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Abstract

With the advent of theories on evolutionary transitions in biological complexity, interest in

kinship, population structure and group selection has re-emerged. This paper focuses on the latter

two concepts and analyzes their effects on the selection dynamics in an evolutionary game context.

Concretely we investigate the selection dynamics of an iterative system that produces groups of

different composition. The specific process is called an intrademic multilevel selection process. This

multilevel selection process is analyzed using discrete replicator dynamics and simulated through

an extension of the simple genetic algorithm. Depending on the parameters of this algorithm,

different dynamics are observable. In the context of the games discussed here, one observes that,

in situations where higher-level selection is dominant the population converges to a collection of

individuals which have a behavior that is beneficial for the entire population.

Keywords: Multilevel selection, intrademic group selection, replicator dynamics, evolutionary

algorithm.
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1 Introduction

In this paper we investigate the evolutionary dynamics of a structured population of interacting agents.

Typically, these agents are represented by their phenotype which corresponds to a collection of actions

that they can use when encountering other agents. The outcome of these interactions determines their

success. The general framework for this kind of investigations is game theory [33, 10].

A well-know example in this context is the prisoners’ dilemma game [2]. In this game, the agents

can choose between two possible actions: cooperate or defect. Upon pairwise interaction, cooperative

agents will be rewarded (R) for their social behavior and defecting ones will be punished (P ). When

a cooperative agent interacts with a defecting one, the latter will receive a high reward (T ) since it

took advantage of the social behavior of the first one. In turn, the cooperative agent pays a price for

its social behavior which decreases its success (S). For a game to be a prisoners’ dilemma, a certain

relation between the different outcomes has to exist: T > R > P > S and 2R > T + S. In general,

these conditions specify that it is always better for an agent to defect. This scenario for the prisoners’

dilemma reflects the rational outcome of the game. Defecting is a rational solution because each agent

can infer this as an optimal choice using all information available about the other agent. In literature

this outcome is called the Nash equilibrium.

From a population or group perspective, defecting is not the optimal strategy. When all agents

defect, the average fitness is P . When replacing defecting agents with cooperative ones, the average

fitness increases until it reaches a maximum (R > P ) where all agents are cooperative. Nevertheless in

rational circumstances, agents will not choose to be cooperative since other agents might still defect.

The situation where both agents cooperate is called a Pareto optimal solution. A Pareto optimal

solution refers to a situation where both agents can not change their behavior without decreasing the

success of itself or the other. In the context of learning or optimization where interactions are used to

find the solution, techniques should try to find this kind of optimal results since they can correspond

to better outcomes than those represented by the Nash equilibria. Similar observations can be made

for other types of two player games, e.g. the hawk-dove game or the coordination game.

If one wants to construct an evolutionary system that solves optimization or learning problems using
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interactions, this issue should not be overlooked. Simple algorithmic abstractions of the evolutionary

process like the simple genetic algorithm [15, 11] do not take this issue into account. In the standard

genetic algorithm, the fitness concept is static i.e. there are no fitness effects which are the result

of interactions between individuals (no explicit frequency-dependence). This is opposed to realistic

evolutionary dynamics where fitness depends on the other individuals in the selective environment.

Some extensions were introduced to explicitly search for the set of Pareto optimal solutions (as in

multi-objective optimization) through the definition of pareto-selection mechanisms. Yet the concept

of Pareto optimality was mapped onto the individual solutions instead of the population state as is

the case for evolutionary game theory.

Drawing inspiration from evolutionary biology, we investigate an extension of simple artificial evolu-

tionary system that makes the evolution of group-beneficial behavior, like the Pareto optimal solution of

the prisoners’ dilemma, possible. The particular discipline in evolutionary biology we examine is called

multi-level selection. The general idea is that selection can occur at different levels in an evolutionary

systems. Moreover, these selective forces influence one another and as a consequence they can change

the system’s overall dynamics. In principal, multi-level selection can occur in systems which combine

both individual interactions and mechanisms of population structuring [e.g. see 35, 36, 21, 32, 18, 6].

The combination of both features generalizes the simple evolutionary dynamics toward a system which

can attain, on one hand, the individually best solutions of a game and, on the other hand, the group-

beneficial solutions of the same game. The controlling parameter that determines the evolutionary

outcome is the population structuring mechanism.

The main contributions of this work are threefold. First, we introduce a replicator equation for the

evolutionary dynamics defined by the multi-level selection model. The relation between this replicator

equation and the Price covariance equation is explained. Second an extension of the simple genetic

algorithm is designed to perform the computational simulations. In both models, we performed a

systematic evaluation of the behavior of the general categories of symmetric, non-iterated2 two player

games (see Appendix A for the definition and the categories) as defined by Weibull [33]. This verifi-
2In evolutionary game theory, it is assumed that the phenotype of the individual corresponds to one particular game

strategy e.g. cooperate or defect. As a consequence, these phenotypes have no information about previous encounters.
This type of games is referred to as non-iterated games. Axelrod, for instance, investigated the iterated variation if the
games where each individual has information about previous encounters [2].
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cation shows the effect of multiple selection levels on the dynamics of these simple systems. Finally,

we demonstrate that, in the context of these games, increased higher-level selection forces the overall

dynamics toward the Pareto optimal solutions of these particular games. Moreover, in the context of

these games, selection in favor of the group beneficial behavior leads to a maximization of the indi-

viduals fitness which highlights the relevance of the multilevel selection approach in an optimization

context.

In the following sections some background information on the notion of multi-level selection is

provided. Afterwards the particular multi-level selection model discussed here will be defined. In the

next part, the dynamics of the model will be analyzed and its relation to the Price covariance equation

[26, 27] is explained. The actual derivation for the examples can be found in the appendices. Based on

the mathematical model, an extension of the simple genetic algorithm is defined. This algorithm will

be briefly explained in the following section. Afterward, the results of the extended genetic algorithm

on different classes of symmetric two player games will be discussed. Finally, a conclusion is provided

giving a summary and the future of this work.

2 Background on Multilevel Selection

Extensive literature exists on group and multilevel selection [see 31, for non-exhaustive overview]. One

of the reasons for the large quantity of literature in this research area is that it has experienced its

share of controversy over the past decades. This controversy was the result of debates concerning the

preferential unit of selection [34, 7, 16, 19, 20]. In recent years, this discussion has diminished a bit

since cooperation is no longer considered to be an irrelevant parameter in evolutionary models. As a

result, the perspective has shifted toward a situation where multilevel selection is no longer banned

automatically from evolutionary discussions. Especially in those models where the evolution of certain

traits depends on the frequency of other organisms in the environment, multilevel selection models are

necessary to explain the observed dynamics [8].

Different classifications of multilevel selection have been proposed. In [32], Wade makes the dis-

tinction between traditional and intrademic group selection models. This classification originated from
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the difference in population structure observable in each model. Traditional models are inspired by

Sewall Wrights shifting balance theory [37]. These models consist of a number of geographically isolated

groups which are connected by a small number of individuals that disperse between these populations

at regular intervals. Inside each group, standard evolutionary dynamics are active. Differences with

the dynamics of a single panmictic population are the result of, for instance, the rate of migrating

individuals between the different groups. Recently an agent-based investigation of this type of models

has been discussed [24]. Similar models have been incorporated in the context of evolutionary compu-

tation i.e. distributed genetic algorithms [5]. In that context, the traditional model has been used as

a mechanism to speed up the performance of artificial evolutionary systems. Yet the crucial difference

with the traditional models of group selection is that only the population structuring is adopted. As

before, interactions and their frequency-dependent fitness effects are neglected.

