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Abstract

We construct the belief function that quantifies
the agent’ beliefs about which event of Q will
occurred when he knows that the event is
selected by a chance set-up and that the
probability function associated to the chance set

up isonly partially known.
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1. INTRODUCTION.

1) The use of belief functions to quantify degrees of
belief is muddled by problems that result from the
confusion between belief and lower probabilities (or
between plausibility and upper probabilities). Beliefs can
be induced by many types of information. In this paper,
we consider only one very special case: beliefs induced
on aframe of discernment Q when the elements of Q will
be selected by a random process. It seems reasonable to
defend the idea that the belief of an event should be
numerically equal to the probability of that event. This
principle is called the Hacking Frequency Principle
(Hacking 1965).

But there are cases where the probability function that
governs the random process is not exactly known. This
lack of knowledge can be encountered when probabilities
are partially defined or when data are missing. As an
example, suppose an urn where there are 100 balls. Its
composition is not exactly known. All that is known is
that there are between 30 and 40 black balls, between 10
and 50 white balls, and the other are red. What is your
belief that the next randomly selected ball will be black?
Suppose you have selected 50 balls at random with
replacement and you have observed 15 black balls, 20
white, 10 reds and 5 ‘not black’. What is your belief now
that there are between 35 and 37 black balls? What is
your belief now that the next randomly selected ball will
be black? These are the problems we solve in this paper.

In this paper, we accept that beliefs are quantified by
belief functions, as described in the transferable belief
model (Smets 1990b, Smets and Kennes 1994). The
transferable belief model is amodel for quantified beliefs
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developed independently of any underlying probabilistic
model. Itis neither Dempster's model nor its today

versions (Shafer, 1990, Kohlas, 1994). It is not a model
based on inner measures (Halpern and Fagin, 1990).

What we study here is just a special case of belief
function. We study the belief induced by the knowledge
of the existence of an objective chance set up that
generates random events according to a probability
function, probability function that happens to be only
partially known to us.

2) Suppose a frame of discernment Q, i.e., a set of
mutually exclusive and exhaustive events such as one and
only one of them is true (we accept the close world
assumption (Smets 1988)). Suppose the true element will
be selected by a chance process. Let P:29 . [0,1] be the

probability function over Q where P(A) for ASQ
guantifies the probability (chance) that the selected
element isin A. We accept that this probability measure
is "objective". The problem is to assess Your degree of
belief. You denotes the agent who hold the beliefs. Y our
beliefs are quantified by a belief function bel:22 - [0,1],
about the fact that the selected element isin A, given You
only have some partial knowledge about the value of P.

Should You know P, then by Hacking Frequency
Principle (1965) Your degree of belief bel(A) for each
ACQ should be equal to P(A):

If You know that P(A) = pa OACSQ

then bel(A) = pa OACSQ

In that case bel is a probability function over Q. But
remember that bel and P do not have the same meaning,
they only share the same values. P quantifies the
probability (chance) of the eventsin Q, bel quantifies the
belief over Q induced in You by the knowledge of the
value of the probabilities. P exists independently of me,
bel cannot exist if You do not exist.

Let P o be the set of probability functions over Q.
Suppose that Y ou know only that the probability function
P that governs the random process over Q is an element
of asubset P of [P o. The problem is to determine Y our
belief about Q given You know only that P is an element
of P (but Y ou do not know which one).

In many cases, P is uniquely defined by its upper and
lower probabilities functions P* and P« where:



P«(A) =min{ P(A) : POP}

P<(A) = max { P(A) : POP} = 1- P(A)
or P={P:POPq, Px(A) < P(A) < P*(A), DACQ}.
Just as P and bel characterize different concepts, P+ and
bel characterize also different concepts, even when P« is

mathematically a belief function. The function bel
concerns Your belief over Q. The function P« gives the

lowest possible values for the probability of the eventsin
Q compatible with what Y ou know.

