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Introduction

Multiobjective Combinatorial Optimization Problems (MCOPs) are combinatorial problems that involve the
optimization of several, typically conflicting objectives. An MCOP arises, for example, when planning a trip
from a city A to some city B in a holiday trip. Besides the minimization of the overall distance between the
two sites, one may also be interested in minimizing the cost, the overall travel time, etc. An unequivocal
solution to such problems is the one which is optimal with respect to all objectives. But is there such a
solution? The shortest tour is not necessarily the fastest nor the fastest needs to be the cheapest one–just
consider tolled highways.
Which is then the optimal solution to such a multiobjective problem? It depends on the notion of
optimality. In this paper, we focus on the notion of Pareto optimality, which arises when the decision maker
is not able to express his preferences a priori, simply because he is not present in the process or not able
to give an a priori formula or ranking of the objectives. In this case, one is interested in obtaining a set
of solutions that represents the optimal trade-off between the objectives, i.e., solutions which are not worse
than any other and strictly better in at least one of the objectives.
The set of available algorithms for computing high quality approximations to the Pareto optimal set has
grown enormously over the recent years as witnessed by a large number of papers at international conferences
and workshops [15, 26, 30, 66], special issues of scientific journals [14, 27, 39] and numerous regular papers at
other conferences about algorithms or on topics of multiple criteria decision making. The majority of these
approaches are based on stochastic local search (SLS) algorithms (see chapter R-18 about more details on
SLS), a trend that reflects the enormous success of these algorithms for single-objective problems.
Here, we review the main developments in the application of SLS algorithms to MCOPs. SLS techniques
range from simple constructive algorithms and iterative improvement algorithms to general algorithm frameworks that can be adapted to a specific problem under concern. These latter general-purpose SLS methods
(also often called metaheuristics) include simulated annealing, tabu search, evolutionary algorithms, ant
colony optimization and many others. While these techniques can result in rather complex algorithms already for single-objective problems, when applied to MCOPs they become even more complicated because
they need to return a set of solutions instead of a single one.
For tackling MCOPs with SLS algorithms, two fundamentally different approaches can be distinguished.
The first is to base the search on the component-wise ordering of the objective value vectors of solutions
(or some ranking derived from these orderings). We will say that SLS algorithms that mainly focus on
this approach follow the component-wise acceptance criterion search model (CWAC search model). The
second approach is based on the usage of parameterized scalarization methods by aggregating the objectives;
the SLS algorithms following such lines use the scalarized acceptance criterion search model (SAC search
model). These two choices define somehow the two main schools for the design of SLS algorithms for MCOPs.
Different choices for the remaining components of an SLS algorithm for MCOPs crucially depend on the
choice taken for the search model.
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In the following sections, we review available SLS algorithms in dependence of these two choices, which
also makes this review different from several earlier ones [12, 13, 22, 25, 45, 40]. In addition, some proposals
combine these two search models. We will review these latter hybrid approaches separately from the others.
Despite the view taken here, it is inevitable to further discuss the proposed algorithms in dependence of the
analogy to known SLS methods for the single objective problems. However, since we are more interested in the
differences between the main search strategies, we do not consider specific problem-dependent implementation
choices in detail and also try to avoid the highly specialized jargon found in the context of various SLS
methods.