Intrademic models are different from traditional models in the sense that the groups are ephemeral

i.e. they are recreated at particular intervals. In these models, as abstractly draw in Figure 1, one

assumes a population of interbreeding organisms which are distributed, each generation, over different

local neighborhoods. The interactions between the organisms within these groups will determine their

viability. Differences in viability between the groups results in differences in the number of offspring.

At a certain point in time all group members or group samples are collected into a post-selection

population. The amount of individuals each group contributes or the number of samples taken from a

particular group depends on the size of the group (and hence on the viability).

As a result differences in group composition or structure will lead to differences in proliferation of

these groups. Groups that contain individuals which perform well together will have a higher average

fitness than groups with individuals that are in constant conflict: Higher average fitness leads to, on

average, more offspring and also more individuals that will make it to the next round. Consequently,

it is assumed that more groups can be constructed which are similar to the groups that contributed

much individuals to the post-selection population.

For instance, in the context of the prisoners’ dilemma game discussed in the introduction, groups

with high frequencies of cooperators will have higher average fitness than groups with high frequencies

of defectors. Since the first kind have a higher average fitness, they will produce more offspring than
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the other kind. Moreover, because the contribution of individuals to the post-selection population

depends on the size of the group the first kind will contribute more individuals than the second kind.

The general idea is that, as a consequence of this mechanism, more cooperators will survive. If the

bias in this system is maintained, cooperators will be able to survive and prosper.

Mayo and Gilinski provide a similar classification based on the different notions of group fitness

[18]. They argue that in order to resolve the debate on the preferential unit of selection, a criterion

of group selection needs to be defined that clearly separates the causal processes responsible for the

group level dynamics. Based on this idea they propose two types of models: Type I and Type II

models. Either group fitness can refer to the average expected fitness of organisms within the group

it can refer to the number of novel groups produced on average by a given group. Type I models

refer to those models of group selection where differences among groups are the result of differences

in the reproductive success of the individual members. Type II models contain those group selection

models that discuss differential group production and extinction. The reproductive success of groups

in this type of models is due to some group properties not present at the individual level. Since the

emergence of new higher-level properties is not discussed here, these models will not be investigated.

Other authors have made a similar categorization: e.g. Brandon refers to both types as intrademic

and interdemic group selection models [3] or Damuth and Heisler call these models multilevel selection

model ”[1]” and multilevel selection model ”[2]” [6].

The following sections will explain, analyze and simulate Intrademic Models of Multi-level selec-

tion(IAMLS) where group fitness is the average fitness of the individuals in the group. Artificial

selection will occur only at the level of the individual agents inside the groups. Yet, due to variations

in group composition or structure, there will be differences in group dispersal which will have its ef-

fects on the survival of the different phenotypes in the population. This choice of models is motivated

by the fact that they provide a clear mechanism that can produce solutions which are beneficial for

the group. Moreover, two kinds of generational models are examined as in [30, 32]. The first model

assumes that all the individuals are mixed at each new generation i.e. individuals are selected from

the different groups relative to the performance of the group. The second model assumes that the

individuals will never be mixed and remain in separate groups (referred to as propagules). The next
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section will explain the actual model in detail.
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Figure 1: Abstract representation of an intrademic multilevel selection model. Important in this
abstract representation is that we want to understand how the frequencies of individuals change when
moving from the pre-selection to the post-selection population.

3 The Intrademic Multilevel Selection Model

As can be observed in Figure 1, one iteration of the IAMLS model consists of three phases: (1)

dispersal, (2) reproduction and (3) merging. In the dispersal phase, individuals are taken from the

pre-selection population and put into different groups of particular size. This phase is crucial to the

entire process since it determines the amount of variation in composition between the groups. Those

familiar with evolutionary dynamics will immediately notice that variation in composition leads to

variation in average fitness. This variation is a necessary requirement to produce selection dynamics

at the group level. In the reproduction phase, the individuals interact, receive their payoff and produce

their offspring. Hence, the evolutionary dynamics which originally took place directly between the pre-

selection and post-selection populations occurs now between all the different groups. As can be seen

in the figure, due to differences in group composition (identified by the letters A,B,C,D,E) the new

groups created by replication (and possibly mutation) can differ in size. These differences in size reflect
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the differences in viability of the groups. Finally, in the merging phase, the offspring are put into the

post-selection population according to the size of the groups. Hence groups with much offspring will

contribute more individuals to the post-selection population than small groups. For instance, the

group A′ will contribute more individuals to the post-selection population than the group B′.

The IAMLS model is thus an evolutionary system where selection dynamics occur at two levels i.e.

the level of the individual and the level of the group. At the individual level, selection dynamics are

defined by the principle of natural selection: the greater the relative adaptedness of two organisms the

greater their relative reproductive success [17]. At the level of the group, selection dynamics are defined

by a principle of differential group dispersal based on group structure. These differences of group

dispersal are a consequence of the differences in group contributions to a post-selection population and

these differences are the result of the differences in average fitness of the groups.
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Figure 2: Abstract representation of an intrademic multilevel selection model with propagules. The pre-
and post-selection populations consist of ”small” groups which are selected for reproduction according
to their frequency.

As mentioned in the previous section, the pre- and post-selection population can either consist

of individuals or small groups of individuals. The previous explanation assumed that they consisted

of individuals and that at every iteration of the system, the individuals are mixed before they are
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again assigned to a new group. This model is called the migration pool model [30, 32]. In the IAMLS

model, one can also assume that there is no mixing when individuals are put into the post-selection

population. This model is referred to as the propagule pool model [30, 32] and is shown in Figure 2.

The idea is that the pre-selection population consists of small groups (propagules) of individuals and

that the dispersal process selects a number of propagules for the reproduction phase from this pool.

The individuals in these selected propagules reproduce in the same way as before producing groups

of different sizes. In the merging phase, new propagules of the same size as those in the pre-selection

population are created from the different offspring groups and added to the post-selection population.

This corresponds to a sampling process which selects a small amount of elements from the collection of

elements. Normally, the size of this sample is smaller that the group. Again large offspring groups will

contribute more propagules to the post-selection population. In this scenario, the selection dynamics

at the individual remain the same as before. At the higher level, selection dynamics are defined by

the principal of differential group survival and reproduction based on group structure. The difference

with the earlier model is that one can now also easily observe the evolution of groups. Yet, the model

belongs still to the Type I models because group fitness is completely defined by the individual fitness.

Both models are examined in the context of the evolutionary game dynamics of symmetric two-

player games [33]. As a first step, a formal investigation was performed. This is discussed in the next

section. Important to remember is that our interest is in the frequencies of individuals that survive in

both models.

4 Replicator Dynamics of Multilevel Selection

Now that IAMLS is clearly defined one can analyze its dynamics. In order to understand the evolution-

ary dynamics of both individual and multilevel selection models, one needs to determine the discrete

or continuous equation which expresses how the strategy frequencies in the different games change over

time. In the context of MLS models, the Price covariance equation is often used to perform this task

[26, 27]. In the next section we briefly discuss this equation and motivate why we did not use it and

chose to derive a replicator equation for IAMLS. Afterward, we will show that this replicator equation
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can again be used to define an adapted Price equation. A similar observation on the general nature of

the Price equation was recently made by Page and Nowak [23].

4.1 Price Covariance equation

When it first was proposed, the covariance equation was a new way of expressing evolutionary change.

The novelty of the approach lay in the way in which the equation was formulated. Due to its general

form, the equation provided a tool which could be applied to different kinds selection processes i.e. it

can be applied to model genes, linear combination of a number of genes, diploidy or haploidy, asexual

and sexual reproduction, phenotypic traits, etc. The covariance equation has provided an important

contribution to evolutionary modeling and especially to the area of multilevel selection [1] and kin

selection [14]. For the latter area, the equation showed that the crucial factor for the evolution of

social behavior is not genetic relatedness but statistical associations between the genetic information

of the ’donor’ and ’recipient’ of the social interaction. As Franks states: “natural selection is indifferent

to the causes of the statistical associations” [9].

