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Chapter 1

Introduction

1.1 Setting the stage

Being an essential ingredient of evolution, cooperation has played a key
role in the shaping of species, from the simplest organisms to vertebrates
[23]. In this context, one of the most fascinating challenges has been to
understand how cooperation may survive in communities of self-regarding
agents, a problem which has been typically formalized in the framework of
Evolutionary Game Theory [34, 25, 21], adopting the Prisoners Dilemma
(PD) as a metaphor for studying cooperation between unrelated individuals
[7, 6, 37, 39, 40].

A community is e"ciently modelled as a set of N agents, each one en-
dowed with one of two strategies: cooperator or defector. In the one-shot
PD, each pair of agents interacts only once. A defector exploiting a co-
operator gets an amount T and the exploited cooperator receives S, both
agents receiving R upon mutual cooperation and P upon mutual defection,
such that T > R > P > S. Therefore, it is best to defect regardless of
the opponent’s decision. In well-mixed populations, in which each agent
interacts with all other agents, evolution under replicator dynamics [25, 21]
shows that cooperators are unable to resist invasion by defectors. The fate
of cooperators is somewhat alleviated whenever the PD evolves on a spa-
tially structured population [39], such that agents are constrained to play
with their nearest neighbours. Indeed, in spatially structured populations
cooperators are now able to resist invasion by defectors, but only for a very
limited range of game parameters. Nevertheless, the impact of topological
constraints is known to induce profound evolutionary e!ects, as beautifully
demonstrated experimentally in the study of the evolution of di!erent strains
of Escherichia coli [27].

The two scenarios described above may be naturally associated with
regular graphs (Figure 1.1a), in which agents occupy the vertices and the
Network Of Contacts (NOCs) is defined by the edges linking the vertices.

7



8 CHAPTER 1. INTRODUCTION

Figure 1.1: NOCs a) Regular graph with N = 12 vertices and z = 4 edges
each. z = N−1 leads to a complete graph. b) Small-World graphs, obtained
by rewiring all edges in a) with probability pSW = 0.2 (see main text). c)
Random graph, the limit pSW = 1. d) Scale-free graph, generated using
model of Barabási-Albert for m = m0 = 2; Histograms : Degree distribu-
tions d(k) computed for each type of graphs and N = 104; d(k) = Nk/N ,
where Nk gives the number of vertices with k edges. In all cases the average
connectivity z of the graphs is 4.
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They correspond to homogeneous NOCs, in the sense that all agents are
topologically equivalent, having the same number of neighbours, such that
the associated graphs exhibit a characteristic single-peak shape for the de-
gree distribution d(k), defined and illustrated in Figure 1.1.

Recently, compelling evidence has been accumulated that a plethora of
natural, social and technological real-world NOCs are heterogeneous [9, 4,
3, 16], exhibiting multi-peaked degree distributions Figure 1.1, reflecting the
diversity of connections of di!erent agents. Moreover, they often portray the
coexistence of local connections (spatial structure) with non-local connec-
tions (or shortcuts). The celebrated small-world graphs [57] and scale-free
graphs [9] illustrated in Figure 1.1 provide examples of such NOCs, which
have been recently associated with realistic NOCs.

The heterogeneity of NOCs is known to have a strong impact in di!erent
fields, notably epidemiology, the case of AIDS constituting a paradigmatic
example [33]. At the heart of the theory, heterogeneity leads to an ubiq-
uitous modification of the basic reproductive number R0, which ultimately
defines the threshold for epidemic outbreaks [32, 5, 33] . Compared to its
homogeneous counterpart, the modified R0 grows proportionally to the sec-
ond moment of the degree distribution, so that on extreme heterogeneous
NOCs, such as scale-free NOCs, the likelihood of epidemic outbreaks dra-
matically increases. This, in turn, is associated with the fact that, since
now di!erent individuals undergo di!erent numbers of contacts, highly con-
nected individuals will naturally acquire higher chance of infecting others
(becoming infected) whenever they are infected (susceptible).

How does heterogeneity a!ect the co-evolution of defectors and cooper-
ators under natural selection?

In heterogeneous populations, di!erent agents will typically undergo a
di!erent number of interactions, which in turn will proceed along di!er-
ent patterns of connectivity. Since the payo! accumulated by each agent
throughout one generation (see below) will be used as its fitness, dictating
the success with which the agents strategy will be replicated in the next
generation, heterogeneity will certainly have an impact on the co-evolution
of defectors and cooperators.

Figure 1.2 illustrates a detail of a typical heterogeneous community. We
concentrate on two focal agents, a cooperator with N1 neighbours (N1 = 7),
and a defector with N2 neighbours (N2 = 5), and let us imagine that both
have the same number of defectors, say (ND = 2). After interacting with
all their neighbours, the cooperator accumulates a payo! of

PC = (N1 −ND).R + ND.S (1.1)

whereas the defector ends up with

PD = (N2 −ND).T + ND.P (1.2)
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Figure 1.2: Individual interactions in heterogeneous NOCs. Fitness corre-
sponds to the payo! accumulated after each agent interacts with all neigh-
bours, which maybe di!erent in number and kind (cooperators, circles or
defectors, squares) for di!erent agents. The focal cooperator and defector,
connected via the solid edge have both two defector neighbours among a to-
tal of seven and five, respectively (dashed edges). At the end of a generation
their fitness is indicated. Depending on the payo! matrix, the cooperator
may end up with a higher or lower fitness than the defector. In a ho-
mogeneous network in which both agents would have the same number of
defectors as neighbours, defectors would always have a fitness advantage.
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If the NOCs were homogeneous, all one needs to do is to make N1 = N2

= z, the average connectivity of the population, in the previous expressions.
This, however, leads to very di!erent outcomes in what concerns the accu-
mulated payo!s in homogeneous and heterogeneous NOCs. Indeed, whereas
in homogenous NOCs the answer to whether PD < PC relies exclusively
on the relative ordering of (T,R,P,S), in heterogeneous NOCs the answer
depends now on the fact that N1 "= N2 . In other words, the pattern of
connectivity also contributes to define the accumulated payo! of each indi-
vidual, a feature which, being natural, is absent in homogeneous NOCs. In-
deed, heterogeneity embeds the intuition that agents pertaining to di!erent
neighbourhoods are involved in di!erent patterns of connectivity, opening a
new route to the evolution of cooperation: Cooperators will increase their
fitness to the extent they succeed in maximizing their amount of coopera-
tive interactions per generation. However, defectors will also increase their
fitness by exploiting more cooperators per generation. Therefore, it remains
an open problem who defectors or cooperators will be able to profit from
heterogeneity, and to which extent.

1.2 Structure and methods

The previous example illustrates nicely how the structure of the popula-
tion and the way agents choose to interact may change the final outcome
of this evolutionary process. Although, it is absolutely non trivial to assign
an answer to it. Is the most rational strategy dependent on the underlying
ties that defines a certain community of interacting agents? How will the
rational player act? This thesis constitues a small contribution to the un-
derstanding of role played by topological features of social networks in the
individual behaviour. We shall use a very minimal model in order to reduce
the amount of free parameters, to easily understand the topology’s contri-
bution. Because no analytic solutions exist for this problem, agent-based
simulations [39, 24] provide a viable alternative to study the evolution of
cooperation in realistic populations, a framework we shall adopt here.

We shall use extensively the recent developments in the area of complex
networks, which have been able provide important inputs in all major sci-
entific areas. Complex network researchers have found that a great variety
of real-world systems can be mapped and represented as networks, opening
a unifying research track that can be followed by scientists from physics
and computer science to biology and social sciences. We tried to include
such advances together with its abstract and multi-disciplinar point of view,
which is also in the base of most of the research made in the Artificial Life
domain.

It is noteworthy that biologically and sociologically [13] inspired models
have been on the basis of several studies of the emergence of cooperation,
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both in the framework of artificial intelligence [28] and Artificial Life re-
search [2]. Nonetheless, the inherent complexity of the problem leads to ar-
tificial individual agents which, instead of embodying an intrinsically adap-
tive structure, often exhibit a pre-defined (and complex) set of rules which
are used to establish cooperation. Here we undertake a di!erent approach,
in which individual agents are devoid of any complexity, capable only of
adopting a (binary) strategy. However, the individual strategy is allowed to
evolve and, therefore, to adapt to the context in which such a simple agent
is immersed which, as will be shown, may lead to surprisingly cooperative
scenarios, whenever the adaptive co-evolution of these strategies takes place
in populations with a structure exhibiting context preservation.

Such approach ends up in a very simple framework. Perhaps even over-
simplified. Most biologists and social scientists may argue that this models
may never grasp Life in it, and even when we increase the complexity of
the system, the modeller, as is often stated, will be always missing ”some-
thing”. Against this, it’s hard to argue [54]. We don’t believe that is the
point of mathematical, computational and abstract modelling of biological
phenomena. First, by simplifying reality, it becomes easier to be simulated.
This may sound a curious argument, besides its obvious practical relevance.
But, in fact, no matter how powerful is your computer, it will be always too
unsophisticated to simulate all details of social and biological characteristics
of animal behaviour, the all set of intricate ties of our neural network or the
complete reaction networks which maintain all living cells[54]. Second, even
the simplest model can give the answer, or at least important insights, about
a certain problem, since it’s able to attain its essential biological features.
The identification of this aspects of living systems is obviously not easy,
but we can easily say that, for instance, the game theory framework used
in this thesis can be quite successful on that task for some kinds of prob-
lems. Furthermore, considering the power of simple systems representing
nature, traditionally given by mathematics, physics and dynamical systems,
in which completely unpredictable outcomes raise from the most fundamen-
tal and straightforward equations, it is hard to neglect the contributions
given by such kind of abstract approaches.

The structure of this thesis is the following. In the next chapter, we
succinctly introduce the basic methods and assumptions that will provide
the basis for the following chapters. The evolutionary algorithms are pre-
sented together with complex networks methods and concepts which are in
the core of our results. After that, we extensively explore the implications
of an heterogeneous network of contacts under the well known Prisoner’s
dilemma metaphor[49, 53]. After understanding the role played by topolog-
ical heterogeneity, we try to understand the role played by other topological
features that ofter remain hidden under the powerful shade of heterogeneity.
This track is followed in chapter 4. We introduce a new kind of small-world
network where the degree distribution remain unchanged, while other net-
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work characteristics may change[52]. Under this framework we revisit the
Prisoner’s dilemma and explore its outcome. This chapter is followed by a
complete study of all possible dilemmas in structured populations[50]. The
evolutionary algorithm (stochastic replicator dynamics[39, 48]) is general-
ized and a 2D space of all kinds of social tensions is introduced. By means
of this social dilemmas’ cartography, we were able to study the influence of
topological features in all kinds of dilemmas. Finally, in the last chapter,
we consider a system where the network is no longer static and evolves in
the same way as strategies evolve[51]. In first part of the thesis, we showed
how the topology influence the dynamics defined on a graph. In this last
chapter, we show how the dynamics of cooperation influence the topological
evolution evolution of social networks. We start the thesis by explaining
the influence of real world topologies in social dynamics, and we end up
explaining the formation of such real world topologies, as a result of social
tensions and dynamics. This topological evolution was previously called
meta-dynamics [10, 14, 15, 12], and the delicate relationship between the
dynamics and meta-dynamics of a system has been extensively studied in
the framework of artificial chemical and biological networks, artificial im-
mune systems and Hopfield networks (for an overview of the work in this
area, check ref[11]). This final chapter may represent an extension of those
ideas to social systems and networks.
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Chapter 2

Graphs and Simulations

2.1 Networks of contacts

The histogram degree distribution d(k) illustrated in Fig. 1 is defined, for
each particular graph with N vertices, as

d(k) =
Nk

N
(2.1)

where Nk gives the number of vertices with k edges. In terms of the degree
distribution, the average connectivity can be written as

z =
!

kd(k) (2.2)

We shall consider two basic types of heterogeneous NOCs: Watts-Strogatz
NOCs [57], for which heterogeneity is moderate, and scale-free NOCs, for
which heteregeneity is strong. Starting from a regular ring Figure 1.1-a
with a fixed number N of vertices with z connections per vertex, we gen-
erate a Watts-Strogatz graph by rewiring, with probability pSW , each edge
of the graph Figure 1.1-b. Rewiring means here replacing the original edge
maintaining its origin and choosing randomly the ending vertex, such that
self-connections loops and double connections are excluded. For pSW = 0,
we have a regular graph, whereas for pSW = 1 we obtain a graph very sim-
ilar to a random graph, except that there are no vertices with connectivity
smaller than z/2 (see Figure 2.1). The larger the probability pSW , the more
heterogeneous is the associated graph (Figure 1.1-c). Besides the degree dis-
tribution d(k), the probabilistic nature of the construction of Watts-Strogatz
small worlds graphs leads to many di!erent realizations of NOCs for given
values of parameters. Consequently, other quantitities provide additional
information which characterizes a given class of NOCs namely, the average
path length L, providing the number of edges in the shortest path between
two nodes, averaged over all pairs of vertices, and the cluster coe"cient
C, which provides a measure of the extent to which direct neighbours of a

15



16 CHAPTER 2. GRAPHS AND SIMULATIONS

given node are direct neighbours of each other, being roughly proportional
to the number of triangular connections[16]. For the Small-World graphs,
small values of pSW > 2/(zN) ensure large values of C ∼ Cregular ∼ 3z!6

4z!4
and small values of L ∼ Lrandom $ Lregular ∼ N/z, characteristic of the
Small-World regime, whereas as pSW ∼ 1 we fall in the limit of a random
graph, for which Crandom ∼ z/N and Lrandom ∼ ln(N)

ln(z) are both small (see
Figure 2.2)

Figure 2.1: Watts and Strogatz small-world networks. Starting from a reg-
ular graph, randomly rewire each edge with probability p, avoiding loops
and double edges. Since number of vertices and edges is conserved, so is the
average degree z.