2

Basics

The main goal of solving MCOPs in terms of Pareto optimality is to find solutions which are not worse than
any other solution and strictly better in at least one of the objectives. Let Q be the number of objectives
and S be the set of all candidate solutions; then the objective function for a solution s ∈ S to MCOPs can be
defined as a mapping f~ : s 7→ RQ . The following orders hold for objective function vectors in RQ . Let ~u and
~v be vectors in RQ ; we define the (i) weak component-wise order as ~u ≤ ~v , i.e., ui ≤ vi , i = 1, . . . , Q; and
(ii) the component-wise order as ~u ≺ ~v , i.e., ~u 6= ~v and ui ≤ vi , i = 1, . . . , Q. In the context of optimization,
we denote the relation between objective function value vectors of two feasible solutions s and s 0 as follows:
~ 0 ), we say that f~(s) dominates f(s
~ 0 ); and (ii) if f(s)
~
~
(i) if f~(s) ≺ f(s
≤ f~(s0 ), then f(s)
weakly dominates
0
0
0
~
~
~
~
~
~ 0 ) 6≺ f~(s), and they
f (s ). In addition, we say that f (s) and f (s ) are non-dominated if f (s) 6≺ f(s ) and f(s
~ 0 ) 6≤ f(s).
~
~ 0 ).
are non-weakly dominated if f~(s) 6≤ f~(s0 ) and f(s
Note that the latter implies that f~(s) 6= f(s
For simplification purposes, we shall use the same notation among solutions when the above relations hold
between their objective function value vectors.
Since the notion of optimal solution clearly differs from the single-objective counterpart, we need to define
the notion of a Pareto global optimum solution and a Pareto global optimum set: A solution s ∈ S is a Pareto
~ 0 ) ≺ f(s);
~
global optimum if and only if there is no s0 ∈ S such that f(s
we say that S 0 ⊆ S is a Pareto global
optimum set if and only if it contains only and all Pareto global optimum solutions. We call the image of
the Pareto global optimum set in the objective space the efficient set. In most cases, solving an MCOP in
terms of Pareto optimality would correspond to finding solutions that are representative of the efficient set.
When solving an MCOP in terms of scalarized optimality, it is assumed that the decision maker is able
to weigh the importance of each objective; the objective function vector is then scalarized according to some
weight vector ~λ = (λ1 , . . . , λQ ). We will denote the scalarized objective function value by fλ (s). We then
say that a solution s ∈ S is a scalarized global optimum solution if and only if there is no s 0 ∈PS such that
Q
fλ (s) < fλ (s0 ) with respect to a given ~λ. The weight vector ~λ is usually normalized such that q=1 λq = 1.
Thus, ~λ is an element from the set of normalized weight vectors Λ given by
Λ = {~λ ∈ RQ : λq > 0,

Q
X

λq = 1, q = 1, . . . , Q}

(1.1)

q=1

In the case of different ranges of values between objectives, a normalization by range equalization factors
must be considered [63]. The scalarization of the objective function vector is usually based on the family of
weighted Lp -metrics as
Q
hX
p i1/p
λi |fi (s) − yi |
,
(1.2)
fλ (s) =
i=1

where s ∈ S, p > 0, and ~y = y1 , . . . , yQ is the ideal vector, where we have yi = min fi , i = 1, . . . , Q. Settings
of p = 1 or p = ∞ are most often used. When p = 1, we have the well-known weighted sum formulation
given by
Q
X
fλ (s) =
λi fi (s).
(1.3)
i=1

It is well known that a scalarized global optimum solution for Equation (1.2) with p 6= ∞ is also a Pareto
global optimum solution, either if it is a unique solution or if the components of the weight vectors are all
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positive [63].
Obviously, the great advantage of using a scalarized objective function is that the same SLS algorithm
for solving the single-objective problem can be used for tackling the multiobjective version. When using
such scalarized objective functions, the available algorithms typically change the weight vectors to generate
solutions that are of high quality for different weights; A disadvantage is that, when finding optimal solutions
with respect to the scalarized objective function, only supported solutions, that is, solutions on the convex
hull of the efficient set, are obtained.
Finally, let us mention that (with few exceptions) common to all SLS algorithms for MCOPs is that they
return a set of non-dominated solutions. Therefore, most of these algorithms include an additional data
structure that maintains a set of solutions during the search process that we call archive and that is returned
when the algorithm is terminated at an arbitrarily chosen time. In our review, we consider that the best
non-dominated solutions found during the algorithm’s run are maintained in the archive, if not expressed
otherwise. During the search process, the algorithm needs to update the archive and, if nothing else is said,
we assume that this update consists of (i) adding new non-dominated solutions, and (ii) removing dominated
ones.
Many of the available SLS algorithms make use of two further techniques. The first is archive bounding; it
is used because the archive may grow very strongly and the operations for manipulating the archive become
increasingly time consuming. The second are techniques for maintaining the solutions in the archive spread
in the objective space, since it is assumed that clusters of solutions are not informative for the decision
maker.

