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Abstract
In many practical problems, several conflicting criteria exist for evaluating solutions. In
recent years, strong research efforts have been made to develop efficient algorithmic techniques
for tackling such multi-objective optimization problems. Many of these algorithms are extensions of well-known metaheuristics. In particular, over the last few years, several extensions
of ant colony optimization (ACO) algorithms have been proposed for solving multi-objective
problems. These extensions often propose multiple answers to algorithmic design questions
arising in a multi-objective ACO approach. However, the benefits of each one of these answers
are rarely examined against the alternative approaches.
This article reports results of an empirical research effort aimed at analyzing the components of ACO algorithms for tackling multi-objective combinatorial problems. The results
presented here focus on the bi-objective travelling salesman problem. The main goal is to
study the effect of algorithmic components and their possible interactions on the performance
of a multi-objective ACO algorithm. Examples of design choices are the use of local search,
the use of one versus several pheromone matrices, and the use of one or several ant colonies.
The analysis of the results is carried out by means of an exploratory graphical analysis tool
based on the attainment function methodology. This tool allows to identify regions of the
objective space where there is a strong difference between two alternative strategies.
Keywords: Multiobjective Optimization, Ant Colony Optimization, Travelling Salesman
Problem, Quadratic Assignment Problem
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Introduction

Ant colony optimization (ACO) [1] is a general-purpose stochastic local search (SLS) method [2]
that is inspired by the pheromone trail laying and following behavior of some real ant species.
Although some few adaptations of ACO to continuous optimization exist, the main application
area of ACO is to NP-hard combinatorial optimization problems. Due to the practical relevance of
this class of problems and the high performance reached by ACO algorithms in many applications,
the number of applications of ACO algorithms has risen strongly over the recent years [1].
In many practically relevant problems it is common to evaluate the quality of candidate solutions with respect to various, often conflicting objectives. It is therefore not surprising that
several extensions of ACO algorithms have been proposed to tackle multi-objective combinatorial
optimization problems (MCOPs). Typically, these approaches were designed with the intention
to tackle multi-objective problems in terms of Pareto optimality. In fact, there have been a few
tens of papers that deal with multi-objective ACO (MOACO) algorithms for such problems. For
a detailed overview, we refer to [3, 4].
1
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Unfortunately, surprisingly little research on MOACO is targeted towards an understanding
of the contribution of specific design choices of MOACO algorithms to performance. Such design
options concern the use or not of local search, different ways of directing the search towards
the Pareto front (for example, by the use of nondominance criteria or the use of weighted sum
aggregations), the use of more than one ant colony to specialize on specific areas of the Pareto front,
and so on. In fact, most articles propose one specific way of how to tackle MCOPs by an ACO
algorithm [5, 6]; rare are comparisons of several MOACO algorithms [4] or studies that compare
few design alternatives [7, 8]. In fact, we believe that our previous article on an experimental
analysis of MOACO algorithms for the biobjective quadratic assignment problem (BQAP) [9] is
one of the most complete for what concerns the experimental comparison of specific design options
of MOACO algorithms.
In this article, we build and extend upon our earlier work in the area of the experimental
analysis of MOACO algorithms. As in our previous work, we use a component-wise view of how
to design a MOACO algorithm and, hence, analyze the algorithmic performance in an experimental
design type style. We extend the earlier analysis in various ways. First, and maybe most important,
we use more advanced tools for the empirical analysis of the behavior of multi-objective optimizers.
In particular, we base our analysis on the extensive usage of the attainment functions methodology
[10, 11], and we use graphical illustrations to examine where in the objective space the various
MOACO algorithms differ in performance [12, 13]. This gives us a detailed indication of the impact
of specific MOACO components on performance. Second, we tackle another problem, which is the
bi-objective traveling salesman problem (BTSP). The BTSP differs from the BQAP very strongly
in its search space characteristics [14], and also in the fact that the solution evaluation in the
BTSP is much faster than for the BQAP. Moreover, the BTSP can profit much from the usual
algorithmic speed-up techniques for the single-objective TSP such as candidate lists [15]. Third,
some of the algorithm details studied have not been considered previously. In fact, the results we
present here form part of a larger research effort that aims at a detailed analysis of the impact of
MOACO components on algorithm performance.
The article is structured as follows. In Section 2 we give some basic definitions and introduce
the BTSP. Section 3 reviews concisely available ACO algorithms for MCOPs tackled in the Pareto
sense and introduces the algorithmic components we study. The experimental setup is detailed
in Section 4 and computational results are presented in Section 5. We end with some concluding
remarks in Section 6.

