to locations may also have an impact on the
solution that is eventually constructed. Such an order may also be determined during
solution construction by the ants through pheromone trails that indicate which facility should be chosen next for an assignment to a location [117]. Hence, one could
have two types of pheromones, the first type τi j would refer to the desirability of
assigning facility j to location i and the second one τkl0 would refer to the desirability of generating an assignment for facility l directly after having assigned facility
k. However, no effective implementation of such a second type of pheromone trails
seems to be available.
For more complex problems than the TSP and the QAP, alternative definitions of
solution components, and the corresponding pheromone trails, may have to be considered [99]. How to define solution components and their associated pheromone
trails is itself an ongoing research topic [17, 97]. However, a basic guideline would
be to consider effective greedy constructive heuristics and then define the pheromone trails to bias the most important decisions done by this heuristic. Using this
guideline, standard definitions of solution components and pheromone trails will be
available for many known problems; however, for more complex problems some
research effort may be required to determine the most appropriate solution components and pheromone trails.
The heuristic information H is also a set of numerical values associated to solution components (∀c ∈ C , ∃ηc ∈ H ). However, in contrast to the pheromone trails,
heuristic information is not updated during the run of the algorithm in dependence
of the quality of the solutions generated. Instead, ηc is a value that is either constant
for each solution component, when static heuristic information is used, or a value
that is a function of the partial solution generated so far, when adaptive heuristic
information is used. The actual formulation of the heuristic information is specific
to each problem. However, its computation should be fast as the value of ηc is used
at every step of the solution construction by each ant. In some problems there is no
readily available heuristic information that effectively guides solution construction,
and thus, no heuristic information is used. This is, for example, the case in most
ACO applications to the QAP.

3.2 Solution construction
Solution construction is the process by which a new set of solutions is generated at
each iteration of an ACO algorithms. In ACO terms, a solution is constructed by an
ant; in optimization terms, each ant corresponds to the execution of a probabilistic
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solution construction procedure. In particular, each ant constructs one solution by
starting from an empty solution s = hi and adding, at each construction step i, one
solution component c j from a set of candidate components Ni . The probabilistic
choice at each step of the solution construction can be modelled by a probability
distribution that assigns to each solution component the probability with which it is
chosen. Thus, for each c j there is a probability Pr(c j ) of being chosen. This probability depends on the pheromone trails, the heuristic information and the current
partial candidate solution s, that is, Pr(c j |T , H , s). There are many different ways
of computing this probability. Many ACO algorithms use the probabilistic rule that
was introduced for Ant System (AS) to choose one element from Ni as follows:
Pr(c j ) =

τ jα · η jβ
∑ τk α · ηk β

ck ∈Ni

∀ c j ∈ Ni ,

(3)

where α and β are parameters that control the relative importance of pheromone
trails and heuristic information on the decision probabilities. If α tends to zero,
the solution construction becomes a probabilistic multi-start greedy algorithm; if β
tends to zero, the solution construction is biased only by the pheromone trails, and
heuristic information is neglected. This rule assigns a probability in a fashion similar
to the well-known roulette wheel selection of evolutionary algorithms [51], where
the value τ j α · η j β plays the role of the fitness assigned to a candidate. Clearly, many
different ways can be used to define probability distributions for the solution components. For example, Maniezzo [82, 83] uses in his ANTS algorithm an additive
way of combining pheromone trails and heuristic information:
Pr(c j ) =

α · τ j + (1 − α) · η j
∑ α · τk + (1 − α) · ηk

ck ∈Ni

∀ c j ∈ Ni .

(4)

The above equation has the advantage over the most common one (Eq. 3) that
the operations used (multiplication instead of exponentiation and sum instead of
multiplication) are measurably faster in current CPUs. However, one needs to ensure
that the range of values of the pheromone trails and of the heuristic information is
similar to avoid undesired biases.
A method for making the construction more deterministic was proposed by
Dorigo and Gambardella [34] with their Ant Colony System (ACS) algorithm. They
introduced the pseudo-random proportional rule, which is controlled by a parameter q0 . At each construction step i, a random value q is drawn uniformly from [0, 1);
if q > q0 , the probability of c j is computed as in Eq. 3, otherwise (i.e., when q ≤ q0 )
the choice is made as:
c j = arg max τk α · ηk β ,
(5)
ck ∈Ni

that is, when q ≤ q0 , the solution component with maximum probability is chosen
deterministically. A larger value of q0 is equivalent to a more “greedy” construction
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procedure, which usually results in faster convergence, whereas smaller values of
q0 lead to more varied solutions and, thus, to more exploration.
Solution construction is one of the critical components of ACO, thus techniques
have been proposed to improve its efficacy and efficiency. Efficacy is sometimes improved by using lookahead [94], that is, by considering more than one component at
a time when choosing which component should be added to the current partial solution. Efficiency can be greatly improved, particularly in large problem instances, by
restricting the choice of solution components to candidate lists [33, 34]. Candidate
lists contain the most promising solution components and their definition depends
on the instance data and/or on the current partial solution. The most efficient candidate lists depend only on the instance data and are typically computed at the start
of the algorithm. One example of candidate lists are the nearest neighbor lists in
the TSP, which store the cl nearest neighbors to each city ordered according to nondecreasing distances. Even a small value of cl, such as 20, is sufficient to generate
very high quality (or even optimal) solutions to the TSP. Such candidate lists are
crucial when applying ACO algorithms to large TSP instances.
Candidate lists may also save memory if the algorithm only stores the pheromone
values of those solution components that are part of the candidate lists. Another approach to save memory used in some ACO variants is to avoid explicitly storing
the pheromone trails of all solution components by using, for example, a hash table [3] to store only the pheromone values associated to solution components that
have appeared in previously-constructed solutions. This might be beneficial when
the fraction of pheromone values explicitly stored is small enough (relative to the
total size of T ) to compensate for the fact that insertion, deletion and look-up in the
hash table require more than constant time.
Independent of the usage of candidate lists, solution construction may be speeded
up when using static heuristic information by pre-computing the values of τ j α · η j β ,
∀c j ∈ C , as all ants use the same total values in Eqs. 3 and 5, and each ant’s partial
solution only affects which pre-computed values are considered at each construction
step. If an adaptive heuristic information is used, the total values would depend on
the partial solution of each ant; hence, they cannot be pre-computed in this way.
Most ACO algorithms construct solutions starting from an empty solution. However, a few proposals have studied the possibility of starting from partially constructed solutions with the goal of partially destroying a very good solution and
reconstructing from it a, hopefully better, new one. This is the same concept applied by iterated greedy [110]. Examples of this kind of ACO algorithm are ACO
algorithms using external memory [1], iterated ants [129], and cunning ants [128].
Considering the effectiveness of the solution construction, these methods are useful
as they avoid the most expensive construction steps that happen when solutions are
empty or almost empty. In the Enhanced ACO [47], solution construction is guided
by the global-best solution, the best solution found since the start of a run of the
algorithm, by adopting the choice done for that solution with a fixed probability at
each construction step. This approach somehow introduces a guided perturbation
into the best solution found so far and, thus, a straightforward way of increasing
the exploitation of good solutions in ACO. It has also the advantage of resulting
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in faster solution construction as no probabilistic choices among several candidate
components need to be done; thus, it is deemed to be useful particularly for tackling
large instance sizes.
Typically, construction rules take into account the pheromone trails associated to
only single solution components. However, for specific problems it may be useful to
include also the pheromone associated to other solution components. An example
are scheduling problems, for which the pheromone summation rule was proposed
[90]. Its goal is to avoid that jobs are scheduled in a position too far away from
positions where they occur in high quality solutions.