3

Component-wise acceptance criterion

We first give an overview of SLS algorithms that make direct or indirect use of the component-wise ordering
when deciding about the acceptance of new candidate solutions. By direct we mean that this decision is
exclusively based on the component-wise ordering introduced in Section 2; by indirect we understand that
from this component-wise ordering some ranking of candidate solutions is derived that is then finally used
for deciding on which solutions to accept or choose for further manipulation. The algorithms that fall into
this latter category are mainly evolutionary algorithms.

3.1

Direct use of the component-wise ordering

When designing an SLS algorithm for single-objective problems, one typically starts by implementing some
form of an iterative improvement algorithm. In fact, it is relatively straightforward to apply iterative
improvement algorithms also to multiobjective problems by modifying the acceptance criterion, making use
of the component-wise ordering of solutions, and the use of an archive of non-dominated solutions found so far.
With such modifications, iterative improvement algorithms under the CWAC search model can iteratively
improve the current set of candidate solutions in the archive by adding non-dominated neighboring solutions
to it [57]. Such an algorithm can be seeded either by one single solution that may be generated randomly, or
by a a set of candidate solutions generated by, for example, an exact algorithm. Despite their wide spread
for single-objective problems, iterative improvement algorithms for MCOPs were proposed only recently;
nevertheless, almost all SLS algorithms that make direct usage of the component-wise ordering are such
iterative improvement algorithms or extensions thereof.
Iterative improvement algorithms. Among the first such approaches is Pareto local search (PLS) by
Paquete et al. [54, 55, 59]. PLS applies iteratively the two following steps. First, it selects randomly one
candidate solution s from the archive that has not been visited and examines all neighbors of s. Second,
it adds all neighbors of s that are non-weakly dominated with respect to the archive. It stops when the
neighborhood of all candidate solutions has been examined. Independent of PLS, Angel et al. [4] proposed
a similar approach called bicriteria local search (BLS). The main difference between PLS and BLS is that
the latter examines the neighborhood of all candidate solutions in the archive, while PLS chooses only
one and updates the archive immediately after examining a candidate solution’s neighborhood. Angel et
al. also proposed an extension of BLS by using an archive bounding technique that only accepts neighboring
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solutions whose objective function value vectors do not lie in a same partition of the objective space; in
addition, also a restart version of BLS was presented. A similar idea was also proposed by Laumanns et
al. [47] for a simple evolutionary multiobjective optimizer (SEMO) that examines only one randomly chosen
solution in the neighborhood. A variant of SEMO [47], called fair evolutionary multiobjective optimizer
(FEMO), selects the candidate solution of the archive whose neighborhood was examined least often.
An iterative improvement algorithm with a more complex acceptance criterion, called Pareto archived
evolution strategy (PAES), was proposed by Knowles and Corne [42] which induces explicitly some dispersion
among the solutions of a bounded-size archive. The acceptance criterion of PAES works as follows: a
neighboring candidate solution s0 is chosen randomly from the neighborhood of a current candidate solution
s of the archive; if s0 is dominated by any of the candidate solutions in the archive it is discarded, while
if s0 dominates candidate solutions in the archive, s0 is added and the dominated candidate solutions are
removed. If s0 is non-dominated with respect to s and to the archived candidate solutions, one of the two
following possibilities is applied: (i) if the archive is not full, s0 is added to the archive; (ii) if the archive is
already full, s0 is only added if there exists another solution s∗ lying in a partition of the objective space that
contains more solutions. In that case, s∗ is removed from the archive. A more complex version of PAES,
called M-PAES, is proposed in [43].
Extensions of tabu search. An obvious further extension of the iterative improvement algorithms described above is to incorporate features of other general-purpose SLS methods. Few approaches in that
direction have been proposed so far and the ones we are aware of are based on multiobjective tabu search.
The central idea is to examine the neighborhood of a set of solutions, extract non-dominated solutions and
accept among those only some non-tabu ones for inclusion into an archive. Examples of such an approach
have been presented by Baykasoglu et al. [7, 8] and by Armetano and Arroyo [5]. In the latter approach, a
bounded size archive is used and special bounding and dispersion techniques are used that are based on the
location of centroids of clusters of solutions in the objective space.