2

Multiobjective Combinatorial Optimization

In this article we focus on multi-objective combinatorial optimization problems (MCOPs), where
candidate solutions are evaluated by an objective function vector f~ = (f1 , . . . , fd ) with d objectives.
MCOPs are often solved without a priori assumptions on the preferences of the decision maker.
In such case, the goal is to determine a set of feasible solutions that “minimizes” the objective
function vector f~ according to the Pareto optimality criteria. Let ~u and ~v be vectors in Rd . We
say that ~u dominates ~v (~u ≺ ~v ) iff ~u 6= ~v and ui ≤ vi , i = 1, . . . , d. Furthermore, ~u and ~v
are nondominated iff ~u ⊀ ~v and ~v ⊀ ~u. To simplify the notation, we also say that a feasible
solution s dominates another solution s0 iff f~(s) ≺ f~(s0 ). A solution s is a Pareto optimum iff
no other feasible solution s0 exists such that f~(s0 ) ≺ f~(s). The goal in MCOPs then typically is
to determine the set of all Pareto-optimal solutions. However, determining the Pareto optimal
set is often computationally intractable, and therefore it is usually preferable to approximate the
Pareto set as well as possible in a given amount of time. Such an approximation is always a set of
solutions that are mutually nondominated.
The notion of Pareto-optimality can be extended to compare sets of mutually nondominated
solutions [16, 17]. When comparing two sets A and B of nondominated solutions, we say that A is
better than B (A C B) iff every ~b ∈ B is dominated by or equal to at least one ~a ∈ A, and A 6= B.
If we have that A 6 B, B 6 A, and A 6= B, A and B are incomparable (A k B), and none of the
two sets is preferred over the other according only to Pareto-optimality.
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In this paper we deal with the BTSP, which is a direct extension of the widely studied singleobjective TSP with two cost values between each pair of distinct cities. A BTSP instance is
defined by a complete graph G = (V, A), with n = |V | nodes {v1 , . . . , vn }, a set of arcs A that
fully connects the graph. Each arc has an associated cost vector whose components are c1 (vi , vj )
and c2 (vi , vj ), i 6= j. Here we assume that instances are symmetric, that is cl (vi , vj ) = cl (vj , vi ),
i 6= j, l = 1, 2. The goal in the BTSP is to find the set of Hamiltonian tours p = (p1 , . . . , pn )
“minimizing”, in terms of Pareto optimality, the total tour cost, which is given by
X
 n−1

f (p) = c vp(n) , vp(1) +
c vp(i) , vp(i+1) .
i=1

3

Multi-objective ant colony optimization

The first extensions of ACO for MCOPs were proposed by the end of the 90s. While various early
approaches targeted problems where the objectives can be ordered lexicographically or preferences
of a decision maker are known, most proposals of MOACO algorithms were targeting towards
multi-objective problems that are tackled in terms of Pareto optimization. For an overview of
most of the available MOACO algorithms we refer to [4, 3].