In order to study scale-free, strongly heterogeneous NOCs, characterized
by many vertices of small connectivity and a few highly connected vertices
(so-called hubs) we shall make use of the simple scale-free model of [9],
illustrated in Figure 1.1-d). The construction of such a scale-free graph
involves two processes:

1. Growth: Starting with a small number (m0) of vertices, at every time
step we add a new vertex with m < m0 edges that link the new vertex
to m di!erent vertices already present in the system;

2. Preferential attachment: When choosing the vertices to which the new
vertex connects, we assume that the probability pi that a new vertex
will be connected to vertex i depends on the degree ki of vertex i:
pi = ki/

"
ki .

Preferential attachment corresponds to well-known mechanisms of over-
whelming importance in other areas of science, namely the rich get richer
e!ect in economics (Simon, 1955), as well as the Matthew effect in sociology
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Figure 2.2: Dependence of the Cluster coe"cient (C) and average path
length in the parameter pSW . In the interval 0 < pSW < 0.1, as one increase
pSW , inside this interval the value of L drops significantly compared with
Lregular, where C ∼ Cregular. For 0.1 < pSW < 1.0, L remains small whereas
C drops significantly.
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[36]. After t time steps this algorithm produces a graph with N = t+m0 ver-
tices and mt edges. Because vertices appear at di!erent moments in graph-
generation time, so-called age-correlations arise [3, 16](see Figure 2.3). In
order to single out the role of heterogeneity in evolution, we subsequently
exchange randomly and repeatedly the ends of pairs of edges of the original
graphs [31, 38], in this way eliminating any type of correlations between
the vertices, without changing the scale-free degree-distribution. In our
study, scale-free graphs with N individuals have been generated, starting
with m = m0 = z/2 vertices and iterating the appropriate number of time-
steps until N vertices are created. It is on top of these graphs that we initiate
the evolutionary studies with the PD.

For Scale-Free graphs generated by this method, typically[16] the Cluster
Coe"cient C ∼ Cregular whereas L ∼ ln(N)

ln(ln(N)) , reflecting the ultra-small
world neature of these networks.

Figure 2.3: Age correlations in the Barabási and Albert growing model. As
is easy to see, as a result of the growing process, older the nodes the more
connected they become.

In all our simulations, the NOCs will be associated with static graphs
(that is, topology remains unchanged throughout evolution) with as many
vertices as agents in the population, each agent adopting a well-defined
strategy cooperator or defector. Since we fix the size N and the average
connectivity z, in all cases the number of edges of all graphs will be the
same.
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2.2 The Prisoner’s Dilemma Game

Following [39], we shall adopt a simple one-parameter formulation of the
PD such that 2 ≥ (T = b) > (R = 1) > (P = S = 0), b representing the
temptation to defect. Given a population of N agents (the N vertices of
the graph), inter-connected following the edges of the graph, during each
generation (which constitutes our unit of discrete evolutionary time), all
pairs of individuals x and y, directly connected, engage in a single round of
the game, their accumulated payo! being stored as Px and Py, respectively.
This means that during one generation, there will be as many rounds of
the game as edges in the NOCs. At the end of a generation, after all indi-
viduals have played once with all their partners, all strategies are updated
synchronously, that is, one selects which strategy will occupy each vertex in
the next generation simultaneously for all vertices.

2.3 Individual Fitness

At the end of a generation agents will have an accumulated payo! resulting
from their one-round interactions with each of their immediate neighbours.
This accumulated payo! is associated with the individual fitness, which in
turn dictates whether the strategy located in a given vertex will be replicated
to the next generation or, instead, will be replaced by the strategy of a better
fit neighbour.

In their seminal work Foster and Young [20] introduce stochastic e!ects
in order to account, among other features, for the variability in the number
of individuals of a given type who meet individuals of another type in any
given time period. Clearly, in biological terms not only quality but also
quantity actually [23]. As such, the accumulated payo! provides a natural
choice for the individual fitness of these agents at the end of their life-
cycle (one generation) and , due to the heterogeneity of the network of
contacts, accounts for the fact that di!erent individuals interact at di!erent
rates throughout their life span. Such a choice for fitness goes in line with
recent studies on cooperation [1] economics [26] social learning [60] and the
recently developed evolutionary graph theory [29]. In this way agents have
the opportunity to explore heterogeneity to increase the chance of survival of
their strategy to the next generation. We make no discrimination whatsoever
with respect to who may benefit from that : Both cooperators and defectors
may profit from such a possibility.

A more realistic model, on the other hand, should not overlook that
individuals who interact more may expend more energy in doing so, which
would likely act to e!ectively diminish their fitness. The work of Jackson
and Wolinsky [26] provides a feasible pathway towards inclusion of such
refinements. A simpler (and cruder) model would be to impose a cuto! in
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the maximum number of interactions that each individual may engage on
per generation, in this way redefining the underlying NOCs.

Other studies, on the other hand, have adopted the criterium of dividing
the accumulated payo! by the number of interactions that each agent en-
gages on. The rationale behind such a procedure may be generally related
to the assumption that agents interact at a similar rate, a feature which
would favour such averaging.

Although we believe this reasoning is not in accord with what happens in
realistic settings, both biological and social, we shall also study the evolution
of cooperation making use of such artificial procedure. Clearly, the previous
discussion in connection with Figure 1.2 may be easily extended to the case
in which averaging of accumulated payo!s is performed, showing that even
in this case heterogeneity plays a role, in spite of its natural attenuation due
to the partial cancellation resulting from averaging.

2.4 Evolutionary game dynamics on graphs

At the end of a generation, the strategy associated with a given vertex x
will be replicated or not to the next generation according to the following
transition probabilities, which constitute the finite population analogue of
replicator dynamics [21, 24], to which the results of our simulations converge
in the limit of well-mixed populations (a complete, regular graph with z =
N − 1) :

We first select a neighbour y at random among all kx neighbours of
x. If Py < Px the vertex x will maintain the same strategy in the next
generation. Otherwise, the strategy occupying vertex x will be replaced by
that associated with vertex y with a probability

p =
Py − Px

k>(T − S)
, (2.3)

where k> is the largest between kx and ky, ensuring that 0 ≤ p ≤ 1.
The present results are very robust with respect to changes in the de-

tailed form used for strategy update : No qualitative changes occur if we
adopt an asynchronous updating of strategies [24] as well as if we replace
the denominator k>(T − S) in p by, for example, kmax(T − S), with kmax

the maximum degree of connectivity of the network. However, we believe
that the update rule we adopted is more suitable to describe the (necessar-
ily) simple biological entities which may be modelled as engaging in rounds
of such a simple game. Indeed, the present update rule does not require
sophisticated cognitive capabilities at an individual level, since information
processed by each agent is restricted to his immediate neighbourhood. On
the contrary, replacing k> by kmax implies that individuals must be aware
of the entire network topology, which requires extraordinary cognitive capa-
bilities in communities with 104 individuals.
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Figure 2.4: Evolutionary dynamics on graphs. The box in the bottom
represents the equivalent of the replicator dynamics equation (top) when
z = N − 1.

2.5 Simulations

Individuals are connected to vertices on rings with N = 104 vertices, such
that each graphs has as many vertices as agents; we used the values z =
4, and m = m0 = 2 (z =< d(k) >= 2m). Following [24], equilibrium fre-
quencies of cooperators and defectors are obtained by averaging over 103

generations after a transient time of 104 generations. We confirmed that av-
eraging over larger periods or using di!erent transient times did not change
the results, although the transient period depends on z and N. Simulations
start with an equal percentage of strategies cooperators and defectors -
randomly distributed among the elements of the population. For di!erent
values of the parameters, the evolution of the fraction of cooperators who
survive evolution as a function of b for the PD has been computed. To
this end, each data point depicted in the figures corresponds to an average
over 100 simulations: 10 realizations of the same type of NOCs specified
by the appropriate parameters (N, z, m = m0) and 10 runs for each of the
realizations.
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Chapter 3

Unraveling heterogeneity
effects

The results of our agent-based simulations for Watts-Strogatz NOCs are
presented in Figure 3.1. It is shown what happens as one moves away from
regularity, such that d(k) is no longer a delta distribution (we consistently
interpret z as < d(k) >, the average value of the degree distribution). In
the interval 2/(zN) < pSW < 0.1, in the Small-World regime, the shape
of the curve for the frequency of cooperation gets gradually smoother with
increasint pSW , up to the shape shown for pSW = 0.1. As one increase pSW

inside this interval, the value of L drops significantly compared with Lregular,
where C ∼ Cregular. For 0.1 ≤ pSW ≤ 1.0, L remains small whereas C drops
significantly. For large pSW we observe an overall enhancement of cooper-
ation, which constitutes a remarkable result. It is clear that heterogeneity,
though moderate, strongly a!ects the evolution of cooperation. Moreover,
the results indicate that cooperators profit more from heterogeneity than
defectors, with a resulting sizeable enhancement of cooperation, when com-
pared to the results associated with homogeneous NOCs.

Since the heterogeneity of Watts-Strogatz NOCs is moderate when com-
pared to real-world NOCs, it is worth investigating the impact of more
realistic scale-free NOCs in the evolution of cooperation. To this end let
us start with scale-free model of Barabási and Albert, illustrated in Figure
1.1-d). However, and in order to single out the scale-free features of the
NOCs, without introducing any additional age-correlations, let us random-
ize the connections without changing the degree-distribution, as detailed in
the previous chapter.

The results obtained on such random scale-free NOCs are shown in Fig-
ure 3.2 with solid squares, and unravel an additional enhancement of cooper-
ation as a result of such strong heterogeneous features. Indeed, now cooper-
ators are able to resist invasion by defectors for all values of the temptation
to defect b. This remarkable result shows clearly that cooperators benefit
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Figure 3.1: Fraction of cooperators for Small-World network of contacts
(NOCs) of Watts and Strogatz, for di!erent values of pSW . An overall
enhancement of cooperation is observed with respect to well mixed limit
(were cooperation is doomed for all values of b) and regular graphs, although
cooperation is better sustained for small values of the benefit (b).

most from the heterogeneity of the NOCs.
Further insight into the mechanism responsible for the strong enhance-

ments depicted in Figure 3.2 is provided by the results shown in Figure 3.3,
in which we plot the relative distribution of strategies per degree, which
allows one to assess directly which degree is preferred by which strategy
throughout evolution: In the beginning (upper panel), strategies are equally
distributed. Evolution leads to a stationary regime (lower panel) in which
the distribution becomes strongly asymmetric. Indeed, cooperators occupy
all (few) vertices of high degree, whereas defectors manage to survive only
on vertices of moderate degree. How can this happen?