3.2

Indirect use of the component-wise ordering

Many current population-based SLS algorithms rely on a mapping of the objective function value vector of
each candidate solution in the archive into a single value, a rank, where the lower a candidate solution’s rank
is, the higher are its chances of being chosen. This indirect use of the component-wise ordering is mainly
made by a number of multiobjective evolutionary algorithms (MEAs). Here, we describe the most relevant
of these MEAs with particular emphasis on the ranking procedure. All these approaches consider an archive
of bounded size. An illustration of the ranking procedure used in the algorithms presented next is given in
Figure 1.1; the brighter the color of an objective function value vector the better is the solution considered
by the ranking procedure. Note that, as said before, we do not discuss details of these approaches such as
crossover or mutation operators, since these are problem-specific.
• Fonseca and Fleming [24] proposed the multiple objective genetic algorithm (MOGA), which assigns
to each solution the number of solutions that weakly dominate it in the archive. Then, solutions are
ranked according to those values, where ties result in ranks being averaged. A sampling algorithm
chooses the next set of solutions to remain in the archive, even if some of them are dominated. The
top-left plot in Figure 1.1 shows this ranking procedure, before averaging tied ranks.
• Srinivas and Deb [62] proposed the non-dominated sorting genetic algorithm (NSGA), which extended
a ranking procedure initially proposed (but not tested) by Goldberg [31]: the lowest rank is assigned to
the set of candidate solutions in the archive that are non-dominated. These solutions are then removed
and the non-dominated solutions among the remaining candidate solutions are assigned the next rank
level. This procedure is iterated until no candidate solution remains to be assigned a rank. Next, a
sampling procedure is used for choosing the next set of solutions according to the ranking. Similarly
to MOGA, also dominated solutions could be chosen. The top-right plot in Figure 1.1 illustrates this
ranking procedure. Some further improvements are found in NSGA-II [19]; these include a faster
computation of the ranks and a strategy for maintaining a dispersed set of solutions called crowding
(this technique is explained later in this section).
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Figure 1.1: Graphical illustration of several ranking procedures in MEAs where the numbers at the points
indicate the respective rank values (see text for more details.)
• Zitzler et.al. [68] proposed SPEA2 that maintains two sets of solutions, one being the archive of the
best non-dominated solutions found so far and the second being the set of current candidate solutions
that play the usual role of the population in evolutionary algorithms. Some of the solutions from the
archive might be removed by a clustering algorithm if their number exceeds the maximum allowable
size. The ranking procedure of SPEA2 works as follows:
1. To each solution in the archive and in the set of current solutions is assigned the number of current
solutions that are dominated by it;
2. For each solution in both sets, its rank is given by the sum of the values computed for the solutions
from both sets that weakly dominate it.
Solutions, whose rank are less than one, are added to the archive. The size of the archive is maintained
fixed at some value j in two ways: if the number of solutions becomes larger than j, solutions which
are clustered in the objective space are removed (except those that are the best to each objective); if
the archive is not full, the best current solutions are added to it until the total number of solutions
reaches j. The bottom plot in Figure 1.1 illustrates this ranking procedure, where circles correspond
to the set of current solutions and squares correspond to the solutions in the archive. The ranking
procedure used by SPEA2 corrects the previous version called SPEA [69], in which a solution that is
dominated by another one could be assigned a lower rank.
Since these approaches typically use an archive of fixed size, it is desirable that the existing solutions are
dispersed in the objective space. Therefore, this aspect also affects how solutions are going to be chosen.
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Both MOGA and NSGA use a fitness sharing strategy, which decreases a solution’s rank depending on how
large is the number of solutions in the archive within a certain radius in the objective space. NSGA-II
applies a crowding strategy, which modifies a solution’s rank based on an average distance from the nearest
non-dominated solutions in the objective space. A similar approach is also used in SPEA2, where to each
solution rank the inverse of the distance from the kth nearest neighbor solution in the objective space is
added (k is a parameter).
Recently, some MEAs have been proposed that add a further exploration step by making direct use of
the component-wise ordering. For instance, Talbi et al. [64] proposed an algorithm that starts with an MEA,
whose final set of solutions is used afterwards as starting solutions for an iterative improvement similar to
PLS; similar approaches are found also in Brizuela et al. [11] and Basseur et al. [6]. In Jozefowiez et al. [41],
the further step after the termination of a MEA consists of a Tabu Search algorithm, with similar principles
to [7], that is run several times for different regions of the objective space. Finally, Morita et al. [50] proposed
a more complex combination by maintaining two sets of solutions such as SPEA2. At each iteration, some
solutions are chosen from each set and are recombined and mutated; the resulting solutions are then added
to the current set of solutions and to the archive. Then, the CWAC step consists on the examination of the
neighboring solutions to a chosen one from the archive. Finally, the archive is updated and some solutions
from the current set of solutions are removed in order to maintain a given cardinality at the end of each
iteration.