One essential assumption of the Price equation, as described in [26, 27, 28], is that the frequencies

of the different types in the post-selection population are derived mathematically from the frequencies

of these types in the pre-selection population. As Price argues, the frequencies of each type change

according to the individual fitness fi relative to the average fitness f in the pre-selection population.

This defines a fitness-proportionate selection scheme as shown in the following equation:

q
′
i = qi

(
fi

f

)
(1)

where qi and q
′
i refer to the frequency of a particular property in the pre- and post-selection population

respectively.

For IAMLS this equation no longer holds. Within the evolutionary step from pre- to post-selection

population, the population is first restructured into groups, the individuals then evolve within these

groups and finally the individuals merge together proportional to the success of the group. Hence

Equation (1) is not sufficient to describe the change in strategy frequencies from pre- to post-selection
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population. A new equation is necessary which describes how the different frequencies change from

one generation to the next i.e between pre- and post-selection population. This can then be used to

derive an alternative format of the Price equation.

In the next section, we provide an alternative to Equation (1) which determines how the strategy

frequencies change over time using IAMLS. Afterward, in the following section, this newly derived

equation will be combined with the price equation.

4.2 Evolutionary Game Dynamics

Given all this information we can now investigate the selection dynamics of an evolutionary system

which uses IAMLS. In other words an equation describing how the frequencies qi change over time s

needs to be determined. To do this one needs to know include the effect of the dispersal and merging

phase in the equation. Here, we only provide the final model. In Appendix B the derivation of the

replicator equation for IAMLS is given. This equation will be referred to as the discrete multilevel

replicator dynamic:

q
′
i = qi

(
1 + Ei[(APj)i]
1 + PT E[APj]

)
(2)

where q
′
i and qi refer to the frequencies of the particular strategies in the pre- and post-selection

populations respectively. The matrix A is the payoff matrix of the games and Pj is a column vector

that represents the state of the group j before selection. The complete expressions Ei[(APj)i] and

PT E[APj] refer respectively to the expected fitness of an individual of playing strategy i over all

groups and the expected average fitness of over all groups.

When examining the multilevel replicator dynamic, one can see that it only describes the change in

individual frequencies. Since group fitness is determined by the group members, it implicitly describes

the kinds of groups that can be constructed. In other words, the equation is excellent to describe the

dynamics of the migration pool model. What about the propagule pool model? The only difference

between those models is the fact that, in the latter, the individuals are not mixed but kept separate

in propagules. Since the actual reproduction phase does not change between the models, the same
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equation can be used. To obtain the dynamics of the different groups in the propagule model, one can

again use the Price covariance equation which combines both group-level and indivdual-level dynamics.

Using Equation (2) one can now determine the dynamic behavior of different games. Before some

examples are examined, the relation of Equation (2) to the Price’s covariance equation will be clarified.

4.3 Returning to the Price Covariance equation

In Section 4.1, we argued that the Price equation depends on the way in which the frequencies of the

elements in the population are calculated in the next generation. In the previous section we derived

a replicator equation that expresses this change for the IAMLS model. Given this equation, the Price

equation can be reconstructed using this information. Note that we focus here on the discrete version

of the equation.

In [26, 27], the Price equation was derived by observing how a property z of population members

changes over time i.e. what is ∆z. In the context of the games discussed in Appendix A this property

refers to strategy genetically encoded in the individual. The average value of this property in the

pre-selection population at time t is

z =
N∑

i=1

qizi

where qi is again the frequency of the elements with value i for the property z. After one iteration of

IAMLS the average value of the property in the post-selection population is:

z
′

=
N∑

i=1

q
′
iz

′
i =

N∑
i=1

(
qi + qi

(
Ei[(APj)i] − PT E[APj]

)
1 + PT E[APj]

)
(zi + ∆zi)

As shown, the multilevel replicator equation (Equation 2) replaces ∆q
′
i in the equation above. Given

this information an alternative formalization for the Price covariance equation can be determined:

(1 + PT E[APj])∆z(t) = Cov[Ei[(APj)i], zi] + E[(1 + Ei[(APj)i])∆zi] (3)

Under certain circumstances, this equation can be simplified [27]. In the context of the games we
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will investigate, the i in ∆zi corresponds to one of the strategies in in the strategy set S. Since there

is no mutation, every individual maintains its behavior and hence z
′
i = zi. In this situation Equation

(3) can be simplified to:

(1 + PT E[APj])∆z(t) = Cov[Ei[(APj)i], zi] (4)

Important to understand is that Equation (3) and Equation (2) describe the same thing. Thus in

the following example either equation can be used to study the effect of two selection levels on the

strategy frequencies. We focus on Equation (2).

4.4 Some Examples

Given the previously discussed selection dynamics, one can now analyze the influence of the IAMLS

model on the game dynamics. Moreover, this analysis provides important information on the major

parameters that tune the dynamics. Once these parameters are identified, they will become part of

the simulation algorithm that will be used to validate the analytical results and examine the model

more extensively. In Appendix A, the classes of symmetric two-player games are discussed. From

these classes, we show here the results of the analysis on the altruism game (which corresponds to the

prisoners’ dilemma game) and the hawk-dove game. The derivations are discussed in Appendices C.1

and C.2. In the following sections we provide a discussion of these results.

4.4.1 The Altruism Game

In Appendix C.1, the following multilevel replicator dynamic for the altruism game was determined:

∆p =
bVarg[p] − c(1 − p)p

1 + p(b − c)
(5)

As explained in the appendix, b and c refer to the benefit and cost values of the game and p refers

to the frequency of the altruistic strategy in the population.

As can be observed, this equation consists of two parts:
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1. The standard selection dynamics due to individual selection:

−c(1 − p)p

2. The group selection dynamics due to variances between the group structure:

bVarg[p]

In other words, the different selective forces acting on this example can be identified. The balance

between these forces will determine the stable fixed points of the dynamics. Based on this observation,

we can define a rule which describes the condition for altruistic behavior to survive and prosper in the

population:

Rule 1
Varg[p]
(1 − p)p

≥ c

b
(6)

From this boundary condition, one can derive that altruists can increase in the population when the

mechanism that creates the groups generates a sufficient difference in the frequency of altruists between

the groups. In other words when ratio of the variance of altruists in the groups to the variance of

altruists in the pre-selection population is bigger than c/b. One can immediately note the resemblance

of Equation (6) with Hamilton’s rule of genetic relatedness and the emergence of altruism [12, 13].

One thing was overlooked in the previous derivation. Altruistic behavior is a trait that does not

benefit the altruistic individual. It only benefits the other members of the group. As argued by

Pepper in [25], two types of traits exist; whole-group traits and others-only traits. This distinction

has its implications on how genetic relatedness should be calculated. The left-hand-side of Equation

(6) corresponds to the Proportion of variance formula for genetic relatedness originally derived in [4].

Important for the current discussion is that this formula applies only to whole-group traits. Pepper

provides in [25] a mapping that can be used to derive the Proportion of variance formula of genetic

relatedness for others-only traits. Applying this mapping, the boundary condition becomes:
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Rule 2 (
n

n − 1
× Varg[p]

(1 − p)p

)
− 1

n − 1
≥ c

b
(7)

where n refers to the size of the population.