3.1

Available MOACO algorithms

All proposed MOACO algorithms somehow try to modify underlying ACO components so as to
allow the algorithm to direct the search towards the different regions of the Pareto front simultaneously. A main question is how to represent the solution components of different areas of the front
in the form of pheromones. Essentially, the possibilities available here are to use one pheromone
matrix [18, 6] or several pheromone matrices [19, 5, 18, 7]. In the latter case, typically each objective has associated one pheromone matrix. Related to this decision is the choice of the ants
that deposit pheromones. Typically, if one pheromone matrix is used, some or all nondominated
solutions are selected for update [18], while in the use of several pheromone matrices some elitist
choices w.r.t. the objectives represented in the pheromone matrices are done [19, 5, 7]. During
the solution construction, the question arises how to use the pheromones and also the heuristic
information. If several pheromone matrices or several forms of heuristic information are used, a
common choice is to use some weighted aggregation of these values [19, 5, 18].
Unfortunately, in most papers where MOACO approaches are described, the various possible
algorithmic components are not studied in very much details so that little insight about the
impact of specific choices is available. To some extend, the following articles provide more details.
In the article by Iredi et al. [18] some few design options are studied for a specific scheduling
problems. Alaya et al. [7] study various combinations of the number of pheromone matrices and
the number of colonies for a multi-objective knapsack problem. The review article by Garcı́aMartı́nez et al. [4] experimentally compares various complete MOACO algorithms, rather than
individual algorithmic components, by using the BTSP as a benchmark problem, although not
applying usual TSP specific algorithm techniques such as candidate lists or local search. We
therefore decided to start a significant research effort to analyze in more detail the impact various
MOACO algorithm components may have on performance, extending in a strong way beyond our
initial efforts [9].

3.2

Studied algorithm components

Based on our earlier experience with MOACO algorithms and the various proposals made in the
literature, we decided to study the following main algorithmic components for composing MOACO
algorithms for the BTSP. Note that for some components, only specific levels of other components
make sense. This is indicated below where necessary.
Local Search. It is well known that local search has a strong influence on performance for
single-objective ACO algorithms [1]. Hence, we study here also the impact of local search for

4
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the BTSP. We use an iterative improvement algorithm based on the 2–exchange neighborhood.
Our local search algorithm uses a weighted sum combination of the two objectives and exploits
that standard TSP speed-up techniques (candidate sets are reordered for each weight vector).
Pheromone Information. We use two levels for this component, either one pheromone matrix
or two pheromone matrices.
If one pheromone matrix is used, the solution construction exploits this pheromone matrix
as usual in single-objective ACO algorithms. Since, however, two types of heuristic information
ηij are available for each arc (i, j) (one for each distance matrix), these must be exploited in an
appropriate way. We decided to do so by giving equal weight to each of these and to choose
1
2
ηij = 0.5 · ηij
+ 0.5 · ηij
.
When multiple pheromone matrices are utilized, each matrix is typically associated to one
objective, and they are aggregated by means of weights. The MOACO literature contains examples
of both linear versus non-linear aggregations. Here, we use a linear aggregations, since due to our
underlying ACO algorithm we can ensure that the pheromones are in a same range.

pkij

=P

1
2
(1 − λ)τij
+ λτij

l∈Nik

((1 −

λ)τil1

+

α

1
2
· (1 − λ)ηij
+ ληij

α
λτil2 )

· ((1 −

λ)ηil1

+

β

2 )β
ληil

if j ∈ Nik

(1)

