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Abstract
In this paper, we show how ant colony optimization (ACO) may be used for tackling mixed-variable optimization problems. We show how a version of ACO extended
to continuous domains (ACOR ) may be further used for mixed-variable problems.
We present different approaches to handling mixed-variable optimization problems
and explain their possible uses. We propose a new mixed-variable benchmark problem. Finally, we compare the results obtained to those reported in the literature for
various real-world mixed-variable optimization problems.
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Introduction

Ant colony optimization (ACO) is a metaheuristic for the approximate solution of discrete optimization problems that was first introduced in the early
90’s [Dor92,DMC96]. ACO was inspired by the foraging behavior of ant colonies.
When searching for food, ants initially explore the area surrounding their nest
in a random manner. While moving, they leave a chemical pheromone trail on
the ground. As soon as an ant finds a food source, it evaluates the quantity
and the quality of the food and carries some of it back to the nest. During
the return trip, the quantity of pheromone that an ant leaves on the ground
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may depend on the quantity and quality of the food. The pheromone trails
guide other ants to the food source. It has been shown in [DAGP90] that the
indirect communication between the ants via pheromone trails let them find
shortest paths between their nest and food sources. The shortest path finding capabilities of real ant colonies are exploited in artificial ant colonies for
solving optimization problems.
While ACO algorithms were originally introduced to solve discrete optimization problems, their adaptation to solve continuous optimization problems enjoys an increasing attention. Early applications of the ants metaphor to continuous optimization include algorithms such as Continuous ACO (CACO) [BP95],
the API algorithm [MVS00], and Continuous Interacting Ant Colony (CIAC) [DS02].
However, all these approaches do not follow the original ACO framework (for
a discussion of this point see [SD06]). Recently, an approach that is closer to
the spirit of ACO for combinatorial problems was proposed in [Soc04,SD06]
and is called ACOR .
In this work, we extend ACOR so that it can be applied to mixed-variable optimization problems. Mixed-variable optimization is a combination of discrete
and continuous optimization—that is, the variables being optimized may be
either discrete or continuous. There are several ways of tackling mixed-variable
optimization problems. Some approaches relax the search space, so that it becomes entirely continuous [LZ99b,LZ99c,Tur03,GHYC04]. Then, the problem
may be solved using a continuous optimization algorithm. In these approaches,
the values chosen by the algorithms are repaired when evaluating the objective function, so that they conform to the original search space definition.
In other approaches, the continuous variables are approximated by discrete
values [PK05], and the problem is then tackled using a discrete optimization
algorithm. Alternatively, so called two-phase approaches have been proposed
in the literature [PA92,SB97], where two algorithms (one discrete and one
continuous) are used to solve a mixed-variable optimization problem. Finally,
there are algorithms that try to handle both discrete and continuous variables
natively [DG98,AD01,OS02].
It has been already shown that ACOR may be successfully used for tackling
continuous optimization problems [SD06]. Hence, similarly to other continuos
optimization algorithms, it may be used also for tackling mixed-variable optimization problems through relaxation of the discrete constraints. However,
this relies on the assumption that a certain ordering may be defined on the
set of discrete variables’ values. While this assumption is fulfilled in many real
world problems, 1 it is not necessarily always the case. In particular, this is not
true for categorical variables, that is, variables that may assume values associated with elements of an unordered set. We can intuitively expect that if the
Consider for instance pipe diameters: the sizes could be 14 ”, 12 ”, 1”, 1 21 ”, etc., and
the ordering of these values is obvious.
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correct ordering is not known, or does not exist (as in case of categorical variables), the continuous optimization algorithms may perform poorly. In fact,
the choice of the ordering made by the researcher may affect the performance
of the algorithm.
On the other hand, algorithms that natively handle mixed-variable optimization problems are indifferent to the ordering of the discrete variables, as they
do not make any particular assumptions about it. Hence—again intuitively—
we would expect that these algorithms would perform better on problems
containing categorical variables, and that they would not be sensitive to the
particular ordering chosen.
Accordingly, in this paper we test the hypothesis that:
Hypothesis 1.1

Native mixed-variable optimization algorithms are more
efficient than continuous optimization algorithms with
relaxed discrete constraints in the case of mixed-variable
problems containing categorical variables, for which no
obvious ordering exists.

In order to test this hypothesis, we have extended ACOR so that it is able to
handle natively also mixed-variable optimization problems. Additionally, we
need to select a proper benchmark problem. Mixed-variable benchmark problems may be found in the literature. They often originate from the mechanical
engineering field. Examples include the coil spring design problem [DG98,LZ99c,GHYC04],
the problem of designing a pressure vessel [DG98,GHYC04,ST05], or the thermal insulation systems design [AD01,KAD01]. None of these problems, however, can be easily parametrized for the purpose of comparing the performance
of a continuous and a mixed-variable algorithm. Because of this, we propose
a new simple yet flexible benchmark problem based on the Ellipsoid function.
We use this benchmark problem for analyzing the performance of two versions
of ACOR —continuous and mixed-variable. Later, we evaluate the performance
of ACOR also on other typical benchmark problems from the literature.
The remainder of this paper is organized as follows. Section 2 presents the
modified ACOR that is able to handle both continuous and mixed-variable
problems. We call it ACOMV . In Section 3, our proposed benchmark is defined, which allows to easily compare the performance of ACOR with that of
ACOMV . The results of this comparison are presented and analyzed. In Section 4, ACOR and ACOMV are tested on benchmark problems derived from
real-world problems. The results obtained are also compared to those found
in the literature. Finally, Section 5 summarizes the results obtained, offers
conclusions, and outlines the plans for future work.
3

2

Mixed-Variable ACOR

The extension of ACO to continuous domains—ACOR —has already been described in [SD06]. In this paper, we provide an equivalent alternative description that we believe is clearer, shorter, and more coherent. We use this more
compact description of ACOR to introduce its further adaptation to handle
mixed-variable optimization problems.
2.1 ACO for Continuous Domains—ACOR
The ACO metaheuristic finds approximate solutions to an optimization problem by iterating the following two steps:
(1) Candidate solutions are constructed in a probabilistic way using a probability distribution over the search space;
(2) The candidate solutions are used to modify the probability distribution
in a way that is deemed to bias future sampling toward high quality
solutions.
ACO algorithms for combinatorial optimization problems make use of a pheromone model in order to probabilistically construct solutions. A pheromone
model is a set of so-called pheromone trail parameters. The numerical values
of these pheromone trail parameters (that is, the pheromone values) reflect
the search experience of the algorithm. They are used to bias the solution
construction over time towards the regions of the search space containing high
quality solutions.
In ACO for combinatorial problems, the pheromone values are associated with
a finite set of discrete values related to the decisions that the ants make. This
is not possible in the continuous case. Hence, ACOR uses a solution archive as
a form of pheromone model for the derivation of a probability distribution over
the search space. The solution archive contains a number of complete solutions
to the problem. While a pheromone model in combinatorial optimization can
be seen as an implicit memory of the search history, a solution archive is an
explicit memory. 2
The basic flow of the ACOR algorithm is as follows. As a first step, the solution
archive is initialized. Then, at each iteration a number of solutions is probabilistically constructed by the ants. These solutions may be improved by any
improvement mechanism (for example, local search or gradient techniques).
Finally, the solution archive is updated with the generated solutions. In the
following we outline the components of ACOR in more details.
2