3.1 Hub dynamics

From an individual agent perspective, and given two individuals x and y ,
if x is a cooperator (defector), y’s strategy which maximizes x’s payo! in a
one-shot prisoners dilemma will be given by max(R,S) ( max(T,P) ) corre-
sponding, in both cases to a cooperator. In other words, it is better both for
defectors and cooperators to be surrounded by cooperators. As such, highly
connected defectors surrounded by a significant amount of cooperators will
be very successful. The more successful they become, the easier it will be
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Figure 3.2: Evolution of cooperation in heterogeneous NOCs. The fraction
of cooperators in the population which survive evolution is plotted as a
function of the temptation to defect b for random NOCs (solid circles) and
two types of scale-free NOCs: Random (solid squares) and age-correlated
(solid triangles), according to the model of Barabási-Albert. Results for
regular, homogeneous NOCs are shown with a solid line. In all cases and
z=4 and N = 104. Heterogeneity generally promotes cooperation, which
may dominate via introduction of special correlations among the agents in
the population.
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Figure 3.3: Distribution of strategies in random scale-free NOCs. Coop-
erators (C, dark bars) and defectors (D, light bars) initially (upper panel)
populate the same number of vertices in the NOCs. Evolution under natural
selection leads to the scenario depicted in the lower panel, in which the re-
maining defectors occupy vertices with low connectivity. Each bar adds up
to a total fraction of 1 per degree, the dark and light fraction being directly
proportional to the relative percentage of the respective strategy for each
degree of connectivity. Results obtained on random scale-free graphs with
z=4, N = 103 and b=1.6.



3.2. DESIGNING COOPERATION 27

to invade most of their cooperator neighbours. However, in doing so their
fitness will tend to decrease, since defector-defector interactions contribute
less to fitness than defector-cooperator interactions. As a result, highly
connected defectors see their fitness decrease down to values comparable to
those attained by the remaining cooperator neighbours, which will then get
a chance to invade such a highly connected vertex (hub).

Once cooperators manage to invade such (few) hubs, the situation changes
profoundly. Indeed, as stated before, cooperators benefit most by interacting
with like cooperators. Therefore, as their fitness increases, so will increase
the fraction of their neighbours which become cooperators, a feature which
acts to self-sustain the cooperators sitting on such hubs. In other words,
once a cooperator invades a hub, his fitness will rapidly increase, making
it very di"cult to become invaded by a defector. This, in turn, can only
happen to the extent that the NOCs are heterogeneous, since in this way
cooperators will maximize their fitness by maximizing the number of coop-
erative interactions. On the other hand, the previous discussion exemplifies
how heterogeneity may be evolutionary disadvantageous to defectors. In-
deed, via this mechanism cooperators manage to outperform defectors and
endure evolution under natural selection.

The previous line of reasoning is entirely corroborated by the study of
the following odd configuration, in which we show the evolutionary dynam-
ics of a single defector in an otherwise cooperative population in scale-free
NOCs. In the homogeneous limit we know that such initial configuration
will lead to the rapid extinction of all cooperators for the values of b em-
ployed in Figure 3.4 : b = 1.5 and b = 1.9. For scale-free NOCs, it is easy to
convince oneself that the most advantageous location for placing a single de-
fector is on the vertex with largest connectivity. Starting from this scenario,
the evolutionary dynamics is startling, as shown in Figure 3.4 . The initial
defector quickly invades roughly 80% of the nearest (cooperative) neigh-
bours. This will reduce his fitness in such a way that a cooperator nearby
suceeds in invading. Cooperator invasion leads to the steep jump observed in
the percentage of cooperators surrounding the cooperator hub, providing an
impressive account of the self-sustaining e"ciency induced by a cooperator-
hub. Finally, Figure 3.4 shows that, in what concerns the largest hub in the
NOCs, the actual value of b acts only to delay the number of generations
required for invasion to take place. This result, however is not general and
relies on the special initial conditions chosen here.

3.2 Designing cooperation

Understanding how cooperators manage to outperform defectors enables us
to design NOCs in which cooperators may acquire an overall evolutionary
advantage. In fact, the original NOCs of Barabási-Albert provide an ex-
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Figure 3.4: Evolution of cooperators around largest hub. Starting with a
single defector placed in the hub with largest connectivity, the fraction of
direct neighbours who are cooperators is computed throughout evolution, for
a population of N = 104 individuals, and for the two values of b indicated.
The overall behaviour, independent of b, shows that the initial defector
invades approximately 80% of its immediate neighbours, after which the
largest hub is invaded by a cooperator (originating typically from another
hub, taking place right before each jump), leading to a rapid saturation of
the hub’s neighbours with cooperators.
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cellent means to this end, since growth and preferential attachment lead to
NOCs which exhibit age-correlations between vertices, very convenient for
this purpose. Indeed, during graph generation the older vertices are not
only those which exhibit largest connectivity, but also they become natu-
rally interconnected with each other. Such direct inter-connections provide
an ideal scenario for highly-connected cooperators to self-sustain each other.
Indeed, once hubs are occupied by cooperators, the fact that they are di-
rectly connected means that it will be even harder for defectors to invade
cooperator-hubs. In other words, cooperator-hubs protect each other from
defector invasion, which will naturally result in an enhancement of cooper-
ation. This reasoning is fully supported by the corresponding results shown
in Figure 3.2 with solid triangles, where cooperators now dominate over the
entire range of values of b, whenever populations exhibit such age-correlation
patterns of connectivity between individuals. Taking into account that the
degree distributions of the NOCs used to generate both age-correlated and
random scale-free results coincide, the results of Figure 3.2 put in evidence
the power of this mechanism. As expected, cooperation will be suppressed
whenever the edges which directly connect the strong cooperators are artifi-
cially clipped by hand. In retrospect, the random scale-free NOCs considered
before provide an automatic means to destroy such links.

3.3 Averaging the payoffs

Finally, we would like to point out that the results for the evolution of co-
operation are a!ected if, instead of using the accumulated payo! for each
agent, its fitness is associated with the accumulated payo! divided by the
number of interactions each agent engages during his life-cycle. The corre-
sponding results are shown in Figure 3.5, which shows that heterogeneity is
still capable of promoting cooperation, in particular ensuring the survival
of cooperators to larger values of the temptation to defect, when compared
to the results in homogeneous populations. Nonetheless, it is clear that
by averaging the payo!s, the mechanisms discussed before will be severely
hampered, as such precluding the clear cut dominance of cooperators over
defectors obtained.

3.4 Evolution on small communities

How does cooperation evolve in small communities? Clearly, for small com-
munities the concept of a Scale-Free degree distribution lacks a precise mean-
ing. As such, it is worth investigating what happens as we decrease the pop-
ulation size. To this end, we have repeated the simulations carried out in
connection with Fig.3.2 for N = 104, but now for smaller population sizes.
Figure 3.6 shows the results obtained for N=512 (upper panels) and N=128
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Figure 3.5: Evolution of cooperation in heterogeneous NOCs with averaged
payo!s. The fraction of cooperators in the population which survive evolu-
tion is plotted as a function of the temptation to defect b for random NOCs
(solid circles) and the scale-free NOCs, generated according to the model
of Barabási-Albert (solid triangles). In both cases z = 4 and N = 104.
Although the incidence of cooperators is strongly suppressed whenever av-
eraging of payo!s is enforced, the survivability of cooperators is sizeably
enhanced when compared to regular graphs, without any sharp transition
to zero. Clearly, by averaging the payo!s of each individual one is preclud-
ing cooperators from taking advantage of the heterogeneity of the NOCs to
outperform defectors.
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(lower panels) for both types of NOCs considered in before, such that all
simulations were performed for an average connectivity z = 4 . The results
clearly demonstrate that the evolution of cooperation in small communities
evolves very much in the same way as it does in much larger ones. In other
words, growth and preferential attachment cooperate to produce NOCs in
which cooperation dominates. For values of N smaller than N ≈ 100, the
averages over many realizations of graphs of a given type do not converge
to a well defined value, a feature which is not surprising, taking into ac-
count the probabilistic rules of construction of the graphs. Indeed, for small
values of N, stochastic extinction of cooperators or defectors happens for
particular realizations of a given NOCs, as such precluding a clear cut result
for the evolution of cooperation. This feature is a size e!ect which clearly
disappears for large N.

3.5 Minimal model

How realistic are the SF NOCs studied so far ? Empirical evidence gathered
to date [16] indicates that in social and biological NOCs:

1. vertices of highest connectivity exhibit degrees substantially lower than
those produced with the simple Barabási and Albert model;

2. display values for the cluster coe"cient which are much larger than
those obtainable with that model (the cluster coe"cient provides a
measure of the extent to which direct neighbours of a given vertex
are direct neighbours of each other, being roughly proportional to the
number of such triangular connections).

Furthermore, one may argue that the single-round PD suits best interactions
between simple organisms [27], unable to retain memory of past encounters
as well as to anticipate future encounters. For such organisms, growth can
be easily envisaged as an active mechanism during the generation of NOCs,
whereas preferential attachment seems too sophisticated as a rule. Indeed,
preferential attachment, in the way formulated by Barabási and Albert, re-
quires that the newly added individual is aware of the entire topology of the
existing network, so that a decision may be taken based on the connectivity
of each individual in the population, a feature which is unlikely for sim-
ple organisms and/or large communities. On the contrary, these organisms
most likely adopt local rules of attachment, in reaction to local properties
of the NOCs, and independent of its global topology. In this context, the
minimal model of SF NOCs recently developed [17] provides a nice means
of overcoming these di"culties. Indeed, not only the NOCs generated ac-
cording to the minimal model lead to NOCs exhibiting the same power-law
degree-distribution obtained with the Barabási and Albert model, of the
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Figure 3.6: Evolution of Cooperation on small communities. Simulations
were carried out for N=512 (upper panel) and N=128 (lower panel) for two
types of graphs: Barabási and Albert (solid squares) and regular graphs
(solid circles). In all cases z = 4 . Comparison between these results and
those of Fig. 2 show that the qualitative features of the evolution of coop-
eration are the same, for values of N spanning three orders of magnitude.
For N=128 the oscillations at high values of b obtained for the Barabási and
Albert NOCs indicate that, for such unfavourable regimes for cooperators,
the small population size leads to an increasing sensitivity of the results on
the particulars of each realization of the NOCs.
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type d(k) ∼ k3, but also these new NOCs exhibit large values for the clus-
ter coe"cient (C). In the minimal model, during growth each new vertex
attaches to both ends of a randomly chosen edge. As such, this rule favours
the creation of triangular relations between individuals, thereby greatly en-
hancing the cluster coe"cient of the NOCs. In accord with the previous
discussion, such a simple rule can be seen as a local procedure, which does
not require previous knowledge of the topology of the NOCs. Such dif-
ferent ways of producing similar degree distributions exhibiting intricate
vertex correlations actually posit the interesting challenge of identifying the
mechanisms underlying the formation of specific NOCs. In what concerns
the present study, it is worth investigating the evolution of cooperation on
graphs generated according to this model. The results are shown in Figure
3.7, for N = 104 and z = 4 (note that, by definition, these graphs share
the same number of edges as the corresponding Barabási-Albert graphs),
in which overall cooperation can be seen to become further enhanced with
respect to the results of the Barabási and Albert model. This enhancement
of cooperation, however, should not be associated with the corresponding
increase of the cluster coe"cient. Indeed, it is quite obvious that an in-
crease of the cluster coe"cient, per se, cannot promote cooperation, since
the cluster coe"cient is maximal for a fully-connected graph (well-mixed
population limit) in which case, as is well known, cooperators are easily
invaded by defectors and cooperation cannot be sustained. On the other
hand, the results of this section reinforce the fact that growth and preferen-
tial attachment, even if implemented in a di!erent fashion, lead to a clear
dominance of cooperation.

3.6 Evolution under extrinsic constraints

Up to now, we have tacitly assumed that individuals have no limitations in
what concerns the number of interactions they engage on per generation.
This assumption will generally depend on what type of individuals are at
stake and the kind of cooperation one is modelling, but it is reasonable to
conceive communities in which extrinsic factors limit the interacting capac-
ity of individuals. What is the impact of this e!ect on the evolution of
cooperation?

Let us imagine that individuals engaging in a PD round with a neighbour
expend a certain energy. Finite resources may impose, therefore, an upper
limit to the number of connections that individuals in a population may
sustain, which in turn imposes constraints on the topology of the NOCs.
A simple means of modelling this feature is by introducing a cut-o! in the
degree-distribution such that whenever the connectivity of an individual
reaches the cut-o! limit, no further connections to this individual may be
established from that moment on during graph generation.
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Figure 3.7: Results for the evolution of cooperation in NOCs exhibiting SF
and truncated SF degree-distributions according to the models described in
main text. In all cases the size is N = 104 and the average connectivity
is z = 4. The results for the Barabási and Albert model (solid circles) are
compared with those obtained with the minimal model of Dorogotsev et al.
(solid squares) and the truncated Barabási and Albert model, imposing cut-
o!s of 20 (open triangles), 40 (dashed line) and 60 (open squares) for the
maximum connectivity. In all cases, vertex-correlations built-up during the
generation of the graphs due to growth and preferential attachment ensure
that cooperation dominates for 1 ≤ b ≤ 2. As one continues to reduce the
cut-o! for maximum vertex connectivity, a sudden collapse of cooperation
takes place, the behaviour resembling closely that obtained for the evolution
of cooperation on regular networks.
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The Barabási and Albert model leads to typical values for the maximum
connectivity well above 200, for N = 104 and z = 4. In Figure 3.7 we
show the result of introducing such cut-o!s in the Barabási and Albert
model, for di!erent values of the cut-o! parameter. It is noteworthy that,
in spite of limiting the maximum connectivity of the vertices, still growth and
preferential attachment remain active and determinant mechanisms in the
generation of the NOCs. Clearly, Fig. 5 shows that cooperation dominates
even when the connectivity of each node is severely truncated down to values
of the order of 20. These are impressive results which evidence the robustness
of these mechanisms in sustaining cooperation.