where Nik is the feasible neighborhood of ant k, that is, those cities not visited yet by ant k and
l
τij
is the pheromone trail for arc (i, j) for either objective l = 1, 2.
Weight Setting Strategies. Whenever weights are used, either for aggregating multiple
pheromone matrices or for performing a single-objective local search over a scalarization of the
multi-objective problem, several strategies can be applied for setting the weights used at each
iteration of the algorithm.
A possible strategy is to define as many weights as ants. Then, each ant may be assigned a
different weight from the other ants at each iteration. The first approach was already proposed
by Iredi et al. [18]. Alternatively, we can assign to all ants the same weight but modify the
weight slightly at each iteration. This latter strategy is more similar to the approach followed by
Two-Phase Local Search [20]. In any case, if an ant is assigned a weight vector, the subsequent
local search will use the same weight vector for computing the weighted sum combination of the
objectives.
Pheromone deposit. In the case of one pheromone matrix, a common choice is to allow
nondominated solutions to deposit pheromones. Here, we examine whether we allow all, or a
limited number of ants to deposit pheromone. If a limited number is chosen, it is advantageous to
choose them distributed along the Pareto front. For this task, we adapt the niching mechanism of
SPEA-2 [21].
In the case of multiple pheromone matrices, some elitist strategy is usually followed. Here, we
use the method of updating each pheromone matrix with the best solution for each objective.
Concerning the choice of the updating and w.r.t. to the choice between iterated-best and globalbest update, we follow directly the strategy followed by the underlying ACO algorithm, which here
is MAX -MIN Ant System [22].
Multiple Colonies. Multiple colonies are typically used to better direct the search towards
specific areas of the Pareto front. To do so, each colony has its own pheromone information, be it a
single pheromone matrix or two pheromone matrices. The total number of ants is divided equally
between the colonies. All solutions generated at each iteration are placed in a common archive,
hence, colonies influence each other. The cooperation among the colonies can be made stronger
by exchanging solutions among the colonies. One such approach is called update by region [18],
where the Pareto front used for update is divided into as many parts as colonies, and each part is
used to update the pheromone information of a different colony. In the bi-objective case, this can
be implemented by sorting the Pareto front according to the first objective, and subdividing the
Pareto front into c smaller fronts of equal size.
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Experimental Setup

All algorithms are implemented in C and compiled with gcc, version 3.3. The implementation of
the multi-objective ACO algorithms is based on ACOTSP [23]. Experiments are carried out on
AMD OpteronTM 2216 dual-core processors running at 2.4 GHz with 2 MB L2-Cache and 4 GB
RAM, under Rocks Cluster GNU/Linux. Due to the sequential implementation of the code, only
one core is used for running the executable.
We wish to focus on the multi-objective components. Hence, we use a common underlying
ACO algorithm, MAX -MIN Ant System (MMAS) [22], for the management of pheromones
(evaporation, pheromone trail limits, etc.). Other basic parameters were α = 1, β = 2, ∆τ = 1,
τ0 = τmax , where ∆τ is the amount of pheromone deposited by an ant and τ0 is the initial value of
the pheromone. Note that the usage of ∆τ = 1 implies that the amount of pheromone deposited is
independent of the solution quality of the ant’s tour. The evaporation factor is ρ = 0.2 if 2-opt local
search is used, otherwise it is ρ = 0.05. The total number of ants is m = 30. In single-objective
ACO algorithms for the TSP, the use of candidate lists is essential for obtaining high-quality
solutions. Hence, we also use candidate lists for the BTSP. For generating the candidate list, we
follow the technique proposed by [15], where edges are sorted according to its dominance ranking.
The size of the candidate list is 40.
For the multi-objective components, we compare the following. The use of one pheromone
matrix and an update strategy based on the dominance criteria against the use of two pheromone
matrices. In the latter case, we use aggregations of the pheromone matrices (and objectives) by m
weight vectors which are maximally dispersed and each pheromone matrix is updated by the best
ant for the corresponding objective. (Note that each component of the weight vectors is in the
interval [0, 1] and that the sum of the two components is equal to one. We tested different number
of colonies c ∈ {1, 3, 5}, with ants equally divided among the colonies (m/c). The colonies share
information in order to identify dominated solutions, which are not used for updating; however,
they have their own set of (nondominated) solutions for updating. We tested both update by
origin (each ant is considered only for updating the pheromone matrix of the colony to which it
originally belongs) and update by region strategies. We e found only a slight advantage in favor
of update by region. Hence, we focus on the result obtained by this approach
We also test the two weight setting strategies explained above. These weight setting strategies
are only relevant for components utilizing weights. In fact, they do not apply if only one pheromone
matrix is used and no local search performed.
Each experiment was run for a time limit of 300 seconds and repeated ten times with different
random seeds. Note that our code for all variants was optimized by using the usual speed-ups and
precomputations that are also applied for ACO algorithms that tackle the single-objective TSP
[1] and that are also implemented in the ACOTSP software.
We performed experiments on 3 Euclidean BTSP instances of 500 cities. Two were generated
taking a single-objective Euclidean instance, and altering the coordinates of the cities by a correlated random noise to create a new distance matrix. This way, we generated a positive-correlated
instance, with a correlation between the distance matrices of 0.77, and an estimated correlation
between the objectives of 0.81, measured by generating 10 000 random solutions. We also generated a zero correlated instance with a correlation between the distance matrices of 0.01, and
an estimated correlation between the objectives of −0.01. In addition, we also considered the instance euclidAB500 available from http://eden.dei.uc.pt/~paquete/tsp/. This instance has
a correlation between the matrices of 0.01, and an estimated correlation between the objectives of
0.01.
In contrast to previous results on the BQAP, the different correlation does not lead to large
differences in the behavior of MOACO components. Hence, we discuss only results obtained for
the zero-correlated instance generated by us, but the same behavior was observed for the other
instances.