3.3 Global pheromone update
As mentioned above, the pheromone trails are modified during the run of an ACO
algorithm in order to bias the construction of new solutions. Pheromone update usually consists of two complementary steps: pheromone evaporation and pheromone
deposition. The general idea behind these two steps is to bias the pheromone trails
so as to favor the construction of high quality solutions. This general idea can be
implemented in a number of different ways.
Pheromone evaporation decreases the pheromone values by some factor with the
goal of reducing the effect of previous pheromone depositions and, in this way, help
to forget previous poor decisions. Pheromone evaporation itself can be applied, in
principle, to some or all the pheromone trails. It can be described as:
Tnew = evaporation(Told , ρ, Seva ),

(6)

where ρ ∈ (0, 1) is a parameter called evaporation rate and Seva denotes the set of
solutions that are selected for evaporating the pheromone trails. Most of the existing ACO algorithms do not make use of the solutions in Seva to implement the
pheromone evaporation and simply reduce the pheromone trail value of all solution
components by the same factor:
τ j = (1 − ρ) · τ j

∀τ j ∈ T .

(7)

A value of ρ = 1 would mean that pheromone trails are reset at each iteration
of the algorithm and, thus, no learning occurs. A value of ρ = 0 would mean
that no evaporation occurs, which would result in an unlimited accumulation of
pheromones. For intermediate values of ρ, the amount of pheromone decreases geometrically as a function of this parameter.
In some ACO algorithms, the global pheromone evaporation only applies to some
specific solution components. For example, in ACS pheromone evaporation affects
only the solution for which pheromone is deposited in the current iteration:
τ j = (1 − ρ) · τ j

∀τ j | c j ∈ seva ,

(8)
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where ∀τ j | c j ∈ seva are all the pheromone trails associated to solution components
that occur in the solution seva chosen for pheromone deposition (see also below).
Equation 6 is also general enough to include the pheromone evaporation applied in
population-based ACO [55], where the pheromone trails are defined as a function of
the solution components occurring in a set of candidate solutions and where pheromone evaporation corresponds to the reduction of the amount of pheromone that is
associated to components of the solutions that leave this set of candidate solutions.
Evaporation has the effect of slowing down the convergence of the algorithm
as it reduces the probability of constructing again solutions previously constructed.
However, while pheromone deposition selectively reinforces the pheromone trails
associated to some solution components, pheromone evaporation has the effect of
decreasing the probability of selecting those solution components less recently reinforced, thus allowing the algorithm to focus on the most recently found solutions
and to “forget” previous pheromone depositions.
Pheromone deposition consists in increasing the pheromone values of a few selected solution components. These solution components belong to one or more solutions previously constructed by the ACO algorithm. In a general form, the pheromone deposition can be written as:
τj = τj +

∑

sk ∈Supd |c j ∈sk

wk · F(sk ),

(9)

where Supd ⊆ Seva is the set of solutions chosen to deposit pheromones, wk is a
weight that is associated to solution sk ∈ Supd , and F(sk ) is a function that is
non-decreasing with respect to the quality of the solution sk —that is, whenever
f (si ) < f (sl ) in the minimization case, then it follows that F(si ) ≥ F(sl ). The
amount wk · F(sk ) therefore corresponds to the amount of pheromone that is deposited by a solution sk .
The solutions used for updating the pheromone trails (Supd ) have a strong influence in the behavior of an ACO algorithm. Ant System (AS) selects all solutions
constructed in the latest iteration. In contrast, there are alternative methods that consider one single solution for the pheromone deposition, e.g., the iteration-best update
(ib-update), which uses the best solution from those generated in the most recent algorithm iteration; the global-best update (gb-update), which uses the best solution
found since the start of the algorithm; and the restart-best update (rb-update), which
uses the best solution found since the pheromones were reinitialized (see also below
on pheromone re-initialization). Intermediate alternative methods would define a set
of candidate solutions that may comprise a number of the best solutions of the latest algorithm iteration and solutions such as the global-best or the restart-best ones
and use these to deposit pheromone. The particular set of solutions that is chosen
to deposit pheromone has a direct effect on the speed of convergence and possible stagnation behavior of the algorithm, which occur when the pheromone trails
have converged and the same solutions are constructed over and over again. The
gb-update provides the fastest convergence but may more easily lead to such stag-
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nation, while allowing all candidate solutions to deposit pheromones may delay the
convergence of the algorithm [35].
In addition to the choice of solutions that form Supd , the amount of pheromone
deposited by these solutions also has a direct impact on the search behavior of
ACO algorithms. A typical setting in ACO algorithms is to make the amount of
pheromone deposited inversely proportional to the objective function value (in the
minimization case), that is, to set wk · F(sk ) = 1/ f (sk ). This is the case, for example, for MMAS [122]. (Instead of making the amount of pheromone deposited
a function of the quality of the solution, one may also deposit a constant amount
of pheromone if the bias towards good solutions is ensured by choosing ib-update,
gb-update, or similar biases towards the best candidate solutions.) Various other
ACO algorithms add additional weighting factors that may be dependent or not
on the quality of the solution relative to others. ACS uses a pheromone update by
setting wk · F(sk ) = ρ/ f (sk ), where ρ is the evaporation rate. AS initially used a
setting of wk · F(sk ) = Q/ f (sk ), where Q is a parameter; however, in many recent
implementations one simply uses Q = 1. Various ACO algorithms use an unequal
weighting for the amount of pheromone deposited. For example, RAS [19] makes
the weight dependent on the rank of a solution in the current algorithm iteration by
choosing wk · F(sk ) = max{0, w − r}/ f (sk ), where w = |Supd | is the number of solutions that deposit pheromone after each iteration (this parameter is called rasrank
in Sec. 4) and r is a solutions’ rank in the current iteration. The largest amount of
pheromone (w/ f (sk )) in RAS is assigned to the global-best solution sgb . This corresponds to a choice where Supd comprises the global-best solution and the w − 1 best
quality solutions of the current iteration. In EAS [30, 36, 38], the usual AS deposition rule is followed, that is, all solutions generated in the current iteration deposit
pheromone; in addition, the global-best solution deposits an amount of pheromone
wgb · F(sgb ) = Q · melite / f (sgb ), where Q is the same parameter as for AS and melite
is the multiplicative factor that increases the weight of the global-best solution. In
BWAS [21], not only the global-best solution deposits pheromone, but also further
evaporation is applied, following Eq. 7, to the pheromone trails associated to the
solution components that appear in the worst solution of the current iteration and
that do not appear in the global-best one.