As one imposes cut-o!s below 20 (for N = 104 and z = 4) coopera-
tion collapses to a behaviour which first approaches that obtained with the
growth-only model (not shown), where the two steps that characterize the
Barabási and Albert model are replaced by growth and an uniform attach-
ment. This is a clear signal that below a certain critical cut-o! value, pref-
erential attachment is no longer e!ective during graph generation. Subse-
quent reduction of the cut-o! limit leads to further hindrance of cooperation.
However, since the resulting degree distributions remain heterogeneous, co-
operation is still enhanced when compared to the behaviour obtained on,
e.g., regular graphs. This is not surprising, and reflects the fact that het-
erogeneity in the pattern of vertex connectivity promotes cooperation. Yet,
as clearly evidenced by the results obtained for the NOCs corresponding to
randomized scale-free networks, shown in Fig.3.2 , heterogeneity alone is not
enough to sustain cooperation as the dominating trait.

3.7 Conclusions

To sum up, the diversity of connectivity patterns in a population, which
translates into heterogeneous NOCs, is e"ciently explored by cooperators
to outperform defectors, leading to evolutionary outcomes in which cooper-
ators easily survive and may even dominate. NOCs exhibiting strong het-
erogeneities and tight connections between the few most connected agents
favour the dominance of cooperation. Throughout evolution, the topol-
ogy of the NOCs itself must have evolved, a feature which is not included
here. Nonetheless, it is clear that whatever NOCs one may envisage or
have emerged throughout evolution, they are certainly heterogeneous, and
as such provide a better ground for cooperators to resist defectors and en-
dure selection and evolution. In this context, it is worth mentioning that
the impact of heterogeneity in what concerns cooperation between individ-
uals may possibly extend beyond the framework considered here. In what
concerns kin-selection, for instance, local dispersal and population structure
play a sizeable role [47]. To the best of our knowledge, heterogeneity e!ects
in the population have not been addressed yet in such a context. We hope
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our work will stimulate the study of heterogeneity e!ects in other areas of
evolutionary biology.



Chapter 4

Tackling pure small-world
effects

In this chapter, we introduce a new class of small-world networks - homo-
geneous small-worlds - which, in contrast with all previously studied small-
worlds, exhibit a homogeneous connectivity distribution, in the sense that
all nodes have the same number of connections. This feature allows the
investigation, for the first time, of pure small-world e!ects, detached from
any associated heterogeneity. Furthermore, we use at profit the remark-
able similarity between the properties of homogeneous small worlds and the
heterogeneous small-worlds of Watts-Strogatz to assess the separate roles
of heterogeneity and small-world e!ects. We investigate the dependence of
the co-evolution of cooperators and defectors under natural selection. With
respect to the well-studied regular homogeneous limits, we find a subtle in-
terplay between these mechanisms. They exhibit opposite behaviour in the
evolution of cooperation, such that the overall results mask the true nature
of their individual contribution to this process.

4.1 Introduction

The study of networks pervades all of science, and the recent and spectacular
developments in computers and communication networks made it easier to
understand that the world in which we live and which we create and shape is
in fact a huge web of networks of di!erent kinds, some of which were recently
found to obey scaling laws. In fact, only very recently [3, 16] such features
have been recognized as playing an ubiquitous role on many processes taking
place in di!erent types of communities. These can be typically mapped onto
networks, in which community members occupy the nodes and their interac-
tions are represented by the links between nodes. Moreover, networks often
portray the coexistence of local connections (spatial structure) with non-
local connections (or shortcuts). The celebrated Watts-Strogatz [58] small

37
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world (SW) networks, introduced in previous chapters, proved instrumental
to understand and characterize such network features. As a result, many
studies originating from diverse areas of science have been carried out to
investigate the impact of SW-e!ects on the static and dynamic properties of
phenomena taking place on networks. As a rule, such impact of SW-e!ects
has been sought by comparing the behaviour of the system with that known
from analytical studies typically carried out at a mean-field level, or in spa-
tially homogeneous layouts. However, in contrast with spatial configurations
and mean-field models, in which the homogeneity of node connectivity trans-
lates into a degree distribution characterized by a well-defined, single peak,
all SW networks studied so-far are inherently heterogeneous, with associated
multi-peaked degree distributions (for a network with N nodes, the degree
distribution is defined as d(k) = Nk/N , where Nk gives the number of nodes
with k links). In other words, up to now it has not been possible to dis-
sociate the SW e!ect from heterogeneity, a feature which precludes a clear
understanding of the role of SW-e!ects. For instance, it has been recently
shown[45] how computer networks exhibiting the ubiquitous scale-free de-
gree distributions d(k) ≈ k!3 are extremely fragile to epidemic outbreaks,
such that in the limit of infinite size, these networks show no threshold for
such outbreaks. This result, extended to other epidemiological contexts in
ref.[33], was shown to result from the divergence of the second moment of
the degree distribution in the limit of infinite size, a typical heterogeneity
e!ect. As such, the specific contribution of SW-e!ects to the characteri-
zation of epidemic thresholds, for instance, remains unclear (this topic was
explored in ref. [52]).
On the following, we start by defining a new class of SW networks - Ho-
mogeneous SW (HoSW ) - which exhibit SW features without giving-up
the homogeneity of the associated degree distribution. These networks will
prove very useful in our investigations of the contributions of pure SW-e!ects
and of network heterogeneity to the phenomena of evolution of cooperation
taking place on networks.

4.2 Homogeneous small worlds

Inspired by the algorithm developed in ref.[58] to generate Watts-Strogatz
Heterogeneous SW (HeSW ), we generate HoSW starting from a (undi-
rected) regular graph with average connectivity z and size N , which fixes
the number of edges E = Nz/2.

We introduce a dimensionless parameter f which gives the fraction of
edges to be randomly rewired: for f = 0 we have a regular graph, whereas for
f = 1 all edges are randomly rewired (see Figure 4.2). We adopt, however, a
rewiring mechanism which does not change the degree distribution[31]. The
algorithm resumes to repeat the following two-step circular procedure until
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Figure 4.1: Creating homogeneous small worlds. Starting from a regular
graph, swap pairs of randomly selected edges until f.E edges are swapped.
Never swap same edge more than once, avoiding loops and double edges.

fE edges are successfully rewired: i) choose - randomly and independently
- two (di!erent) edges which have not been used yet in step ii) and ii) swap
the ends of the two edges if no duplicate connections arize.
The procedure of edge-swapping, as is well-known[31], does not change

the overall degree distribution. On the other hand, since the edges are
randomly chosen, by swapping the ends of each pair of edges one is actually
introducing shortcuts in the original regular graph, in this way strongly
a!ecting the properties of the associated network. Indeed, and similarly to
the HeSW rewiring probability p, the parameter f has a strong non-linear
impact on both local and global properties of the resulting network. In
Figure 4.2 a comparison is shown between key features of HoSW and HeSW
as functions of f and p, respectively. Specifically, we plot the average path
length L and cluster coe"cient C [3], for both HoSW and HeSW , divided
by the corresponding values at f = p = 0 (lower panel). The networks
are characterized by N = 104 and z = 8, and Figure 4.2 shows that, in
spite of the fact that for HoSW the degree distribution is independent of f ,
the behaviour of L and C for both types of networks is remarkably similar.
In other words, heterogeneity constitutes the main distinctive feature of
HeSW when compared to HoSW . What is the contribution of each of
these mechanisms to a given dynamical process taking place on networks?
The answer will depend on the process under study. Here we select one
example: the evolution of cooperation under natural selection, for which we
adopt the single-round Prisoner’s Dilemma (PD) [39, 44, 53, 49].

4.3 Evolution of cooperation

Like we stated in Chapter 1, the ongoing challenge[23] of understanding the
emergence of cooperation in the context of Darwinian evolution is tradition-
ally addressed in the framework of Evolutionary Game Theory[21], combined
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Figure 4.2: HoSW versus HeSW . The Cluster Coe"cient C and Average
Path Length L, divided by their values for regular networks (C0 and L0,
repectively), are shown as a function of f for the HoSW proposed in this
work, and of the SW rewiring probability p for HeSW . We divided the
domains of f and p in two subregions, which were found to be associated
with di!erent regimes for the processes studied here. On the left panel
(in a log scale) we detail the behaviour for the region in which L changes
significantly while C remains nearly constant. The remaining domain, shown
in the right panel, is dominated by changes in C while changes in L are very
small.
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with games such as the PD, used as metaphors of cooperation between unre-
lated individuals[21]. Adopting the same framework used before, individuals
are either cooperators or defectors, acting accordingly whenever two of them
interact. They both receive R upon mutual cooperation and P upon mu-
tual defection. A defector exploiting a cooperator gets an amount T and
the exploited cooperator receives S, such that T > R > P > S (Prisoner’s
dilemma domain). Also, we shall follow common practice[39, 44, 49, 53] and
adopt the simplest parametrization for the PD, making 2 > T = b > R =
1 > P = S = 0, where b represents the temptation to defect. Whenever
cooperators and defectors are spatially arranged on a regular, homogeneous
network for which z $ N [44] cooperators can hardly resist invasion by
defectors. On the other hand, we have shown how cooperation is signifi-
cantly enhanced (see also [44]) whenever the populations are mapped onto
HeSW , being maximal for p = 1 (for fixed z), although the origin of this
enhancement remains to be clarified (see below).
Follow the same framework of the previous chapter, we simulate evolution
by implementing the finite population analogue of replicator dynamics[21,
44, 48]: In each generation, all pairs of individuals x and y, directly con-
nected, engage in a single round of the PD, their accumulated payo!s being
stored as Px and Py, respectively. Whenever a site x is updated, a neighbour
y is drawn at random among all kx neighbours; whenever Py > Px the cho-
sen neighbour takes over site x with probability given by (Py − Px)/(Dk>),
where k> is the largest between kx and ky and D = T − S, ensuring the
proper normalization of the probability. Initially, an equal percentage of
strategies (cooperators or defectors) is randomly distributed among the el-
ements of the population. Evolution undergoes a transient period before a
stationary regime is reached, in which we compute the equilibrium frequen-
cies of cooperators and defectors. As a result, we determine the dependence
of the equilibrium frequency of cooperators on the temptation to defect b.

In Figure 4.3 we show the results of extensive computer simulations
carried out both for HoSW (upper panel) and for HeSW (lower panel). In
all cases, we make z = 4 and N = 104, although the results we obtain here
are robust both for larger populations as well as for smaller communities
and other values of z. Each data point in Figure 4.3 results from an average
over 100 simulations, resulting from 10 di!erent realizations of each type of
network, and 10 runs for each network realization.
The solution corresponding to the evolution of cooperation on homogeneous
regular graphs (f = p = 0) is shown with a solid line in both panels. The
behaviour of cooperation remains unchanged with respect to the regular
limit up to f = p ≈ 0.005, at which point we have, on average, 0.5%
of the edges randomly rewired, and L has decreased typically one order
of magnitude from its value for f = p = 0, indicating that the overall
incidence of cooperators is again insensitive to L. For f = p = 0.01, one
obtains small changes as a function of b. Comparison between the results for
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HoSW and HeSW show no qualitative di!erence, however, which means
that the e!ects responsible for this change have a SW origin (cf. Figure 4.2).
f = p = 0.01 marks the onset of a more rapid change of C, whereas most of
the variation in L has already taken place, which indicates that cooperation
may be more sensitive to changes in C. This is indeed what happens, as
shown in Figure 4.3. For f = p = 0.1, a sizeable change of behaviour is
obtained, being also markedly di!erent for both types of networks. Indeed,
cooperators are now able to resist invasion by defectors up to values of
b ≈ 1.35 in both networks. The fact that the onset of survival for cooperators
is essentially identical in both types of networks, indicates that SW-e!ects
are responsible for this enhancement of the survivability of cooperators,
independently of any heterogeneity e!ects. SW-e!ects alone, however, lead
to a sizeable reduction of the fraction of cooperators for small b. Larger
values of f ≤ 0.5 lead to an amplification of both behaviours, whereas for
f > 0.5 no further qualitative changes take place. It is noteworthy that C
still changes significantly as f varies from f = 0.5 to f = 1, suggesting that
above a certain value SW-e!ects are not anymore influenced by C.