4

Scalarized acceptance criterion

The main principle underlying the SAC search model is to use the value returned by the scalarization of
the objective function vector with respect to some weight vector to distinguish between better and worse
solutions. Obviously, using only one weight vector is not enough for obtaining a reasonable approximation
to the efficient set. Hence, most approaches consider to change the components of the weight vector while
running the algorithm in order to attain different regions of the objective space.
In the following, we divide the approaches in non-proprietary and proprietary ones. In non-proprietary
approaches, an SLS algorithm is embedded into a general framework that mainly says how an underlying
SLS algorithm is applied to tackle an MCOP. In the proprietary approaches, some specific, general-purpose
SLS method is enhanced by additional features or specific search strategies that make it adapted for tackling
MCOPs. Several examples of such proprietary approaches are therefore discussed in dependence of the
underlying general-purpose SLS method.

4.1

Non-proprietary approaches

In the simplest case, a single-objective SLS algorithm could be run several, say k, times using k different
weight vectors and one could for each scalarization return the best solution found by the SLS algorithm.
Then, the set of objective value vectors of the k returned final solutions forms an approximation to the
efficient set. In order to output a set of non-dominated solutions, the dominated solutions from the final set
are removed.
Surprisingly, such a very basic approach is very rarely used, not even for a comparison to more complex
algorithms. Exceptions are found in Borges and Hansen [10] and Knowles and Corne [44], who used the set
of solutions returned by such an approach to get insight into certain instance features. In the following, we
describe some approaches that further extend these ideas:
• Borges [9] proposed a general framework, called CHESS, whose acceptance criterion is based on a function of the distance between a new solution and an archive; in particular, the neighboring solution that
is accepted to the archive is the one that maximizes the minimum difference between each component
of the objective function value vector to any solution in the archive. However, this distance does not
take into account any weight vector. This general rule for the acceptance criterion can be applied to
SLS methods such as Simulated Annealing or Tabu Search.
• Paquete and Stützle [58] proposed two-phase local search (TPLS), which works as follows: in a first
phase, a high quality solution for one objective is obtained by some high performance SLS algorithm.
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Then, in the second phase, a sequence of scalarizations is solved; the initial solution of each scalarization
is the one returned by the previous scalarization, the first scalarization being initialized by the solution
returned from the first phase. The weight vectors that define the scalarizations in the second phase
are modified according to some strategy. This strategy could consist of a random sequence of weight
vectors, or of a sequence such that a small change is incurred between components of successive weight
vectors. This latter strategy is the most applied one so far. For a detailed description of this algorithm
see [58, 59, 53].