This knowledge that POPESPq, is translated into a belief
belp  over Po.t That belief only supports P, i.e., its
basic belief masses are:
mp,(Q =1 if Q=P
=0 otherwise
Given Your belief over P, can You build Your belief

over Q. In this paper, we will show how to build such a
belief function.

Classical material about belief functions and the
transferable belief model can be found in Shafer (1976),
Smets (1988) and Smets and Kennes (1994).

2. IMPACT OF
FREQUENCY PRINCIPLE.

HACKING

The general frame consists of :

- Q: the finite set of possible elementary events wy, i=1,
2...n, (the outcomes of the stochastic experiment),

- [P : the set of probability functions P over Q,

- Bp,: the set of belief functions over P,

LetN={12.n}. Let W=FgxQ.All subsets A of W

can be represented as the finite union of the intersection
of A with each of the elementary events :

OACW, A=0 (A, w)
i

where Aj = proj(Ancyl(w;))=Fq, cyl(X) is the cylin-
drical extension of X on W where X denotes a subset of
Q (or [P ), and proj(B) is the projection of BEW on Q
(or P o) (context makes it clear which domain and which
range are involved).

(2.1)

The major problem solved in this paper is the
construction of the belief function belyy on W that would
result if You were in a state of total ignorance about the
value of P. If Y ou have some prior belief belp | about the
value of P, the belief bel\y over W would be combined
with the vacuous extension of belp . on W by the

application of Dempster's rule of combination. We will
treat essentially the case where Y ou only know that POIP

1 subscripts of m and bel denote their domain.

where P is a subset of P, i.e., when P is the only focal
element and Your belief over [P 5 can be represented by
the basic belief assignment with m[PQ(P) = 1

Generalization for a finite (or countable) numbers of
focal elements is immediate. Further generalization is
more delicate.

Let By be the set of belief functions over W. What is
their nature? We are going to construct the equivalent of
the basic belief masses (bbm) on Byy,. We say equivalent
as W is not afinite space and the concept of basic belief
masses has to be extended in order to cope with the
structure of W. The bbm will become some sort of
‘densities’. For simplicity sake, they are also denoted by
mw : 2W -[0,1]. The value bely(A) is defined as the
‘integral’ of the myy values given to the non empty
subsets of A. It happens that in the case considered in this
paper, myy is areal density for which classical integrals
are well defined. We call the myy function a basic belief
density (bbd) to enhance its particular nature. Those
subsets A of W such that myy/(A)>0 are called the focal
elements of myy.

The first constraint about myy results from Hacking
Frequency Principle. Suppose Y ou know the values P(wy;)
of the objective probability function P on Q for every
W@ (what is translated by P = {P}). Let beloiP}
denotes Your belief over Q when You know that P =
{P}.2 By Hacking Frequency Principle, the value
bel ot P (X) for any subset X of Q is numerically equal to
the probability P(X) givento X.

By construction, belotP} results from the marginalizing
of bely{P} over Q:

belol PH(X) = bl iP eyl(X))  OXcSQ
Hacking Frequency Principle implies the next
reguirement.

Requirement 1:

If You know that P = { P}
then belw{PH(eyl(X)) = P(X) OXSQ  (22)

Let i(P) = cyl({P}) = W, then (P) K ({P(a)}, u) by

2.1. Thus belw{P}cyl(X)) = belw(cyl(X)[(P)). The
second term is just the result of the conditioning of belyy
on cyl({P}), what is achieved by the application of
Dempster's rule of conditioning. Hence the bbd myy(A),

ACSW istransferred to AnTi(P). Let A :'[EE (A, W)EW,
|

then m(A) is transferred to AnTi(P) :'[ND (Ain{P(w)},
|

;).

2Superscripts of bem and m denote Your knowledge
about P, i.e., the focal element of belp .