3.4 Pheromone update schedule
As said above, the choice of the solutions that deposit pheromone has a strong impact on the search behavior of ACO algorithms. The main goal of pheromone update
schedules is to adapt the choice of the solutions that deposit pheromone during the
ACO algorithm run. In the simplest case, this is done following a pre-defined schedule. The first algorithm to make such a pre-defined schedule explicit is MMAS in
its application to the TSP [115, 122] (related ideas are also discussed in [88]). In
particular, when local search is applied, the central idea is to move from a frequent
use of the ib-update, which is used by default, towards an increasing frequency of
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the gb-update (or an rb-update). The effect of this shift is to move from a more explorative search behavior to a more exploitative one where one searches for new,
improving solutions around the best so far ones. When used after the reinitialization of the pheromone trails (see also Section 3.6), the schedule can also switch in
the pheromone deposit between ib-update, rb-update, and gb-update. In particular,
if the restart-best solution is used every iteration and no new restart-best solution
is found for a number of iterations, the schedule switches to gb-update. As a result,
the pheromone trails will implicitly interpolate between the restart-best solution and
the global-best solution in a way that resembles the ideas underlying path-relinking
[50].
The update schedule may have a critical impact on the performance of an ACO
algorithm, because it determines the balance between speed of convergence and exploration capabilities. It is also very sensitive to the termination criteria: An update
schedule that performs well for long computation times may converge too slowly if
the algorithm is terminated much earlier.

3.5 Initialization of pheromones
Two alternative ways of initializing the pheromone trails have been proposed: either using a very small initial value (ACS and BWAS) or using a rather large value
(MMAS), where small and large are relative to the amount of pheromone deposited
in the global pheromone update. A small value results in a rather quick bias towards the best solutions, while a large value results in a more explorative initial
search phase (though depending also on other parameters such as the evaporation
rate). Neither the original AS (nor EAS and RAS) specify how the pheromones are
initialized and leave it open as a parameter τ0 to be specified by the user.

3.6 Pheromone reinitialization
It has been shown that resetting the pheromone values back to their initial value
may help in long runs by increasing the exploration of the search space [122]. This
procedure is often called “restart”, since it is equivalent to restarting the run, although the information about the global-best solution found is kept. While most
ACO algorithms do not implement such restarts, restarting has been shown to be
very effective for problems such as the TSP and the QAP where the use of strong
local search algorithms leads to fast convergence.
MMAS was the first ACO algorithm to employ pheromone reinitialization to
avoid stagnation. In particular, MMAS computes a measure, called branching factor,
of the potential alternatives encoded in the pheromone trails. When the branching
factor goes under a certain threshold value (close to 1), pheromone values are reset
to their maximum value (τmax ).
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Another ACO algorithm that uses pheromone reinitialization is best-worst ant
system (BWAS) [21], which reinitializes the pheromone values to τ0 whenever the
distance, in the decision space, between the global-best solution and the worst solution found in the last iteration falls under a threshold value.
In order to avoid very frequent restarts, there is often a “grace period” when
no restarts are allowed; for example, a certain number of iterations since the last
restart-best solution was found.

3.7 Local pheromone update
Local pheromone update is a mechanism that works during solution construction. It
modifies the amount of pheromone associated to solution components that have just
been chosen by the ants. The first such mechanisms were studied during the design
of AS in the so-called ant-density and the ant-quantity models [20, 30, 37], but
were abandoned due to their poor performance. In later research, local pheromone
update to diminish the pheromone trails associated to chosen solution components
were explored in the design of the ACS algorithm [34]. In particular, ACS uses local
pheromone update following
τ j = (1 − ξ ) · τ j + ξ · τ0

∀τ j | c j ,

(10)

where c j is the solution component just selected by an ant during solution construction, ξ ∈ (0, 1) is a parameter controlling the strength of the local update and
τ0 is the initial pheromone value, which is set to a very small value, much lower
than the expected amount of pheromone deposited in the global pheromone update.
The effect of this update rule in ACS is to increase the search exploration during
construction making used solution components less attractive.
Although the local pheromone update is very effective when combined with the
other characteristics of ACS, it is difficult to incorporate it on its own to other ACO
algorithms, because it relies on a strong gb-update and a lack of pheromone evaporation.
An important implementation detail is whether the solutions are constructed in
parallel, that is, each ant chooses one solution component at a time, or sequentially,
that is, each ant completes its own solution before the next one starts constructing their own. The different construction schemes may introduce differences in the
effect of the local pheromone update.

3.8 Pheromone limits
MMAS introduced the concept of explicit pheromone limits that restrict the possible values the pheromone strength can take to the range [τmin , τmax ]. The goal is
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to prevent stagnation, which occurs when the pheromone values of some solution
components are so low that there is no possibility the component will ever be selected (or alternatively, the pheromone values of some solution components are so
high that there is no possibility that any other component will ever be selected).
The original proposal showed how to adapt the limits within a run of MMAS.
In practice, however, the upper pheromone limit seems to be less important as the
maximum amount of pheromone possible on any solution component is already
limited by pheromone evaporation.
The definition of τmin and τmax is problem-specific. In general, τmax should be an
estimation of the pheromone added by the optimal solution. In the TSP, for instance,
it corresponds to τmax = ρ· f (s1 opt ) ; however, since the optimal solution sopt is not
known, the global-best solution sgb is used instead.
The main parameter controlling the pheromone limits is pdec , which is the probability that an ant chooses exactly the sequence of solution components that reproduces the best solution found so far. The value τmin is given by
√
τmax · (1 − n pdec )
(11)
τmin =
√
n0 · n pdec
where n0 is an estimation of the number of solution components available to each
ant at each construction step. This value often corresponds to n/2 (or to half the size
of the candidate lists if they are used). Nonetheless, in some implementations of
MMAS, and specially when local search is used to improve the solutions constructed
max
by the ants, the above computation may be simplified to τmin = τ2·n
.
ACS also implicitly uses pheromone trail limits. Due to the way its local pheromone update rule is defined, the pheromone trails can never fall under the value τ0
and they cannot grow above 1/F(sgb ), thus, limiting implicitly the pheromone trails
to the range [τ0 , 1/F(sgb )].