4.2

Proprietary approaches

Proprietary simulated annealing. Differently from the CWAC model, many algorithms that follow the
SAC model use simulated annealing principles. Here, we describe some of the most relevant ones:
• Serafini [60] proposed several ways of modifying the usual probabilistic acceptance criterion of simulated
annealing for tackling multiobjective problems. Given the current solution s and a neighboring solution
s0 , he gives guidelines that should be applied to the computation of the probability p of accepting s 0 : if
~ 0 ) ≺ f~(s), then p = 1; if f~(s) ≺ f(s
~ 0 ), then p < 1; otherwise, p depends on the value returned from
f(s
~ 0 ) and f~(s) (or
a function of a parameter called “temperature” and the weighted distance between f(s
0
~
between f (s ) and the ideal vector). In order to attain more solutions, Serafini proposed to use small
random variations on the components of the weight vector during the run.
• Ulungu [65] proposed MOSA, where a set of weight vectors is defined a priori and for each scalarization
one run of a simulated annealing algorithm is done. The probabilistic acceptance criterion in MOSA
follows similar principles to those proposed by Serafini [60]. Each time a neighboring solution is
accepted, an archive Aλ of non-dominated solutions for the current weight vector λ is updated; the
final set of solutions returned by the algorithm is obtained after removing the dominated solutions
from the union of the resulting sets Aλ .
Proprietary tabu search. Hansen [33] proposed MOTS that uses an archive, which is improved during
the search process. In MOTS, only neighboring solutions that are non-tabu and the best with respect to a
given scalarization can be added to the archive. In order to obtain a final set of solutions that is dispersed in
the objective space, the current weight vector is updated such that neighboring solutions that are isolated in
the objective space are preferably chosen. This update is done as follows: given a solution s from the archive,
the i-th weight vector component increases by a fixed amount for each solution in the archive that is worse in
the i-th objective; then, a non-tabu neighbor of s that has the best scalarized objective function value with
respect to the new weight vector is chosen, added to the archive if it is non-dominated with respect to all
solutions in the archive and, in that case, the tabu list is updated. Further features of MOTS are described
in [33].
Proprietary memetic algorithms Several memetic algorithms for MCOPs have been proposed in analogy to principles of the single-objective case. Usually, these algorithms consist of a sequence of runs of an
SLS algorithm using a scalarized objective function, each one seeded by solutions that are generated by
recombination and mutation procedures applied to elements of the current set of solutions. We describe the
following main approaches:
• Murata and Ishibushi [36] proposed MOGLS, which is a straightforward extension of MEAs to memetic
algorithms. At each iteration, two solutions are selected from the archive by a sampling procedure
that takes into account the ranking of all solutions based on a scalarization of the objective function
vector with respect to a randomly generated weight vector. These two solutions are then recombined,
generating a new one, which is then further improved by a local search algorithm that uses the current
weight vector. While in the first proposals only one randomly chosen solution from the neighborhood
is considered at each iteration of the local search, later also analyses on the influence of the strength
of the local search on the overall performance have been done [37].
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• Jaszkiewicz [38] proposed another memetic algorithm also called MOGLS. This algorithm maintains
two sets of solutions as SPEA2, where one set maintains the current solutions while a second one
corresponds to the archive of the best solutions found. At each iteration, two solutions are taken from
a subset of the best current solutions with respect to a certain randomly chosen weight vector and then
recombined. Next, a local search algorithm starts from this new solution using the scalarized objective
function defined by the generated weight vector. The solution returned by the local search algorithm
is then added to the two sets of solutions according to some acceptance rules.

5

Combination of search models

Several recently proposed algorithms combine the SAC and the CWAC search model, giving place to hybrid
algorithms. Two main trends can be identified. Either the overall SLS algorithm applies two clearly distinct
phases based on the two search models in sequence (sequential combination), or the SLS algorithm combines
components of the two search models and iteratively changes between those in the overall search process
(iterative combination).

5.1

Sequential combination

All the sequential combinations we are aware of first apply algorithms based on the SAC search model. The
reason for this choice may be due to the fact that optimal solutions with respect to scalarizations of the
objective function vector can identify only supported solutions, possibly leaving large gaps in the final set of
solutions returned; in addition, the number of solutions returned by some methods following the SAC model
is limited to the number of scalarizations. Algorithms that follow the CWAC search model can easily be
applied after the SAC step with the aim of filling these gaps and increasing the number of returned solutions.
Note that in the SAC step of such a combination, not necessarily SLS algorithms are required. In fact, if
the scalarized problem is polynomially solvable, it is more useful to use an exact algorithm; this is also the
case in the first two combinations described below.
• Hamacher and Ruhe [32] and Andersen et al. [3] proposed an algorithm that combines the two search
models for tackling the multiobjective minimum spanning tree problem. In their approaches, the SAC
step consists in obtaining several supported solutions for different scalarizations (note that a minimum
spanning tree can be computed in polynomial time) and in the CWAC step, candidate solutions in the
neighborhood of the supported ones are added to the archive if they are non-dominated by any other
candidate solution.
• Gandibleux et al. [29] also proposed an algorithm to search for non-dominated solutions with respect
to a set of supported solutions that was previously obtained in the SAC step. (As in [3, 32], an
efficient algorithm is known to the single objective version of the MCOP tackled in that paper, the
multiobjective assignment problem). The CWAC step follows principles from evolutionary algorithms:
several pairs of solutions are chosen randomly from the archive and are recombined in order to generate
a new set of solutions; the recombination operator used here takes into account some information about
the components of the supported solutions. The so obtained solutions are then changed by a mutation
procedure and, if the mutated solutions are not dominated by some previously calculated bounds,
their neighborhood is explored and the non-dominated neighbors are added to the archive. This step
is repeated for a given number of iterations.
• Paquete and Stützle [58] proposed a Pareto Double Two-Phase Local Search (PDTPLS) as a further
extension of the TPLS approach (see page 7). For each scalarization, a solution s is returned and a
CWAC step examines all neighboring solutions of s; all non-dominated solutions found in this way are
returned once all scalarizations have been examined.