Comparison between the two panels in Figure 4.3 for p = f ≥ 0.1 also
shows the e!ect of adding heterogeneity on top of the SW-e!ects (this sit-
uation was briefly discussed in the previous chapter): Overall, the fraction
of cooperators who survive evolution in HeSW is considerably enhanced.
Moreover, both curves in Figure 4.3 show how heterogeneity counter bal-
ances SW-e!ects such that, for small b, the levels of cooperation now over-
shoot those obtained on regular networks. For larger values of b, cooperation
is also sizeably enhanced. These non-trivial e!ects demonstrate the detailed
interplay between these mechanisms taking place in the evolutionary dynam-
ics of cooperation. In HeSW individuals do not interact the same number
of times per generation. As such, cooperators have a better chance of in-
creasing their relative fitness by placing themselves on the nodes with larger
connectivity. Indeed, like we have seen previously, heterogeneity increasingly
assumes a dominant role such that, on scale-free networks, cooperation may
become the dominating trait for all values of b[44, 48].

4.4 Conclusion

To summarize, the present results show that conventional SW-e!ects re-
sult from the concurrent contributions of heterogeneity and pure SW-e!ects
which, depending of the process being studied, may exhibit constructive or
destructive interference. The role of SW-e!ects in the evolution of cooper-
ation is quite subtle. On one hand, SW-e!ects increase the survivability of
cooperators up to larger values of the temptation to defect b. On the other
hand, the overall incidence of cooperators decreases whenever the tempta-
tion to defect is small. Heterogeneous e!ects, in turn, lead to an overall
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Figure 4.3: Evolution of cooperation in HoSW (upper panel) and HeSW
(lower panel). We computed the fraction of cooperators who survive evo-
lution, as a function of the PD parameter b, for selected values of the SW
parameters f and p. All networks have size N = 104 and z = 4. Com-
parison between the two panels shows that while the range of b values for
which cooperators resist invasion by defectors results from SW-e!ects alone,
the overall fraction of cooperators that survives evolution is sizeably en-
hanced via heterogeneity e!ects, which completely mask the hindrance of
cooperation induced by pure SW-e!ects for large values of b.
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enhancement of cooperation for all values of b which, even for the moderate
heterogeneity considered here, completely mask the modifications induced
by pure SW-e!ects, notably the reduction of the incidence of cooperators
induced by SW-e!ects for small values of b.
The possibility to separate heterogeneity and pure SW-e!ects may provide
further insights into the detailed dynamics of complex phenomena taking
place on networks. Work along these lines is in progress.



Chapter 5

Different tensions, different
dilemmas

In the previous chapters, we have shown the role of played by real-world
topological features in the evolution of cooperation under the framework of
a specific dilemma - the prisoner’s dilemma. Although, social interactions
may be as well represented by other kind of tensions and dilemmas. In
this chapter, we present a unifying framework to study well-known social-
dilemmas, in which cooperation may be undermined by Fear and Greed.
Here we show that an entirely new picture emerges whenever the pattern
of interaction in populations exhibits scale-free behaviour, for all possible
dilemmas. We show that Fear is more detrimental to cooperation than
Greed, which ceases to be a threat in strongly heterogeneous populations.
Furthermore, we show how the introduction of age correlations between
individuals helps promoting cooperative behaviour and on which kinds of
dilemmas the intricate ties of interactions are more detrimental. The picture
emerging from our study shows that in a world in where cooperation is
determined by a balance between greed and fear, cooperation constitutes a
viable trait to the extent that the threat posed by fear is minor.

5.1 Introduction

The problem of evolution of cooperation has been conveniently formulated
in the framework of evolutionary game theory which, when combined with
games such as the Prisoner’s Dilemma (PD), used as a metaphor for study-
ing cooperation between unrelated individuals, enables one to investigate
how collective cooperative behaviour may survive in a world where individ-
ual selfish actions produce better short-term results. Analytical solutions for
this problem have been obtained whenever populations are assumed infinite
and their interactions homogeneous. Under these assumptions, cooperation
is not an evolutionary competitive trait, which is at odds with empirical ob-
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servation. Such an unfavourable scenario for cooperation in the PD, as well
as the wish to contemplate other possible cooperative scenarios has led to
the adoption of other games [24, 54], such as the Snowdrift-Game (SG) (also
known as Hawk-Dove or Chicken, more favourable to cooperation) or the
Stag-Hunt game (SH) (a coordination-type game favouring cooperation) as
well as numerical simulations in finite, often spatially extended, populations
[39], which nonetheless retain a homogeneous pattern of connectivity.

In this chapter, we examine how cooperation evolves whenever individ-
uals interact following heterogeneous, scale-free NOC, engaging in single
rounds of a social dilemma characterized by given intensities of greed and
fear. Because no analytic solutions exist for this problem, once again, agent-
based simulations [24, 39] provide a viable alternative to study the evolution
of cooperation in these more realistic population structures, a framework
which was already presented in the previous chapters. We shall conveniently
map a given population onto a graph, in which individuals (agents) occupy
the vertices and their patterns of interactions are defined by the edges linking
the vertices [44, 48].

The chapter is structured as follows. First, we discuss how the di!er-
ent social dilemmas are defined wherein the emergence of cooperation will
be investigated. The next section describes how the simulations were con-
structed,the stochastic evolutionary dynamics adopted and the parameter
settings. Finally the results for all dilemmas in the well-mixed and hetero-
geneous scenarios are described and compared in a discussion section.

5.2 Defining the Space of Social Dilemmas

At the most elementary level, social dilemmas can be formalized in terms of
symmetric two-person games based on two choices - to cooperate (C) or to
defect (D). These two choices lead to four possible outcomes: CC, CD, DC
and DD. With each outcome, a particular payo! is associated: R (reward)
and P (punishment) are the payo!s for mutual cooperation (CC) and de-
fection (DD), respectively, whereas S (sucker) and T (temptation) are the
payo!s associated with cooperation by one player and defection by the other,
respectively. Several social dilemmas [30] arise naturally, depending on the
relative ordering of these four payo!s, obeying the following constraints:

i) R > P : players prefer mutual cooperation (CC) over mutual defection
(DD).

ii) R > S: players prefer mutual cooperation over unilateral cooperation
(CD).

iii) T > R: players prefer unilateral defection (DC) to mutual cooperation
or P > S: players prefer mutual defection to unilateral cooperation
(CD).
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Figure 5.1: Two dimensional space of all dilemmas, with the standard nor-
malization of the di!erence between mutual defection and mutual coopera-
tion to one. (R=1 and P=0).

Dilemmas will exhibit di!erent degrees of tension between individual
and collective interests, based on the above relations. Given that R > P ,
tension becomes apparent when the preferred choices of each player lead
to individual actions resulting in mutual defection, in spite of the fact that
mutual cooperation is more beneficial. The extent to which such individual
actions occur may be adjusted introducing di!erent intensities of greed (the
temptation to cheat, whenever T > R), of fear (of being cheated, whenever
P > S) or both, leading to three well-known social-dilemma games:

• The Snowdrift game SG game, for which T > R > S > P , where
tension is due to greed but not fear,

• the game of Stag Hunt (SH), for which R > T > P > S, where tension
results from fear but not greed, and

• the PD game, in which both fear and greed are present, that is, T >
R > P > S.

Formally, these dilemmas span a four-dimensional parameter space. We
simplify the problem by normalizing the advantage of mutual cooperation
over mutual defection, in all games, to the same base value, making R = 1
and P = 0. With this choice for R and P, we are left with two parameters,
T and S. Depending on their values, these parameters may add (or not)
di!erent intensities of greed, fear or both to each game (see Figure 5.1).
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We study the behaviour of all dilemmas in the ranges 0 ≤ T ≤ 2 and
−1 ≤ S ≤ 1, which will be shown to be su"cient to characterize the games
under study, fear being present whenever S < 0, while greed is present
whenever T > 1 (see Figure 5.1).

5.3 Simulations

In the language of graph theory, well-mixed populations of size N are rep-
resented by complete graphs, which correspond to a regular, homogeneous
graph with average connectivity z = N − 1, since all vertices share the
same number of connections. To generate heterogeneous networks, we used
the same algorithms introduced in previous chapters. Again, we consider
the Barabási-Albert [9] model provides as the best-known model leading to
distributions d(k) ∼ k!! , with γ = 3.

Because vertices appear at di!erent moments in graph-generation time,
so-called age-correlations [16] arise. In order to single out the role of het-
erogeneity in evolution, we may remove any correlations (including age-
correlations) by subsequently exchanging, randomly and repeatedly, the
ends of pairs of edges of the original graph [31], a procedure which was
introduced in chapters 2 and 3.

Since we are using a generalized framework in order to study all possible
dilemmas, the procedures used before have to be slightly adapted.

For R = 1, P = 0, 0 ≤ T ≤ 2 and −1 ≤ S ≤ 1, evolution is carried out
implementing the finite population analogue of replicator dynamics [59, 21,
25], to which simulation results converge in the limit of homogeneous, well-
mixed populations (see Figure 5.2). Like previously, we define the following
transition probabilities: In each generation, all pairs of individuals x and y,
directly connected, engage in a single round of the game, their accumulated
payo! being stored as Px and Py, respectively. For reasons explained before,
we calculate the individual fitness using the non-normalized accumulated
payo!. Whenever a site x is updated, a neighbour y is drawn at random
among all kx neighbours; then, only if Py > Px the chosen neighbour takes
over site x with probability given by

(Py − Px)
[k>D>]

, (5.1)

where k> = max(kx, ky) and D> = max(T,R, S, P )−min(T,R, S, P ). The
small di!erence introduced in the transition probability, is only due the
necessity of a proper normalization in order to maintain p between 0 and 1.

Simulations were carried out on graphs with N = 103 vertices and av-
erage connectivity z=4 (except in connection with Figure 5.3, where where
z = N − 1). Equilibrium frequencies of cooperators and defectors were
obtained, for each value of T and S, by averaging over 103 generations af-
ter a transient time of 104 generations (we confirmed that averaging over
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Figure 5.2: Analytical results, under the replicator dynamics equation and
well-mixed population of all 3 dilemmas studied here.
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larger periods or using di!erent transient times did not change the results).
Furthermore, final data results from averaging over 100 realizations of the
same type of NOC specified by the appropriate parameters (N and z). All
simulations start with an equal percentage of strategies (cooperators and
defectors) randomly distributed among the elements of the population.

5.4 Results and Discussion

Figure 5.3 shows the results of our simulations for all social dilemmas as a
contour plot. The underlying NOC correspond to complete, fully connected
graphs, which provide the finite population analogue to the infinite, well-
mixed limit well-known from the standard analytical treatment [59] (see
Figure 5.2) . In particular, the results confirm the

i) dramatic fate of cooperators under the simultaneous threat of greed and
fear (PD);

ii) a similar fate for cooperators in the absence of greed (SH) whenever
fear exceeds the advantage of mutual cooperation over temptation to
defect.

iii) the coexistence of cooperators and defectors in the absence of fear, such
that cooperators increasingly dominate the lower the intensity of greed
(SG).

Replacing the well-mixed ansatz for the population by a heterogeneous pop-
ulation exhibiting a scale-free degree distribution such that all connections
between individuals are purely random, leads to the results shown in Figure
5.4-a.

The results in Figure 5.4-a evidence the determinant role played by pop-
ulation structure on the evolution of cooperation for all dilemmas.

Using Figure 5.3 as reference we observe that, overall, scale-free NOC
e"ciently neutralize the detrimental role of greed in the evolution of coop-
eration, whereas fear remains a strong deterrent of cooperation. Indeed,
under greed alone (SG) cooperators dominate for all values of greed. Under
fear alone (SH) cooperation becomes now more likely for small intensities
of fear. For the PD the domain of coexistence between cooperators and
defectors is clearly broadened. Moreover, the small slope of the border-
line between cooperators and defectors provides further evidence that fear
constitutes the major threat to cooperation.