The crucial parameter in both rules, is the term Varg[p]. In order to understand the overall

dynamics, we need to understand what values it might take? Abstractly, the value of this variance

will depend on the distribution scheme used to create the different groups. A thorough experimental

examination of variance between the groups after their creation needs to be conducted to determine this

function. Different approaches can be taken. Here we consider the difference between random uniform

sampling and biased sampling. The first sampling technique selects elements from the pre-selection

population in a random fashion. The second technique, uses the similarity of strategies to construct

the different groups. This biased way of sampling increases the influence of the selection dynamics at

the level of the groups (by increasing the between-group variance) and reduces the influence of the

selection dynamics at the level of the individuals (by decreasing the within-group variance) on the

overall selection dynamics of the entire system. These approaches will be used in the simulations and

a more in depth description will be given in Section 5. To get already some initial understanding of

the dynamics behavior, a simplified instance of the model is examined in the next section.

4.4.2 The Effect of Variation at the Group Level

We assume here an extreme simplification for the value of the variance i.e. we assume that the elements

are selected one by one at random and without replacement from the pre-selection population to

create a group. The repeated application of this scheme results in a statistical distribution called the

hypergeometric distribution [29]. The hypergeometric distribution is the result of the sampling of n

elements out of a set V of N elements. This set V consists of P altruistic individuals and Q = N − P

selfish individuals. Hence p = P
N is the fraction of altruistic individuals in the population. From this

set, n elements are extracted in one haul or one after the other. The distribution is the result of

performing this sampling process a number of times. This will result in some average composition of

these n elements with a certain variance on this mean. The variance in this distribution is:
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Var[p] = p(1 − p)
(

N − n

N − 1

)
(8)

where N refers to the size of the pre-selection population and n refers to the size of the groups.

This distribution can only be used if we make certain assumptions about our multilevel selection

model. In our model, groups are a partitioning of the pre-selection population. It is not a repeated

sampling process which starts from the same initial conditions. The hypergeometric distribution

discusses the creation of one group of n elements from a set V of N elements and this experiment is

repeated a number of times. Hence it assumes always the same initial settings for V . Off course, this

is not correct in reality. In reality, the between-group selection dynamics can only have an impact

on the overall dynamics when there is a certain minimum or maximum fraction of altruists in the

population. Below that minimum, there is not enough variation in the pre-selection population to

create groups with enough between-group variation for higher-level selection to have any effect. The

same is true for the maximum number of altruists. If the frequency reaches this point, the between

group variation drops below a critical point and individual selection will become the dominant force

in the overall dynamics of the system. Hence, the choice of using the hypergeometric distribution is

a strong simplification. Yet it provides a first approximation of the dynamics in a multilevel selection

model which we want to understand.

Keeping in mind the warning, we can examine the qualitative behavior of the multilevel replicator

dynamic. When it is assumed that there is no variance between the groups, i.e. Varg[p] = 0, equation

(23) is reduced to the standard selection dynamics. The cobweb diagram in Figure 3 shows the

dynamics when this is the case: when their are no groups.

By keeping the value N fixed and decreasing the value of n(which creates more but smaller groups),

one obtains different dynamics. Figure 3 shows such a difference between two extreme configurations.

In both cobweb diagrams in the figure, we assume a pool of size N = 100 and vary the number of

selected elements (n), between 2 and 100. The concrete values are listed for each plot beneath the

figure. Furthermore, it was assumed that b = 2 and c = 1. Each plot visualizes the amount of altruistic

individuals in the next generation given a particular amount in the current generation. In Figure 3,
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it can be observed that there are always two fixed points: p̂ = 0 and p̂ = 1. Yet, the stability of the

fixed points changes according to the value of n.

When

0 ≤ N − n

N − 1
< 0.5

the system shows the same behavior as in the standard case. In other words, although group selection

influences the dynamics, all altruists will go extinct. When

0.5 <
N − n

N − 1
≤ 1

the behavior of the fixed point flips from stable and attracting to unstable and vice versa.

In summary, this simplification already shows that standard selection dynamics directs the state

toward the ESS of all selfish players. Yet, the group selection components direct it toward the Pareto

optimal solution. The drawback of our assumption here is that it assigns to much importance to the

size of the groups. As will be show in the simulations, this will not be the most important parameter

that influences the selection dynamics.

4.4.3 The Hawk-Dove Game and the Effect of Variation at the Group Level

In Appendix C.2, the discrete multilevel replicator dynamics for the hawk-dove game is determined:

∆p =

(
v+cp

2

)
Varg[p] − 1

2p(1 − p)(v + c(p − 1))
1 − c

2 (Varg[p] + p2)
(9)

Here, p refers to the frequency of doves in the population. The parameters v and c refer to the

resource that needs to be divided and cost of escalation respectively. As with the altruism game, this

equation consists of two parts:

1. The standard selection dynamics due to individual selection

−1
2
p(1 − p)(v + c(p − 1))
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2. The group selection dynamics due to variances between group structures

(
v + cp

2

)
Varg[p]

Hence, the equation describes the change in the frequency of doves from one pre-selection popula-

tion. Depending on the between-group variance, the stability of the fixed points and their basins of

attraction can change. This observation can again be captured in a rule:

Rule 3
Varg[p]
p(1 − p)

≥ v + c(p − 1)
v + cp

(10)

This rule expresses when the population state will move away from its standard polymorphic state

towards a state where the frequency of doves is larger.

Although the rule is not as simple as the one described in equation (6) for the altruism game, it can

again be examined what will happen to the frequency of doves in the population for different settings

of Varg[p]. Remember from the previous section that this variance depends on the mechanism that will

create the groups. As in the altruism game, the variance is defined, for now, in terms of the variance

of the hypergeometric distribution (see equation (8)). Hence any conclusion which is drawn here is in

the first place limited to the assumption made about this variance.

Given this assumption, Figures 4 shows different instances of the discrete multilevel replicator

dynamic defined by equation (9) using specific values for the variables N and n. It is assumed that

the pre-selection population has a size 100 and the size of the groups is varied between 2 and 100. The

concrete values are listed below the figure. It is further assumed that the value of v = 1 and the value

of c = 2. As can be seen in Figure 4, when the entire population is in one group, i.e. n = 100, the

dynamics of the the multilevel selection model is equivalent to the dynamics in a standard selection

model. When the value of n is decreased, the stable fixed point (polymorphic state) moves toward

the monomorphic state of all doves. Hence when the variation is increased the population state which

corresponds to the fixed point of the dynamics moves again toward the Pareto optimal solution of the

hawk-dove game.
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One could conclude from this analysis that even when the groups are created by random sampling

from the pre-selection population, that the size of the groups will determine whether or not higher-level

selection will lead the population toward the Pareto optimal solution. Yet, this conclusion only holds if

the creation process corresponds to the process described for the hypergeometric distribution. Since in

reality, this is not the case a more complex mathematical expression needs to be derived or simulations

need to be performed to determine whether the boundary conditions make any sense. We opted for

the latter here.

5 Simulation of Game Dynamics in the IAMLS Model

Before the actual experiments can be conducted, some decisions need to be made on how the groups

will be constructed, how the elements will reproduce and how they are put back together in the post-

selection population. Especially the algorithm which creates the groups requires some explanation.

This will be discussed together with some minor experimental settings in the following section. After-

ward the simulation results for both the altruism game and the hawk-dove game will be presented.

5.1 Configuration of Simulations

In Section 3, the IAMLS model was explained. A software simulation3 was developed based on the

descriptions of both models i.e. the IAMLS system with the migration pool and the propagule pool.

All simulation experiments are conducted using a population of 200 individuals which all have a

genetically encoded strategy. In the context of the altruism game they are either selfish or altruistic.

In the context of the hawk-dove game, they are either hawk or dove. Moreover the initial frequency

of each strategy is the same. Hence we do not consider here the bootstrapping problem of the origin

of a certain behavior.

The evolutionary dynamics of phase (2) in Figures 1 and 2 are modeled in a standard way: all

individuals produce offspring according to their performance in the environment that is defined by

the group. The groups contain, after reproduction, all parents and their offspring. The amount of
3source code of the MigrationMLS and PropaguleMLS frameworks was developed in Objective-C and can be requested.