The result of this conditioning on 1(P) is a probability
function. Hence bely {P} must be a Bayesian belief
function, i.e., only singletons can be focal elements and
belw{PH(W) = 1. The singletons of W have the form
({P(wi)}, wy) for i 1,..n}, POPq. Hence myy must
satisfy:

mWI(D% (Ai, ) =0 if Aj nAj#D for somei# N

-0 if OAZP
im0 @

>0 otherwise. (2.3)

The impact of Hacking Frequency Principle, trandated by

2.3, is very strong. It implies that the focal elements of

myy can be represented as_mD (Aj, w) where the Aj,
|

i=1,...n, are non empty elements of a partition of P .

3. THE CASE WHERE |Q| = 2.

We study now the case where |Q| = 2. Let Q = {S, F}
where S and F denote Success and Failure, respectively.

Figure 1: Structure of the domain of myy and one
example of bbd centered on awhen |Q] = 2.

Let AW be a focal element of myy, then A = (a,
S)0(a, F) where a€[0, 1] and O is the complement of
o relative to [0, 1]. For simplicity sake, the bbd myy((a,
S)0(a, F)) iswritten as myy(a).

W can be graphically represented by two [0, 1] intervals
where the upper [0, 1] interval is the intersection of W
with S, and the lower one is the intersection of W with F
(see figure 1). Every focal element of myy is made of a
set of mutually exclusive and exhaustive intervals that are
either in the S domain or the F domain. By convention,
intervals are defined as closed to the left and open to the
right, except when 1 is the right limit, in which case the
interval isalso closed to the right.

We introduce an extra assumption.

Requirement 2:
It IQ1=2, belp ([ab)T[c,d) | S) =belp ([ad) | S)

for every O<a<b<c=<d<l.

It is equivalent to assuming that myy(a) is null except if a
=[a, 1]. The origin of the assumption isto be found in the
meaning of the bbd. The bbd myy(a) for a=[0, 1] is that
part of belief (a density here) that supports the fact that
P(S)ld (and P(F)O Q). Suppose we condition myy on S.
Each bbd myy (a) is transferred to (a, S)SW.
Requirement 2 means that if after conditioning on S a bbd
supports P(S) = x 0[0,1], it al'so supports every value in
[0, 1] larger than x. Observing a success could support
P(S) = .3, but that support should then also be given to
P(S) = 4 etc....

This assumption means that each focal element is a step
function that starts from ({0}, F), jumps from the F
domain to the S domain at some ain [0,1], and ends at
({1}, S) (seefigure 1).

Finally, if we apply again the Hacking Frequency
Principle, we obtain after conditioning on P = {P} with
P(S) =p, P(F) = 1-p:

p
belo{P(S) =p =0[ myy([x,1]) dx.

The second equality results from the fact that only those

bbd that jump before p will touch ({p}, S) and

belo{ P} (S) is equal to the integral of those bbd that touch

({p}, S). Derivating both terms on p implies that:
mw([p.1]) =1  OpO[0.1].

In conclusion we have derived the bbd on \y when |Q| =
2.

Some properties can be easily derived.

1) Suppose the agent knowsthat P ={P: a<P(S) < b, 0
<a < b < 1}. We condition my on the cylindrical
extension of [a, b]. The bbd my(A) for ACW is
transferred to Ancyl([a, b]). belwP(S) is the integral of
all the bbd that touch only S after conditioning on cyl([a,
b)), i.e., those bbd that jump to S before a:

a

belwP(S) = me([x,l]) dx=a

Similarly plwP(S) isthe integral of al the bbd that touch
S, i.e,, that jump to S before b:
b

pwP(S) = me([x,l]) dx=b

This result should not be extrapolated blindly to higher
dimensions (see section 4).

2) The case |Q| = 2 can be nicely represented by figure 2
(Smets, 1978). Each point in the triangle corresponds to
oneinterval of [0,1]. In general, if positive bbd are given



only to intervals, we assign the bbd given to [a,b] to the
point (a,b) of thetriangle. Then:

bb
bel(fab]) = [ [ m([xy]) dy dx
ax
b 1
pl([ab]) = J aéxm([x,y]) dy dx
al

q([a,b]) = J bj m([x,y]) dy dx

_ 9%bel([abl) _ d%q([abl)
m([abl) =- 5200 = oadb

The result of the application of Dempster's rule of
combination is given by multiplying the commonality
functions.

