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Abstract
This paper reviews some of the techniques for the evaluation of the expected value of
a path integral for general Markov chains on countable state spaces and illustrates their
application in the context of the analysis of swarm robotics systems. When salient aspects
of the dynamics of a multi-robot system can be modelled as a birth-death process, well
established results can be used to calculate the expected value as well as the distribution
of important quantities such as energy consumption or activity time, even in presence of
spatial interferences. By using these results we show that robot controllers can be designed
on the basis of birth-death processes and that basic performance guarantees can be derived
in closed form.
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Introduction

Integrals of non-negative stochastic processes arise frequently in engineering applications. Common examples include the estimation of the expected energy consumption by a system subject
to random dynamics or the estimation of the cost associated to the execution of a task whose
sub-tasks have random durations or costs. Other common applications are found in queuing,
storage, and inventory systems [29].
In biology, integrals of non-negative stochastic processes are often associated with the expected
resource consumption of groups of animals [25], with the expected amount of toxins produced
by bacteria [39], or with the total cost of epidemics [18, 11].
Results in the context of potential theory allows for the characterization of the expected value
of this kind of integrals and, in certain cases, for the characterization of the Laplace transform
of their distribution. This, in turn, not only mitigates the need of costly numerical simulations,
but also allows for the analytical study of important properties of the underlying stochastic
processes, especially in relation to complex potential functions.
We investigate the application of these results in the context of swarm robotics.
Swarm robotics is a recent field of research which aims at building robotics systems that are
potentially able to solve difficult problems by exploiting a large number of simple robots operating without a central unit of control. By taking inspiration from natural systems such as
colonies of social insects or groups of animals, researchers investigate approaches aimed at tackling problems in the context of exploration, search and rescue and structure building, among
many others. The central idea is that, like in Nature, scalable and robust solutions can emerge
based on the simple interactions in a large group of individuals (robots). Moreover, these systems are generally characterized by a degree of robustness and reliability that is difficult to
achieve in their single-robot counterparts.
Ants and bees offer the classical example of natural systems in which the interaction of thousands or millions of individuals characterized by relatively simple behaviours is able to generate
colonies with the properties of robustness, scalability and adaptability required to colonize an
entire planet. When it comes to studying and developing swarm robotics systems, researchers
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aim not only at identifying these fundamental behaviours, but also at understanding how they
can be used to solve practical problems in different domains. In order to do so, they use their
experience and intuition to devise new algorithms or to identify known behaviors suitable for
the problem at hand. This approach has lead to the development of algorithms that are able to
solve complex optimization and routing problems in an elegant and effective way [7]. However,
when it comes to building distributed robotics systems that have to met certain performance
guarantees, starting from the design of individual controllers and then checking if the constraints
are satisfied may be a tedious and time-consuming process.
In the paper, we consider the opposite approach. Instead of searching for the microscopic behaviour (i.e., the behaviour of the individuals) and for a combination of parameters that allows
the system to respect certain constraints, individual robotics controllers are designed to mimic
stochastic processes with known analytical properties. This allows the designers to focus on
the task of building robotics controllers whose dynamics is as close as possible to the stochastic
processes with the desired properties. We investigate the approach in relation to performance
characteristics such as power consumption, total activity time, and amount of work obtained
by a multi-robot system in presence of spatial interferences.
Although several results discussed in the paper are applicable to general, finite-state, Markov
processes, we focus for the most part on birth-death type processes (BDPs).
Given their rich history in modelling natural phenomena, these models have found applications
not only in ecology, genetics and biology but also in engineering and physics. In swarm robotics,
BDPs have been used to determine the expected time for the robots to cluster [15], to analyse
the stability of robotics controllers for the distributed tracking problem [41], and for the modelling of distributed robot deployment as in [27], where the process of gaining and losing robots
at different sites follows a birth-death dynamics.
Indirect connections with BDPs exist in works on opinion dynamics for collective decision making [6, 40]. In these works, however, probabilistic considerations are derived via ordinary differential equations (ODE) models. To the best of our knowledge, integrals of birth-death processes
have not been investigated in the swarm robotics literature.
The presence of these integrals emerges especially in applications where an important characteristic of the system depends on the number of robots in a certain state, and when the rates at
which this number varies are known or measurable. In this case, probabilistic characterizations
of these properties can be obtained and used to guide the design towards systems with associated performance guarantees. One example is the total power consumption of a swarm, which,
in general, can be related to the number of active robots at each time step. Similarly, when the
activation and deactivation of individual robots can be modelled as a birth-death process, the
expected duration of an activity can be estimated.
A third example is related to the concept of cost-benefit associated to swarms of different
size. The competition for resources (physical space, communication channels, access to power
sources, etc.) generates well known interference effects that may reduce the total efficiency
of the swarm. The phenomenon may become critical in applications where a large number of
robots have to access to the same resources. At the same time, however, and up to a certain
point, the increase in the size of the swarm has a positive effect on the performance since more
robots are put to work. The non-linearities and the complex dynamics resulting from concurrent effects of cooperation and interference are particularly difficult to study and have been
investigated when the size of the swarm does not change in time. In dynamic scenarios where
the size of the swarm changes in time, the assessment of the total costs and benefits of a solution can be related to the problem of estimating the integral of a function of a stochastic process.
The rest of the paper is organized as follows. Section 2 reviews relevant publications in the
context of the mathematical modelling of swarm robotics systems and provides an overview
of the literature of integrals of non-negative stochastic processes. Section 3 introduces a ref-
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erence model that will be used to illustrate theoretical results, in section 4 the notation used
in the paper and some basic results related to birth-death processes. Section 5 focuses on the
generalization of these results to the case of general, finite-state Markov processes. The probabilistic characterization of several properties of the reference model are discussed in Section 6
and conclusions are drawn in Section 7.