19



offspring that is produced in total is a tunable parameter. In all cases this amount is 400. In other

words all individuals together can only produce 400 new individuals which will be distributed over the

different groups depending on the performance of the individuals in each group. To determine their

fitness, individuals select randomly in the population an opponent and receive a payoff depending on

the outcome of this pairwise interaction. The number of opponents is a parameter of the system and is

set to 1 in all experiments. This differs from the analytical studies in evolutionary game theory where

one assumes that each individual interacts in a pairwise manner with all other individuals. Phase (2)

of the IAMLS model can be repeated a number of times. Here it is assumed that this phase is executed

once every generation. Finally each run consists of 200 generations and we performed 20 runs for each

experiment.

The merging phase (3) in the figures is done in a straightforward way. In the migration pool

model. We designed a merging algorithm which resembles strongly the Stochastic Universal Sampling

algorithm which is used in the context of genetic algorithms to select parents for reproduction [22].

The major difference is that instead of using individual fitness the ratio between the size of the group

and the total number of individuals over all groups is used as a way to decide how much individuals

of each group will be added to the post-selection population. In the propagule pool model, a similar

algorithm is used. Yet instead of selecting individuals from the groups, propagules are selected and

added to the post-selection population.

The algorithm devised for phase (1) of the evolutionary dynamics requires a bit more explanation.

This will be done in the next section.

5.2 Implementation of the Dispersal Phase

The algorithm which takes care of the dispersal of all elements is the critical part of the entire IAMLS

model. Sufficient variation in group structure can lead to differences in viability of the groups and as

result the influence of the between-group selection on the overall dynamics changes. This change can

become so big that the between-group dynamics dominate the within-group dynamics. For the IAMLS

model we constructed a dispersal algorithm which creates the groups for both the migration pool and

the propagule pool model. In the following discussion we explain this dispersal algorithm. Afterward,
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we demonstrate the effect of the parameters on the between-group variance.

The dispersal algorithm is constructed in such a way that it can be tuned between two extremes of

the model i.e. random uniform dispersal of individuals over groups and biased dispersal of individuals

over groups. This tuning is controlled by two parameters: bias and group size. The bias parameter

takes a value between 0.0 (only uniform random sampling) and 1.0 (only biased sampling). All values

in between provide a mixture of uniform random sampling and biased sampling. This effect is obtained

by using the bias values as an indication of the percentage of individuals of the group which should be

created according to biased sampling. In other words, when the group size is 10 and the bias is 0.8 the

80 percent of the new group members should be added in a biased way and 20 percent in a uniform

random way. The actual implementation of the biased sampling algorithm depends on the problem

under consideration. The goal of the sampling algorithm should be the creation of groups with as much

variance as possible between them. Here, due to the nature of the games, the most between-group

variance is achieved when individuals with the same strategy are put in the same group i.e. altruists

with altruists and selfish with selfish. The second parameter is the group size. Under the assumption

that groups are formed in a uniform random manner, differences between groups can become bigger

when the groups become smaller. This phenomenon was demonstrated, in a simplified way, by the use

if the variance of the hypergeometric distribution as discussed in Section 4.4.1. As was argued there,

this particular variance introduced an unrealistic assumption, yet it provided a preliminary idea of the

behavior of the IAMLS model. To see wether group size has indeed such an impact on the between-

group variance we generated for different values of the parameters, different structured populations.

The results are visualized in Figure 5.

In the plot in the figure, the population consisted of 100 altruistic individuals and 100 selfish

individuals. Hence, the setup of the population provides the algorithm with the material to create

high degrees of between-group variation. The populations were partitioned over a number of different

groups of a size in the set {5, 10, 20, 50, 100}. For each value of this parameter, a curve is plotted in the

figure. These curves show the relation between the bias value and the corresponding level of variance

Varg[p] that can be achieved given a particular number of groups. The case where group size is the

same as the original population size is not shown since the contents of the group is the same as the
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original population.

In Figure 5, it can be observed that the maximal variance is achieved for the highest values of the

bias parameter (as expected). Furthermore, for each bias value, the number of groups seems to make

only a small difference. Hence, two questions emerge. First, what is the combination of parameters

which results in a dominance of group selection in the multilevel selection process. Second, what is

the respective importance of each parameter separately? As can be seen in Figure 5, the parameter

bias has a stronger influence than the parameter group size.

The question then becomes for which values of the parameters bias and group size does the qual-

itative behavior of the selection dynamics change. To focus the discussion on the selection dynamics

in the simulation, only asexual reproduction is assumed and this process occurs without any interfer-

ence of mutations. Further experiments can be performed introducing mutational noise and sexual

reproduction (work in progress).

The migration pool experiments use the following values for the parameters:

• bias ∈ {0.0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0}.

• group size∈ {200, 100, 50, 20, 10, 5}.

The propagule pool experiments use the same values for the bias parameter to create the initial

propagules. Yet smaller groups are investigated:

• group size ∈ {50, 25, 20, 10, 8, 4, 2}.

This choice was made because, in general, propagules are considered to be small. Yet, they should

somehow be representative for the group they are extracted from.

5.3 Simulation Results

We examine again the altruism game and the hawk-dove game. Concretely, for the altruism game, the

following payoff matrix is used:

A =


 3, 3 −1, 4

4,−1 2, 2
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The first row and column correspond to the altruistic strategy and the second row and column to

the selfish one. With these settings a standard evolutionary system obtains a population of all selfish

individuals and average fitness of 2. Note that in order to avoid negative payoff, a base fitness X is

assumed to which the received payoff is added. For the altruism game, this base is X = 2.

Similarly, for the hawk-dove game, the following payoff matrix is:

A =


 −5,−5 10, 0

0, 10 3, 3




The first row and column correspond to the hawk strategy and the second row and column to the

dove one. With these settings a standard evolutionary system obtains a polymorphic population of

hawks and doves where the amount of hawks is 7/12 of the total population. In this game, the base

X = 6.

During all the experiments, different kinds of data are collected:

1. The average population fitness, the fitness variance and the frequencies of the different strategies

in the games were monitored. This data provides information on the dynamic behavior of the

system over time.

2. For each experiment, the average fitness, the distribution of strategies and the number of times

they are reached were collected at the end of the run. A run always ended after a predefined

number of generations. This data is used to calculate the fraction of runs that do not achieve

the strategy distribution expected under only within-group selection dynamics.

3. Each run, the actual value of Varg[p] was calculated to verify the proposed rules obtained during

the mathematical analysis.

Next to this data, we generated the necessary data to create the cobweb diagrams for the different

games and the different parameter settings. This data was obtained by averaging over a number of

trails the amount of a strategy that is obtained from a particular initial frequency of this strategy.

These diagrams show most clearly what the effect is of the parameters on the qualitative behavior of

the games.
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In the following sections we discuss the results of these experiments.

5.3.1 The Altruism Game

In Figure 6, the outcome of the games for both models and for different parameter settings of bias

and group size are visualized. The l.h.s. of the figure shows the fraction of the runs that produce a

result different from the result expected in a panmictic population. In the altruism game, the expected

outcome is an all selfish population. Hence, a population state is considered different when it is not in

this configuration after a predefined number of generations. The r.h.s. of the figure shows the fraction

of runs where the altruists take over the entire population.

As can be seen in Figure 6 top row, in the migrant pool experiments, a very strong bias is necessary

to maintain a fraction of altruists in the population. Moreover (top right), altruists always take over

the population when the bias parameter has a very high value and the groups are rather small. At

each value of the bias parameter in the interval [0.7 1.0], saturated populations of cooperators appear

when group sizes are rather small, i.e. the parameter group size has a value in the interval [5 20].

