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Abstract

In [8, 10], we present an axiomatic justification for the fact that quantified beliefs should
be represented by belief functions. We show that the mathematical function that can
represent quantified beliefs should be a Choquet capacity monotone of order 2. In order
to show that it must be monotone of order infinite, thus a belief function, we propose
severa extrarationality requirements. One of them is based on the negation of a belief
function, a concept introduced by Dubois and Prade [2]. This concept was essentially
abstract, and its applicability was neither established nor illustrated. Here we present an
illustrative example of this negation process. This example gives ground to the use of
belief functionsto represent quantified beliefs.
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1 Introduction

The use of any mathematical model to represent quantified beliefs, i.e., weighted opinions,
can be supported either by defending convincing definitions with illustrative examples or
by producing a set of axioms that justify it. For what concerns the models based on
belief functions, examples illustrating the first approach can be found among others in
[7, 4, 12, 11] whereas the second approach is developed in [15, 8, 10]).

In any model for quantified beliefs, one considers an agent, the belief holder, called
You heresfter, and a finite frame of discernment, denoted 2. One of the worlds in €2,
denoted wy, is the actual world, but, due to Your limited understanding, You cannot state
which world isthe actual one. All You can expressisthe strength of Your opinions, called
hereafter beliefs, that wy belongsto A for every A C Q. We assume that this belief is
represented by a pointwise measure defined on 2, the power set of €.

This measure is temporarily denoted by Cr and called a *credibility function’. So
for every A C Q, Cr(A) expresses (the strength of) Your belief that the actual world wq
belongsto A.

In[8, 10], we produce sets of rationality requirements that should be satisfied by any
credibility function and we prove 1) belief functions satisfy them, 2) probability functions,



that are special cases of belief functions, areinsufficiently expressive to represent degrees
of belief and 3) Choquet capacities [1], that are the generalization of belief functions,
violate some of the requirements.

During the demonstration, we produce requirements from which we prove 1) the con-
vexity of the set of credibility functions, 2) how credibility functions are adapted by un-
informative modifications of the frame of discernment (refinement and coarsening), and
3) how they are revised by conditioning. At that level, we prove that C'r is a Choquet ca-
pacity monotone of order 2 [1]. To show that it is monotone of infinite order (i.e., a belief
function), we propose several extrarequirements. One of them is based on the negation of
a belief function, a concept invented by Dubois and Prade [2]. It states: ‘the negation of
acredibility function isacredibility function’. In that case credibility functions are belief
functions.

Unfortunately, this negation concept was only a mathematical property. To be used as
arationality requirement, one must produce at least one practical illustrative and convinc-
ing example where the negation is used.

In this paper, we present such an example. Thanks to it, our axiomatic justification
presented in [8, 10], is simplified.

2 Credibility functions

Let C'r represent Your belief over €2, afinite frame of discernment. The only properties
of C'r used in this paper are:

1. Bounded non negativity: Cr : 2 — [0, 1] where Cr() = 0 and Cr(Q2) < 1
2. Monotony toinclusion: VA, B C , if A C B, then Cr(A) < Cr(B)

3. Revision: therevision of C'r by a piece of evidence Ev is represented by a 2/! x
2121 matrix H* which depends on Ev but not on C'r, and the revised credibility
function C'r[Ev] is given by the matricia product Cr[Ev] = H* - Cr.

Thefirst requirement is quite strong asit eliminates models based on sets of probabil-
ity functions[5, 6, 13] or on interval valued probabilities[14]. We accept the closed world
assumption (Cr(€2) = 1) in order to avoid useless discussions. The second requirement
is assumed by any model of uncertainty and hardly questionable. The third requirement
trandlates into the belief function framework the transformation achieved by a Markow
matrix in classical probability theory. It satisfies quite natural requirements, and could
almost be just assumed, what we do here. Proving that it is a necessary property will be
presented in a forthcoming paper. That H* is a stochastic matrix can be deduced when
Cr isabelief function. But as far as the purpose of this paper is to prove that Cr isa
belief function, we can neither assume nor deduce it.

We present some needed background material (see[12, 11]).