A similar idea was proposed for by Guntsch and Middendorf [GM02] for combinatorial optimization problems.
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Fig. 1. The structure of the solution archive. The solutions in the archive are sorted
according to their quality (i.e., the value of the objective function f (s)), hence the
position of a solution in the archive always corresponds to its rank.

2.1.1 Archive structure, initialization, and update
ACOR keeps a history of its search process by storing solutions in a solution
archive T of dimension |T | = k. Given an n-dimensional continuous optimization problem and k solutions, ACOR stores in T the values of the solutions’
n variables and the value of their objective functions. The value of the i-th
variable of the j-th solution is in the following denoted by sij . Figure 1 shows
the structure of the solution archive.
Before the start of the algorithm, the archive is initialized with k random
solutions. At each algorithm iteration, first, a set of m solutions is generated
by the ants and added to those in T . From this set of k + m solutions, the
m worst ones are removed. The remaining k solutions are sorted according to
their quality (i.e., the value of the objective function) and stored in the new
T . In this way, the search process is biased towards the best solutions found
during the search. The solutions in the archive are always kept sorted based
on their quality (i.e., the objective function values), so that the best solution
is on top.
2.1.2 Probabilistic solution construction
Construction of new solutions by the ants is accomplished in an incremental
manner, variable by variable. First, an ant chooses probabilistically one of the
solutions in the archive. The probability of choosing solution j is given by:
ωj
pj = Pk

r=1

5

ωr

,

(1)

where ωj is a weight associated with solution j. The weight may be calculated
using various formulas depending on the problem tackled. In the remainder of
this paper we use a Gaussian function g(µ, σ) = g(1, qk), which was also used
in our previous work [SD06]:
ωj =

1
√

qk 2π

e

−(j−1)2
2q 2 k2

,

(2)

where, q is a parameter of the algorithm and k is the size of the archive. The
mean of the Gaussian function is set to 1, so that the best solution has the
highest weight.
The choice of the Gaussian function was motivated by its flexibility and nonlinear characteristic. Thanks to its non-linearity, it allows for a flexible control
over the weights. It is possible to give higher probability to a few leading
solutions, while significantly reducing the probability of the remaining ones.
Once a solution is chosen, an ant may start constructing a new solution. The
ant treats each problem variable i = 1, ..., n separately. It takes the value sij
of the variable i of the chosen j-th solution and samples its neighborhood.
This is done using a probability density function (PDF). Again, as in the case
of choosing the weights, many different functions may be used. A PDF P (x)
must however satisfy the condition:
Z ∞
−∞

P (x)dx = 1.

(3)

In this work, similarly to earlier publications presenting ACOR [SD06], we use
as PDF the Gaussian function:
(x−µ)2
1
P (x) = g(x, µ, σ) = √ e− 2σ2 .
σ 2π

(4)

The function has two parameters that must be defined: µ, and σ. When considering variable i of solution j, we assign µ ← sij . Further, we assign σ:
σ←ξ

k
X
|sir − sij |
r=1

k−1

.

(5)

which is the average distance between the i-th variable of the solution sj
and the i-th variables of the other solutions in the archive, multiplied by a
parameter ξ 3 .
3

Parameter ξ has an effect similar to that of the pheromone evaporation rate in
ACO. The higher the value of ξ, the lower the convergence speed of the algorithm.
While the pheromone evaporation rate in ACO influences the long term memory—
i.e., the worst solutions are forgotten faster—ξ in ACOR influences the way the long

6

This whole process is repeated for each dimension i = 1, ..., n in turn by each
of the m ants.
2.2 ACOMV for Mixed-Variable Optimization Problems
ACOMV extends ACOR allowing to declare each variable of the considered
problem as continuous, ordered discrete, or categorical discrete. Continuous
variables are treated as in the original ACOR , while discrete variables are
treated differently. The pheromone representation (i.e., the solution archive)
as well as the general flow of the algorithm do not change. Hence, we focus
here on presenting how the discrete variables are handled.
If there are any ordered discrete variables defined, ACOMV uses a continuousrelaxation approach. The natural ordering of the values for these variables may
have little to do with their actual numerical values (and they may even not
have numerical values, e.g., x ∈ {small, big, huge}). Hence, instead of operating on the actual values of the ordered discrete variables, ACOMV operates on
their indexes. The values of the indexes for the new solutions are generated by
the algorithm as real numbers, as it is the case for the continuous variables.
However, before the objective function is evaluated, the continuous values are
rounded to the nearest valid index, and the value at that index is then used
for the objective function evaluation.
Clearly, at the algorithm level, ACOMV ≡ACOR in this case. However, things
change when the problem includes categorical discrete variables, as for this
type of variables there is no pre-defined ordering. This means that the information about the ordering of the values in the domain may not be taken
into consideration. The values for these variables need to be generated with
a different method—one that is closer to the regular combinatorial ACO. We
present the method used by ACOMV in the following section.
2.2.1 Solution Construction for Categorical Variables
In standard ACO (see [DS04]), solutions are constructed from solution components using a probabilistic rule based on the pheromone values. Differently,
in ACOMV there are no static pheromone values, but a solution archive. As in
standard ACO, in ACOMV the construction of solutions for discrete variables
is done by choosing the components, that is, the values for each of the discrete
decision variables. However, since the static pheromone values of standard
ACO are replaced by the solution archive, the actual probabilistic rule used
has to be modified.
term memory is used—i.e., the new solutions are considered closer to known good
solutions.
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Fig. 2. Calculating probabilities of choosing different categorical values for a given
decision variable. First, the initial probabilities are generated using a normal distribution and based on the best ranked solution that uses given value (left plot,
dashed bars). Then, they are divided by the number of solutions using this value
(left plot, solid bars), and finally a fixed value is added (right plot, dotted bars) in
order to increase the probability of choosing those values, which are currently not
used. The final probabilities are presented on the right plot, as solid bars.