In Figure 6 bottom row, the outcome of the propagule model experiments are shown. One can

observed that in almost all cases, altruists can survive. As the size of the groups decreases from 50 to

2, this effect becomes more pronounced. Moreover, when the altruists survive, they also take over the

population. As a result, both plots (l.h.s and r.h.s) in Figure 6 (bottom row) show the same results.

In other words, the groups will evolve towards either all selfish or all altruistic groups.

When comparing the results shown in both figures, it can be observed that, for similar parameter

values, altruists can survive better in the propagule pool model. Even for low values of the bias

parameter can differences in the dynamics be observed. This result is mostly due to the lack of mixing

between the individuals in the propagule model. Yet, the propagule model does not seem capable of

sustaining a mixed population of completely selfish and completely altruistic propagules.

To verify further the effect of the parameter settings on the dynamics of the different strategies, we

constructed, in an experimental manner, cobweb diagrams which should provide information on how

the parameter settings change the strategy frequencies in this game.

In Figure 7 and 8, one can observe the effect of the parameter settings on the discrete dynamics.
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The curves in each figure were obtained by averaging over 20 trials the amount of altruists obtained

after one evolutionary step (as visualized in Figures 1 and 2). In other words, the fraction of altruists

in the pre-selection population was varied between 0.0 and 1.0 and the fraction of altruists in the

post-selection population was determined performing the evolutionary step visualized in the figures.

When examining the different plots in Figure 7, one can see that for high values of the bias parameter,

one obtains a dynamical system which allows for the evolution of altruist. As the group size increases,

this becomes less and less probable. In the plot in the bottom right of Figure 7, the standard situation,

where no groups are created, is visualized. In that case, one obtains also the standard discrete dynamic

which serves as a point of reference to compare with other results. For similar group sizes, the propagule

pool model shows a rather different behavior. When assuming larger propagules who are constructed

using an average bias, the behavior of the dynamic becomes more and more noisy. As can be seen in

Figure 8 when comparing the outcome visualized in the bottom right plot for a bias of 0.7 with other

plots, the number of altruists produced by one iteration of the propagule pool model is much more

erratic. It is not completely clear what causes this but we assume that this could be a consequence of

the small population size (remember that we always have a maximum of 200 individuals spread out

over all propagules in the pre- and post-selection population). Another reason might be related to the

fact that only all selfish or all altruistic propagules seem to survive in this system. Further study is

underway to asses the impact of the number of individuals, group size and produced offspring on the

dynamics of this model.

5.3.2 The Hawk-Dove Game

The same experiments as in Section 5.3.1 were performed for the hawk-dove game and the coordination

game (not discussed here). Here we provide the results for the hawk-dove game.

In Figure 9 we again show the outcomes of the game for both models and for different parameter

settings of bias and group size. In the altruism experiments it was easy to observe the difference

between the outcome of the game and the standard result produced in a panmictic population. Here the

standard result is a polymorphic population where the outcome depends on the the difference between

the payoff values of the different strategies. Concretely, the theoretical equilibrium for the hawk-dove
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game using the payoff matrix shown in the beginning of section 5.3 is h = 7/12. If simulations are

performed using an infinite population the frequency of strategies will converge toward this equilibrium.

Yet, since population size is finite and small, the simulations will oscillate around this equilibrium.

Therefore we assumed that all outcomes of the simulations, that produce a population state within

a certain interval around the theoretical equilibrium, will be considered equivalent to the standard

outcome. Hence, all results outside the interval are different and are registered in the plots visualized

in Figure 9

As can be seen in Figure 9 in the migrant pool experiments (top row), differences with the theo-

retically expected result occur rather quickly. Even for small group size and no bias the polymorphic

equilibrium moves away from the standard one. As the bias increases, the fraction of runs which are

different increases rapidly. As in the altruist experiments, not all hawk-dove experiments produce a

monomorphic population state. This occurs for small groups and higher bias values.

In the bottom row in Figure 9, the outcome of the propagule model experiments are again shown.

One can observe that in almost all cases, the population state is drastically different from the theo-

retical equilibrium. As the size of the groups decreases from 50 to 2, this effect become rapidly more

pronounced. Moreover, the resulting groups become quickly composed of all doves as was the case for

the altruist experiments. Hence comparisons between the propagule pool and migration pool results

for the hawk-dove game produce equivalent conclusions: Even for low values of the bias parameter can

differences in the dynamics be observed. This result is mostly due to the lack of mixing between the

individuals in the propagule model.

To get a better understanding of the change of the theoretical equilibrium, experimental cobweb

diagrams were again generated.

In Figure 10 and 11, one can observe the effect of the parameter settings on the discrete dynamics.

The curves in each figure were obtained in the same way as done for the altruist experiments. The

different plots show how the dynamics change due to the parameter settings. In Figure 10 one can

observe that for all different group sizes and no bias, the dynamics of the system does not change. As

the bias is increased the polymorphic equilibrium gradually disappears until only doves survive. The

different plots for maximum bias and all group sizes shows some very strange behavior. In the dashed
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lines there appear some kind of hubs and the amount of these hubs depends on the amount of groups

in the model. From some initial experiments into this phenomenon we can derive that the this effect

seems to be the result of the way in which the amount of offspring of each individual is determined

in combination with the merge phase (step (3) in Figure 1) of the IAMLS model. Yet more extensive

simulations need to be performed to examine this phenomenon.

In Figure 11 the discrete dynamics of the propagule pool model is again shown. The overall behavior

is almost the same as that for the experiments in the migration pool model. Yet, the strange dips in

the curve which could be observed for maximum bias are no longer present. Moreover, small group size

in combination with no bias produces already a change toward all dove strategies in the population.

6 Conclusion

In this paper the dynamics of a multilevel selection process were investigated both through mathe-

matical analysis and simulation. This investigation was performed to understand these dynamics and

to identify under which conditions the dynamics change. In order to have a clear discussion we first

defined the notion of IAMLS and its variations. IAMLS is a specific kind of multilevel selection model

that combines individual selection and a process of differential group dispersal based on differences

in group structure or group performance. Depending which “force” is prevalent in the evolutionary

process, the qualitative behavior of the selection process changes. For the current games discussed

here, it is assumed that the IAMLS model can either converge to the standard theoretical equilibrium

derived for panmictic populations or it can converge to a population state that contains individuals

which peformed well in group.

In an analytical discussion a discrete multilevel replicator equation was defined for the IAMLS

model. This equation describes how the different phenotype frequencies change over time. Moreover

it was shown how this replicator dynamic is related to the well-known Price covariance equation. The

resulting equation was then applied to different symmetric two-player games from the domain of game

theory: the altruism game and the hawk-dove game. The hypothesis for these games was that instead

of converging to an ESS, the population tries to converge to the configuration which is most beneficial
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for the population as a whole. This event occurs when there is enough variation between the groups.

Furthermore, the investigation produced boundary conditions for both games which describe when

this might occur. Here relations were also drawn with previous results discussed in [25].

Given these analytical results, simulations were performed. This investigation was necessary to get

a better understanding of the IAMLS model in finite and discrete populations. The experiments were

designed to investigate three goals. First, we wanted to understand how an evolutionary algorithm

could be designed so that it contains different selection levels. Second, the analytical results required

further empirical verification since there was no obvious mathematical formula which exactly repre-

sented the manner in which the groups are created. Finally, we wanted to understand the dynamics

and their impact on the evolutionary process. The simulations in the migrant pool model showed that

under specific parameter settings, small groups and high bias, the evolutionary dynamics of the system

changes in favor of the altruists and the doves respectively. In the propagule pool experiments these

results are even more obvious.