2
2.1

Overview of related works
Mathematical analysis of swarm robotics systems

Since mathematical modelling of multi-robot systems is a very complex issue, roboticists have
often opted for simulations and experiments to guide their research. The complexity arising
from the interactions of the individuals, the heterogeneity of the environment and the drastic
simplifications required in mathematical models are among the most discussed obstacles on the
way to a rigorous analysis of swarm systems.
Several theoretical models (mostly using continuum limit generalizations) have been nonetheless proposed in the literature. An extensive review of methods and techniques from a swarm
engineering perspective is given in [24]. This section lists only a short number of publications
that are relevant to the objectives of the paper, namely to develop probabilistic models for
certain macroscopic characteristics of a swarm of robots.
In this context, models for the characterization of collective behaviours like aggregation, dispersion and foraging have been proposed in [22, 26, 42, 47]. The well known approach proposed
in [26] is based on the so-called rate equation model: a series of coupled differential equations
describing the dynamics of the swarm.
Spatial and non-spatial models for self-organization in biological systems are discussed in a
series of articles [4, 8, 17, 20, 21, 31, 34, 45]. Other specialized models have been subsequently
proposed: [47] presented a promising formal method using temporal logic to specify emergent
swarm behaviours. An analytical model for aggregation has been derived by applying combinatorics and linear algebra in [42], while [13] follows the modelling approach originating in physics
and uses Brownian motion and Fokker-Planck equations for the study of simple swarm robotics
systems.
More recent models for the analysis of agent-based opinion dynamics in swarm robotics using
concepts of dynamical systems theory have been proposed [6, 40].
An important contribution is given in [3] with a comprehensive approach to model swarm
robotics systems by using analogies from the domain of chemical reaction modelling. Finally,
quantitative analysis of important properties of swarm robotics systems as well as the modelling
and validations of complex scenarii based on formal languages are discussed in recent works such
as [12] and references therein.
The majority of these works are focused on long-term behaviour and convergence time of systems under mean-field approximations.

2.2

Brief review of the literature on integrals of Markov processes

Due to its relevance in numerous practical applications, the problem of evaluating integrals
of Markov processes has been quite extensively studied outside the swarm robotics literature.
An early result introduced in [16] presents a methodology for evaluating the expected value of
the integral under the stochastic path of a birth-death process as well as the expected time to
extinction for different kinds of processes.
In the case of birth-death processes, the expression of the solution is based on a system of
recursive linear equations that can be solved analytically only in simple but useful cases [16].
The simplifications introduced in early works have been removed in more recent results obtained
3

in the context of potential theory [33, 46]. In particular, Pollett and Stefanov [37, 38] generalized
the approaches of [16] and [44] to a wider variety of models and removed restrictive assumptions.
Moreover, since the method of proof adopted no longer relies on state-space truncations, cases
that had been previously overlooked could be studied.
In the case of birth-death processes, the Laplace transform of the distributions of first passage
times and other important characteristics have been obtained [2, 9, 38]. Despite the relative
simplicity of writing the resolving equations, however, it can be remarkably difficult to obtain
closed form solutions for the distributions of interests.
In a recent paper, Crawford and Suchard [5] proposed an efficient error-controlled algorithm
for computing transition probabilities for general birth-death processes. This new promising
method constitutes a robust computational tool to obtain finite-time transition probabilities for
general birth-death processes which are linked to the expected value of the process integral over
arbitrary functions.

3

Model

This section introduces the reference scenario that will be used throughout the rest of the
paper to illustrate the theoretical results. Although the results described in Sections 4 and
5 are general enough to be applied to non-linear Markov chains, the derivation of estimators
requires the solution of rather complex systems. For the sake of simplicity, we consider robots
whose activation follows a linear birth and death dynamics. This choice allows us to focus
on well established closed-form solutions to the inversion of certain Laplace transforms for the
characterization of relevant properties of the system.
The scenario is as follows: at time t = 0, a large number of robots are in a region called nest
while an initial number of robots denoted by X(0) is engaged in a certain task, and classified
as active.
Active robots decide independently when to stop the execution of the task. When they stop,
they return to the nest. The decision to return to the nest can be triggered by an internal
stimulus, such as a low battery level, or by an external event (such as the finding of an object).
Independently of the cause of the action, we assume that the rate at which robots return to
the nest is known or measurable and has a value of µn , where n denotes the actual number of
active robots. Similarly, robots in the nest decide to become active at a rate denoted by λn .
For linear BDPs, the more robots are active, the higher is the rate at which robots leave and
return to the nest. More particularly, µn = nµ and λn = nλ.
The mechanism causing this dynamics is not fundamental to the discussion. It can be based for
instance on direct messaging (active robots send messages to the nest to trigger the activation
of other robots) or based on a pheromone-like exchange mechanism in the nest such that robots
are stimulated to activate faster when the level of pheromone in the nest decreases because of
the robots that have already left.
In this simple scenario, the number of active robots at time t can be modelled as a continuoustime Markov process X(t) on {0, 1, . . .} with transition rates:
µn = nµ,

if

λn = nλ,

if

n≥1

n≥0

(1)
(2)