Figure 2: Parametric representation on beliefs on [0,1]
when the focal elements are intervals. The shaded areas
are those on which integration is performed in order to
compute bel([ab] (atriangle) , g([a,b]) (arectangle) and
pl([a,b]) (arectangle with right lower corner truncated).

In the present case (|Q|=2) the non-null bbd of myy
obtained after conditioning on S are given to the intervals
[a,1], hence they cluster on the upper horizonta line.
Those obtained after conditioning on F are given to the
intervals [0,b], hence they cluster on the left vertical line.

Suppose You perform n independent experiments and
observe r successes, s failures where r + s < n (the
difference n - (r + s) is the number of experiments for
which the outcome is not available). The commonality
function induced on P = [0, 1]

- by asuccessis: ap(abl |S) =a

- by afailureis: qu([a,b] |F)=1-b

-bya'SOF is: gp([ab] |SOF) =1

The belief function induced by ‘SOF is the vacuous
belief function that reflect the state of total ignorance in
which You are after just learning the tautology ‘SOF'.
Hence we can just as well drop al ‘vacuous' results and
assumen =r+s,

The commonality function induced by r successes and s
failures in n independent (Bernoullian) trials is obtained
by multiplying the corresponding commonality functions.
Hence:

ap,([ab] |1, s) =& (1-b)°

In that case, by derivating q[pQ([a,b] | r, s) and
appropriate normalization, we get:
I(r+s+l
mp o([ab] 1,9 = [T &L (1)

where I is the gamma function.

When n- oo, r- np, s-n(1-p) (hence p = lim rTrs) the

limit of m([a,b] | r, ) tends to O except for a dirac
function at p. In that case bel(A | r,s) = 1if pOA and O
otherwise. After accumulating an infinite number of
information, You will be in a state of ‘total certainty’, of
‘knowledge’ about the value of P(S).

3) Suppose Y ou want to compute the belief that the next
outcome is a success (or a failure) given You have
already observed r successes and s failures in n
independent trials. We use m([a,b] | r, s) as the a priori
belief over [0, 1]. Dempster's rule of combination m12 =
m10my can be represented as (Dubois and Prade, 1986,
Smets, 1993a):

m12(A) = BEQ

bel12(A) = g bel (A | B) my(B)
BLIQ

my (A | B) my(B)

where my(A | B) and bel; (A | B) are unnormalized

conditional basic belief masses and belief functions.
Generalizing this relation in the present context and

denoting bel o{ P POU{abl}(s) by bel (S | P(S)T[a,b])
(which value equals @), one obtains:

belo(SiS) = J [ belo(SIPS)Clab])mp ([abllr.s) db da
a

r
rre

r
r+s+l
S
r+s+l

1
and mq(SOF | 1,8) =il

11
= J Iawar'l (1-b)5L dbda
a

So: belo(S|r,9) =

belo(F|r,s) =




This result shows that the observed proportion is an
excellent approximation of belg if r+sis not too small.

4.CASE WITH |Q| = 3.

Suppose |Q] = 3 where Q = {A, B, C}. P can be
represented by an equilateral triangle where each point
corresponds to an element of [P . The three heights are

equal to the three probabilities P(A), P(B) and P(C). The
height of such atriangle is 1 and the length of itssideis

equal to V4/3.

By requirement 1, we know that the focal elements of
myy can be represented by:

(Pa, A)O(Pg, B)O(Pc, C)
where (Pa, Pg, Pc) are the elements of a partition of
Po.

In order to specify the form of the subsets Py, X[I{ A, B,
C}, we consider the conditioning of myy, ontheset P <
P where

PL={P:P=(pa, pB. Pc): pB =bo + 11711b0p :
Pc=1-pa-ps}-

wherebg , a1 00, 1], bg < 1-a.