5.2

Iterative combination

Iterative combinations of the SAC and CWAC search models could be conceived in various ways and,
hence, it is probably not surprising that the approaches in this category are more varied than when only
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sequential combinations are considered. In the following we restrict ourselves to give some examples of such
combinations that range from local search algorithms like tabu search and simulated annealing to populationbased algorithms like memetic algorithms or ant colony optimization algorithms. These examples illustrate
the range of possibilities that are opened by such iterative combinations.
• Gandibleux et al. [28] use tabu search principles in an algorithm called MOTS. This algorithm iteratively changes between the neighborhood exploration based on a SAC search model and CWAC search
model. In the SAC step, a non-tabu solution that minimizes the distance from a local utopian point 1
or a tabu but aspired solution replaces the current one. Once a new solution in the neighborhood of
the current one, s, is accepted, a CWAC step adds the non-dominated neighbors (or a subset thereof)
of s to the archive. In order to favor more isolated regions of the objective space, the weight vector is
updated periodically; to maintain the diversity of the search process, a new weight vector is declared
tabu for a given number of iterations.
• Abdelaziz and Krichen [2] developed an algorithm that was also called MOTS. Given some solution s,
the SAC step works as follows: a constructive algorithm is run several times for several scalarizations
in order to generate a set S of solutions; for each run of the constructive algorithm, the weight vector
takes into account the two worst components of the objective function value vector of s multiplied by
some random values. The neighboring solutions to s are added to S, from which then the dominated
solutions are removed and the resulting set S 0 is used to update the archive. Then, a CWAC step
that follows similar principles to [7] (see also page 4) is applied for a given number of iterations. The
iterative combination of the SAC and CWAC steps is repeated until no solution can be added to the
archive during some iterations. A further extension, using a MEA, has been proposed in [1].
• Czyzak and Jaszkiewicz [16] proposed an algorithm which further extends the simulated annealing
principles for tackling MCOPs. First, a set of solutions S is generated randomly and each solution
from this set is assigned a weight and added to the archive. For each candidate solution s from S, a
neighboring solution s0 is added to the archive if not dominated by s (CWAC step). The SAC step is
then applied for determining s0 as the new current solution according to probabilistic rules similar to
the ones proposed by Serafini; the weight vector is changed automatically during the search process in
order to favor the acceptance of neighboring solutions that are more isolated in the objective space.
This iterative process is repeated for all solutions in S.
• López-Ibáñez et al. [49] proposed a combination of SPEA2 with SLS algorithms using a scalarized
acceptance criterion, which combines a CWAC step, as executed by SPEA2, with a SAC step used for
defining the search direction for the SLS algorithm. In that proposal, the SLS algorithm is applied to
every new solution obtained from a recombination of solutions in the archive using randomly generated
weights.
Recently, there has been some interest in applying ant colony optimization (ACO) algorithms [21] to
MCOPs. ACO algorithms are based on the repeated, construction of solutions that is stochastically biased
by artificial pheromone trails (pheromone trails are essentially some numerical information attached to
solution components that are used in the solution construction) and heuristic information on the problem
under being solved. The pheromone trails are updated during the algorithm’s run in dependence of the
search experience. Interestingly, all applications of ACO algorithms to MCOPs that are solved under the
notion of Pareto optimality combine the two search models: The solution construction is typically based on
a SAC step, where weights are defined to join various types of pheromone information with respect to the
various objectives, while the artificial ants (representing the generated solutions) that update the pheromone
information are typically chosen based on a CWAC step. Some approaches are described next:
• Iredi et al. [35] proposed several extensions of ACO algorithms where the pheromone and heuristic
information are associated to different weight vectors, defined according to subintervals within the
range [0, 1]. Thus, different weight vectors direct the constructive steps towards different regions of
the objective space. The artificial pheromones are then updated with the non-dominated solutions
1 An