Figure 1 shows the state diagram of the resulting birth-death process. Figure 2 illustrates a
possible realization of the process over a positive function f (x), x ∈ {0, 1, . . .}. For the sake of
visualization, the function is represented as continuous. The values of the function f (x) over
the states of the chain are represented by levels of grey and can be thought as the amount of
energy consumed by a swarm of size x (white being higher values).
The integral of the resulting process can be associated to the amount of energy consumed by the
swarm from time t = 0 until the complete deactivation of all the robots. Similarly, depending
4

on the meaning of the function f (x), other properties such as the average number of objects
retrieved in a foraging scenario, the average force exerted on an object or the average area
patrolled by the swarm, can be expressed as the integral of the stochastic process governing the
dynamics of the robots.
X(t)

λ0

0

λ1

1
µ1

2
µ2

λn

λn−1
...

n-1

n

µn

n+1

...

µn+1

t

Figure 1: State diagram of a birth-death pro- Figure 2: A possible realization of the birthcesses with rates λn and µn .
death process over a linear positive function.
In the scenario outlined above, we assume that a large number of robots are available in the
nest.

4

Notation and basic results

Formally, a general birth-death process is a continuous-time Markov process X = {X(t), t ≥ 0}
counting the number of arbitrarily defined elements in existence at time t ≥ 0. The process
is characterized by non-negative instantaneous birth rates λn and death rates µn with n ≥ 0.
These rates are time-homogeneous constants but they may depend on the number n of elements.
The instantaneous transition of the process occurs from state n either to state n − 1 or n + 1.
Let X(0) = k for some k > 0 and τk denote the first time the birth-death process reaches state
0 starting from state k:
τk = inf{t > 0 : X(t) = 0|X(0) = k}
(3)
We are interested in integrals of a function of X(t) up to the extinction time:
Z τk
Yf (k) =
f (X(t))dt

(4)

0

When f (x) = x we will use the notation Y (k) = Yf (k), while Yf∞ (k) denotes Yf (k) when the
integration limit is set to infinity. The physical meaning of this integral obviously depends
on the integrand function. As noted before, in a system where f (x) represents the energy
consumption of a swarm of size x in a unit of time, and the robots activation and deactivation
can be modelled as a birth-death process, Yf (k) represents the energy consumption of the system
until the deactivation of all the robots. Similarly, in a foraging scenario where f (x) represents
the average number of objects collected by a swarm of size x, E(Y (k)) represents the expected
result of the foraging activity.
Hernández-Suárez and Castillo-Chavez discuss a basic derivation of E(Y (k)) based on the study
of the modified stationary distribution for different birth-death Markov processes [16]. Since
their approach clarifies the structure of the problem, it is resumed here.
The solution is derived by substituting the transitions to state 0 with transitions to the initial
state k. Whenever the resulting process is ergodic, a stationary distribution exists. If Sn denotes
the random vector of the total amount of time spent in state n before state 0 is reached, it is
straightforward to see that:
Z τk
X
Y (k) =
X(t)dt =
nSn
(5)
0

n
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The expected time spent in an arbitrary state n during a cycle, and the time spent in state n
in the j-th cycle of the modified process are denoted by E(Sn ) and Snj respectively. By the
strong Law of Large Numbers:
Pr
E(Sn )
j=1 Snj
= P
(6)
πn = lim Pr P
r→∞
E( i Si )
j=1
i Sij

where πn is the expected
proportion of time the process spends in state n before reaching
P
(see [16], Appendix A), it follows that
state 0. Since E( i Si ) = E(τk ), and E(S1 ) = µ−1
1
E(τk ) = (π1 µ1 )−1 and:
E(Sn ) = πn E(τk )
From Eq.(5):
E(Y (k)) =

X

(7)

nE(Sn ) = E(τk )

n

X

nπn

(8)

n

As noted in [16] the method can be used to calculate the expected time for the process to reach
any element in an arbitrary set by changing transition to elements in the set with transitions
to the initial state k.
For the birth-death processes that allow for the analytical expression of πn , Equation (8) can be
applied straightforwardly. Birth-death processes with inital state k = 1, have quasi-stationary
distribution πn = H1 (n)π1 , where:
Hj (i) =

λj λj+1 λj+2 . . . λi−1
,
µj+1 µj+2 . . . µi

1≤j<i

(9)

with the convention that Hi (i) = 1 , i = {1, 2, . . .}, Hj (i) = 0 if i < j. By direct application of
Eq.(8) it follows:
∞
1 X
E(Y (1)) =
iH1 (i)πi
π1 µ 1

(10)

i=1

The generalization to the case k > 1 is based on the solution of the system of linear equations:
n≤k

πn µn = πn−1 λn−1 + π1 µ1 ,
πn µn = πn−1 λn−1 ,

n>k

(11)
(12)