Similarly to the case of continuous variables, each ant constructs the discrete
part of the solution incrementally. For each i = 1, ..., n discrete variable, each
ant chooses probabilistically one of ci available values vli ∈ Di = {v1i , ..., vcii }.
The probability of choosing the l-th value is given by:
oil = Pc

wl

r=1

wr

,

(6)

where wl is the weight associated with the l-th available value. It is calculated
based on the weights ω and some additional parameters:
wl =

ωjl
q
+ .
i
ul
η

(7)

The final weight wl is hence a sum of two components. The weight ωjl is
calculated according to Equation 2, where the jl is the index of the highest
quality solution that uses value vli for the i-th variable. In turn, uil is the number
of solutions using value vli for the i-th variable in the archive. Therefore, the
more popular the value vli is, the lower is its final weight.
8

The second component is a fixed value (i.e., it does not depend on the value
vli chosen): η is the number of values vli from the ci available ones that are
unused by the solutions in the archive, and q is the same parameter of the
algorithm that was used in Equation 2.
ω

The graphical representation of how the first component ujil is calculated is
l
presented on the left plot of Figure 2. The dashed bars indicate the values
of the weights ωjl obtained for the best solutions using the available values. 4
The solid bars represent the weights ωjl divided by the respective number of
solutions uil that use values vli . It is shown for the available set of categorical
values used, vli ∈ {a, b, c, d, e, f, g} in this example.
Some of the available categorical values vl may be unused for a given i-th
decision variable in all the solutions in the archive. Hence, their initial weight
is zero. In order to enhance exploration and to prevent premature convergence,
in such a case, the final weights w are further modified by adding to all of
them the second component. Its value depends on the parameter q and on the
number of unused categorical values ηi , as shown in Equation 7.
The right plot in Figure 2 presents the normalized final probabilities for an
example in which the solution archive has size k = 10, and where the set
of categorical values is {a, b, c, d, e, f, g}, with values {a} and {g} unused by
the current decision variable. The dotted bars show the value of q/η added
to all the solutions, and the solid bars show the final resulting probabilities
associated with each of the available categories. These probabilities are then
used to generate the value of the i-th decision variable for the new solutions.

3

Simple Benchmark Problem

Benchmark problems used in the literature to evaluate the performance of
mixed-variable optimization algorithms are typically real-world mechanical
engineering problems. They include among others: pressure vessel design, coil
spring design, or thermal insulation system design problems. Although we also
use these problems in Section 4, they are not very well suited for the detailed
investigation of the performance of an algorithm. This is because their search
space is not clearly defined and easy to analyze. Additionally, the objective
functions of these problems cannot be manipulated easily in order to check the
sensitivity of the algorithm to particular conditions. Hence, such test problems
do not represent a sufficiently controlled environment for the investigation of
the performance of an algorithm.
In order to be able to flexibly compare ACOR using the continuous relaxation
4

If a given value is not used, the associated index is indefinite, and thus its initial
weight is zero.
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approach with the native mixed-variable ACOMV algorithm, we have designed
a new mixed-variable benchmark problem. We have based it on a randomly
rotated Ellipsoid function:

fEL (~x) =

n
X

i−1

(β n−1 zi )2 ,

i=1



~
x ∈ (−3, 7)n ,

~
z = A~x,

(8)

where β is the coefficient defining the scaling of each dimension of the ellipsoid, n is number of dimensions and A is a random normalized n-dimensional
rotation matrix. In order to make it easier to analyze and visualize the results,
we have limited ourselves to the two dimensional case (n = 2). 5
In order to transform this continuous optimization problem into a mixedvariable one, we have divided the continuous domain of variable x1 ∈ (−3, 7)
into a set of discrete values, T = {θ1 , θ2 , ..., θt } : θi ∈ (−3, 7). This results in
the following mixed-variable test function:

fELM V (~x) = z12 + β · z22 ,





x1 ∈ T,




x2 ∈ (−3, 7),







(9)

~z = A~x.

The set T is created by choosing t uniformly spaced values from the original
domain (−3, 7) in such a way that ∃i=1,...,t θi = 0. This way, it is always
possible to find the optimum fELM V (0, 0) = 0, regardless of the chosen value
for t.
3.1 Experimental Setup
We have compared ACOR and ACOMV on two experimental setups of our
test problem. We used β = 100, as this is the value most often reported in
the literature for the ellipsoid function. The two setups simulate two types of
mixed-variable optimization problems: (i) with ordered discrete variables, and
(ii) with categorical variables.
In the first setup, the discrete intervals for variable x1 are naturally ordered.
Such a setup simulates a problem where the ordering of the discrete variables
may be easily defined. The left plot in Figure 3 shows how the algorithm sees
such a naturally ordered rotated ellipsoid function, with discrete x1 variable. 6
The test function is presented as the ACOR algorithm sees it—as a set of points
5

Higher dimensional problems are discussed in Section 4.
Please note that Figure 3 uses the value of β = 5, as it is clearer for visualization.
This simply means that the ellipsoid is less flat and more circle-like.
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Fig. 3. Randomly rotated ellipsoid function (β = 5) with discrete variable
x1 ∈ T, |T| = t = 30. The left plot presents the case in which the natural ordering of the intervals is used, while the right one presents the case in which a
random ordering is used.

representing different solutions found by the ants and stored in the solution
archive. The darker the point, the higher the quality of the solution.
In the second setup, the intervals are ordered randomly, that is, for each
run of the algorithm a different ordering was generated. This setup allows to
investigate how the algorithm performs when the optimum ordering of the
intervals is not well defined or unknown. The right plot of Figure 3 shows how
the algorithm sees such modified problem for a given single random ordering.
Clearly, compared to the natural ordering, the problem appears to be quite
different.
For both setups, we have run both ACOR and ACOMV . We have tested the
two algorithms on both test setups for a different number t of intervals for
variable x1 . For fewer number of intervals, the problem is less continuous, but
the probability of choosing the wrong interval is relatively small. At the same
time, since the domain is always the same, the size of the intervals is larger,
and ACOR may get stuck more easily. The more intervals are used, the more
the problem resembles a continuos problem, up to t → ∞, when it would
become a true continuos optimization problem.
11

Table 1
Summary of the parameters used by ACOR and ACOMV .