3.9 Local search
In many combinatorial problems, the use of local search algorithms is essential for
obtaining competitive results. Local search algorithms start from an initial solution
and iteratively apply small changes to it, as defined by a neighborhood operator, in
order to find an improved solution. Two of the most basic local search algorithms are
best-improvement and first-improvement, which replace the current solution with
the best- and first-improving solution found in the neighborhood, respectively. These
algorithms stop if, after examining the whole neighborhood of the current solution,
no improved solution can be found, thus stopping at a local optimum. Other local
search algorithms that do not necessarily stop at a local optima, such as tabu search
or simulated annealing, have also been combined with ACO algorithms [80, 117].
When combined with an ACO algorithm, local search is typically applied to
the solutions constructed by the ants. The decision about which ant applies local
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search to its solution depends on the effectiveness and efficiency of the specific local search [47]. If the local search is relatively fast and effective, it may be worth
applying it to all ants’ solutions. Otherwise, restricting it to the iteration-best ant
may save computation time, while still giving a chance to further improve the best
solution found by the ants.

3.10 ACO algorithms as instantiations of the ACO Metaheuristc
Given the algorithmic components discussed above, then ACO algorithms from the
literature can be described as combinations of specific components. (This list includes only a small subset of the ACO algorithms and algorithmic components proposed in the literature. A more comprehensive component-view of ACO is left for
further work.)
In particular, AS uses Eq. 3 for solution construction for all ants, Eq. 7 for pheromone evaporation, and Eq. 9 for the pheromone deposition with all ants using the
same weight w1 = · · · = wm , where m is the number of ants. EAS, RAS, BWAS
and MMAS all use the same solution construction rules and the same evaporation
mechanism as AS, but they differ from AS in the way pheromone is deposited; also,
they add new algorithmic components. In particular, the pheromone deposition of
EAS uses the global-best solutions with a weight melite . Similarly, the only difference between AS and RAS is the way pheromone is deposited, which also uses the
global-best solution and weights defined according to a parameter called rasrank,
already explained in Sec. 3.3. The pheromone deposition of BWAS also uses the
global-best solution and, in addition, applies further evaporation to pheromone trails
associated to solution components that appear in the worst solution of each iteration
and not in the global-best one. In addition, BWAS performs pheromone reinitialization depending on the average distance between the iteration-worst solution and the
global-best one. MMAS adds several features: it enforces minimum and maximum
limits to pheromone values, uses an update schedule to switch between iterationbest, global-best and restart-best deposition, pheromone reinitialization according to
branching-factor, and pheromones are initialized to a high initial value. MMAS variants that use the pseudo-random proportional rule (Eq. 5) have also been considered
in the literature [121]. Finally, ACS is the ACO algorithm that structurally differs
the most from AS: It adds the pseudo-random proportional rule to AS solution construction, pheromone is deposited using the global-best solution and evaporation is
performed at the same time on those values updated during pheromone deposition
(Eq. 8). Moreover, further evaporation is performed during solution construction
(local pheromone update, Sect. 3.7) by each ant.
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4 ACOTSP/ACOQAP: A unified framework of ACO algorithms
for the TSP and QAP
We present in this section a software framework that unifies the implementation of
several ACO algorithms found in the literature. The code is publicly available at
http://iridia.ulb.ac.be/aco-tsp-qap/. The implementation aims at
generality, by clearly separating the general components of the ACO metaheuristic
from the problem-specific components that vary from one problem to another. In
this chapter, we present an implementation for the TSP and the QAP. However, it
is possible to extend the framework to other combinatorial optimization problems
with far less effort than an implementation from scratch.
In its current form, the software implements AS, MMAS, EAS, RAS, ACS and
BWAS. In addition to the usual ACO parameters (α, β , ρ, m, ξ , etc), it also allows combining various algorithmic components by setting specific parameters. In
particular:
• Pheromone limits as defined by MMAS can be enabled or disabled independently
of the algorithm chosen (except for ACS).
• Pheromone reinitialization (restart) can also be enabled or disabled independently of the algorithm. In particular, when more than resit iterations have passed
since the last restart-best solution was found, a restart condition is tested. This
restart condition may be the branching factor going under a threshold value
(resbf ), as in MMAS; or the distance between the global-best and the iterationworst ants going under a threshold value (resdist ). In addition, a setting of always
(never) means that the restart condition is always (never) satisfied.
• Any algorithm may use the pseudo-random proportional rule of ACS (Eq. 5) by
simply using a value q0 > 0.
In the problem-specific part, the implementation for the TSP follows what is provided by the ACOTSP software [116], that is, heuristic information, candidate lists
and various types of local search, including 3-opt first-improvement with don’tlook-back bits (dlb-bits) and nearest neighborhood lists (nnls). The part corresponding to the QAP does not implement heuristic information nor candidate lists, since
these techniques have not proved useful for the QAP. It does implement, however, various local search algorithms, such as the fast 2-exchange best- and firstimprovement local searches proposed by Taillard [125], and the robust tabu search
proposed in the same paper.
The update schedule (Sect. 3.4) is implemented as specific to each problem and
ACO algorithm; however, it would be straightforward to extend the update schedule to all ACO algorithms. In the case when MMAS is used together with local
search, the user can control the frequency with which the restart-best (or globalbest) solution, instead of the iteration-best one, is used to update the pheromone
trails, by means of a parameter called schedule length (slen). Higher values mean
longer emphasis on the iteration-best solution, thus possibly increasing exploration
at the expense of faster convergence.
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In the two following sections, we show how to find a good performing ACO algorithm for a specific class of instances of the TSP and the QAP by automatically
configuring the proposed ACO framework. In particular, there is, for each problem,
a set of training instances and another set of testing instances. The automatic configuration tool irace [81] is used here to find a parameter configuration given the
set of training instances. Finally, this parameter configuration is compared with the
default configuration for each problem by evaluating both configurations on the set
of test instances.
The implementation of the proposed ACO framework assigns default values, consistent with the literature, to certain parameters depending on the particular ACO algorithm chosen. These default values are documented in Table 1 for completeness.
For the purpose of automatic configuration, we consider a single default configuration based on MMAS. Table 2 summarizes, for each problem, the parameters of the
proposed ACO framework, their domain and default values considered in the automatic configuration experiments described below. Although some parameters are
still exclusive to a particular ACO algorithm (e.g., ξ can only be used together with
ACS), the framework allows using components from one ACO algorithm in others
(e.g., the restart mechanism of BWAS can be enabled for any algorithm by setting
parameter restart to the value “distance”).
Table 1 Default parameter settings for each ACO algorithm from the literature. Parameters that are
available only for particular ACO algorithms are described under the table. The default parameter
configuration used in the experiments is based on MMAS (see Table 2)
m