6
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Analysis of Experiments

Our goal is to identify fundamental differences between alternative components of multi-objective
ACO algorithms, rather than obtaining the best configuration possible. For this purpose, we
analyze the results by means of a graphical technique [12, 13] based on the empirical attainment
function (EAF) [10].
The attainment function gives the probability of a particular point in the objective space vector
being attained by (dominated by or equal to) the outcome of a single run of an algorithm. This
probability can be estimated from several runs of an algorithm, in order to calculate the empirical
attainment function (EAF) of an algorithm. The EAFs of two algorithms can be compared by
calculating the difference in value of the EAFs for each point in the objective space. Differences in
favor of one algorithm indicate that those points are more likely to be attained by that algorithm
than by its competitor, and, hence, that the performance of that algorithm is better (in that
region of the objective space) than the performance of its competitor. We display this information
graphically by plotting side-by-side the positive and negative differences between the EAFs of two
algorithms (or two different configurations of the same algorithm). Each point in the objective
space obtained by either algorithm is colored according to the value of the difference. Points
where this value is lower than 0.2 are not shown. The plots also display, as a continuous line, the
grand best and the grand worst attainment surfaces, which respectively delimit the regions never
attained by any algorithm and always attained by any run of the two algorithms. The median
attainment surface of each algorithm, which delimits the region of the objective space attained by
at least 50% of the runs, is also shown in each side of the plot as a dashed line.
Here we discuss the main effects of the components we have studied. We do so by discussing
the results in the order of somehow decreasing impact, the most important component in this
sense being the use of local search or not. For the other components, we always give results with
and without local search, since sometimes there are quite strong interactions observable. In the
following, we present the results only for the BTSP. We applied the same type of algorithms also
to the BQAP using the same instances as in [9]; below we comment also shortly on the main
findings we have for the BQAP and indicate possible differences from the BTSP results.
Component: Local Search The strongest difference is caused by the use of local search. The
plots in Fig. 1 compare the same configuration of MOACO with and without local search. The
results in the top plot were obtained by using one pheromone matrix, whereas the bottom plot
shows results using two pheromone matrices (bottom). In both cases, local search clearly improves
the results obtained by ACO. With two pheromone matrices, interestingly, the version without
local search obtains solutions that are quite close to those of the version with local search at the
extremes of the Pareto front but very poor results in the center. This result suggests that handling
the trade-off between objectives is difficult for ACO. In the case of one pheromone matrix, the ACO
algorithm tries to handle extreme and trade-off solutions at a same time, and, as a consequence,
the results are rather poor along the whole Pareto front. A similar observation was made for the
BQAP [9], where local search was also essential in order to obtain high quality solutions.
Component: Weight Setting Strategies Another notable observation is the difference in results obtained by the two weight setting strategies (all ants use the same weight at each iteration—
TPLS-like strategy—versus each ant uses a different weight). The plots in Fig. 2 compare these
two weight setting strategies with (top plot) and without local search (bottom plot). Although the
benefit of the TPLS-like strategy is clearly stronger by a large margin if no local search is used,
even in the case with local search there is an important difference along the whole Pareto front.
By comparison, for the BQAP, there is no noticeable difference between weight setting strategies.
In our experiments, we consistently noticed that the aggregation of multiple pheromones by
using weights, which is necessary for computing the probabilities of adding specific solution components, is an expensive operation. If each ant uses a different weight, this aggregation has to be
performed for each of the m individual ant. On the other hand, if all ants use the same weight, the
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Figure 1: Differences in the EAFs with and without local search, either using one pheromone
matrix (top) or two pheromone matrices (bottom), and always using one colony.