Explicit solutions for different birth-death problems are presented in [16]. However, because
of errors in the paper (as pointed out by [44]), care has to be taken in the application of the
formulae.
The results of Hernández-Suárez and Castillo-Chavez offer an insight on the structure of
the problem but are of limited practical use. A method of proof that relies on a state-space
truncation argument is discussed in [44] and generalizes these results. When the integrand
function is taken into account, similarly to (5) one can write:
Yf (k) =

∞
X

f (i)Si (k)

(13)

i=1

where Si (k) denotes the total time spent in state i within the random time interval [0, τk ].
Denote by τkm , Y m (k) and S m (k) the counterparts of τk , Y (k) and S(k) where the state space
S m is truncated at m ≥ k. In this case:
!
k
m
m
X
X
1 X
m
m
f (i)Si (k) =
f (i)Hj (i)
(14)
E(Yf (k)) = E
µj
j=1

i=1
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i=j

P
H (i)
where the last equality is due to the following result discussed in [43]: E(Sim (k)) = kj=1 µj j
When the state space is not finite, Eq.(14) can be generalized by noting that (from the monotone
convergence theorem):
!
m
X
f (i)Si (k)
(15)
E(Yf (k)) = limm→∞ E
i=1

and that

E(Yfm (k))

→ E(Yf (k)) when m → ∞ as long as
!
m
X
f (i)Si (k) ≤ E(Yfm (k)) ≤ E(Yf (k))
E

(16)

i=1

The first inequality is straigthforward, while for the second inequality to hold it is necessary
to require that a positive real number x0 exists, such that f is non-decreasing for x ≥ x0 [44].
This assumption can be removed by using results of potential theory [37]. In view of (14) and
(16) the following holds:
Proposition 4.1 [Stefanov-Whang] The expected value of Yf (k) where the birth and death
rates are λi and µi has the closed form expression:


k
∞
X
X
1

(17)
f (i)Hj (i)
E(Yf (k)) =
µj
j=1

i=j

Proposition 4.1 is based on the assumption that the process is non-explosive. The generalization
of equation (17) is given in [37] and discussed in the next section.
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Path integrals for general continuous-time Markov chains

In a series of articles, Pollett et al. [37, 38] generalize the results introduced in the previous
section by using theorems developed in the context of potential theory.
In his works, Pollett provides a complete analysis of the birth-death processes studied by Stefanov and Whang in [44] as well as an extension to birth-death-catastrophe processes. This
section resumes the results discussed in [37]. The work is particularly relevant since not only it
removes the constraints imposed in [44], but also clarifies some technicalities and extends the
analysis to cases that had not been previously addressed.

5.1

Expectation of the path integral

The transition rates of a continuous Markov chain are typically expressed in matrix form. The
so-called q-matrix is a fundamental descriptor of the process from which important properties
can be derived. A discussion of q-matrices and their applications can be found in [33]. In the
following, the elements of the q-matrix associated to the Markov chain (assumed to be stable
and conservative) of the process are denoted by qij . They
P represent the transition rate from
state i to state j for j 6= i. Moreover, qii = −qi := − j6=i qij (< ∞) represents the total rate
out of state i. In the case of a birth-death process, the non null elements of the transition
matrix are qi,i+1 = λi and qi,i−1 = µi with µ0 = 0.
Let S = {0, 1, . . .} be the set of non-negative integers where the continuous Markov chain is
defined. The following theorem is a well known result of potential theory [37, 33]:
Proposition 5.1 If yi = E(Yf∞ (i)), then y = (yi , i ∈ S) is the minimal non-negative solution
to the system of equations
X
qij zj + fi = 0,
i∈S
(18)
j∈S
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in the sense that y satisfies these equations, and, if z = (zi , i ∈ S) is any nonnegative solution,
then yi ≤ zi for all i ∈ S
Proposition 5.1 can be applied to the problem of estimating the path integral of Eq.(4) up to
its absorption time by setting q0 = 0 and q0j = 0 for j ≥ 1 and f (0) = 0. In this case it can be
restated as follows [37, 33]:
Corollary 5.2 If ei = E(Yf (i)), where Yf (i) is given by (4), then e = (ei , i ≥ 1) is the minimal
non-negative solution to the system of equations
X
i≥1
(19)
qij zj + fi = 0,
j≥1

These results are relevant in the case of swarm robotics applications that can be modelled as a
time-continuous Markov chain and where the characterization of the expected value of integrals
of type (4) is meaningful. For birth-death processes explicit solutions to the system (18) have
the following form [37]:
Proposition 5.3 For birth-death processes,
E(Yf∞ (j))

=

∞
X
i=j

i

X
1
f (k)H1 (k)
λi H1 (i)

(20)

k=0

While the solutions to the system (19) under the assumption that the process is non-explosive
have the following form [37]:
P
1
Proposition 5.4 [Pollett] For the birth-death processes with ∞
i=1 µi πi = ∞:
j
∞
X
1 X
f (k)πk
E(Yf (j)) =
µ i πi
i=1