This set P corresponds to the subset of o where
P(A)O[0, a1] and P(B) and P(C) are linearly related to
P(A). Requirement 3 states that, after conditioning myy
on Py, the bbd so obtained on the space P|_isidentical to
those obtained when |Q|=2 (indeed every element of the
new subdomain is characterized by P(A) as when |Q|=2).
Therefore after further conditioning on A, the focal
elements on P should be of the form of intervals [a, a1]
(see figure 3). This requirement is sufficient in order to
derive the structure of the focal elements of myy,.

4.2)

Figure3: Explanation of Requirement 3. Left figure:
the P o space with |Q| = 3, and theP|_ domain. Middle
figure: a bbd that satisfies Requirement 3. Right figure: a
bbd that does not satisfy Requirement 3

Requirement 3:
If |Q| = 3, for every P, there exists an aJ[0, a1] such
that the projection of Pa on P_istheinterval [a, a1].

Requirement 3 can identically be defined as:

Requirement 3':
If [Q] =3, my(X |PL)=0if it existsan all[0, & ]
and X ={P: POP, pa =0a}.
=0 otherwise.

Each requirement implies that the limits between P and
Pg must be a straight line passing through the corner
where P(C) = 1 and that crosses the opposite side of the
triangle (and similarly for the other limits). Every focal
elements of myy can be labeled by an element q = (ga,
0B, dc)UP . Thefocal element labeled by g isthe set
P(g) = (Pa(g), A)O(Ps(a), B)U(Pc(a), C) (4.2)
where:

Pa(a) ={P: P=(pa, pg. pc)OFq,
aa

aa
= max — —
PA (PB B PC qc)

and similarly for Pg(q) and Pc(q) where the A,B,C-
indexes are symmetrically exchanged. The graphical
representation of Pa(q) is the upper corner of the P o
triangle that includes all pointsin [P o between the upper
corner and the two straight lines drawn from the two
other corners through g. bely (X | A) for XSP qwill be
the ‘integral’ of all the bbd given to the focal elements
P(q) such that X<Pa(q).

Figure 4 shows the structure of the partition so generated.

Thevalue of belg(A | P ={(a b, ¢)} ) isthe ‘integral’ of
myy taken over al g in the triangle which corners are (O,
0, 1), (O, 1, 0) and (a, b, c). Reapplying the Hacking
Frequency Principle we have:

belo(A[P={(ab,c)})=2a (4.3

It can then be proved that the only function myy
symmetric in the three arguments of q that satisfies (4.3)

for every (a, b, ¢) O P  is the function my(P()) = V3
for every qOP .



Figure 4: Structure of the domain of myy and one
gxample of bbd labeled g when |Q| = 3. The shaded area
isPA(Q).

Some properties derived from this solution are detailed.

) If P ={(5 0,.5), (.5 .5 0)}, then mg(A) = 1/3,
mqa(B) = mo(C) = 0, mo(ALOB) = mo(AOC) = 1/6,
mqo(BOC) = 1/3, mo(ACBOC) = 0. This result merits
some reflection. One might be surprised that even though
P(A) = .5 is exactly known, one does not have belg(A) =
5. If the frame had been A versus A, the critic would
have been appropriate, except that in such aframe we just
have the required results. The difference observed here
reflects the fact that there are three elements. What is
nice is that the pignistic probability induced in thiscase is
such that BetP(A) = .5 (the pignistic transformation is
detailed in next section).

2) If P ={(.5, b, ¢): b+c = .5}, then mq(A) = /3, mq(B)
=mq(C) =0, mo(AOB) =mgp(AOC) = 1/6, mp(BOC) =
14, mq(AOBOC) = 1/12. The same remarks hold as for
the case 1, but BetP(A) = .5 asit should.

3) If P ={(a b, ¢): a<.5, b<.5, c<.5}, then mg(A) =
mq(B) = mq(C) = 0, mo(AOB) = mp(AOC) =
mq(BOC) = .25, mo(AOBOC) = .25.