2.1 Notation convention

Cr’[Ev](B) is the degree of belief given by You that the actual world belongs to B,
which is a subset of 2, Fv is a set of propositions (called the Evidential Corpus) and
You accept as true the propositions deduced from those in Ev (Ev covers the classica
conditioning event). The domain will be omitted when no confusion can occur.



The term between [ and ] is what You accept as true. In particular, it can be the
conditioning event encountered in probability theory. Note that Your beliefs are based on
what You accept astrue, not on what istrue. Thereisno necessity that what You accept as
true istrue, it might perfectly be false. Your beliefs would be *unjustified’, ’inadequate’,
‘erroneous’, but so it is. Rationality is trying to accept only what is true, but thisis only
anideal goal, and daily reality isfar from that ideal.

By convention when we write Cr$}[w] for w € €2, we mean that You accept as true
that wy € w and do not accept as true that wy € w* for any w* C w (where C denotes
strict subset). We will say that w is‘al You accept astrue’.

A credibility function canitself be part of the evidential corpus. For example, we write
Cr¥[w, Cr®] to mean that You accept astrue both that w, € w and that Your beliefs about
© isrepresented by Cr®.

2.2 Doxastic equivalence and consistency

The next definition trandlates the idea that if two propositions are equivalent given what
You know, the credibility functions they induce are equal.

Definition 2.1 Doxastic equivalence. Let E'v be an ‘Evidential Corpus’, that is a set of
propositions that You accept as true. Two propositions p; and p, are said to be doxas-
tically equivalent under an Evidential Corpus Ev, what is denoted by p; =g, p2, when
p1 A Evand ps A Ev arelogically equivalent.

We then assume:

Proposition 2.1 Doxastic consistency. If p; =g, p2, then
Crt [Ev](p1) = CTQ[EU] (p2).

2.3 TheMaobiustransform

Let Cr® be a credibility function defined on Q, its Mobius transform, denoted m*? is
defined as:
m?(A) = Y (~1)IA-Bler®(B), vA C @
BCA
We call m** the Mobius mass function and m(A) a Mobius mass. In particular, the basic

belief assignment is the Mobius transform of a belief function. Cr* is a belief function
iff m?(4) > 0forall AC Qand Y, m®(A) = 1.

2.4 Coarsening

Let Q and Q* betwo frame of discernments where the elements of 2* are the elements of
apartition of Q. For B C Q, let Coars(B) denote the smallest subset of (2* that contains
B. We call 2* an uninformative (it means ‘just redefining the frame’) coarsening of 2.
Given Crt on Q, Cr¥ (A) = Cr?(A) foral A C Q* (if A C Q*, then A C Q). It
results from the doxastic consistency requirement. In that case,

VA C QF, m¥ (A) = > mS(B).
BCQ,Coars(B)=A



25 All You accept astrue

Let the frame of discernment €2, and suppose all You accept as true is that wy € w for
anw C Q. What is the credibility function Cr**[w] induced on 2 under that condition?
Requiring Cr$}[w](w) = 1 and Cr®|w](@) = 0 seem natural.

What about You beliefs about w* C w? It seems also natural to require that al strict
subsets w* of w receive the same belief. For instance, why should any of them be better
supported that it complement relative to w? The concept of cardinality of the set w cannot
be used, as beliefs would otherwise violate the doxastic consistency requirement (see
[1Q]). Let 8 be that particular value. The term 3 cannot be negative asit is among others
the belief given to the singletons of w. If furthermore we require that beliefs can never be
smaller than 3, then 3 = 0 asfor &, Cr¥[w](w) = 0.

Finally, the beliefs givento any w* isequal to the beliefs given to w* Nw, astheworlds
inw* but not in w* Nw belong to @ and are thus accepted by You as impossible given You
accept w astrue.

The next proposition express these ideas:

Proposition 2.2 The credibility function that represents Your beliefs given all You accept
astrueiswy € w isgiven by:

2]Crw](w*) = 1 ifwCw*
=0 ifw* Cw
= Cri¥w](w* Nw) otherwise

The Mobius transform of Cr$}[w] is given by:

[2]mSw](w*) =1 ifw=w"

=0 otherwise

2.6 Revision

The next theorem reexpresses the C'r revision requirement under an equivalent but more
convenient form. We had assumed that the revision of a credibility function Cr by a
piece of evidence Fv can be represented by amatrix H* such that the revised credibility
function Cr[Ev] isequal to H* - C'r.