(21)

k=i

with the potential coefficients given by π1 = 1 and πk =
∞

Qk

j=2

λj−1
µj

which is finite if

P∞

k=i f (k)πk

<

It is easy to see that Eq.(21) is equivalent to the result derived by Stefanov-Whang in Eq.(17),
since:
k
k
∞
∞
X
X
X
1
1 X
f (j)πj =
f (j)H1 (j)
µ i πi
µi H1 (i)
i=1

i=1

j=i

=

=

k
X

j=i

∞
X

H1 (j)
H1 (i)

i=1

1
µi

k
X

∞
1 X
f (j)Hi (j)
µi

i=1

j=i

f (j)

j=i

Figures 3 and 4 show the expected value of the integral of a birth-death process with rates
λi = 0.5 and µi = 1 and different initial values over two different functions. The closed form
solution is compared with the average obtained with a Montecarlo simulation over 1000 runs.
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Figure 3: Expected value of the integral of a
birth death process with λi = 0.5 and µi = 1
over the function f (x) = x.

5.2

i

Stefanov − Eq. 13
Monte Carlo simulation

−0.5

200
0

i

x 10

2.5
Integral of f(X(t)) until absorption in 0

Integral of f(X(t)) until absorption in 0

1600

f(x)=x, mu = 1 lambda =0.5

4

i

1800

0

5

10

15

20
25
Initial state X(0)

30

35

40

Figure 4: Expected value of the integral of a
birth death process with λi = 0.5 and µi = 1
over the function f (x) = 2x2 − 40x

Distribution of the path integral

Extensions of the propositions 5.1 and 5.2 allow for the characterization of the Laplace transform of the distribution of the path integral of Eq.(4). A method for obtaining the Laplace
transform of the distribution of Yf (k) is described in [38, 46] and demonstrated on simple birth
and death processes for which an explicit form of the distribution can be obtained.
The method is based on the following extension of Proposition 5.1 where τk = inf{t ≥ 0 : X(t) ∈
/
A} with A a fixed subset of the state space S = {0, 1, . . .} and f : A → [0, ∞).
Proposition 5.5 Let yi (θ) = E(e−θYf (i) ). For each θ ≥ 0, y(θ) = (yi (θ), i ∈ S) is the maximal
solution to the system:
X
qij zj = θfi zi , i ∈ A
(22)
j∈S

with 0 ≤ zj ≤ 1 for j ∈ A and zj = 1 for j ∈
/ A, in the sense that y(θ) satisfies these equations,
and, if z = (zi , i ∈ S) is any such solution, then yi (θ) ≥ zi for all i ∈ S.
In particular, the case fi = 1, ∀i corresponds to the problem of determining the distribution of
first passage times of the Markov chain, that is, the distribution of the time it takes the chain
to exit from the set A.
In the case of birth death processes results on the transforms of the distribution of first passage times have been obtained by Flajolet, Guillemin, Stefanov and Ball in terms of continued
fractions [9, 2]. By using proposition 5.5, Pollett and Stefanov derive in [38] the distribution of
Y (k) whose Laplace transform can be inverted.
As noted by McNeil [28], the distribution of these kind of integrals is related to the distribution
of the hitting times of modified Markov chains (details can be found in [38, 28]). The derivation
of closed form solutions, however can be very complicated even in relatively simple birth-death
processes.
In a pioneering series of articles Karlin and McGregor [19] developed a formal theory of general
birth-death processes that allows for the expression of transition probabilities in terms of a sequence of orthogonal polynomial and a spectral measure. In the case of general birth and death
rates, however, no clear method to derive the orthogonal polynomials is known. Additionally,
the transition probability often does not possess an analytic representation or a convenient
computational form. Indeed, closed form solutions for the transition probabilities of general
birth-death processes are known only for few types of processes.
9

Given the difficulty in obtaining closed form expressions for the transition probabilities of general
birth-death processes, several authors have made progresses in designing approximate numerical
methods to compute and invert the continued fraction representation of their Laplace transform
[30]. In a recent remarkable article, Crawford and Suchard introduce an error-controlled algorithm for computing these transition probabilities and for analysing the approximation error [5].
To the best of our knowledge, the application of these novel techniques to the approximation
of the distribution of path integrals has not been investigated.

6

Applications in Swarm Robotics

In this section we exploit known analytical expressions of the solutions to the system 5.2 for path
integrals associated to the behaviour of the swarm robotics described in Sec.3. It is assumed
that the model exhibits extinction (i.e., all the robots will eventually return to the nest) hence
λ < µ.
The expected value and distribution of several quantities are calculated and tested against
Monte Carlo simulations.
First, we will consider the so called time-to-extinction, i.e., the time it takes to the process
to reach the state X(t) = 0, starting from an arbitrary state X(0) = m. By knowing the
probability density function of the random variable associated to this time it is possible to
measure the probability that the swarm is still active after a certain time, and if necessary, to
modify the parameters in order to obtain the desired behaviour.
For the same process, the probabilistic characterization of the power consumption of the system
from time t = 0 to the time corresponding to the deactivation of the last robot is given under
the assumption that each robot has the same consumption profile. Finally the amount of work
performed by the swarm in case of spatial interferences is considered, as well as the cost-benefits
of particular solutions.