Parameter

Symbol

ACOR

ACOMV

number of ants

m

2

2

speed of convergence

ξ

0.3

0.7

locality of the search

q

0.1

0.8

archive size

k

200

50

3.2 Parameter Tuning
In order to ensure a fair comparison of the two algorithms, we have applied an
identical parameter tuning procedure to both: the F-RACE method [BSPV02,Bir05].
We have defined 168 candidate configurations of parameters for each of the
algorithms. Then, we have run them on 150 instances of the test problem,
which differed in terms of number of intervals used (t ∈ {10, 20, 50}), and of
their ordering (we used always random ordering for parameter tuning). We
used 50 instances for each chosen number of intervals.
The summary of the parameters chosen is given in Table 1.
3.3 Results
For each version of the benchmark problem, we have evaluated the performance of ACOR and ACOMV for different numbers of intervals t ∈ {2, 4, 8, 11,
13, 15, 16, 18, 20, 22, 32, 38, 50}. We have done 200 independent runs of each algorithm for each version of the benchmark problem and for each number of
intervals tested.
Figure 4 presents the performance of ACOR (thick solid line) and ACOMV
(thinner solid line) on the benchmark problem with naturally ordered discrete
intervals. The left plot presents the distributions boxplots of the results for
a representative sample (t = 8, 20, 50) of the number of intervals used. The
boxplots marked as c.xx were produced from results obtained with ACOR ,
and the boxplots marked as m.xx were produced from results obtained with
ACOMV . The xx is replaced by the actual number of intervals used. Note
that the y-axis is scaled to the range [0, 1] for readability reasons (this causes
some outliers to be not visible). The right plot presents an approximation
(using smooth splines with five degrees of freedom) of the mean performance,
as well as the actual mean values measured for various numbers of intervals.
Additionally, we indicate the standard error of the mean (also using smooth
splines).
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Fig. 4. Performance of ACOR and ACOMV on a discretized randomly rotated Ellipsoid function (n = 2) with natural ordering of the intervals. The left plot shows
the distribution of the results of ACOR (c) and ACOMV (m) for t = {8, 20, 50}.
The right plot shows the mean performance of both algorithms with regard to the
number of intervals used. The dotted lines indicate the standard error of the mean
and the circles the actual means measured for different numbers of intervals. Note
that the left plot has been scaled for readability reasons, which makes some outliers
(that strongly affect the mean performance shown on the right plot) not visible.

Figure 5 presents in turn the performance of ACOR and ACOMV on the benchmark problem with randomly ordered intervals. It is organized similarly to
Figure 4.
A comparison of Figures 4 and 5 reveals that, while the performance of
ACOMV does not change significantly, ACOR performs much better in the
case of natural ordering of the intervals. In this case, the mean performance
of ACOR is inferior to the one of ACOMV when t < 18. As the number of
intervals used increases, the performance of ACOR improves, and eventually
(for t > 20) it becomes better than ACOMV .
Clearly, the performance of ACOR is different for a small or for a large number
of intervals. For a small number of intervals, the mean performance of ACOR
is influenced by the large size of the intervals. If the algorithm gets stuck in
the wrong interval, the best value it can find there is much worse than the
optimum one. Hence, although this happens quite rarely, this causes worse
mean performance. The more intervals are used, the closer the problem resembles a continuous one. The size of intervals becomes smaller, and ACOR is
less likely to get stuck in a wrong one. Hence, for larger number of intervals
used, ACOR ’s performance improves.
The mean performance of ACOR on the version of the benchmark problem with
13
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Fig. 5. Performance of ACOR and ACOMV on a discretized randomly rotated Ellipsoid function (n = 2) with random ordering of the intervals. The left plot presents
the distribution of the results of ACOR (c) and ACOMV (m) for t = {8, 20, 50}. The
right plot shows the analysis of mean performance of both algorithms with regard
to the number of intervals used. The dotted lines indicate the standard error of the
mean, and the circles the actual means measured for different numbers of intervals.
Please note that the left plot has been scaled for readability reasons, which makes
some outliers (that strongly affect the mean performance shown on the right plot)
not visible.

randomly ordered intervals follows a similar pattern, but is generally worse. For
a small number of intervals, the mean performance is penalized by their large
size. With increasing number of intervals, the performance further degrades
due to the lack of natural ordering—the search space contains discrete traps,
with which ACOR does not deal very well. For t > 20, the mean performance
begins to improve again, as there is a higher probability of finding a discrete
interval reasonably close in quality to the optimal one. It is important to
notice that, while in the case of natural ordering the median performance is
systematically very good for any number of intervals, in the case of random
ordering the median performance of ACOR decreases with the increase of the
number of intervals. Also, the mean performance of ACOR remains inferior to
ACOMV for any number of intervals tested.
Contrary to ACOR , the mean performance of ACOMV does not differ for the
two versions of the benchmark problem. This is consistent with the initial
hypothesis, since the ordering of the intervals should not matter for a native
mixed-variable algorithm. ACOMV is always able to find an interval that is
reasonably close in quality to the optimal one. Its efficiency depends only
on the number of intervals available. The more there are intervals, the more
difficult it becomes to find the optimal one. This is why the mean performance
14

of ACOMV decreases slightly with the increase of the number of intervals.

3.4 Discussion
Our initial hypothesis that the ordering of the discrete intervals should not
have impact on the performance of the native mixed-variable optimization
algorithm appears to hold. The mean performance of ACOMV is better than
ACOR , when the ordering is not natural. These results suggest that ACOMV
should perform well also on other real-world and benchmark problems containing categorical variables.
In order to further asses the performance of ACOMV on various mixed-variable
optimization problems, we tackle them using both ACOR and ACOMV in the
next section. We also compare the results obtained with those reported in the
literature, so that the results obtained by ACOR and ACOMV may be put in
perspective.

4

Results on Various Benchmark Problems

In many industrial processes and problems some parameters are discrete and
other continuous. This is why problems from the area of mechanical design are
often used as benchmarks for mixed-variable optimization algorithms. Popular examples include truss design [SBR94,Tur03,PK05,ST05], coil spring design [DG98,LZ99c,GHYC04], pressure vessel design [DG98,GHYC04,ST05],
welded beam design [DG98], and thermal insulation systems design [AD01,KAD01].
In order to illustrate the performance of ACOR and ACOMV on real-world
mixed-variable problems, we use a subset of these problems. In particular,
in the following sections, we present the performance of ACOR and ACOMV
on the pressure vessel design problem, the coil spring design problem, and
the thermal insulation system design problem. Also, we compare the results
obtained with those reported in the literature.