Given these results, the IAMLS model is currently used to examine its benefit in the context of

optimization and learning. In the first case, some experiments were performed for multi-objective

optimization problems and constraint satisfaction problems. In the latter case, we are designing an

adaption of the classifier model defined by Holland [15].
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A Symmetric Two-player Games

In order to perform the analysis and simulation of the IAMLS model discussed before, specific cases

are required for validation. Interaction is the crucial component in these evolutionary models. Since

interaction is an event that occurs at the phenotypic level, different games from EGT are the ideal

candidates for the job. More specifically, the focus will be on symmetric two-player games [33].
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Games are defined as the tuple G = (I, S, π) where I = {1, 2, ..., n} is the set of n players in the

game, S is the finite set of all the pure strategy sets Si for each player i ∈ I and π is the finite set of

all payoff function πi which associates a state of the game with a particular payoff. In a two-player

game (I = {1, 2}), each combination of pure strategies of both player, is commonly written as a payoff

matrix A. A game is a two-player symmetric game if

• there are only two players, i.e. I = 1, 2,

• the strategies sets for both players are the same, i.e. S1 = S2, and

• the payoff matrix of the second player is the transpose of the payoff matrix of the first, i.e.

A = BT .

In the context of EGT, one always assumes that each individual in the population has a genetically

encoded behavior. Hence given a strategy set S, there can only be |S| different kinds of individuals

and the state of the population is a vector sT = (s1, s2, ..., s|S|) where each si refers to the frequency

of a particular strategy in the population (also called a mixed strategy).

Well-known examples of these games are the prisoners’ dilemma game, the altruism game, and the

hawk-dove-game. These type of games have been well-studied and have very specific properties. For

instance, one of these properties is that any finite and symmetric two-player game has at least one

Nash equilibrium [33]. The set of symmetric two-player games consists of different generic categories.

Weibull identified four [33]:

1. Category I: the game G has one combination of pure strategies (for each player) which strictly

dominates the other combinations. This strategy profile is also the unique strict Nash equilib-

rium of the game and the only evolutionary stable strategy (ESS). Assuming standard selection

dynamics and starting from any mixed population state, the dynamics will always lead toward

the ESS of the game.

2. Category II: there are two strict Nash equilibria and one mixed Nash equilibrium in the game G.

Only the two strict Nash equilibria are also an ESS. Furthermore, starting from a population state
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corresponding to a mixture containing more players who use strategy 1 than 2, the population

will converge to the ESS will only strategy 1 players and vice versa.

3. Category III: there are again two strict and one mixed Nash equilibria. Yet, there is only a single

ESS for this type of games, i.e. the mixed Nash equilibria. Hence assuming standard selection

dynamics and a mixed population state, the population will always converge to the mixed ESS.

4. Category IV: the same properties emerge as for category I. Yet the only difference is the actual

strategy that dominates the other.

In the first category of this kind of games one finds the prisoners’ dilemma and the altruism games.

The coordination game or Bach-Stravinsky game belongs to the second category. The hawk-dove game

or the chicken game belong to category three. The fourth category is the inverse of the first category

and will therefore not be discussed here. All experiments have been performed on the three other

categories, but we only report on the games of category I and III.

B Derivation of the Discrete Multilevel Replicator Equation

Some notational conventions for this analysis require explanation. Assume a large but finite population

P of n individuals. Assume further that each individual has a genetically defined behavior which

corresponds to one of the pure strategies in Si with i ∈ I. Since we only examine symmetric two-

player games here, Si = Sj for all i ∈ U and j ∈ I. We will simply refer to this set of pure strategies

as the set S. The payoff that each individual type receives upon encountering another individual type,

is collected in a payoff matrix A . The number of individuals using strategy i with i ∈ S is ni and

(n =
∑

i∈S ni). The population state P for a game G is defined as a column vector of frequencies:

P =




q1

q2

...

qs
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with s = |S|. For a game G with two strategies or two types of individuals, the state is PT = (q1, q2) =

(p, (1 − p)) where p = n1/n is the frequency of individuals which behave according to strategy 1 and

(1 − p) = n2/n is the frequency of individuals behaving according to strategy 2. Both pre- and

post-selection population can be represented in this way.

In Section 3, it was explained that the population P is distributed over a number of groups Pj (the

subscript j is added to refer to a group). For instance, qj,i refers to the frequency of individuals with

behavior i in group j, nj refers to the number of individuals of either type in the jth group and nj,i

refers to the number of type i individuals in group j. Hence the state of a group is again identified by

the column vector

Pj =




qj,1

qj,2

...

qj,s




It is assumed that upon creation each group is of the same size and that there are g such groups.

The analysis performed in this paper can easily be extended to groups of different sizes, yet for reasons

of simplicity we will only discuss groups with equal size. Note also that the frequency qi can be derived

from the frequencies qj,i for each group j ∈ {1, 2, ..., g}:

qi =
g∑

j=1

nj

n
qj,i =

1
g

g∑
j=1

qj,i (11)

The payoff or fitness for all individual types in the jth group is APj where the fitness for each type of

individuals can be extracted using the subscript i, i.e. (APj)i with i ∈ S. The average fitness of the

jth group is:

Pj
T APj =

∑
i∈S

qj,i × (APj)i (12)

Given these notational conventions, we can now derive a replicator equation which expresses how
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the frequencies of strategies change from pre- to post-selection population i.e. from P(t) to P(t + 1).

The model is derived as follows:

ni(t + 1) =
g∑

j=1

nj,i(t + 1)

=
g∑

j=1

nj,i(t)(1 + (APj(t))i)

As can be seen in the equation above, the actual number of individuals using behavior i in the next

generation will be the sum of the actual numbers of all this kind of individuals in each group before

they are reunited in the migrant pool. The next step is to rewrite the previous equation in such a way

the number of individuals of type i at time t+1 are expressed in terms of their number in the previous

generations. The derivation is easily performed as follows:

ni(t + 1) = ni(t) +
g∑

j=1

nj,i(t)(APj(t))i

= ni(t) +
ni(t)
ni(t)

g∑
j=1

nj,i(t)(APj(t))i

= ni(t) + ni(t)
g∑

j=1

nj,i(t)
ni(t)

(APj(t))i

which we further simplify to:

ni(t + 1) = ni(t)(1 + Ei[(APj(t))i]) (13)

Ei[(APj(t))i] is the expected value of the discrete distribution of fitness values for type i individuals

over each group using the fraction of type i individuals of each group j versus the total number of type
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i individuals in the original population as the density function:

f(x) =
nj,i(t)
ni(t)

with
nj,i(t)
ni(t)

≥ 0 and
g∑

j=i

nj,i(t)
ni(t)

= 1

The weighted sum of equation (13) for each type i produces the expression that describes how the

total number of all individuals changes between generations:

n(t + 1) = n(t)(1 + PT (t) E[APj(t)]) (14)

where PT (t) E[APj(t)] corresponds to the average fitness of the dispersed population

Given both expressions for the change in the actual number of individual types and the change in

the total population, the discrete-time replicator dynamic for each type of individuals can be derived.

This dynamic expresses explicitly the selection dynamics which occur in the IAMLS model.

qi(t + 1) = qi(t)
(

1 + Ei[(APj(t))i]
1 + PT (t) E[APj(t)]

)
(15)

Equation (15) will be called the discrete-time multilevel replicator dynamic (it is easy to derive the

continuous one). The equation expresses how the future frequency of type i individuals, qi(t + 1), is

related to the current frequency qi(t).