Theorem 2.1 Let Cr and Cr* be two credibility functions defined on Q. If Cr* = H* -
Cr, there exists a 2/l x 2192l matrix H such that Cr* = H - m where m is the Mobius
transforms of Cr. In that case,

Cr(A) = > h(A,B)m(B), VA C Q
BCQ

where h(A, B) are the elements of the matrix H.

Proof. Let M bethe operator (amatrix) that transforms any credibility function on 2 into
its Mobius transforms [11]. M is not singular, so M ! exists. Cr* = H* - Cr can be
rewrittenas Cr* = H* - M~ - M - Cr,thusCr* = H -mwhere H = H* - M~'. The
equation isjust arewriting of the matricial equality. o



In order to provethat Cr isabelief function, we must produce an example that shows
that if some of the values of m are negative, there existsa H matrix such that some values
of Cr* arenegative. To produce such amatrix is mathematically trivial, but the challenge
was to find a practical example that leadsto such amatrix. Thisiswhat we achievein the
next section.

3 TheMischievousKiller

We consider here only the proof that the M 6bius mass given to the 2 when |Q)| = 3 may
not be negative. The case with 2 was proved in [10]. Thereal challenge wasto go from 2
to 3. So we consider that case first.

Our example is based on a murder scenario, but could as well be rephrased as any
diagnostic - detection problem.

3.1 Thescenario

Suppose a murder has been committed by a single killer, denoted &, and there are three
suspects named A, B, and C. We denote by D ‘anybody else’. So You know for sure that
thekiller ko € QwithQ = {A, B,C, D}.

You collect a piece of evidence, a cigarette butt which brand, denoted 8,. The domain
for 6y is® = {a, b, c,d}. The butt you observe can only be one of {a, b, c}. You look at
the butt and build abelief Cr© about the actual value 6,.

The CB piece of evidence. You know the next piece of evidence, denoted C'B for
cigarette butt,

1L Og=aiffkg=A

2. 0p=0biff kg =B

3. Oy =ciff kg =C

4. 0y =diff kg =D

5. 6y € {a,b,c}

Using the doxastic consistency property, C© induces acredibility function Cr}[C B]
about kg given by:

Cr% [CB](A) = C'r@(a)7
CrCB)(B) = Cr°(b),
CreCB)(C) = Cr®(c),
CTQ[CB](A, B) = Cr@(a, b),
Cre[CB)(A,C) = Cr®(a,c),
CrCB)(B,C) = Cr® (b, c),
Cr@[CBJ)(A, B,C) = Cr®(a,b, c),
CrCB|(D,w) = CrCB](w), Yw C {A, B,C}



The F'T piece of evidence. Now You learn for sure that if the killer was one of
A, B, C, the killer would manage to create a false track. Cigarettes a, b and ¢ can be
recognized because, respectively, they havetheletters XY, X 7 and Y Z written on them.
Thekiller will purposely drop abutt that pointsto the other suspects and surely not to him.
For example, if the killer was A, A would have managed to let a butt with X Z or Y Z or
Z written on it, the last case corresponding to the case where A has erased the missing
letter. In the three cases, the butt does not point to A.

What D would do is unknown to You.

Let W be the predicate ‘ You accept as true that exactly ... is written on the butt’,
so W (Z) means that ‘ You accept as true that exactly Z is written on the butt’ (and thus
nothing more, what means in fact that the butt is either ab or a ¢ butt). Thisinformation
can be written as:

L fky=Athen W (XZ) VW (YZ)VW(Z)
2. If kg = Bthen W (XY) VW (YZ)VW(Y)
3. If kg = Cthen W(XY) vV W(XZ) v W(X)

We write W () to express that nothing is written on the butt. The proposition
WOVW(X)VWY)VW(Z)VW(XY)...

VW(XZ)vW(YZ)
istrue. So we have:
S(WXZ)VW(YZ)VW(Z))=...