probabilities can be pre-computed once at each iteration. The latter approach allows to perform
ten times more iterations than the former within the same computation time.
Component: One vs. Two Pheromone Matrices There were also strong differences in the
results obtained when using one or two pheromone matrices. The bottom plot of Fig. 3 compares
both approaches when not using local search. The first approach with only one pheromone matrix
(plus update by non-dominated solutions) tends to produce better results in the center of the
Pareto front than the approach using two pheromone matrices. In contrast, when using two
pheromones matrices (plus weighted sum aggregations), the resulting Pareto front is much better
at the extremes of the Pareto frontier. If local search is used, as shown in the top plot of Fig. 3,
these structural differences disappear, due to the fact that the weighted local search approach does
explore the whole Pareto front explicitly. Moreover, when using local search, the approach using
two pheromone matrices is better along the whole Pareto frontier, and in particular in the center

8

IRIDIA – Technical Report Series: TR/IRIDIA/2009-019

Figure 2: Differences in the EAFs between the two weight setting strategies. The algorithms use
one colony and two pheromone matrices, and either local search (top) or not (bottom).

of the Pareto front. Hence, there is a strong interaction between the components concerning the
pheromone matrices and local search.
Component: Number of Colonies We observed, as well, differences in the structure of Pareto
frontiers obtained when using one or more colonies. Figure 4 compares the use of one or more
colonies for the approach based on one pheromone matrix (top) or two pheromone matrices (bottom). As illustrated by the top plot, when using one pheromone matrix, the results obtained
with three colonies are better in the extremes than with one colony. On the other hand, when
using only one colony better results are obtained in the center of the Pareto front. The opposite
behavior is observed in the bottom plot when using two pheromone matrices. In this case, three
colonies improve over the results obtained by only one colony, except for the very extremes of the
Pareto front.
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Figure 3: Differences in the EAFs between using one pheromone matrix or two pheromone matrices. The comparison is done with local search (top) and without (bottom), and using one
colony.

Taking into account that the approach using one pheromone matrix is good at the center of
the Pareto front but very poor at the extremes, the effect of the multiple colonies is to improve
the results at the extremes. On the other hand, the approach using two pheromone matrices is
very good at the extremes of the Pareto front, but quite poor at the center. In this case, the use
of multiple colonies improves the results at the center. Hence, one may conclude that the effect
of multiple colonies is to overcome one core weakness of each approach.
However, each additional colony introduces an overhead in computation time caused by the
additional pheromone matrices. Since the available CPU time is limited in our experiments, the
multiple colonies approach is not better along the whole Pareto frontier than a single colony, since
each of the multiple colonies is doing less iterations than a single colony. The benefits of additional
colonies were even stronger in the case of the BQAP [9], since the overhead introduced by each
additional colony was smaller.

10
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Figure 4: Differences in the EAFs between one and multiple colonies. Results are shown for one
pheromone matrix (top) and two pheromone matrices (bottom).

6

Conclusions

In this paper, we have presented an analysis of several key algorithm components for the design
of MOACO algorithms for the BTSP. We also have identified specific components, where different
behavior is induced as when to compared to the BQAP. There are a number of ways of how this
study can be extended. As next steps we plan to investigate the contribution of components of
other concrete MOACO algorithms on performance both for the BTSP and BQAP. We also may
consider comparisons to ACO algorithms that are embedded into higher-level guidance strategies
such as two-phase local search [20]. We hope to have made a step forward towards an understanding
of the impact of MOACO algorithm components on performance; ultimately we hope that this
leads towards a more directed design of MOACO algorithms for practical applications.
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