∆qi = qi(t)
(

Ei[(APj(t))i] − PT (t) E[APj(t)]
1 + PT (t) E[APj(t)]

)
(16)

Equation (16) can be used to examine the discrete selection dynamics of every symmetric two

player game described in Appendix A.
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C Derivation Examples of the Discrete Multilevel Replicator

Equations

C.1 The Altruism Game

The standard payoff matrix for the altruism game is

A =


 b − c −c

b 0


 (17)

where the first row and column correspond to altruistic behavior (a) and the second row an column

correspond to selfish behavior (s). Furthermore, it is assumed that b > c > 0. Hence an altruistic

individual which interacts with another altruist receives b − c, yet when it encounters a selfish one

it pays a cost c and gains nothing. Note that p (or pj) corresponds to the frequency of altruists in

the population P (or in the group Pj). Based on this interpretation of the notation, equation (16) of

Appendix B can be instantiated using the altruism game.

To perform this task, the different terms of this equation require some substitution. For each

strategy in S = {a, s} the expected fitness Ei[(APj)S ] and the average total fitness of the population

PT E[APj] needs to be determined (remember that p = na

n and pj = nj,a

nj
):

Ea[(APj)a] =
1
g

g∑
j=1

pj

p
((b − c)pj − c(1 − pj)) =

1
pg

g∑
j=1

pj(bpj − c) (18)

Es[(APj)s] =
1
g

g∑
j=1

(1 − pj)
(1 − p)

(bpj) =
1

(1 − p)g

g∑
j=1

b(1 − pj)pj (19)

PT E[APj] = pEA[(APj)a] + (1 − p)Es[(APj)S ] =
p(b − c)

g
(20)

Substituting these results into equation (16) and after some simplification steps, one obtains:

∆p =
b( 1

g

∑g
j=1 p2

j − p2) − c(1 − p)p

1 + p(b − c)
(21)
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This equation describes how the fraction of altruists changes from population P(t) to population

P(t + 1) at the next time step using the IAMLS model. The equation can be further simplified since:

1
g

g∑
j=1

p2
j − p2 =

1
g

g∑
j=1

(pj − p)2 = Varg[p] (22)

or in words, the variance in the frequency of altruists after redistribution from the pre-selection

population. Give this observation, Equation (21) can hence be transformed to:

∆p =
bVarg[p] − c(1 − p)p

1 + p(b − c)
(23)

C.2 The Hawk-Dove Game

The game matrix of the hawk-dove game is:

A =


 v−c

2 v

0 v
2




The first row and column refer to the payoff received by hawks (h) and the second row and column

refers to the individuals which behave as a dove (d). Hence when for instance a dove meets a hawk,

both will display but as soon as the hawk escalates, the dove retreats and gets nothing. The hawk

in that case receives the entire benefit v. When a hawk meets another hawk, they both display and

escalate. Since one of them or both can get injured, they pay a price c and since they are both equally

likely to get the resource, the payoff for this situation is v−c
2 . The entire dynamic of the hawk-dove

game depends on the actual values for v and c. if v > c, then it is worth to risk the injury of escalating

and this game is equivalent to the altruism game. Yet, when v < c different dynamics emerge.

Given A, equation (16) can be instantiated for this game expressing how the frequency of doves

will change over time. Note that in this example, p (or pj) corresponds to the frequency of doves in

the population P (or in the group Pj). Each expected value can again be determined, producing (the

subscript d and h refer to hawks and doves respectively):
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Ed[(APj)d] =
1
g

g∑
j=1

pj

p

(v

2
pj

)
=

v

2pg

g∑
j=1

p2
j (24)

Eh[(APj)h] =
1
g

g∑
j=1

(1 − pj)
(1 − p)

(vpj +
v − c

2
(1 − pj)) =

1
g(1 − p)

g∑
j=1

(1 − pj)
(

pj

(
v + c

2

)
+
(

v − c

2

))
(25)

PT E[APj] = pEd[(APj)d] + (1 − p)Eh[(APj)h] =
1
2


v − 1

g

g∑
j=1

c(pj − 1)2


 (26)

Substituting these results into equation (16) one obtains:

∆p =

(
v+cp

2

)
( 1

g

∑g
j=1 p2

j − p2) − 1
2p(1 − p)(v + c(p − 1))

1 − c
2 ( 1

g

∑g
j=1 p2

j − p2) + p2)
(27)

Where 1
g

∑g
j=1 p2

j − p2 again corresponds to the variance in the number of doves between the

different groups. Hence equation (27) can be further simplified to

∆p =

(
v+cp

2

)
Varg[p] − 1

2p(1 − p)(v + c(p − 1))
1 − c

2 (Varg[p] + p2)
(28)
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Figure 3: Cobweb diagram for discrete multilevel replicator dynamics of altruism game. The plot on
the l.h.s. was made using b = 2, c = 1 and N = 100 and n = 100. The plot on the r.h.s. was done
using b = 2, c = 1 and N = 100 and n = 2.
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Figure 4: Cobweb diagrams of the discrete multilevel replicator dynamic for the hawk-dove game with
different parameter settings. The top diagram was plotted using v = 1, c = 2 and N = 100 and n =
100. The first diagram in the bottom row was plotted using v = 1, c = 2 and N = 100 and n = 75
and the second diagram used v = 1, c = 2 and N = 100 and n = 2.

Figure 5: Plot of of the between-group variance obtained by the dispersal algorithm with varying the
bias parameter. The initial population consisted of 50% altruist and 50% of selfish individuals.
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Figure 6: Results of the altruism game experiments for different values of bias and group size in the
migration pool (two plots at top ) and propagule pool model (two plots at bottom). The arrows
below the axes show that the parameters were ordered from no groups to very small groups on the
group size axe (group size ∈ {200, 100, 50, 20, 10, 5}) for the migration pool model and group size
∈ {50, 25, 20, 10, 8, 4, 2} for the propagule pool model) and from no bias to total bias on the bias
axe(bias ∈ {0.0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0}). The plots on the l.h.s. show for each setting
the fraction of runs that are different from the standard configuration i.e. a population of all selfish
individuals. The plots on the r.h.s show for each setting the fraction of runs that reached saturation
i.e. a post-selection population of all altruists.

42



Figure 7: Cobweb results for all settings of the group size parameter in the migration pool model. In
each plot, a curve is show for different settings of the bias parameter. The bold line (c(t)=c(t+1))
represents the equilibrium line where the frequency of altruists does not change.
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Figure 8: Cobweb results for group size in {2, 4, 10, 20, 25, 50} parameter in the propagule pool model.
In each plot, a curve is show for different settings of the bias parameter. The bold line (c(t)=c(t+1))
represents the equilibrium line where the frequency of altruists does not change.
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Figure 9: Results of the hawk-dove game experiments for different values of bias and group size in
the migration pool (two plots at top )and propagule pool model (two plots at bottom). The arrows
below the axes show that the parameters were ordered from no groups to very small groups on the
group size axe ( group size∈ {200, 100, 50, 20, 10, 5} for the migration pool model and group size
∈ {50, 25, 20, 10, 8, 4, 2} for the propagule pool model) and from no bias to total bias on the bias
axe(bias ∈ {0.0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0}). The plots on the l.h.s. show for each setting
the fraction of runs that are different from the standard configuration i.e. a polymorphic population
of hawks and doves. Since the frequencies oscillate we assumed that no difference occurs when the
oscillations remain close to the theoretical equilibrium (hawks=7/12). The size of the interval was
assumed to be 0.1 above and below this equilibrium. The plots on the r.h.s show for each setting the
fraction of runs that reached saturation i.e. a post-selection population of all doves.
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Figure 10: Cobweb results for all settings of the group size parameter in the migration pool model and
the hawk-dove game. In each plot, a curve is show for different settings of the bias parameter. The
bold line (h(t)=h(t+1)) represents the equilibrium line where the frequency of doves does not change.
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Figure 11: Cobweb results for group size in {2, 4, 10, 20, 25, 50} in the propagule pool model and the
hawk-dove game. In each plot, a curve is show for different settings of the bias parameter. The bold
line (h(t)=h(t+1)) represents the equilibrium line where the frequency of doves does not change.
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