ρ

TSP / QAP

TSP / QAP

AS, EAS, RAS
BWAS

25 / 5
25 / 5

MMAS
ACS

q0

ph-limits

restart

0.5 / 0.2
0.5 / 0.2

0.0
0.0

no
no

never
distance

25 / 5

0.2 / 0.2

0.0

yes

10 / 5

0.1 / 0.2

0.98

no

restart parameters

resdist =0.05
1.00001 (TSP)
branch-factor resbf =
1.1
(QAP)
never

melite = n when using EAS, rasranks = 6 when using RAS, ξ = 0.1 when using ACS,
slen = 250 (TSP) or 20 (QAP) when using MMAS.

4.1 Finding a better ACO configuration for the TSP
In the case of the TSP, we consider random Euclidean TSP instances, in particular
50 instances of each size {1000, 1500, 2000, 2500, 3000} for training and other 50
instances of each size for testing. A single run of irace has a maximum budget of
25 000 runs of the ACO software, and each run is stopped after 60 CPU-seconds.
Since the goal is to investigate whether it is possible at all to find a better ACO algo-

Ant Colony Optimization: A Component-Wise Overview

19

Table 2 Domains and default values of the parameter settings of the ACO framework considered
in the automatic configuration experiments for the TSP and the QAP. A value of n/a means that the
parameter does not exist for the corresponding problem. A value of “—” means that the parameter
has no value in the default configuration (because it depends on another parameter setting that is
not enabled by default). The list of parameters enabled only for certain values of other parameters
is given under the table.
TSP
Parameter
algorithm
m
α
β
ρ
q0
cl
ξ
rasrank
melite
pdec
ph-limits
slen
restart
resbf
resdist
resit
localsearch
dlb-bits
nnls
rasrank
melite
ξ
pdec
ph-limits
slen
resbf
resdist
resit
dlb-bits, nnls

Domain

QAP
Default

Domain

Default

{AS, EAS, RAS, ACS,
{AS, EAS, RAS, ACS,
MMAS
MMAS
MMAS, BWAS}
MMAS, BWAS}
[1, 500]
25
[1, 10]
5
(0.0, 5.0)
1.0
(0.0, 5.0)
1.0.
(0.0, 10.0)
2.0
n/a
n/a
(0.01, 1.0)
0.2
(0.01, 1.0)
0.2
(0.0, 1.0)
0.0
(0.0, 1.0)
0.0
[5, 50]
20
n/a
n/a
(0.01, 1.0)
—
(0.01, 1.0)
—
[1, 100]
—
[1, 100]
—
[1, 750]
—
[1, 750]
—
(0.001, 0.5)
—
(0.001, 1)
0.005
{yes, no}
yes
{yes, no}
yes
[20, 500]
250
[5, 250]
20
{never, branch-factor,
{never, branch-factor,
branch-factor
branch-factor
distance, always}
distance, always}
(1.0, 2.0)
1.00001
(1.0, 2.0)
1.1
(0.01, 0.1)
—
(0.01, 0.1)
—
[1, 500]
250
[1, 50]
5
{none, best-2-opt,
{none, 2-opt,
short-tabu-search, best-2-opt
3-opt
2.5-opt, 3-opt}
long-tabu-search}
{yes, no}
yes
{yes, no}
no
[5, 50]
20
n/a
n/a
when algo = RAS
when algo = EAS
when algo = ACS
when ph-limits = yes (and for the TSP only if also restart = never)
when algo 6= ACS
when algo = MMAS
when restart = branch-factor
when restart = distance
when restart 6= never
when localsearch 6= none
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Table 3 Best configurations found by irace for the TSP.
algo

m

α

β

ρ

q0

ξ

cl

ACS 28 3.07 5.09 0.32 0.53 0.21 22
MMAS 40 0.94 4.11 0.72 0.14

—

18

nnls ph-limits slen
9

—

12

yes

restart

branch-factor
(resbf = 1.74)
branch-factor
191
(resbf = 1.91)
—

resit
212
367

Common parameters: localsearch = 3-opt + dlb-bits

rithm than the default one from the literature and in order to speed-up the process,
irace starts from the default configuration for the TSP (Table 2) as an initial solution. After irace finishes, the configuration found is evaluated on the test instances.
In particular, we select two configurations found by irace that improve over the default (see Table 3): one is a tuned variant of MMAS and the other is a tuned variant
of ACS. These two configurations use a higher value of β and a stronger evaporation
ρ than the default configuration. Since q0 > 0, this MMAS variant uses the pseudorandom proportional rule from ACS, which is a MMAS variant that has also been
explored previously in the literature [121]. It is also interesting that the restart strategy is typically much more aggressive than the default, with a much larger threshold
branching factor, which results in more frequent restarts, only limited by the grace
period (resit ). Other parameters, such as the size of the candidate list (cl), remain
mostly unchanged from the default configuration.
Figure 2 compares the results obtained by these two tuned configurations with
those obtained using the default configuration on the test instances. We ran each
configuration once on each test instance up to 60 CPU-seconds and we computed the
relative percentage deviation (RPD), with respect to the optimal solution, of the best
solution found throughout the run. Both plots show that the solutions obtained by the
tuned configurations are, in most instances, better than those obtained by the default
configuration, and the differences are specially large for the largest instances. These
observations are further confirmed by comparing the mean and standard deviation of
the values obtained by each configuration (Table 4). In particular, a 95% confidence
interval around the mean difference between the default and the tuned configurations
does not contain the value zero, which indicates that the observed differences are
statistically significant.