The net results shown in Figure 5.4-a hide in fact a detailed interplay of
two mechanisms, related to the small-world and heterogeneous nature of the
underlying scale-free NOC: The occurrence of many long-range connections
(so-called shortcuts) in scale-free graphs precludes the formation of compact
clusters of cooperators, thereby facilitating invasion by defectors. However,
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Figure 5.3: Evolution of cooperation in well-mixed NOC. Results for the
fraction of cooperators in the population is plotted as a contour, drawn as
a function of the intensity of greed and fear which characterizes a given
dilemma. In the absence of greed and fear (lower right square) cooperators
trivially dominate. Fear without greed leads to the SH game (lower left
square), greed without fear leads to the SG (upper right square), and when
both fear and greed are present we obtain the PD game (lower right square).
Results were obtained in complete NOC, the finite population analog of
infinite well-mixed populations. These results provide the reference scenario
with which the role of population structure will be assessed (see Figure 5.4).
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Figure 5.4: Evolution of cooperation in scale-free NOC. We use the same no-
tation and scale as Figure 5.3. Left: Random scale-free NOC. The interplay
between small-world e!ects and heterogeneity e!ects, discussed in the main
text, leads to a net overall increase of cooperation for all dilemmas. Right:
Barabási-Albert scale-free NOC. Whenever age-correlations are retained,
highly-connected individuals become naturally inter-connected and cooper-
ators dominate defectors for all intensities of greed, enlarging the range of
intensities for which they successfully survive defectors under the action of
fear.
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the increase in heterogeneity of the NOC opens a new route for cooperation
to emerge, since now di!erent individuals interact di!erent number of times
per generation, which enables cooperators to outperform defectors. In other
words, while on one hand the increased di"culty in aggregating clusters of
cooperators would partially hamper cooperation, heterogeneity, on the other
hand, counteracts this e!ect, with a net increase of cooperation [48].

The scale-free NOC of Barabási and Albert [9] help us demonstrate
how one may go beyond the scale-free properties of given NOC with the
purpose of increasing cooperation. Indeed, if we do not randomize the pat-
tern of connectivity between individuals, such that the NOC exhibit the
correlations arising naturally in the Barabási and Albert model, a di!erent
result emerges for the evolution of cooperation, as shown in Figure 5.4-b).
As is well-known, this model exhibits so-called age-correlations, in which the
older vertices not only become the ones acquiring highest connectivity, but
also they become naturally interconnected with each other. In other words,
the formation of compact clusters of cooperators which was inhibited by
the occurrence of many shortcuts in random scale free NOC, will be partly
regained in such NOC, mostly for the few individuals which exhibit high
connectivity. Of course, such a clustering of cooperators will only occur to
the extent that cooperators are able to occupy such highly connected sites,
which indeed happens.

The results in Figure 5.4-b) show that now greed poses no threat to
cooperation, defectors being wiped out from populations under greed alone
(SG). Under fear alone (SH), cooperators now wipe out defectors where
before (Figure 5.4-a) they managed to coexist. Under the joint threat of
greed and fear (PD), cooperators also get a strong foot-hold up to larger
intensities of fear.

The present results show that inclusion of realistic population structure
in evolutionary game theory restores cooperation as a competitive evolu-
tionary trait, being more competitive the more heterogeneous the pattern
of interactions of a given population.

Furthermore, re-formulating three well-known dilemmas in terms of the
relative intensities of greed and fear allows a unified analysis of all dilem-
mas, showing the relative importance of greed and fear as deterrents of
cooperation. Finally, by understanding the mechanisms which ensure the
sustainability of cooperation, it is possible to conceive specific interaction
patterns with the purpose of promoting cooperation. At any rate, fear is
a much stronger deterrent of cooperation than greed, a feature which is
well-supported by empirical evidence on many biological species, including
humans.
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Chapter 6

Social co-evolution

6.1 Introduction

Conventional evolutionary game theory predicts that natural selection favours
the selfish and strong [42], in spite of existing evidence showing that coop-
eration is more widespread than theory predicts [35]. When cooperation is
modelled in terms of the prisoner’s dilemma [46] (PD), the solution of the
replicator dynamics equation in infinite, well-mixed populations [25, 21, 41]
dictates the extinction of cooperators by defectors. Cooperators become
evolutionary competitive, however, whenever individuals are constrained to
interact with few others along the edges of sparse graphs as concluded in two
independent studies [50, 43]. Both studies place individuals on the nodes of
a static graph, and associate their social ties with the vertices linking the
nodes such that, throughout evolution, every individual has the possibility
of changing her strategy, but not her social ties. In [50] it has been shown
that, under strong selection (fitness is determined by the game payo!, like
in the previous chapters) heterogeneous graphs lead to a significant increase
in the overall survivability of cooperation, modelled in terms of the most
popular social dilemmas, played on networks of di!erent degrees of hetero-
geneity [30]. For the classical PD in which the act of cooperation involves
a cost c to the provider, resulting in a benefit b (b > c) for the recipient, a
simple relation has been obtained in [43] for a single cooperator to have a
chance to survive in a population of defectors, whenever selection is weak
(game payo! introduces a small perturbation onto fitness): b/c > z, where
z stands for the average number of ties each individual has (z is the aver-
age degree of the graph). Both studies show that games on graphs open
a window for the emergence of cooperation, showing how social viscosity
alone [43] can contribute to the emergence of cooperation. However, recent
data shows that realistic networks [4, 16, 3, 22] exhibit average connectivity
values ranging from 2 to 170, with an associated heterogeneity intermedi-
ate between single and broad scale [4] which di!ers from the connectivity
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values typically used in previous studies [50, 43]. For instance, the network
of movie actor exhibits an average connectivity of 30 [3] whereas collabora-
tion networks based on co-authorship of published papers vary from average
values of 4 (mathematics), to 9 (physics) up to 15 (biology) [16]. In terms
of the simple rule for the evolution of cooperation for graphs, the reported
values of z require benefits to often exceed costs by more than one order
of magnitude for a single cooperator to survive [43]. None of the previ-
ous results on strong [50] and weak [43] selection on graphs is capable of
explaining how cooperation thrives on such social networks. Other mecha-
nisms have to be at work here that allow for the survival of cooperation. In
most evolutionary models developed so-far, social interactions are fixed from
the outset (for di!erent approaches specific to the prisoner’s dilemma, cf.
[55, 19, 8, 18]. Such immutable social ties, associated naturally with static
graphs, imply that individuals have no control over the number, frequency
or duration of their ties; they can only evolve their behavioural strategy. A
similar observation can be made on studies related to the physical proper-
ties of complex networks [4, 3, 16, 22]. The analyzed networks constitute
but one static snapshot of networks that have been typically produced by
some growth process. Yet, networks have naturally evolved before and will
continue to evolve after the snapshot has been taken. Hence, assuming a
fixed population size, one may ask: What role do changes in the interaction
framework play in the evolution of cooperation and to which extent will
the social dilemmas influence the topology and heterogeneity of the evolv-
ing network? Using a minimal model that combines strategy evolution with
topological evolution, and in which the requirements of individual cognitive
capacities are very small, we investigate under which conditions cooperation
may thrive. Network heterogeneity, which now emerges as a result of an
entangled co- evolutionary dynamics, will be shown to play a crucial role in
facilitating cooperative behaviour.

6.2 A Minimal Co-evolutionary Model

Let us consider two types of individuals - cooperators and defectors, who
engage in several of the most popular social dilemmas of cooperation (see
below). They are not required to accumulate information on all other play-
ers, except those they are immediately connected with. Moreover, they are
able to decide, on an equal footing, those ties that they want to maintain
and those they want to change. Given an edge with individuals A and B at
the extremes, we say that A (B) is satisfied with the edge if the strategy of
B (A) is a cooperator, being dissatisfied otherwise. If A is satisfied, she will
decide to maintain the link. If dissatisfied, then she may compete with B
to rewire the link (as illustrated and described in Fig. 6.1, rewiring being
attempted to a random neighbor of B. The intuition behind this reasoning is
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the following: For rational individuals with limited information, a neighbor
of an inconvenient partner may turn out to be a good choice, since she is
more likely to be a cooperator than a defector. Indeed, for all social dilem-
mas described below, a link with a cooperator maximizes the fitness of any
individual, irrespective of its (fixed) strategy. Consequently, all individu-
als naturally seek establishing links with cooperators. Hence, rewiring to a
neighbor of a defector is certainly a good choice for individuals with local
information only.

Figure 6.1: Evolving the neighborhood. Cooperators and defectors interact
via the edges of a graph. B (A) is satisfied (dissatisfied), since A (B) is
a cooperator (defector). Therefore, A wants to change the link whereas B
doesn’t. The action taken is contingent on the fitness #(A) and #(B) of
A and B, respectively. With probability p = (1 + e!"(!(B)!!(A)))!1 (where
β = 0.005, (see section 6.3)) A redirects the link to a random neighbor of
B. With probability 1 − p, A stays linked to B. Other possibilities occur:
Whenever both A and B are satisfied, nothing happens. When both A and
B are dissatisfied, rewiring takes place such that the new link keeps attached
to A with probability p and attached to B with probability 1− p

The social dilemmas of cooperation examined in this work are defined
by the order of the payo! values R (the reward for mutual cooperation), P
(the punishment for mutual defection), T (the temptation to cheat) and S
(the disadvantage of being cheated) [30] which lead to define the game the
PD (T > R > P > S), the Snowdrift game (SG) (T > R > S > P ) and the
Stag-Hunt game (SH) (R > T > P > S). We adopt the convention of the
previous chapter and normalize the di!erence between mutual cooperation
(R) and mutual defection (P) to 1, making R = 1 and P = 0, respectively.
Hence, we investigate all dilemmas in the two dimensional parameter space,
depicted in the figures of chapter 5 and in Figure 6.2, where the temptation
to cheat T satisfies 0 < T < 2 and the disadvantage of being cheated S
satisfies −1 < S < 1. Tension between the players arises whenever they
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prefer unilateral defection to mutual cooperation (T > 1), mutual defection
to unilateral cooperation (S < 0) or both. This is precisely what happens
in the SG game, the SH game and the PD game respectively. The fitness of
each individual corresponds to the total accumulated payo! resulting from
single interactions (see secion 6.3) with all her neighbors.

The fact that in our model cooperators and defectors interact via so-
cial ties they both decide upon establishes a coupling between individual
strategy and population structure: The game payo! induces now an entan-
gled co-evolution of strategy and structure. Such an adaptive individual
behaviour introduces a new time scale (τa), not necessarily equal to the
time scale associated with strategy evolution (τe). Depending on the ra-
tio W = #e

#a
, di!erent fates may occur for cooperation. Indeed, whenever

W = 0 we recover the results of [50, 43]. On the other hand, with increasing
W, individuals become apt to adapt their ties with increasing e"ciency. In
general, however, one expects the two time scales to be of comparable mag-
nitude in realistic situations (see Figs. 6.2 and 6.3). W provides a measure
of individuals’ inertia to react to their rational choices both at strategy and
topological levels: Large values of W reflect populations in which individuals
react promptly to adverse ties, whereas smaller values reflect some overall
inertia for topological change (compared with strategy change). In general,
the type of response will change from individual to individual. Hence, W
reflects here an average characteristic of the population.

6.3 Setup

6.3.1 Graphs

We place individuals on the nodes (a total of N) of a graph. Edges (a total
of NE) represent the social ties between individuals. Graphs evolve in time
as individuals change their ties. The average connectivity

z =
NE

2.N
(6.1)

is conserved since we do not introduce or destroy edges. We also computed
the degree of heterogeneity of the graph

h = N!1
!

k

k2Nk − z2 (6.2)

(where Nk gives the number of vertices with k edges) and the cumulative
degree distribution

D(k) = N!1
N!1!

k

Ni (6.3)
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Since D(k) = 0 for k > kmax , with kmax the maximum value of the connec-
tivity of a graph, both h and kmax provide simple measures of the hetero-
geneity of a graph.

6.3.2 Evolution of strategies

Whenever W > 0, evolution of strategy and structure proceed together
under asynchronous updating. Choice of type of update event depends on
W ; assuming (without loss of generality τe = 1 , a strategy update event is
chosen with probability

Pe =
1

1 + W
(6.4)

a structural update event being selected otherwise. A strategy update event
is defined in the following way, corresponding to the so-called pairwise com-
parison rule [56]: One node A is chosen at random and another node B is
chosen randomly among A’s first neighbours. The individuals A and B in-
teract with all their neighbours (those directly connected to them by edges)
according to the social dilemma specified, accumulating payo!s #A and #B

respectively. The strategy of B replaces that of A with a probability given
by the (well known Fermi distribution) function

p =
1

e!"(!B!!A)
(6.5)

The value of β, which plays the role of an inverse temperature in statis-
tical physics, controls here the intensity of selection (β ∼ 0 leads to neutral
drift whereas β ∼ ∞ leads to the so-called imitation dynamics, often used
to model cultural evolution).