W(O)VW(XY)VvIW(X)VvW(Y)
and similarly with the other two consequences.

The three rules can be rewritten as

L W) VW(XY)VW(X)VW(Y)thenk € {B,C,D}
2. fW()VW(XZ)VW(X)VW(Z)thenky € {A,C, D}
3. W) VW(YZ)vW(Y)VW(Z) thenky € {A, B, D}

Let this piece of evidence be denoted by F'T" (from False Track).

The problem is to build Cr[FT] and to find out what is the matrix H that trans-
forms Cr®[C'B] into Cr®[FT]. Thisrevision is achieved by acontraction on C'B and an
expansion by F'T' [3]. The whole subtlety of the example comes from the fact that both
Cr[CB] and Cr}[FT] can be deduced from Cr® and that Cr® is not changed by the
pieces of evidence C'B or F'T. It resultsfrom the fact that Your beliefs about the cigarette
brand is not affected by what it implies on who isthe killer.

3.2 Buildingthe H matrix

Case 1. Suppose You accept as true that the butt is a ¢ butt, thus W (Y Z). So the
antecedent of the third rulein F'T istrue and You deduce kq € {A, B, D}.
In that case, Your belief state is represented by Cr®(c) = 1, in which case:



A[B|[CJA[A[B] A
B|C|cC|B

C

A ololo|O0|O0]O0]oO
B ololo|o|o]|o0]oO
C ololo|o|o]|o0]oO
A, B ololo|o|o]|o0]oO
A,C ololo|o|o]|o0]oO
B,C ololo|o|o]|oO]oO
ABC |o|lo|lo|o|o0o|o0O]oO
D ololo|o|o0]|o0]1
A,D ololo|o|0o]|1]1
B,D ololo|o|1]o0]1
C,D ololo|1|0]o0]1
ABD |o|lo|l1|0|1]1]1
AcD |o|1]o|1]o|1]1
BC,D |1|/0|0|1]|1]0]1
ABCD|1|1|1]1]1]1]1

Table 1: The H matrix to transform Cr}[C B] into Cr$}[FT].

e beforerevision on F'T', Your beliefs were represented by

Cr[CB,W(YZ)|(w)=1ifC cw
= 0 otherwise

which Mbius transform is given by
me[CB,W (Y Z)|(w) =1ifw=C
= 0 otherwise.
e after revision on F'T', it becomes
Cre[FT,W(Y Z)|(w) =1if {A,B,D} cw
= 0 otherwise
In that case the coefficients of the {C'} column of H satisfy

h(w,{C})=1if{A,B,D} Cw
= 0 otherwise

The same holds up to a permutation with ¢ and b (see Table 1).

Case2. Suppose You are surethat Z iswritten on the butt, but You could not recognize
the other letter. So You accept W (Z) astrue. It meansin fact that You are surethebuttisa
borac butt and You havenoideatodecideif itisab orif itisac. Sothe antecedents of the



second and third rulesin F'T are satisfied and You deduce ky € {A,C,D}N{A,B,D} =
{A,D}

In that case, Your belief state on © isrepresented by Cr©(0) = 1if {b,c} C 6, and 0
otherwise. (see proposition 2.2) in which case:

e before revision on F'T", the unique non mull mass of the Mobius transform of Your
beliefs Cr[C B, W (Z)] wasm®[CB, W (2)](B,C) = 1

e after revision on F'T', Your beliefs become: Cr®[FT, W (Z)](w) = 1if {A, D} C
w and 0 otherwise.

In that case the coefficients of the { B, C'} column of H satisfy

h(w,{B,C})=1if{A,D} Cw
= 0 otherwise.

The same hold up to a permutation with a and b (see Table 1).

Case 3. Suppose You are sure that something is written on the butt, but You could not
recognize any letter. It meansin fact that You are sure the butt isaa or ab or ac butt and
nothing more. So you accept W() astrue. So the antecedents of the threerulesin F'T are
satisfied and You deduce ky € {A,C, D} N{A, B,D}n{B,C, D} = {D} Thisimplies
that Cr®(0) = 1if § = © and O otherwise, in which case:

e beforerevision on F'T', the unique non mull mass of the Mdbius transform of Your
beliefs Cr}[C B, W ()] wasm®[CB, W()](A, B,C) =1

e after revison on F'T, Your beliefs become: Cr@[FT, W ()](w) = 1if {D} C w
and 0 otherwise.