4.2 Finding a better ACO configuration for the QAP
In the case of the QAP, we consider two different instance sets: RR, where the distance matrix entries correspond to the Euclidean distances between points randomly
generated in a square of side length 300 and the flow matrices are randomly generated according to a uniform distribution; and RS, where the distance matrix is
generated as in the previous case and the flow matrix shows a structure similar to
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Fig. 2 Comparison of tuned vs. default configurations of ACOTSP on the test TSP instances.
Tuned ACS configuration (left) and tuned MMAS configuration (right). Each point gives the relative percentage deviation from the optimal solution on one particular instance.
Table 4 Results on the test TSP instances obtained by the default configuration and two tuned
configurations found by irace. Objective function values are given as relative percentage deviation
from the optimal solution. ∆ CI denotes the 95% confidence interval around the mean difference
between the default configuration minus the configuration in that column (thus, positive values
would denote that the default configuration is worse).
Default
mean
sd
∆ CI

1.37
1.08

Tuned ACS Tuned MMAS
0.35
0.18
[0.904, 1.14]

0.38
0.32
[0.875, 1.1]

that found in real-world QAP instances. Within each set, we consider 100 instances
and we use half of them for training and the other half for testing the ACO configurations generated. For tuning the ACO framework, we consider a similar setup as in
the TSP case, that is, each run of irace has a maximum budget of 25 000 runs of the
ACO software, and each run stops after 60 CPU-seconds.
For each of the two training sets, RR and RS, Table 5 reports the best configuration found in three independent runs of irace. These two configurations are fairly
similar, but quite different from the default one. First of all, it is somehow surprising
that none of them uses pheromone limits, despite this being one of the key characteristics of MMAS. This could be due to the stronger restart strategies, which do
not allow pheromone values to reach the limits and, thus, enforcing the limits adds
an overhead that never pays off. Also, the schedule-length (slen) value is more than
five times higher than the default, which implies a much higher exploitation of the
iteration-best solution.
The two configurations of Table 5 are run on each test instance for 60 CPUseconds. Since for these instances the optimal objective values are not known, the
relative percentage deviation (RPD) is computed with respect to a reference solution, for each instance, obtained by running the default configuration 10 times with
a time limit of 600 CPU-seconds and keeping the best solution found.
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Table 5 Best configurations found by irace for the QAP.
m

α

ρ

q0

RR MMAS

6

0.324

0.29

0.062

yes

no

RS MMAS

4

0.164 0.342 0.284

yes

no

algo

dlb-bits ph-limits slen

restart

resit

distance
(resdist = 0.051)
branch-factor
170
(resbf = 1.822)

153

22
40

Common parameters: localsearch = best-2-opt

0.015

0.020
●

0.005

0.010

Tuned (RPD)

0.020

●

0.010

Tuned (RPD)

0.025

Figure 3 compares the above configurations with the default on the test instances.
The improvement of the tuned configurations over the default are not so clear for
the QAP as they were for the TSP. In general, most RPD values are extremely small,
which indicates that the variations over the best-known solutions are very small for
all configurations. In both cases, there are a few instances where the default configuration obtains better RPD values than the tuned one. The statistical analysis in Table 6 shows that the mean difference between the default and tuned configuration for
the RS instances is very small but still statistically significant (since the confidence
interval does not contain zero), whereas for the RR instances the null hypothesis of
zero difference cannot be rejected (since the corresponding CI contains the value
zero). The latter result is likely caused by the relatively large RPD values obtained
by the tuned configuration on three particular instances, as shown on the left side of
Fig. 3. These results could provide the motivation for exposing additional algorithmic components to automatic configuration, such as the precise update schedule of
MMAS, which is known to be very sensitive to the instance characteristics [122].
Extending the proposed framework with new algorithmic components from other
ACO algorithms may also further improve the results on the QAP.
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Fig. 3 Comparison of tuned vs. default configurations on the QAP test instances. RR instances
(left) and RS instances (right). Each point gives the relative percentage deviation from the optimal
solution on one particular instance.
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Table 6 Results on the QAP test instances obtained by the default configuration and the tuned
configurations found by irace. CI denotes the 95% confidence interval around the mean difference
between the default configuration minus the configuration in that column (thus, positive values
would denote that the default configuration is worse).
RR instances
Default
Tuned ACO

RS instances
Default
Tuned ACO

mean 0.00241
0.00109
sd 0.00466
0.00335
∆ CI
[−0.000352, 0.00299]

mean 0.00210
0.000485
sd 0.00364
0.000941
∆ CI
[0.00062, 0.00261]

5 Applications of ACO to other problem types
Although the ACO metaheuristic was primarily designed for tackling single-objective
combinatorial optimization problems, its main ideas have been extended to tackle
other types of problems. In this section, we provide an overview of such problems
and how ACO has been adapted to deal with their particular characteristics. Comprehensive reviews of ACO applications are available in the literature [35, 123].

5.1 Continuous Optimization Problems
In continuous optimization problems, the domain of the decision variables is the set
of real numbers or a subset thereof. In some problems, the simplest approach is to
discretize the real-valued domain, which would allow the direct application of ACO.
This was, for example, the approach followed by [69] when applying ACO to the
protein–ligand docking problem, where a discrete ACO algorithm was combined
with a local search for continuous domains.
In many problems, this discretization approach is not feasible and the problem
must be tackled in the continuous domain. A first group of algorithms for continuous
optimization are inspired by the behavior of some ant species [14, 39, 95]. However,
these algorithms diverge from the basic framework of the ACO metaheuristic, for
example, by requiring the direct communication among ants instead of a pheromone
structure. Therefore, they should rather be considered a separate class of algorithms.
A second group of algorithms directly translates the ideas underlying the ACO
metaheuristic to the continuous domain. For example, Socha and Dorigo [113] replace the discrete pheromone distributions by Gaussian kernel functions that take the
role of the pheromone model that is updated by the ants. Other similar approaches
are found in [111, 127]. More recently, Liao et al. [72, 74] proposed a unified model
of various ACO algorithms for continuous optimization problems. Their model allows the automatic configuration of new ACO algorithms for continuous optimization very much in the line of what is presented in Section 4. They show that their
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final configured continuous ACO algorithms are competitive to other state-of-the-art
algorithms for continuous optimization.
These approaches have also been extended to mixed-variable (continuous and
discrete) problems [73, 112], by using appropriate ways of representing pheromone
trails when handling discrete and continuous variables.