6.3.3 Computer Simulations

We start from a homogeneous random graph [52], in which all nodes have
the same number of edges (z), randomly linked to arbitrary nodes. Popu-
lation size is N = 103 and average connectivities z=10, 20, 30 and 40 (the
value z=30 used in Figure 6.2 reflects the mean value of the average con-
nectivities reported in ref. [16] for socials networks). We start with 50%
of cooperators randomly distributed in the population. We run 100 inde-
pendent simulations for each set of parameters (T, S, W) and compute the
fraction of times that evolution stopped at 100% of cooperative strategies.
If, after 108 generations, the population has not converged to an absorbing
state, we take as the final result the average fraction of cooperators in the
population over the last 1000 generations. Indeed, especially for the SG,
the time for reaching an absorbing state may be prohibitively large [56]. At
the end of each evolution we also computed the heterogeneity and maximal
connectivity kmax associated with the final graph and the cumulative degree
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distribution (D(k)), which are on the basis of the results plotted in Figure
6.3. We have confirmed that our results are valid for N > 500.

6.4 Results and Discussion

6.4.1 Co-evolution of strategy and structure

The contour plots in Fig. 6.2 show how cooperators survive for di!erent
values of the ratio W in networks with high connectivity. For the most pop-
ular social dilemmas of cooperation we plot the fraction of cooperators who
survive evolution, averaged over 100 independent realizations for the same
values of the temptation to cheat T, the disadvantage of being cheated S,
and W. For W=0 and moderate selection intensity, tuneable by the inverse
temperature of selection β the results reproduce, as expected [50], the pre-
dictions for finite, well-mixed populations [50, 49] (whereas here N = 103

and z = 30). Yet, with increasing W we observe a wave of cooperation mov-
ing South-East towards the lower right corner of each contour plot. Hence,
the PD for T = 2 and S = −1 constitutes the hardest challenge for co-
operation within the parameter space studied. Nonetheless, for su"ciently
large values of W one obtains as a result of the entangled co-evolution of
strategy and structure a full cooperative scenario. The swifter the response
of individuals to the nature of their ties, the easier it gets for cooperators to
wipe out defectors.

Additional insight is provided in Fig. 6.3 (upper panel) where we in-
vestigate how cooperation wins over defection as a function of W, for the
PD when T = 2 and S = −1 (corresponding to b/c = 2 in the classical
PD) and di!erent values of z ∈ [10, 40]. For small W cooperators have
no chance. Their fate changes as W approaches a critical value Wcritical

- which increases monotonically with z cooperators wiping out defectors
above Wcritical (the increase of Wcritical with z is expected, since there are
more links to be rewired). Thus, the survival of cooperation relies on the
capacity of individuals to adjust to adverse ties, even when the average con-
nectivity is high. In Figures 6.3 (lower panel) and 6.4 we investigate how
the evolved network topology changes with W, by plotting the overall net-
work heterogeneity. In the lower panel of Fig. 6.3 we plot the maximum
value of the connectivity (kmax) as a function of W for T = 2 and S = −1.
For small W heterogeneity remains low since cooperators react slowly to
adverse ties, being wiped out. As W approaches Wcritical, heterogeneity de-
velops exhibiting a peak at ∼Wcritical, where the interplay between strategy
and structure is maximal. In accord with the results of [50], heterogeneity
constitutes a viable mechanism to promote cooperation. Above Wcritical,
heterogeneity decreases, since individual rewiring is fast enough to wipe out
defectors. For any W > 0 individual choices lead to heterogeneous graphs in
which some individuals interact more and more often than others. In view
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Figure 6.2: Co-evolution for di!erent dilemmas and time-scales. Results for
the fraction of successful evolutionary runs ending in 100% cooperation for
di!erent values of the time scale ratio W. We study the most popular social
dilemmas of cooperation: the Prisoner’s dilemma (PD) (T > 1 > 0 > S),
the Snowdrift game (SG) (T > 1 > S > 0) and the Stag-Hunt game (SH)
(1 > T > 0 > S). For W = 0 (N = 103, z = 30 and β = 0.005) the
results fit the predictions from well-mixed populations. With increasing W
the rate at which individuals readjust their ties increases, and so does the
viability of cooperation. Above a critical value (Wcritical ≈ 4.0), detailed
in Figure 6.3, cooperators e"ciently wipe out defectors. According to [43],
only when b/c > 30 would cooperation be favored. Co-evolution leads to
full cooperation even when b/c = 2 (T = 2, S = −1).
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Figure 6.3: Co-evolution in the PD for di!erent time-scales. PD with b/c = 2
(T = 2, S = −1 and β = 0.005). (Upper panel): fraction of cooperators at
end as a function of W for di!erent values of z, each drawn with a di!erent
color. For each value of z, there is a critical value of W - Wcritical - above
which cooperators wipe out defectors. (Lower panel): maximum value of the
connectivity in population as a function of W . With increasing z, Wcritical

increases. In all cases, the heterogeneity of the associated network becomes
maximal at Wcritical, stagnating for higher values.
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of the results shown in Fig. 6.2, we show in the top-left panel of Fig. 6.4 the
cumulative degree distributions (see section 6.3) for the most di"cult chal-
lenge to cooperation in our parameter space: The PD with (T = 2,S = −1),
corresponding to b

c = 2. Starting from a distribution exhibiting a sharp
cuto! at kmax = z, as soon as W > 0 the distribution widens, reflecting the
increase in heterogeneity of the pattern of ties in the population, where one
observes both single scale and broad scale heterogeneities in accord with
empirical evidence [4] . As shown explicitly in the contours of Fig. 6.4,
the amount of heterogeneity depends on the underlying social dilemma. In
other words, di!erent challenges to cooperation lead to the evolution of dif-
ferent societal organization, in which simple to broad scale heterogeneity is
ubiquitous [4]. For large values of the temptation T, the SG game leads (in
well-mixed populations) to a coexistence between cooperators and defectors
largely favoring the latter. Consequently, for low values of W and large T
the minority of cooperators is both unable to wipe defectors and not easily
wiped out by defectors. This means that surviving cooperators will accumu-
late many links, leading to the most heterogeneous co-evolutionary networks
encountered. Clearly, the nature of the game induces a wide diversity in the
emerging topology of co-evolutionary networks. In general, one may state
that the temptation to cheat (T) induces a more pronounced increase of
the heterogeneity than the disadvantage of being cheated (S) [50]. Nonethe-
less, the overall onset of increase of heterogeneity qualitatively follows the
wave of cooperation shown in Fig. 6.2. The results shown suggest that the
simple adaptive dynamics of social ties introduced here coupled with the
social dilemmas accounts for the heterogeneities observed in realistic social
networks [4].

6.4.2 Role of selection pressure on strategy and on structure

The pairwise comparison rule [56] based on the Fermi distribution function
(see section 6.3), has been used in updating both strategies and social ties.
In general, selection may be controlled by two independent parameters: βe

for strategy update and βa for adjustment of ties, both ranging from zero to
infinity. Up to now we have assumed that βa = βe = β. In the following, we
study the influence of changing the intensity of selection β on the evolution
of cooperation. In a nutshell, reducing the intensity of selection will decrease
the influence of the game, increasing the survival capabilities of the less fit.

In Fig. 6.5 we plot the fate of cooperators as a function of W, for
di!erent intensities of selection (for fixed T = 2 and S = −1, that is, a
classical PD game with b/c = 2). Clearly, the smaller the value of β, the
smaller Wcritical. Indeed, for small W, although cooperators are in general
less fit, their survival probability increases with decreasing β. This increased
survivability makes it more e"cient for structural updating (W > 0) to
favour assortative interactions between cooperators. As a result, the critical
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Figure 6.4: Co-evolution and heterogeneity. We study the same social dilem-
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in our parameter space: The PD with T = 2 and S = −1, corresponding to
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as soon as W > 0 the distribution widens, resulting in both single scale net-
works (W = 0.5) and broad scale networks (W > 3), reflecting the increase
in the overall heterogeneity of the pattern of ties in the population. (Con-
tour plots) The amount of heterogeneity, measured in terms of the variance
of the degree distribution (see section 6.3 ), depends on the underlying social
dilemma and the value W . In other words, di!erent challenges to coopera-
tion lead to the evolution of di!erent societal organization, in which simple
to broad scale heterogeneity develops as soon as W "= 0. The red color
corresponds to the area of the game where the conflict between strategy and
topology dynamics is the strongest. For small W , heterogeneity is maximal
for the SG and large T . For W ≈ 4, heterogeneity is maximal for the PD
with (T=2, S=-1), in spite of the fact that cooperators wipe out defectors
for all dilemmas.
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value of W at which cooperators successfully take over defectors decreases
with decreasing β. Let us further examine the separate role of βa and
βe in the evolution of cooperation. To this end, we imposed T = 1 − S
(moving along a diagonal in the PD domain, see Figure 6.2, from S = 0
and T = 1 to S = −1 and T = 2, corresponding to a classical PD in which
+∞ > b

c ≥ 2), kept a constant W = 2.0 and computed the survivability
of cooperators and the maximum degree of connectivity as a function of
T. The results are shown in Fig. 6.6 for three di!erent values of βe, each
associated with a di!erent panel and, within each panel, for the three values
of βa indicated. Since W > 0, we obtain heterogeneous populations in all
cases (insets). Also, in all cases a transition from full cooperation to full
defection is observed at a critical value Tc, which depends on βa and βe. In
accord with the expectations, small values of βe are associated with smoother
transitions from full cooperation to full defection around Tc. Furthermore,
insets show that the larger the value of βe, the sharper is the peak of around
Tc. As T > Tc, heterogeneity reduces to an overall baseline residual value
(associated with single scale networks), which depends on βe. Figure 6.6
also sheds light onto the role played by βa. Overall, βa follows the e!ect of
βe, shifting Tc in the same direction. Indeed, the smaller the value of βa

1. the larger the value of Tc and

2. the smother the transition from full cooperation to full defection.

In general, with increasing βa the most fit will be favoured, since decisions on
link rewiring will become less ambiguous. As Fig. 6.6 illustrates, however,
these two parameters are not independent of each other, in spite of their
similar role.

6.5 Conclusion

Giving individuals control over the number and nature of their social ties,
based exclusively on their immediate self-interest, leads to the emergence
of long-term cooperation even in networks of high connectivity. As a con-
sequence, network adaptability is required next to social viscosity to evolve
cooperation in realistic social networks. For given values of connectivity in
the population, and selection pressure, there is a critical value of W above
which cooperators wipe out defectors. Overall, the critical value grows with
increasing intensity of selection β and with the average connectivity z. The
present results convey a simple yet powerful message for the evolution of
cooperation: The more individuals interact, the more they must be able to
promptly decide upon their partnerships for cooperation to thrive. And, of
course, the less important the game is (weak selection), the less alert in-
dividuals need be. The present work assumes that population size remains
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Figure 6.5: Influence of the intensity of selection in the PD for di!erent time-
scales. Fraction of cooperators at the end as a function of W for di!erent
values of β = βe = βa , N = 103 and z = 30. As depicted in Fig. 6.3,
the dilemma corresponds here to the PD with b/c = 2 (T = 2, S = −1).
Decreasing values of β increase the viability of the less fit, which in turn
makes it easier for cooperators to wipe out defectors.
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Figure 6.6: Role of di!erent β in evolution of cooperation. Fraction of coop-
erators as a function of T for di!erent values of βe and βa . We maintained
z = 30 an N = 103. The dilemma corresponds to the diagonal in the PD
domain from (S = 0, T = 1) to (S = −1, T = 2) corresponding to a classical
PD in which +∞ > b/c ≥ 2. The insets provide the maximum degree of the
network for the di!erent values of T and S. Both βe and βa contribute sim-
ilarly (but not independently) to the evolution of cooperation. The smaller
the values of βe and/or βa, the more the less fit will have a chance of survival;
hence, the easier it is for cooperation to thrive.
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constant throughout the co-evolutionary process. This is clearly a simplifi-
cation, and it remains an open problem the role of a changing population
size. Yet, the message conveyed here is powerful and shows that highly in-
teractive, large social networks can exhibit sustained cooperation even when
the benefits do not significantly exceed the costs. Finally, the process by
which individuals re-assess their social ties may change depending on the
social context, the game at stake, and the species under consideration. In
other words, other (perhaps more sophisticated) mechanisms may be envis-
aged which will certainly build upon the simple model studied here. Yet,
the prospect is quite optimistic since, as shown here, simple mechanisms de-
void of large information processing requirements are capable of promoting
sustained cooperation.
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1.1 NOCs a) Regular graph with N = 12 vertices and z = 4
edges each. z = N − 1 leads to a complete graph. b) Small-
World graphs, obtained by rewiring all edges in a) with prob-
ability pSW = 0.2 (see main text). c) Random graph, the
limit pSW = 1. d) Scale-free graph, generated using model of
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butions d(k) computed for each type of graphs and N = 104;
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edges. In all cases the average connectivity z of the graphs is 4. 8