utopian point dominates the ideal point; In MOTS, a local utopian point dominates all neighbors of the current solution.
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found. Extensions of these algorithms were also proposed by López-Ibáñez et al. [48, 49], where an
SLS algorithm based on a scalarization of the objective function vector is applied after each new
constructed solution.
• Dörner et al. [20] describe an ACO algorithm that uses one pheromone matrix for each objective
but only one same type of heuristic information. Each solution is constructed based on the heuristic
information and on the weighted aggregation of the pheromone matrices according to a randomly
chosen weight vector. Some of the best non-dominated solutions found are then used for updating the
pheromones.

6

Conclusions

We have reviewed the research on SLS algorithms for tackling MCOPs with respect to the notion of Pareto
optimality. The existing approaches were classified according to whether they use the SAC and CWAC search
models or some combinations thereof. For each of the resulting main classes of algorithms we have shortly
described the main representatives without the intention of providing a fully comprehensive enumeration of
all existing proposals, which would be almost impossible, given their large number and the limited amount
of space. While we described here only the main features of available approaches, several other interesting
details can be found in the original papers.
Among the possible approaches for tackling MCOPs, a recent and interesting one is to use an acceptance
criterion based on solution quality indicators. Such an algorithm has been proposed by Knowles et al. [46];
it applies at each step the hypervolume indicator [69] to decide which solutions are added to the archive.
A similar approach has also been followed in [67], where binary performance indicators are used, that is,
quality indicators that return a pair of values for each non-dominated set. We remark that the performance
of these algorithm strongly also depends on the performance of the underlying algorithm for computing the
quality indicators and we expect further development on ways of computing these more efficiently.
There are a few important areas related to SLS algorithms for MCOPs that were not covered here. One
of the most important is the empirical assessment of the performance of these algorithms. This is far from
being a trivial issue since, as shown by Zitzler et al. [70], frequently used quality indicators for comparing
non-dominated sets obtained by SLS algorithms have severe problems. A recognized exception is the use of
attainment functions. Initially proposed in [18], the attainment function characterizes the performance of
the SLS algorithms by describing the distribution of the outcomes. This function has shown to be a firstorder moment measure of these outcomes and it can be seen as generalization of the multivariate empirical
distribution function [17]. This allows the use of statistical inference and experimental design techniques
to infer conclusions on the performance of SLS algorithms [61, 56]. Some further extension of attainment
functions for second-order moments can be found in [23].
Finally, we remark that little is known on the dependence between the performance of SLS algorithms
and certain features of the MCOPs. Exceptions can be found in Mote et al. [51] and Müller-Hannemann and
Weihe [52] who identified several features of the Multiobjective Shortest Path problem and variations that
translate in a tractable number of Pareto optimal solutions, which contrasts with the known worst case for the
same problem in [34]. In [10, 55], it is conjectured that most efficient solutions and approximations thereof
are strongly clustered in the solution space for the multiobjective traveling salesman problem with respect
to a small sized neighborhood. This means that local search algorithms using this neighborhood are very
suitable for this problem, which is confirmed in [58]. In addition, the correlation between objectives seems to
have a strong effect on the choice for the search model; in [59], experimental results indicate that simple SLS
algorithms based on the SAC and CWAC search model, respectively, can behave strongly differently for the
multiobjective quadratic assignment problem as the correlation between objectives is changed. Therefore,
an interesting future line of research is to investigate, both experimentally and analytically, which and how
instance features affect the performance of SLS algorithms.
While the research field of applying SLS algorithms to MCOPs poses many open questions and significant
research issues, the set of available SLS algorithms shows that nowadays it is becoming increasingly feasible
to tackle MCOPs with respect to the notion of Pareto optimality and that therefore these approaches are
very likely to receive more attention for the solution of difficult real-world multiobjective problems.
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[57] L. Paquete, T. Schiavinotto, and T. Stützle. On local optima in multiobjective combinatorial optimization problems. Technical Report AIDA–04–11, FG Intellektik, TU Darmstadt, November 2004.
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