5.2 Multi-objective problems
In many real-world problems, a solution is evaluated according to multiple, conflicting criteria (objectives). If there is a priori information about the importance of
each objective, the objectives can be aggregated according to a preference model
and solutions are compared in this way. In the absence of such preference model,
one can only say that a solution is better than another if the former is not worse in
all objectives and better in at least one of them. Thus, the goal becomes to find (an
approximation of) the Pareto set, i.e., the set of solutions not dominated by any other
feasible solution [40, 114].
There are several proposals in the literature on how to apply the ACO metaheuristic to multi-objective combinatorial optimization problems. A few of these proposals
assume an order of importance among the objectives [46], however, most proposals
attempt to approximate the Pareto set [5, 48, 78]. As pointed out by López-Ibáñez
and Stützle [77], many of these multi-objective ACO (MOACO) algorithms share
similar algorithmic components combined in different ways. For example, Pareto
ACO [27], BicriterionAnt [66], and COMPETants [26] use a different pheromone
set T (a matrix, in their case) per objective, whereas MACS [10] and mACO-3 [2]
use a single T . Some papers have specifically compared both design choices [2, 80].
Moreover, there are basically two ways of updating the pheromone trails in MOACOs: either selecting the best solution for each objective, as done in COMPETants,
Pareto ACO, and mACO-4 [2]; or selecting (a subset of) all nondominated solutions,
as done in BicriterionAnt, MACS, and mACO-3. Finally, a few MOACO algorithms
make use of multiple colonies, where a colony is understood as a group of ants that
construct solutions only according to the pheromone trails associated to their colony.
The pheromone trails of each colony may correspond to multiple pheromone matrices (which are aggregated during solution construction), and colonies may exchange
solutions [66]. Nonetheless, it is straightforward to define multi-colony variants of
most MOACO algorithms [77].
Most of the MOACO algorithms were proposed for bi-objective problems. In the
bi-objective case, the results presented in the literature indicate that the use of one
pheromone matrix per objective and of multiple colonies, each of them with their
own pheromone matrices, is necessary for MOACO algorithms to perform well on
different regions of the objective space [48, 77, 78]. When applied to problems
with more than two objectives, this approach quickly becomes too computationally
expensive. A notable exception are MOACO algorithms based on population-based

Ant Colony Optimization: A Component-Wise Overview

25

ACO [4, 56]. However, a thorough comparison with other MOACO approaches on
problems with more than two objectives is missing in the literature.

5.3 Dynamic problems
Dynamic problems are those in which some information about the problem changes
or becomes available after the start of the algorithm. This is the typical case in network routing, where ACO algorithms specifically designed for these problems have
achieved notable results [23, 24]. These algorithms differ significantly from the classical ACO algorithms for combinatorial optimization problems: ants are launched
asynchronously in a distributed way and no global pheromone udpate takes place.
However, there are also in the literature dynamic variants of classical combinatorial problems, such as the dynamic TSP and the dynamic vehicle routing problem
(VRP), where cities may appear or disappear and the distances between them may
change. ACO algorithms for the dynamic TSP [41, 53], the dynamic QAP [54] and
the dynamic VRP [29, 96] follow more closely the general outline of ACO algorithms discussed in Section 3. In addition, they use specific routines to modify the
pheromone trails after detecting changes in the problem data or structure. A realworld application of ACO to the scheduling of hospital nurses in Austria is described
by Gutjahr and Rauner [63]. More recently, Lissovoi and Witt [75] formally analyze
which type of changes in the dynamic shortest path can be tracked by a constant
number of ants using a simplified MMAS variant. A recent overview of ACO algorithms for dynamic optimization problems is provided by Leguizamón and Alba
[71].

5.4 Stochastic problems
In some optimization problems, either the objective function, the decision variables
or the constraints are not deterministic but subject to uncertainty or noise, and they
are specified only within certain bounds or in terms of a probability distribution. The
first stochastic problem to which ACO algorithms have been applied is the probabilistic TSP (PTSP), where one is given for each city a probability that it requires a
visit. The goal in the PTSP is to find a tour of minimal expected length over all the
cities. The first ACO algorithm for the PTSP was proposed by Bianchi et al [11],
who were using ACS. This algorithm was later improved upon by Guntsch and
Branke [52] and further by Balaprakash et al [7]. The ACO algorithms developed
in that latter paper were then shown to match or even surpass in some cases stateof-the-art performance for the PTSP [8] and extensions thereof are state-of-the-art
for the vehicle routing problem with stochastic customers and demands [9]. Another
early ACO proposal for problems under uncertainty is the S-ACO algorithm [59],
which has been the basis of later applications, for example, to the selection of opti-
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mal screening policies for diabetic retinopathy [18]. The S-ACO algorithm was later
extended by Birattari et al [15] who integrated F-race for determining the global-best
solution in an ACO algorithm for stochastic optimization and have shown positive
results for this latter integration. Another notable example is the application of ACO
to the VRP with stochastic demands [12]. A survey of various metaheuristics, including ACO, for stochastic combinatorial optimization problems is provided by
Bianchi et al [13].

6 ACO in combination with other methods
In this section, we briefly overview research on combining ACO with other methods.

6.1 ACO and tree search methods
Ants in ACO perform a probabilistic solution construction that can be seen as a stochastic exploration of a search tree. Thus, a natural extension of ACO is to make
use of tree search techniques such as branch-and-bound. An example of this is the
approximate non-deterministic tree search (ANTS) algorithm by Maniezzo [82, 83],
which uses lower bounds in three different ways. First, it incorporates a lower bound
estimate as the heuristic information. Second, it prunes feasible solution components
during construction if the estimated solution cost is larger than a threshold (e.g., the
cost of the best solution found so far). Third, the order of assignment of solution
components during solution construction is influenced by lower bound computations.
A different alternative is to integrate concepts from ACO into tree search methods. An example of this approach is Beam-ACO [16], which incorporates the use
of pheromone trails into Beam-Search. Beam-Search is an incomplete tree search
method that keeps a set of partial solutions (the beam) and, at each iteration, selects
a number of potential extensions of each of them by adding an additional solution
component. These potential extensions are selected based on heuristics [103]. The
number of extensions is typically larger than the size of the beam, thus only the best
extensions, according to a lower bound estimate, are kept for the following iteration. Beam-ACO executes Beam-Search several times, replacing the deterministic
solution extension of Beam-Search with the probabilistic construction of ACO. In
this way, the extension of partial solutions is biased by pheromone trails that are updated with the best solutions found in previous executions of Beam-Search [16]. If
lower bound estimates are not reliable or computationally feasible for the problem
at hand, an alternative is to perform stochastic sampling [76], that is, to complete
partial solutions by means of the construction procedure of ACO and use the cost
of the complete solution (or the best of several samples) as the cost estimate of the
partial solution.
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6.2 ACO and exact methods
The combination of heuristic and exact methods, sometimes called matheuristics,
is a promising trend in optimization. Roughly speaking there are two types of
matheuristics: those that use exact methods to solve simpler versions of a problem
in order to improve the solutions generated by a heuristic or provide better estimates
of solution quality; and those that use heuristic methods to provide initial solutions
or to constrain the search space of exact methods in order to make feasible their
application to large problems. (The exploitation of tree search techniques such as
branch-and-bound or beam search discussed before, can actually also be seen as
such a matheuristic approach.)
An example of the first type of matheuristic is the use of constraint programming
(CP) techniques [84] to help ACO focus on feasible solutions. This is particularly
useful in highly constrained problems, such as scheduling or timetabling, where a
major challenge is to find feasible solutions among many infeasible ones. Classical
ACO algorithms do not perform satisfactorily on such overly constrained problems.
Meyer and Ernst [93] use CP techniques to identify in the ants’ construction procedure whether specific solution components lead to infeasible solutions. An example
of the second type of matheuristic is the work by Massen et al. [86, 87]. Their
pheromone-based column generation algorithm uses an ACO algorithm to generate
a heuristic set of feasible routes, from which an optimal subset that is a solution to
a vehicle routing problem is selected by an exact solver. The combined algorithm
is still a heuristic, because the exact solver does not consider all possible routes,
but it allows applying the exact solver to problems with many feasible routes and
black-box constraints.