6.1

Time to extinction

By setting f (x) = 1, Eq.(4) represents the total activity duration of the swarm, from time
t = 0 to the deactivation of the last robot. The distribution of Y1 (k) can be obtained by using
Proposition 5.5. For linear birth-death processes, however, closed-form solutions for the passage
time probabilities Pm,n (t) = P r(X(t) = n|X(0) = m) are available (Bailey 1964):
Pm,n (t) =

min(m,n) 

X
j=0

where:
α=

m
j



µ(e(λ−µ)t − 1)
λe(λ−µ)t − µ


m + n − j − 1 m−j n−j
α
β
(1 − α − β)j
m−1
and

β=

λ(e(λ−µ)t − 1)
λe(λ−µ)t − µ

The absorption time probability from an intial state m to the absorbing state 0 is thus:
!m
µ(e(λ−µ)t − 1)
Pm,0 (t) =
λe(λ−µ)t − µ

(23)

(24)

(25)

The probability density function of the activity time is obtained from Eq.(25):
fm,0 (t) =

mµ(e(λ−µ)t − 1)m−1 µ(λ − µ)2 e(λ−µ)t
(λe(λ−µ)t − µ)m+1
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(26)

Transition probability Pm,0(t)

Distribution of the activity times
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Figure 5: Cumulative distribution function of
the activity times of a swarm modelled as in
Sec.3. Initial number of robots X(0) = 20, λ =
0.6 , µ = 1.

Figure 6: Probability density function of the activity times of a swarm modelled as in Sec.3
as predicted by Eq.(26) and Montecarlo simulation of (15000 runs). Initial number of robots
X(0) = 20, λ = 0.6 , µ = 1.

Figures 5 and 6 show the cumulative distribution function and the probability density function
of the activity time of the system described in section 3 as well as numerical results obtained
via Montecarlo simulation.
The availability of these closed form solutions allows for the derivation of the parameters associated to the probabilities that robots are still active after a certain time if their dynamics
follows a birth death-process.
In robotics systems where strong temporal requirements have to be respected, as for instance
applications where robots should all be in a safe region after a certain deadline, the probability
associated to the respect of the deadline can be calculated precisely assuming that their dynamics can be modelled as discussed above. Once the parameters associated to the physical
constraints (such as the number of robots available) and to the levels of confidence that can be
tolerated have been calculated, individual robotics controller can be implemented with these
reference parameters in mind.

6.2

Estimation of energy consumption

Since the simplifications introduced by the model of Sec.3 are quite drastic, the expected value
of the number of active robots at time t can be obtained by solving the differential equation:
E(X(t)) = X(0)e(λ−µ)t

(27)

The integral of Eq.(27) multiplied by the unitary consumption provides the expected value of
the energy consumed by the system.
When the birth and death rates are not linear on the number of active robots, Eq.(17) and
Eq.(20) provide a faster alternative to the solution of the first-order non-linear ordinary differential equation governing the expected amount of energy consumed by the system. Figures 7
and 8 show two realizations of the process as well as the expected consumption. When strict
requirements about energy consumption have to be respected, the knowledge of the expected
value is not sufficient. In this case, proposition
5.5 can be used to obtain the distribution of the
Rt
energy consumed by the system E = 0 cX(t)dt.
In case of linear birth-death-processes, and energy consumption per time unit c = 1, the system
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of Eq.(22) can be solved explicitly and the Lapace transform can be inverted to obtain the
probability density function [37]:
p
i −(λ+µ)x
e
(µ/λ)i/2 Ii (2x λµ)dx
(28)
x
where Ii (z) is the modified Bessel function of the first kind [1]. Figures 9 shows the probability
density function of the energy consumption associated to the robots dynamics described in Sec.3
with parameters λ = 0.6 and µ = 1 along with the result of a Montecarlo simulation. The initial
number of robots is set to N (0) = 20. Figure 10 illustrates the probability density function and
the Montecarlo simulation of the energy consumed by the swarm when robots use c = 3 units
of energy per time unit.
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Figure 7: Expected value of the energy consumed by the system (black line) and a realization of the process resulting in half of the
expected energy consumption.

Figure 8: Expected value of the energy consumed by the system (black line) and a realization of the process resulting in a consumption
28% higher that the expected.
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Figure 9: Probability density function of the
system energy consumption until the last robot
is active. N (0) = 20, λ = 0.6 , µ = 1. Single
robot energy consumption per time unit c = 1.
Model prediction and Montecarlo simulation.
(15000 runs)
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Figure 10: Probability density function of the
system energy consumption until the last robot
is active. N (0) = 20, λ = 0.6 , µ = 1. Single
robot energy consumption per time unit c = 3.
Model prediction compared to the case c = 1
and Montecarlo simulation. (15000 runs)
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Figure 11: Probability density functions of
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swarm sizes.

Figure 12: Probability that the total energy
consumption is below a threshold of 50 units
as function of the activation rate λ (assuming
µ = 1).

Figure 11 reports the probability density functions of the energy consumption with swarms of
different initial size. When the modelling of the robot controllers on the basis of the birthdeath process described in Sec.3 is possible, Eq.(28) can be employed for the determination
of the parameters that guarantee an energy consumption below critical levels with a certain
probability. Figure 12, for instance, shows the probability that the energy consumed by the
system is below a threshold of 50 units as a function of the activation rate λ (assuming µ = 1).