4.1 Pressure Vessel Design Problem
The first engineering benchmark problem that we tackle is the problem of
designing a pressure vessel. The pressure vessel design (PVD) problem has
been used numerous times as a benchmark for mixed-variable optimization
algorithms [San90,DG98,LZ99a,GHYC04,ST05].
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Fig. 6. Schematic of the pressure vessel to be designed.
Table 2
Constraints for the three cases (A, B, and C) of the pressure vessel design problem.

No

Case A

Case B

Case C

g1

Ts − 0.0193 R ≥ 0

g2

Th − 0.00954 R ≥ 0

g3

π R2 L + 43 π R3 − 750 · 1728 ≥ 0

g4

240 − L ≥ 0

g5

1.1 ≤ Ts ≤ 12.5

1.125 ≤ Ts ≤ 12.5 1 ≤ Ts ≤ 12.5

g6

0.6 ≤ Th ≤ 12.5

0.625 ≤ Th ≤ 12.5

g7

0.0 ≤ R ≤ 240.0

g8

0.0 ≤ L ≤ 240.0

4.1.1 Problem Definition
The problem requires designing a pressure vessel consisting of a cylindrical
body and two hemispherical heads such that the cost of its manufacturing is
minimized subject to certain constraints. The schematic picture of the vessel
is presented in Figure 6. There are four variables for which values must be
chosen: the thickness of the main cylinder Ts , the thickness of the heads Th ,
the inner radius of the main cylinder R, and the length of the main cylinder
L. While variables R and L are continuous, the thickness for variables Ts and
Th may be chosen only from a set of allowed values, these being the integer
multiplies of 0.0625 inch.
There are numerous constraints for the choice of the values of the variables. In
fact, there are three distinctive cases (A, B, and C) defined in the literature.
These cases differ by the constraints posed on the thickness of the steel used for
the heads and the main cylinder. Since each case results in a different optimal
solution, we present here all three of them. Table 2 presents the required
constrains for all three cases.
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The objective function represents the manufacturing cost of the pressure vessel. It is a combination of material cost, welding cost, and forming cost. Using
rolled steel plate, the main cylinder is to be made in two halves that are joined
by two longitudinal welds. Each head is forged and then welded to the main
cylinder. The objective function is the following:

f (Ts , Th , R, L) = 0.6224 Ts RL + 1.7781 Th R2 + 3.1611 Ts2 L + 19.84 Ts2 R. (10)
The coefficients used in the objective function, as well as the constraints, come
from conversion of units from imperial to metric ones. The original problem
defined the requirements in terms of imperial units, that is, the working pressure of 3000 psi and the minimum volume of 750 ft3 . For more details on the
initial project formulation, as well as on how the manufacturing cost of the
pressure vessel is calculated, we refer the interested reader to [San90].
4.1.2 Experimental Setup
Most benchmarks found in the literature set to 10, 000 the number of function
evaluations on which the algorithms are evaluated. Accordingly, we use 10, 000
function evaluations as stopping criterion for both ACOR and ACOMV .
The constraints defined in the PVD problem were handheld in a rather simple
manner. The objective function was defined in such a way that if any of the
constraints was violated, the function returns an infinite value. In this way
feasible solutions are always better than infeasible ones.
For each of the cases A, B, and C, we have performed 100 independent runs
for ACOR and ACOMV in order to asses the robustness of the performance.
4.1.3 Parameter Tuning
In order to ensure a fair comparison of ACOR and ACOMV , we have used
the F-RACE method for tuning the parameters. The parameters selected by
F-RACE are listed in Table 3. Note that the same parameters were selected
for all the three cases of the PVD problem.
4.1.4 Results
The pressure vessel design problem has been tackled by numerous algorithms
in the past. The results of the following algorithms are available in the literature:
• nonlinear integer and discrete programming [San90] (cases A and B),
• mixed integer-discrete-continuous programming [FFC91] (cases A and B),
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Table 3
Summary of the parameters chosen for ACOR and ACOMV for the PVD problem.

Parameter

Symbol

ACOR

ACOMV

number of ants

m

2

2

speed of convergence

ξ

0.9

0.8

locality of the search

q

0.05

0.3

archive size

k

50

50

Table 4
Results for Case A of the pressure vessel design problem. For each algorithm are
given the best value, the success rate (i.e., how often the best value was reached),
and the number of function evaluations allowed. Note that, in some cases, the number of evaluations allowed was not indicated in the literature. Also, for the ACO
algorithms, the mean number of evaluations of the successful runs is given in parentheses.
[San90] [FFC91] [LZ99a] ACOR ACOMV
f∗

7867.0 7790.588 7019.031 7019.031 7019.031

success rate

100%

99%

89.2%

100%

28%

# of function eval.

-

-

10000

10000
(3037)

10000
(6935)

• sequential linearization approach [LP91] (case B),
• nonlinear mixed discrete programing [LC94] (case C),
• genetic algorithm [WC95] (case B),
• evolutionary programming [CW97] (case C),
• evolution strategy [TC00] (case C),
• differential evolution [LZ99a] (cases A, B, and C),
• combined heuristic optimization approach [ST05] (case C),
• hybrid swarm intelligence approach [GHYC04] (case B).
For the sake of completeness, we have run our algorithms on all the three cases
of the PVD problem. Tables 4, 5, and 6 summarize the results found in the
literature and those obtained by ACOR and ACOMV . Each table provides the
best value found (rounded to three digits after the decimal point), the success
rate—that is, the percentage of the runs, in which at least the reported best
value was found, and the number of function evaluations allowed. We have
performed 100 independent runs for both ACOR and ACOMV .
Based on the results obtained, it may be concluded that both ACOR and
ACOMV are able to find the best currently known value for all three cases of
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Table 5
Results for Case B of the pressure vessel design problem. For each algorithm are
given the best value, the success rate (i.e., how often the best value was reached),
and the number of function evaluations allowed. Note that, in some cases, the number of evaluations allowed was not indicated in the literature. Also, for the ACO
algorithms, the mean number of evaluations of the successful runs is given in parentheses.
[San90] [LP91]
f∗

[WC95] [LZ99a] [GHYC04] ACOR ACOMV

7982.5 7197.734 7207.497 7197.729

7197.9

7197.729 7197.729

success rate

100%

90.2%

90.3%

90.2%

-

100%

35%

# of function eval.

-

-

-

10000

-

10000
(3124)

10000
(6998)