6.3 ACO and surrogate models
When the evaluation of candidate solutions is very costly in terms of computation
time, usually only a small number of candidates can actually be evaluated. Costly
solution evaluation arises in the case of simulation-based optimization [6] and, frequently, in industrial settings [44, 126]. Applications with very small evaluation
budgets have been rarely studied in the ACO literature and preliminary results suggest that typical ACO parameter settings are not appropriate in such context [107].
In cases with very small evaluation budget, also the use of surrogate models during
optimization may prove useful [67, 98, 130]. Surrogate modeling approaches build
prediction models that estimate the quality of candidate solutions, such that only the
most promising candidate solutions are actually evaluated. A first approach combining surrogate models and ACO algorithms for tackling combinatorial optimization
problems was studied by Pérez Cáceres et al [107], further research is needed to
generalize the results to other problems.
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6.4 Parameter adaptation
Good parameter settings may not only be found “offline”, as done in Section 4, but
modified or adapted “online” while the algorithm is running. Good parameter settings may also be predicted according to instance features [100]. In the context of
ACO, several parameters have a strong effect on the balance between search space
exploration and exploitation of the best found solutions and their proper values may
additionally depend strongly on how much computational time is available to the
algorithm. Parameters β and ρ are the earliest and most frequently modified parameters in the literature [88, 91]. A significant effort has been done to define adaptive
parameter choices, where the algorithm parameters are modified as a pre-defined
function of the ACO search behavior [70, 109], or to define self-adaptive parameter adaptation schemes, where the algorithm modifies the parameters itself during
execution [68, 85, 108]. A recent paper [124] critically reviews the works that have
applied parameter adaptation to ACO algorithms. The same paper also shows that
the convergence speed of MMAS can be significantly improved, without leading to
early stagnation, by means of very simple pre-scheduled parameter variations, such
as starting with a very high value of β and reducing it to a much smaller value after
a number of iterations. López-Ibáñez and Stützle [79] demonstrate how such prescheduled variations can be automatically tuned for the purpose of improving the
convergence speed of ACO algorithms and show that fast increments in the number of ants, fast decrements of β and, in particular, slow decrements of q0 produce
remarkable improvements on the TSP. (The software described in Section 4 and
published alongside this chapter is also able to replicate these parameter variation
schemes.) Finally, Pellegrini et al [106] empirically showed that parameter adaptation methods proposed in the literature (excluding pre-scheduled variations) may
often worsen the performance of state-of-the-art ACO algorithms, and only improve
over static parameter settings when the latter produce very poor results and when
only one parameter is carefully adapted.

7 Conclusions
In this chapter, we have reviewed ACO algorithms from a component-wise perspective and we have provided an example implementation of ACO algorithms according to this perspective. We have also concisely reviewed trends in ACO research
on applications to problems with challenging characteristics such as time-varying
problem data, multiple objectives and stochastic data as well as algorithmic developments that combine ACO algorithms with other techniques. We did not cover in
this chapter research on the parallelization of ACO algorithms, which has the goal
of either speeding-up the execution of a single run of an ACO algorithm or of increasing the quality of the final solution obtained within the same wall-clock time
(by evaluating more solutions than would be possible without parallelization) [105].
Another important area not covered in this chapter is the ongoing work on the theo-
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Fig. 4 Number of publications per year in the Scopus database for which their titles contain the
keywords “Ant System”, “Ant Colony System” or “Ant Colony Optimization”.

retical understanding of ACO algorithms. Early theoretical work has focused on the
convergence behavior of ACO algorithms [57, 58, 118]. Later work has analyzed
the dynamics of ACO behavior [89] and its relationship to other algorithms [92].
An overview of early theoretical work on ACO is given by Dorigo and Blum [32].
More recent works theoretically analyze the convergence speed of ACO algorithms
[28, 60, 61, 62, 101, 102].
These developments together with the large number of ACO algorithm variants
that have been proposed in the literature and the large number of applications to a
very diverse set of problems show that ACO has become a widely accepted and well
established metaheuristic. This fact is confirmed also by the number of publications
that have as central topic some aspect related to ACO. Figure 4 shows the number of
publications in the Scopus database that have one of the three terms “Ant System”,
“Ant Colony System” or “Ant Colony Optimization” in the article title. There is a
very strong increase from the years 2000 to 2010, while after 2010 the number of
publications remained at a high level. The success of ACO is also witnessed by a
number of industrial applications. For example, AntOptima (www.antoptima.
com) is a small company using the ACO methodology for tackling industrial problems in distribution and production management, while Arcelor/Mittal is using ACO
algorithms in various areas relevant to steel production to improve operative production performance [25, 44]. ACO is also a central topic of journals and conferences specializing in the area of Swarm Intelligence such as the ANTS conference
series started in 1998 (http://iridia.ulb.ac.be/ants/) and the journal
“Swarm Intelligence”. This success of ACO is due to (i) a truly original algorithmic
idea inspired by a natural phenomenon, (ii) a strong versatility of the resulting algorithmic method, and (iii) a focus of ACO research on performance and a pragmatic
approach trying to make it a useful technique. In the future, the ideas underlying
the ACO metaheuristic promise to be of crucial importance when tackling challenging problems where aspects of constructive search, distributed information, and
dynamic domains match well the inherent characteristics of ACO.
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