6.3

0.9

lambda

Estimation of the amount of work performed in presence of spatial interferences

The amount of work performed by a swarm depends on the number of active robots at each
time step. This dependence is generally complex and non-linear as the competition for resources
(physical space, energy, communication channels) can significantly influence the behaviour and
the performance of the robots.
The effect of interferences on the global performance of a swarm robotics system has long been
recognized as an important issue in multi-robot systems design. Its analysis leads, in general, to
two alternative situations: in some applications the performance of the swarm improves (generally sub-linearly) as the number of robots increases, in others an optimal group size associated
to the peak performance exists. In this second situation, the increase in the number of robots
above the optimal value causes the performance to decrease and eventually to reach zero. On
the other hand, the performance of each robot tends to decrease when the number of active
robots increases (in scenarios without cooperation) [22].
Approaches to understand quantitatively and to minimize the effect of interferences have been
discussed in [35, 22] and references therein.
These works generally focus on finding the optimal swarm size that maximizes the performance
of the system for a given task and a given controller [32, 10, 22, 35]. The problem is addressed
with simulations or analytical techniques in order to characterize the optimal group size. We
refer in this case to the static version of the problem, in the sense that once the optimal number
of robots is found, the swarm is configured with that number and the size does not change.
In many applications, however, the swarm size changes as the robots stop working or move to
different areas.
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In this section we study a dynamical version of the problem with the goal of estimating the
expected amount of work accomplished by a swarm of robots with the birth-death dynamics
introduced in section 3 in presence of spatial interferences. Similarly to the works of Lerman et
al.[22] we consider a simplified robot controller composed of two states (Figure 13): a working
state and a state corresponding to the management of the spatial interference (i.e., obstacle
avoidance).
It is assumed that robots are distributed over a closed area, with an activity to perform (for
example cleaning, cutting lawn, patrolling). The activity does not require cooperation. Furthermore, a robot in obstacle-avoidance mode suspends its main activity for all the time necessary
to maneuver.

Working mode

Obstacle avoidance

Figure 13: Simplified robot controller and transitions between the states.
Mathematical models for different kind of interferences have been discussed in [22, 14].
However, interferences represent a complex phenomenon that depends not only on the physical
characteristics of the robots but also on the kind of tasks, on the geometry of the environment
and on the strategy adopted by the robots. For this reasons, we consider computer simulations
more accurate than mathematical models in capturing the subtleties of the phenomenon and
for the determination of performance functions. In the following, the simulator ARGoS [36] is
used to characterize the effect of spatial interferences by calculating an average performance
function via repeated high-level simulations. ARGoS is a discrete-time physics-based simulation
framework developed within the Swarmanoid1 project. ARGoS can simulate various robots at
different levels of detail, as well as a large set of sensors and actuators; the experiments presented
in this work are carried out in a 2-dimensional kinematics-based simulation. The measurements
provided by ARGoS are used to study the expected amount of work performed by a swarm of
robots under different conditions.
In particular, robots are distributed in a 4m × 4m arena, Figure 14, and are equipped with 24
proximity sensors distributed around their perimeter. The robots are able to move at 5 cm/s,
Figure 15. The performance of the swarm is measured by the average area they are able to cover
in a time unit, in working mode. Whenever the robot senses a close obstacle within its front
sensing area, it stops executing the task and turns in the direction of the left or right areas. In
the case, front, left and right areas are blocked by obstacles, the robot reverses its motion and
move backwards, if possible. In the simulations, the performance of the system is measured
over an interval of 1000 seconds. Several measurement are collected during a simulation:
 The average area covered by a robot in working mode during the simulation.
 The average area covered by all the robots in working mode during the simulation.
 The average time spent by the robots in working mode

Collision avoidance maneuvers cause the performance to decrease when the number of robots
increases. Figure 17 shows that the swarm performance increases by increasing the number
of robots until an optimal value is reached. Additional robots cause the performance of the
system to decrease until the zero value is reached. Figures 14 and 15 illustrate two snapshots
of a simulation performed in ARGoS. The effect of spatial interferences reduces the expected
amount of work since robots in obstacle-avoidance mode suspend their main activity.
1

http://www.swarmanoid.org/
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Figure 14: Robots distributed in the arena at
time t = 0. ARGoS simulation.

Figure 15: The amount of work performed visualized as the regions of the space that have been
visited. ARGoS simulation.
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Figure 17: Efficiency of the swarm measured as
the average area covered by the robots in working mode during a simulation of 1000 seconds.
Data are collected with ARGoS simulator and
interpolated with a polynomial of degree 6.