1.2 Individual interactions in heterogeneous NOCs. Fitness cor-
responds to the payo! accumulated after each agent interacts
with all neighbours, which maybe di!erent in number and
kind (cooperators, circles or defectors, squares) for di!erent
agents. The focal cooperator and defector, connected via the
solid edge have both two defector neighbours among a total
of seven and five, respectively (dashed edges). At the end
of a generation their fitness is indicated. Depending on the
payo! matrix, the cooperator may end up with a higher or
lower fitness than the defector. In a homogeneous network in
which both agents would have the same number of defectors
as neighbours, defectors would always have a fitness advantage. 10

2.1 Watts and Strogatz small-world networks. Starting from a
regular graph, randomly rewire each edge with probability p,
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2.3 Age correlations in the Barabási and Albert growing model.
As is easy to see, as a result of the growing process, older the
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(NOCs) of Watts and Strogatz, for di!erent values of pSW .
An overall enhancement of cooperation is observed with re-
spect to well mixed limit (were cooperation is doomed for
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3.2 Evolution of cooperation in heterogeneous NOCs. The frac-
tion of cooperators in the population which survive evolution
is plotted as a function of the temptation to defect b for ran-
dom NOCs (solid circles) and two types of scale-free NOCs:
Random (solid squares) and age-correlated (solid triangles),
according to the model of Barabási-Albert. Results for reg-
ular, homogeneous NOCs are shown with a solid line. In all
cases and z=4 and N = 104. Heterogeneity generally pro-
motes cooperation, which may dominate via introduction of
special correlations among the agents in the population. . . . 25

3.3 Distribution of strategies in random scale-free NOCs. Coop-
erators (C, dark bars) and defectors (D, light bars) initially
(upper panel) populate the same number of vertices in the
NOCs. Evolution under natural selection leads to the scenario
depicted in the lower panel, in which the remaining defectors
occupy vertices with low connectivity. Each bar adds up to
a total fraction of 1 per degree, the dark and light fraction
being directly proportional to the relative percentage of the
respective strategy for each degree of connectivity. Results
obtained on random scale-free graphs with z=4, N = 103 and
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3.4 Evolution of cooperators around largest hub. Starting with
a single defector placed in the hub with largest connectiv-
ity, the fraction of direct neighbours who are cooperators is
computed throughout evolution, for a population of N = 104

individuals, and for the two values of b indicated. The overall
behaviour, independent of b, shows that the initial defector
invades approximately 80% of its immediate neighbours, after
which the largest hub is invaded by a cooperator (originat-
ing typically from another hub, taking place right before each
jump), leading to a rapid saturation of the hub’s neighbours
with cooperators. . . . . . . . . . . . . . . . . . . . . . . . . 28

3.5 Evolution of cooperation in heterogeneous NOCs with aver-
aged payo!s. The fraction of cooperators in the population
which survive evolution is plotted as a function of the tempta-
tion to defect b for random NOCs (solid circles) and the scale-
free NOCs, generated according to the model of Barabási-
Albert (solid triangles). In both cases z = 4 and N = 104.
Although the incidence of cooperators is strongly suppressed
whenever averaging of payo!s is enforced, the survivability
of cooperators is sizeably enhanced when compared to regu-
lar graphs, without any sharp transition to zero. Clearly, by
averaging the payo!s of each individual one is precluding co-
operators from taking advantage of the heterogeneity of the
NOCs to outperform defectors. . . . . . . . . . . . . . . . . . 30

3.6 Evolution of Cooperation on small communities. Simulations
were carried out for N=512 (upper panel) and N=128 (lower
panel) for two types of graphs: Barabási and Albert (solid
squares) and regular graphs (solid circles). In all cases z = 4
. Comparison between these results and those of Fig. 2 show
that the qualitative features of the evolution of cooperation
are the same, for values of N spanning three orders of magni-
tude. For N=128 the oscillations at high values of b obtained
for the Barabási and Albert NOCs indicate that, for such
unfavourable regimes for cooperators, the small population
size leads to an increasing sensitivity of the results on the
particulars of each realization of the NOCs. . . . . . . . . . . 32
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3.7 Results for the evolution of cooperation in NOCs exhibit-
ing SF and truncated SF degree-distributions according to
the models described in main text. In all cases the size is
N = 104 and the average connectivity is z = 4. The results
for the Barabási and Albert model (solid circles) are compared
with those obtained with the minimal model of Dorogotsev
et al. (solid squares) and the truncated Barabási and Albert
model, imposing cut-o!s of 20 (open triangles), 40 (dashed
line) and 60 (open squares) for the maximum connectivity.
In all cases, vertex-correlations built-up during the genera-
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ensure that cooperation dominates for 1 ≤ b ≤ 2. As one con-
tinues to reduce the cut-o! for maximum vertex connectivity,
a sudden collapse of cooperation takes place, the behaviour
resembling closely that obtained for the evolution of cooper-
ation on regular networks. . . . . . . . . . . . . . . . . . . . 34

4.1 Creating homogeneous small worlds. Starting from a regular
graph, swap pairs of randomly selected edges until f.E edges
are swapped. Never swap same edge more than once, avoiding
loops and double edges. . . . . . . . . . . . . . . . . . . . . . 39

4.2 HoSW versus HeSW . The Cluster Coe"cient C and Aver-
age Path Length L, divided by their values for regular net-
works (C0 and L0, repectively), are shown as a function of f
for the HoSW proposed in this work, and of the SW rewiring
probability p for HeSW . We divided the domains of f and
p in two subregions, which were found to be associated with
di!erent regimes for the processes studied here. On the left
panel (in a log scale) we detail the behaviour for the region
in which L changes significantly while C remains nearly con-
stant. The remaining domain, shown in the right panel, is
dominated by changes in C while changes in L are very small. 40

4.3 Evolution of cooperation in HoSW (upper panel) and HeSW
(lower panel). We computed the fraction of cooperators who
survive evolution, as a function of the PD parameter b, for
selected values of the SW parameters f and p. All networks
have size N = 104 and z = 4. Comparison between the two
panels shows that while the range of b values for which co-
operators resist invasion by defectors results from SW-e!ects
alone, the overall fraction of cooperators that survives evo-
lution is sizeably enhanced via heterogeneity e!ects, which
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pure SW-e!ects for large values of b. . . . . . . . . . . . . . 43
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5.3 Evolution of cooperation in well-mixed NOC. Results for the
fraction of cooperators in the population is plotted as a con-
tour, drawn as a function of the intensity of greed and fear
which characterizes a given dilemma. In the absence of greed
and fear (lower right square) cooperators trivially dominate.
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greed without fear leads to the SG (upper right square), and
when both fear and greed are present we obtain the PD
game (lower right square). Results were obtained in complete
NOC, the finite population analog of infinite well-mixed pop-
ulations. These results provide the reference scenario with
which the role of population structure will be assessed (see
Figure 5.4). . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

5.4 Evolution of cooperation in scale-free NOC. We use the same
notation and scale as Figure 5.3. Left: Random scale-free
NOC. The interplay between small-world e!ects and hetero-
geneity e!ects, discussed in the main text, leads to a net over-
all increase of cooperation for all dilemmas. Right: Barabási-
Albert scale-free NOC. Whenever age-correlations are re-
tained, highly-connected individuals become naturally inter-
connected and cooperators dominate defectors for all intensi-
ties of greed, enlarging the range of intensities for which they
successfully survive defectors under the action of fear. . . . . 52

6.1 Evolving the neighborhood. Cooperators and defectors inter-
act via the edges of a graph. B (A) is satisfied (dissatisfied),
since A (B) is a cooperator (defector). Therefore, A wants
to change the link whereas B doesn’t. The action taken is
contingent on the fitness #(A) and #(B) of A and B, respec-
tively. With probability p = (1 + e!"(!(B)!!(A)))!1 (where
β = 0.005, (see section 6.3)) A redirects the link to a random
neighbor of B. With probability 1 − p, A stays linked to B.
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fied, nothing happens. When both A and B are dissatisfied,
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A with probability p and attached to B with probability 1− p 57
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6.2 Co-evolution for di!erent dilemmas and time-scales. Results
for the fraction of successful evolutionary runs ending in 100%
cooperation for di!erent values of the time scale ratio W. We
study the most popular social dilemmas of cooperation: the
Prisoner’s dilemma (PD) (T > 1 > 0 > S), the Snowdrift
game (SG) (T > 1 > S > 0) and the Stag-Hunt game (SH)
(1 > T > 0 > S). For W = 0 (N = 103, z = 30 and
β = 0.005) the results fit the predictions from well-mixed
populations. With increasing W the rate at which individu-
als readjust their ties increases, and so does the viability of
cooperation. Above a critical value (Wcritical ≈ 4.0), detailed
in Figure 6.3, cooperators e"ciently wipe out defectors. Ac-
cording to [43], only when b/c > 30 would cooperation be
favored. Co-evolution leads to full cooperation even when
b/c = 2 (T = 2, S = −1). . . . . . . . . . . . . . . . . . . . . 61

6.3 Co-evolution in the PD for di!erent time-scales. PD with
b/c = 2 (T = 2, S = −1 and β = 0.005). (Upper panel):
fraction of cooperators at end as a function of W for di!er-
ent values of z, each drawn with a di!erent color. For each
value of z, there is a critical value of W - Wcritical - above
which cooperators wipe out defectors. (Lower panel): maxi-
mum value of the connectivity in population as a function of
W . With increasing z, Wcritical increases. In all cases, the
heterogeneity of the associated network becomes maximal at
Wcritical, stagnating for higher values. . . . . . . . . . . . . . 62
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6.4 Co-evolution and heterogeneity. We study the same social
dilemmas of cooperation as in Figure 6.2. (Top left panel)
Cumulative degree distributions (see section 6.3), for the most
di"cult challenge to cooperation in our parameter space: The
PD with T = 2 and S = −1, corresponding to b/c = 2. Start-
ing from a distribution exhibiting a sharp cuto! at kmax = z,
as soon as W > 0 the distribution widens, resulting in both
single scale networks (W = 0.5) and broad scale networks
(W > 3), reflecting the increase in the overall heterogeneity
of the pattern of ties in the population. (Contour plots) The
amount of heterogeneity, measured in terms of the variance
of the degree distribution (see section 6.3 ), depends on the
underlying social dilemma and the value W . In other words,
di!erent challenges to cooperation lead to the evolution of
di!erent societal organization, in which simple to broad scale
heterogeneity develops as soon as W "= 0. The red color cor-
responds to the area of the game where the conflict between
strategy and topology dynamics is the strongest. For small
W , heterogeneity is maximal for the SG and large T . For
W ≈ 4, heterogeneity is maximal for the PD with (T=2, S=-
1), in spite of the fact that cooperators wipe out defectors for
all dilemmas. . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

6.5 Influence of the intensity of selection in the PD for di!erent
time-scales. Fraction of cooperators at the end as a function
of W for di!erent values of β = βe = βa , N = 103 and
z = 30. As depicted in Fig. 6.3, the dilemma corresponds
here to the PD with b/c = 2 (T = 2, S = −1). Decreasing
values of β increase the viability of the less fit, which in turn
makes it easier for cooperators to wipe out defectors. . . . . 66

6.6 Role of di!erent β in evolution of cooperation. Fraction of
cooperators as a function of T for di!erent values of βe and
βa . We maintained z = 30 an N = 103. The dilemma
corresponds to the diagonal in the PD domain from (S =
0, T = 1) to (S = −1, T = 2) corresponding to a classical PD
in which +∞ > b/c ≥ 2. The insets provide the maximum
degree of the network for the di!erent values of T and S. Both
βe and βa contribute similarly (but not independently) to the
evolution of cooperation. The smaller the values of βe and/or
βa, the more the less fit will have a chance of survival; hence,
the easier it is for cooperation to thrive. . . . . . . . . . . . 67
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