Table 6
Results for Case C of the pressure vessel design problem. For each algorithm are
given the best value, the success rate (i.e., how often the best value was reached),
and the number of function evaluations allowed. Note that, in some cases, the number of evaluations allowed was not indicated in the literature. Also, for the ACO
algorithms, the mean number of evaluations of the successful runs is given in parentheses.
[LC94] [CW97] [TC00] [LZ99a] [ST05] ACOR ACOMV
f∗

7127.3 7108.616 7006.9 7006.358 7006.51 7006.358 7006.358

success rate

100%

99.7%

98.3%

98.3%

-

100%

14%

# of function eval.

-

-

4800

10000

10000

10000
(3140)

10000
(6927)

the PVD problem. Additionally, ACOR is able to do so in just over 3,000 objective function evaluations on average, while maintaining 100% success rate. On
the other hand, ACOMV , although also able to find the best known solution
for all the three cases of the PVD problem, it does so only in about 30% of
the runs within the 10,000 evaluations of the objective function. Hence, on the
PVD problem ACOMV performs significantly worse than ACOR , which is consistent with the initial hypothesis that ACOR performs better than ACOMV
when the optimization problem includes no categorical variables.

4.2 Coil Spring Design Problem
The second benchmark problem that we considered is the coil spring design
(CSD) problem [San90,DG98,LZ99c,GHYC04]. This is another popular benchmark used for comparing mixed-variable optimization algorithms.
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Fig. 7. Schematic of the coil spring to be designed.

4.2.1 Problem Definition
The problem consists in designing a helical compression spring that will hold
an axial and constant load. The objective is to minimize the volume of the
spring wire used to manufacture the spring. A schematic of the coil spring
to be designed is shown in Figure 7. The decision variables are the number
of spring coils N , the outside diameter of the spring D, and the spring wire
diameter d. The number of coils N is an integer variable, the outside diameter
of the spring D is a continuous one, and finally, the spring wire diameter is a
discrete variable, whose possible values are given in Table 7.
The original problem definition [San90] used imperial units. In order to have
comparable results, all subsequent studies that used this problem [DG98,LZ99c,GHYC04]
continued to use the imperial units; so did we.
The spring to be designed is subject to a number of design constraints, which
are defined as follows:
• The maximum working load, Fmax = 1000.0 lb.
• The allowable maximum shear stress, S = 189000.0 psi.
Table 7
Standard wire diameters available for the spring coil.

Allowed wire diameters [inch]
0.0090 0.0095 0.0104 0.0118 0.0128

0.0132

0.0140 0.0150 0.0162 0.0173 0.0180

0.0200

0.0230 0.0250 0.0280 0.0320 0.0350

0.0410

0.0470 0.0540 0.0630 0.0720 0.0800

0.0920

0.1050 0.1200 0.1350 0.1480 0.1620

0.1770

0.1920 0.2070 0.2250 0.2440 0.2630

0.2830

0.3070 0.3310 0.3620 0.3940 0.4375

0.5000
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• The maximum free length, lmax = 14.0 in.
• The minimum wire diameter, dmin = 0.2 in.
• The maximum outside diameter of the spring, Dmax = 3.0 in.
• The pre-load compression force, Fp = 300.0 lb.
• The allowable maximum deflection under pre-load, σpm = 6.0 in.
• The deflection from pre-load position to maximum load position, σw =
1.25 in.
• The combined deflections must be consistent with the length, that is, the
spring coils should not touch each other under the maximum load at which
the maximum spring deflection occurs.
• The shear modulus of the material, G = 11.5 · 106 .
• The spring is guided, so the buckling constraint is bypassed.
• The outside diameter of the spring, D, should be at least three times greater
than the wire diameter, d, to avoid lightly wound coils.
These design constraints may be formulated into a set of explicit constraints,
listed in Table 8. The following symbols are used in the constraints definition:
4D
−1
d
4D
−4
d

Cf =

+

0.615 d
D

Gd4
8 N D3
σp = FKp

K=

lf =

Fmax
K

(11)

+ 1.05(N + 2)d

The cost function to be minimized computes the volume of the steel wire as
a function of the design variables:
fc (N, D, d) =

π Dd2 (N + 2)
4

(12)

4.2.2 Experimental Setup
Most of the research on the CSD problem reported in the literature focused on
finding the best solution. Only the recent work by Lampinen and Zelinka [LZ99a]
gave some attention to the number of function evaluations used to reach the
best solution. They used 8,000 function evaluations. In order to obtain results
that could be compared, this was used also used for both ACOR and ACOMV .
The constraints defined in the CSD problem were handled with the use of a
penalty function, similarly to the way it was done by Lampinen and Zelinka [LZ99a].
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Table 8
Constraints for the coil spring design problem.

No

Constraint
8 Cf Fmax D
πd

g1

−S ≤0

g2

lf − lmax ≤ 0

g3

dmin − d ≤ 0

g4

D − Dmax ≤ 0
D
d

g5

3.0 −

g6

σp − σpm ≤ 0

g7

σp +

g8

Fmax −Fp
K

≤0

+ 1.05(N + 2)d − lf ≤ 0

σw −

Fmax −Fp
K

≤0

The objective function was defined as follows:

f = fc

8
Y

c3i ,

(13)

i=1

where:


 1 + si gi if gi > 0,
ci = 


1

otherwise,

(14)

s1 = 10−5 , s2 = s4 = s6 = 1, s3 = s5 = s7 = s8 = 102 .
We have performed 100 independent runs for both ACOR and ACOMV in
order to asses the robustness of the algorithms’ performance.
4.2.3 Parameter Tuning
We have used the F-RACE method for tuning the parameters. The parameters
chosen this way for both ACOR and ACOMV are summarized in Table 9.
4.2.4 Results
In the CSD problem the discrete variables can be easily ordered. Therefore,
similarly to the PVD problem, we expect that ACOR will perform better than
ACOMV . Table 10 presents the results found by ACOR and ACOMV , as well
as those found in the literature.
Both ACOR and ACOMV were able to find the current best known solution
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Table 9
Summary of the parameters chosen for ACOR and ACOMV for the CSD problem.

Parameter

Symbol

ACOR

ACOMV

number of ants

m

2

2

speed of convergence

ξ

0.8

0.2

locality of the search

q

0.06

0.2

archive size

k

120

120

Table 10
Results for the coil spring design problem. For each algorithm are given the best
value, the success rate (i.e., how often the best value was reached), and the number
of function evaluations allowed. Note that, in some cases, the number of evaluations
allowed was not indicated in the literature.