The negative effect of spatial interference on the performance of the system is shown in Figures
16 and 17 reporting the average time a single robot spends in working mode and the average
area covered by the swarm as measured by ARGoS. Data are interpolated with a polynomial of
degree 6.
When the dynamics of the activation and deactivation of robots is modelled as the birth-death
process described in Section 3, the value of integral (4) over the interference function corresponds
to the expected amount of work performed by the swarm. This value is calculated by using as
interference function the polynomial interpolation of the data provided by the simulator divided
by the duration of the simulation.
Figures 18 and 19 report the expected value of the integral (4) as computed by Eq.(17), when
λ = 0.6 and µ = 1. In particular, Fig.18 reveals how the effect of spatial interferences puts an
upper bound on the expected output of the system. In absence of interference phenomena, the
output of the system would be linear with the number of robots, as shown by the dashed line
in Fig.18. When interference phenomena are taken into account, the model correctly predicts
the expected value of the integral. It seems that a neat closed form expression for the variance
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is not derivable. Nonetheless, a route for its numerical evaluation linked to the resolution of a
large system of equations is described in [44]. Figure 19 shows the temporal dynamics of the
expected amount of work with different swarm sizes obtained via Montecarlo simulation over
1000 runs. The result converges to the value predicted by Eq.(17).
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Estimation of costs and rewards

Theoretical results on the characterization of the integral of BDPs can be used to calculate
the expected cost-reward associated to swarms with different size and dynamics, whenever this
concept is relevant.
In applications like foraging, for example, the cost-reward of an algorithm may be related to
the energy income of the swarm over time. This, in turn, may be related to the ratio of foragers
and resters (division of labour) in the group. We observe in this section the dynamics of the
energy function associated to the system with the birth-death dynamics discussed in section 3.
The reward function is defined as follows:
E(n) = R(n)κ − C(n)

(29)

E(n) = f (n)κ − n ∗ 0.02

(30)

where C(n) and R(n) represent the cost and the reward associated to a swarm of size n respectively, and the constant κ has the dimension of cost/reward. Equation (29) constitutes a
generalization of the energy-balance function defined in [23] in the context of a foraging application where the reward of the system is related to the amount of energy the swarm is able to
collect during the foraging activity and the cost function is related to the energy consumption
associated to the activity of foraging.
Since the measure of the performance of a swarm system relative to its costs may be secondary
to energetic consideration we prefer to talk in terms of general cost and reward functions defined
on a case per case basis.
To illustrate the application of the results of Sec.4 to the computation of the expected reward,
consider the cost function shown in Fig.20 defined as:
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where κ = 0.5m−2 and f (n) corresponds to the average area covered by the robots in working
mode during a minute (obtained from the function plotted in Fig.17). In this case a swarm
of n robots is awarded for each unit of area robots can cover and penalized proportionally to
the number of active robots. Swarms configured with an increasing initial number of robots
and whose dynamics is modelled by a birth-death process with parameters λ = 0.6, λ = 0.3
and µ = 1 are simulated. The expected value of the cost-reward function of Eq.(30) shown in
Fig.17 is calculated by applying Eq.(17). Since in presence of spatial interferences the robots
will spend on average less time in working mode, the benefits of using large swarms are rapidly
eliminated by the costs. With the structure of costs and rewards introduced above and the
linear birth-death dynamics of the activation of the robots, the average reward of the system
becomes negative for swarms with an initial size larger than 140 robots.
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the swarm modelled as in Sec.3 calculated by
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Conclusions

The mathematical modelling of swarm robotics systems is a complex task. Often, the effect of
the interactions between the robots is so complex that the only viable way to study the system is
to use numerical simulations. In other cases, it is possible to derive analytical macroscopic models that can be used to investigate the properties of the system in idealized conditions. Unlike
microscopic models, which describe the behaviour of individual robots, analytical macroscopic
models are often constituted of a set of coupled differential equations whose numerical solution
provides insights into the dynamics and long term behaviour of the system.
Although this approach can provide substantial information to guide the development of robotics
controllers, the finite nature of the system allows for outcomes that cannot be captured by continuum approximations. Moreover, under mean field assumptions it may not be possible to
characterize probabilities associated to specific events.
In this paper we investigated the use of birth-death processes for the probabilistic modelling of
distributed robotics systems. The objective is to evaluate whether theoretical results developed
in the context of the analysis of continuous-time Markov chains can be applied to the study of
the properties of swarm systems. The rationale is that, in several applications, the number of
robots in a particular state or engaged in a particular action constitutes the main descriptor
of the state of the swarm. When the evolution in time of this number can be modelled with a
birth-death process, well established results can be applied to characterize complex quantities
such as expectation of path integrals and mean passage times. In this context, we reviewed
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several theoretical results for the evaluation of the expected value of a path integral for general
birth-death processes on countable state spaces and provided references to relevant publications.
To illustrate these approaches we considered a basic example where the dynamics of the activation and deactivation of robots can be modelled as a linear birth-death process and provided
the characterization of the distribution of the total activity time and the expected amount of
work that the system is able to perform, even in presence of spatial interferences.
Albeit this kind of modelling involves simplifications that may not be valid in complex circumstances, in applications where the simplifications are justified, theoretical and numerical tools
available in the literature of birth-death processes can be effectively used to characterize relevant probabilities concerning the energy consumption, the amount of work accomplished, or the
expected cost-reward of swarm robotics systems. These probabilities, in turn, can be used to
guide the development of individual robotics controllers with specific performance guarantees.
The focus on tractable stochastic processes offers a double advantage: on the one hand, robotics
controllers that mimic these processes inherently possess certain quantifiable properties, on the
other hand, it offers valuable guidelines for the study of the characteristics of more sophisticated
controllers, designed with the traditional trial and error approach, when the macro-behaviour
they generate can be reconducted to well-known dynamics, such as BDPs.
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