In that case the coefficients of the { A, B, C'} column of H satisfy

hw,{A,B,C})=1if{D} Cw
= 0 otherwise.

The nature of the columns of H for those w that contain D is not required here as
meCG, m®P)(w) =0 foral wsuchthat D € w.

3.3 General belief on ©

In general, Your belief on © is represented by a credibility function Cr® with m® being
its Mobius transform. Under C B, this credibility function on © induced a credibility
function Crt[C' B, Cr®] on Q. Its Mobius transform is given by: m®[CB, Cr®](w) =
m® () wherew containsthe same letters as ¢, but capitalized, and m*?[C B, Cr®)(w) = 0
if D € w.

Suppose m® () < 0 for some # C ©. We consider only two cases: either § = © or 6
satisfies|9] = 0] — 1.

Suppose m®(0) is negative. Then m$[C'B, Cr®|({4, B,C}) = m®(0) < 0. Ap-
ply the H transform. That negative mass is alocated to the belief given under F'T' to



D, and no other mass is given to D, so Cr[FT,Cr®](D) < 0 what violates the non
negativity of the credibility functions. Hence m® (©) may not be negative.

Suppose 8 = {a,b} and m®({a,b}) is negative. Then m[CB,Cr®]({A, B}) =
m®({a,b}) < 0. Apply the H transform. We have

CreFT,Cr®) (D) = m?[CB,Cr®]({A,B,C}) >0
asjust shown and
Cre[FT,Cr®)({C, D}) = m®[CB,Cr°({A, B,C}) + m®[CB, Cr®]({A, B}).

Thenegativity of m?[C B, Cr®]({ A, B}) impliesthat Cr*[F'T, Cr®]({C, D}) < Cr?[FT,Cr®]({D})
what viol ates the monotony to inclusion requirement. Hence m® ({a, b}) may not be neg-
ative.

4 Generalization to any {2

The previous example can be extended to any set ©. It isjust a matter of rephrasing it
accordingly by multiplying the number of cigarette brands and of suspects. So what it
provesisthat for any ©, m® () > 0 whenever |0 > |©] — 1.

To prove that credibility functions are belief functions, al we need is to show that if
aMobius mass of the credibility function is negative, we can generate an example where
such a credibility function would induce another credibility function where some values
are negative.

Suppose a credibility function Cr* with m® its Mobius masses. Suppose that for
C Q, m®(w) < 0. Three cases must be considered. Either w = Q orw C Q,w # () or
0.

w
w

Casew = (). Inthat case, Cr®(£2) > 1 contrary to the boundness requirement.
Casew = 2. Weaready know that this case is not acceptable.

Casew C Q,w # (). Buildacoarsening Q* of Q such that the elements of & are mapped
into one singleton of Q*, the others being mapped into themselves. Then m® (w) =
m(w) is negative. Thus we have build a credibility function on Q* that allocates a
negative mass to a subset of Q* such that |w| = |2*| — 1. We know that this case is not
acceptable.

Therefore the Mobius mass of any credibility function must be non negative, thus
credibility functions are belief functions.

4.1 The Negation of a belief function

Duboisand Prade [2] have introduced the concept of the negation of abelief function. The
basic belief assignment of the negation of a belief function is obtained by transferring the
basic belief mass m*(w) to m®(@) for al w C Q. In [9], we have shown that this
transformation fits with the idea of a source of evidence that is an absolute liar. Our
present example illustrates how to generate such a belief function.



5 Conclusions

We show that if revision of any measure representing quantified beliefs can be represented
by a matrix multiplication of theinitial beliefs, then the Mdbius mass related to the mea-
sure must be non negative. Thisimplies that any measure representing quantified beliefs
is abelief function. The challenge was to produce an example that produces this effect.
Our Mischievous Killer story provides such an example. During this derivation we also
illustrate how one can produce the negation of a belief function.
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