[San90]

[WC95] [LZ99a]

ACOR

ACOMV

f∗

2.7995

2.6681

2.65856

2.65856

2.65856

success rate

100%

95.3%

95.0%

82%

39%

# of function eval.

-

-

8000

8000

8000

of the CSD problem. ACOR again performed better than ACOMV . Both were
performing better (in terms of quality of the solutions found) than many
methods reported in literature. ACOR was a bit less robust (lower success rate)
than the differential evolution (DE) used by Lampinen and Zelinka [LZ99a].
The results obtained by ACOR and ACOMV for the coil spring design problem
are consistent with the findings for pressure vessel design. The variables of the
coil spring design problem may be easily ordered and ACOR performs better
than ACOMV , as expected. ACOR was run with the same number of function
evaluations as the DE used by Lampinen and Zelinka. The best result is the
same, but while in the PVD problem ACOR had a higher success rate than
DE [LZ99a] (as well as a faster convergence), in the case of the CSD problem,
the success rate is slightly lower than that of DE.
4.3 Designing Thermal Insulation System
The third engineering problem that we used to test our algorithms was the
thermal insulation system design (TISD) problem. The choice was due to the
fact that this is one of the few benchmark problems used in the literature
that deals with categorical variables—that is, variables which have no natural
ordering.
Various types of thermal insulation systems have been tackled and discussed
in the literature. Hilal and Boom [HB77] considered cryogenic engineering
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applications in which mechanical struts are necessary in the design of solenoids
for superconducting magnetic energy storage systems. In this case, vacuum is
ruled out as an insulator because the presence of a material is always necessary
between the hot and the cold surfaces in order to support mechanical loads.
Hilal and Boom used only few intercepts in their studies (up to three), and they
considered only one single material for all the layers between the intercepts.
More recently, cryogenic systems of space borne magnets have been studied.
The insulation efficiency of a space borne system ensures that the available
liquid helium used for cooling the intercepts evaporates with minimum rate
during the mission. Some studies [MHM89] focused on optimizing the inlet
temperatures and flow rates of the liquid helium for a predefined number of
intercepts and insulator layers. Others [YOY91] studied the effect of the number of intercepts and the types of insulator on the temperature distribution
and insulation efficiency. Yet others [LLMB89] considered different substances
such as liquid nitrogen or neon for cooling the intercepts and compared different types of insulators.
In all the studies mentioned so far, the categorical variables describing the
type of insulators used in different layers were not considered as optimization
variables, but rather as parameters. This is due to the fundamental property
of categorical variables—there is no particular ordering defined on the set of
available materials, and hence they may not be relaxed to be handheld as
regular continuous optimization variables. The algorithms used by the before
mentioned studies did not allow to handle such categorical variables. Only the
more recent work of Kokkolaras et al. [KAD01] propose a mixed-variable programming (MVP) algorithm, which is able to handle such categorical variables
properly.
In this section, we show that, thanks to the fact that ACOMV can also handle
natively categorical variables, it performs comparably to MVP on the thermal
insulation system design problem, and outperforms significantly ACOR , which
further confirms our initial Hypothesis 1.1.

4.3.1 Problem Definition
In our work, we use the definition of thermal insulation system as proposed
by Hilal and Boom [HB77], and later also used by Kokkolaras et al. [KAD01].
Thermal insulation systems use heat intercepts to minimize the heat flow from
a hot to a cold surface. The cooling temperature Ti is a control imposed at
the i = 1, 2, ..., n locations xi to intercept the heat. The design configuration
of such a multi-intercept thermal insulation system is defined by the number
of intercepts, their locations, temperatures, and types of insulators placed
between each pair of adjacent intercepts. Figure 8 presents the schematic of a
thermal insulation system.
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Fig. 8. Schematic of the thermal insulation system.
Table 11
Constraints for the thermal insulation system design problem.

No

Constraint

g1

∆xi ≥ 0, i = 1, ..., n + 1

g2

Tcold ≤ T1 ≤ T2 ≤ ... ≤ Tn−1 ≤ Tn ≤ Thot
Pn+1

g3

∆xi = L

i=1

The optimization of a thermal insulation system consists of minimizing the
total refrigeration power P required by the system, which is a sum of the
refrigeration power Pi needed at all n intercepts:

f (x, T) =

Pn

i=1

Pi = ACi

³

Thot
Tcold

´³

−1

i = 1, 2, ..., n,

1
∆xi

Pn

i=1

R T i +1
Ti

kdT −

1
∆xi−1

R Ti
Ti−1

´

kdT ,

∆xi = L,
(15)

where Ci is a thermodynamic cycle efficiency coefficient at the i-th intercept,
A is a constant cross-section area, k is the effective thermal conductivity of
the insulator, and L is the total thickness of the insulation.
Kokkolaras et al. define the problem based on a general mathematical model
of the thermal insulation system:
min f (n, I, ∆x, T),

n,I,∆x,T

subject to g(n, I, ∆x, T),

(16)

where n ∈ N is the number of intercepts used, I = {I1 , ..., In } is a vector of
insulators, ∆x ∈ Rn is a vector of thicknesses of the insulators, T ∈ Rn+ is the
vector of temperatures at each intercept, and g(·) is a set of constraints.
The applicable constraints come directly from the way the problem is defined.
They are presented in Table 11.
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Kokkolaras et al. [KAD01] have shown that the minimal refrigeration power
needed decreases with the increase in the number of intercepts used. However,
the more intercepts are used, the more complex and expensive becomes the
task of manufacturing the thermal insulation system. Hence, due to practical
reasons, the number of intercepts is usually limited to a value function of the
manufacturing capabilities, and it may be chosen in advance.
Considering that the number of intercepts n is defined in advance, and based
on the model presented, we may define the following problem variables:
• Ii ∈ M, i = 1, ..., n + 1 — the material used for the insulation between the
(i − 1)-th and the i-th intercepts (from a set of M materials).
• ∆xi ∈ R+ , i = 1, ..., n + 1 — the thickness of the insulation between the
(i − 1)-th and the i-th intercepts.
• ∆Ti ∈ R+ , i = 1, ..., n + 1 — the temperature difference of the insulation
between the (i − 1)-th and the i-th intercepts.
This way, for a TISD problem using n intercepts, there are 3(n + 1) problem
variables. Of these, there are n+1 categorical variables chosen form a set M of
available materials. The remaining 2n + 2 variables are continuous—positive
real values.
In order to be able to evaluate the objective function for a given TISD problem according to Equation 15, it is necessary to define several additional parameters. These are: the set of available materials, the thermodynamic cycle
efficiency coefficient at i-th intercept Ci , the effective thermal conductivity of
the insulator k for the available materials, the cross-section A, and the total
thickness L of the insulation.
Since both the cross-section and the total thickness have only linear influence
on the value of the objective function, we use normalized values A = 1 and L =
1 for simplicity. The thermodynamic cycle efficiency coefficient is a function
of the temperature, as follows:




2.5




C = 4




5

if T ≥ 71 K
if 71 K > T > 4.2 K

(17)

if T ≤ 4.2 K

The set of materials defined initially by Hilal and Boom [HB77], and later
also used by Kokkolaras et al. [KAD01] includes: teflon (T), nylon (N), epoxyfiberglass (in plane cloth) (F), epoxy-fiberglass (in normal cloth) (E), stainless
steel (S), aluminum (A), and low-carbon steel (L):
M = {T, N, F, E, S, A, L}
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(18)

The effective thermal conductivity k of all these insulators varies heavily with
the temperature and does so differently for different materials. Hence, which
material is better depends on the temperature and it is impossible to define a
temperature-independent ordering of the insulation effectiveness of the materials.
The tabulated data of the effective thermal conductivity k that we use in this
work comes from [Bar66]. Since ACOR is implemented in R, the tabulated data
has been fitted with cubic splines directly in R for the purpose of calculating
the integrals in the objective function given in Equation 15.
4.3.2 Experimental Setup
The constraints defined in Table 11 are met through the use of either a penalty
or a repair function. First, constraint g3 is met through normalizing the ∆x
values. The constraint g2 is met through the design choice of using ∆T as
a variable and ensuring that no ∆T may be negative. The latter is ensured
together with meeting the constraint g1 by checking if any ∆x of ∆T chosen is
negative. If it is, the objective function returns infinity as the solution quality.
The problem may be defined for a different number of intercepts. It has been
shown by Kokkolaras et al. [KAD01] that generally adding more intercepts
allows to obtain better results. However, due to practical reasons, too many
intercepts cannot be used in a real thermal insulation system. Hence, we decided to limit ourselves to n = 10 intercepts in our experiments (that is, our
TISD instance has 3(n + 1) = 33 decision variables).
Further, in order to obtain results comparable to those reported in the literature, we set to 2,350 the maximum number of objective function evaluations
for our algorithms. In this way, the results obtained by ACOR can be compared
to those reported by Kokkolaras et al. [KAD01].
All the results reported were obtained using 100 independent runs of both
ACOR and ACOMV on each of the problem instance tackled.
4.3.3 Parameter Tuning
Similarly to the problems presented earlier, we have used the F-RACE method
to choose the parameters. The parameters chosen this way for both ACOR and
ACOMV are summarized in Table 12.
4.3.4 Results
Because of the experimental setup that we chose, the performance of ACOR
and ACOMV could only be compared to the results obtained using mixed27

Table 12
Summary of the parameters chosen for ACOR and ACOMV for the TISD problem.

Parameter

Symbol

ACOR

ACOMV

number of ants

m

2

2

speed of convergence

ξ

0.8

0.9

locality of the search

q

0.01

0.025

archive size

k

50

50

Table 13
The results obtained by ACOR and ACOMV on the TISD problem using n = 10
intercepts (i.e., 33 decision variables) and 2,350 function evaluations, compared to
those reported in the literature.

MVP

ACOR

ACOMV

min

25.36336

27.91392

25.27676

median

-

36.26266

26.79740

max

-

198.90930

29.92718

variable programming (MVP) by Kokkolaras et al. [KAD01]. 7
The results obtained by ACOR and ACOMV , as well as the result of MVP
algorithm, are summarized in Table 13. As mentioned earlier, we followed
the experimental setup used by Kokkolaras et al. [KAD01] for one of their
experiments. We used the TISD problem instance with n = 10 intercepts (i.e.,
3(n + 1) = 33 decision variables) and only 2,350 function evaluations.
It may be observed that indeed, this time ACOMV significantly outperforms
ACOR . This clearly supports our initial hypothesis. Similarly to the initial
benchmark problem we used, also on the TISD problem containing categorical
variables, the native mixed-variable ACOMV approach outperforms ACOR .
Comparing ACOR and ACOMV performance to MVP is more complicate.
While we have done 100 independent runs of both ACOR and ACOMV , Kokkolaras et al. reports only one single result. Also, Kokkolaras et al. used a Matlab
implementation to fit the tabulated data and compute the integrals required
to calculate the value of the objective function, while we used R. Furthermore, the MVP results for n = 10 intercepts were obtained with MVP using
additional information about the problem. Due to all these reasons, it is not
possible to compare very precisely the results obtained by ACOR and ACOMV
to those of MVP. However, it may be concluded that the best results obtained
by ACOMV and MVP under similar conditions are comparable.
7

A similarly defined problem was also tackled by Hilal and Boom [HB77], but they
only considered very simple cases.
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5

Conclusions

In this paper, we have considered two approaches to the approximate solution
of mixed-variable optimization problems. The first is based on our previous
work with ACOR and uses a continuous-relaxation approach. The second is
based on ACOMV , a novel extension of the ACO metaheuristic, which uses a
native mixed-variable approach.
The two approaches have advantages and disadvantages. Our initial hypothesis
was that while ACOR should perform better on problems containing discrete
variables that can be ordered, ACOMV should perform better on problems
where a proper ordering is not possible, or unknown. We have proposed a new
benchmark problem based on a rotated ellipsoid function in order to evaluate
the difference in performance between ACOR and ACOMV .
We have also run tests applying ACOR and ACOMV to the solution of three
representative mixed-variable engineering test problems. For each of the problems, we compared the performance of ACOR and ACOMV with the results
reported in the literature.
Our initial hypothesis was supported by the results of our experiments. While
ACOR performed better on the pressure vessel design and on the coil spring
design problems which did not contain any categorical variables, ACOMV was
significantly better on the thermal insulation system design problem which
on the contrary contained categorical variables. Also, the results obtained by
ACOR and ACOMV were usually as good as the best results reported in the
literature for the considered test problems. Hence, it may be concluded that
both ACOR and ACOMV are competitive approaches for mixed-variable problems (in their versions without and with categorical variables respectively).
Further studies of the performance of ACOR and ACOMV on various mixedvariable optimization problems are needed in order to better understand their
respective advantages and disadvantages. Also, the current R-based implementation is not particularly efficient, nor it has been properly optimized. In
order to use it for practical purposes, it should be re-implemented in C, or
other compiled language and properly optimized.
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