4) Suppose You know that P is characterized by a lower
probability function Px on Q. Let P* be the upper
probability function dual of Px, i.e., P*(X) = 1 - Px(X)
for XS Q. Let a=P«(A), b =PR(B), c = P«(C), A =
P*(A), B = P*(B), C = P*(C). The belief on Q induced by
the set P of probability distributions P on Q compatible
with the upper and lower probabilities (i.e., DASQ,
P« (A)<P(A)<P*(A)) isgiven by:

Figure 5: Domain of PQ when [Q| = 3. The hexagon
represents the set P of probability functions compatible
with a given lower probability function. The values of
mq(A | P) and mo(AOB | P) are the shaded surfaces.
mq(AOBOC | P) is the surface of the hexagon plus the
three small left over triangles fixed on its side.

a
a+B+C
b
A+b+C

bela(A) =

belo(B) =

bela(C) = A+(I;+c

belo(AOB) = (1-C)2 + C (a+h)
belo(ACC) = (1-B)2 + B (atc)
belo(BLIC) = (1-A)2 + A (b+c)
belo(AOBOC) = 1

These results are obtained by computing the various
surfaces described in figure 5.

It isworth noticing that bel is not equal to P, even when
P« is a belief function. Why should they? The
transferable belief model never requires that the belief

function that quantities our belief should be the lower
envelop of a set of probability function.

5. PIGNISTIC PROBABILITY.

In Smets (1990a, 1993b) and Smets and Kennes (1994),
we have shown how to build the appropriate probability
function BetP, called the pignistic probability function,
from a belief function when a decision must be made. We
have shown that the only ‘rational’ transformation, called
the pignistic transformation, must satisfy the following
rule when the betting frame Q isfinite. Let m be the basic



belief assignment quantifying the agent’s beliefs over Q.
For wl@ ,

BetP(w) = . > dAl
A:wlAC
where |A| isthe number of elements of Q in A. Any other
probability function would lead to irrationality in the
betting behavior of the agent. Its extension to continuous
cases is easy to redlize if the bbd are really densities, in
which case sums become classical integrals.

L ey

We study how decision should be made when beliefs are
induced by a set of probabilities, i.e., how to derive the
appropriate pignistic probability from the initial belief
induced by the knowledge that PLIP< P . The choice of
the appropriate betting frame is important. We could
think to build the belief function over Q that quantifies
our belief over Q and apply the pignistic transformation
to such a belief function over Q using Q as the betting
frame. But this is an erroneous strategy as the betting
frame is not Q but W. The beliefs induced by PP is a
belief over W, the belief derived on Q is only the result of
the marginalization of the first one on Q.

Using W as the betting frame, we apply the pignistic
transformation to Belyy . For XSPq let S(X) be the

surface of X. Suppose the agent who wants to bet on Q
knows only that POP. The pignistic transformation
implies that the bbd myy(P(q)) given to P(q) (see (4.2))
be equally distributed among the elements of P:

P nP
BetPo(A)= | S(g((g))) dg.
qPq
Interchanging the order of integration, one gets that

BetPQ(A)=$ Pd [ 1(Pa(@)n{P}) dgdP

P q[l[pQ
where IX)= 1 if X£0,
0 otherwise.
One has: [ 1(Pa(@n{P}) dq=P(A),
e [HLgo)
hence:

BetPo(A) = % BRGL

The pignistic probability BetPg(A) so derived is
equivalent to the probability one would derive by
assuming an equi a priori density over [P, conditioning
it on P, and computing the expected probability of P(A).

In particular, when |Q| =2 and P =[a, b], theresult is:

BetP(S) = 1+Tab

These are quite natural results. BetPqo(. | P) indeed
happens to be the center of gravity of P, but its derivation

does not result from the use of an equi a priori density
over [Pq. It just happens that both approaches lead to the

same results: 1) the equi a priori density over [P and 2)
the application of the pignistic transformation combined
with the evaluation of BetPo(X | P) as BetPy(cyl(X) | P)
for XS Q, where BetPyy is the pignistic probability
obtained from belyy(. | P) over the betting frame W.

6. CONCLUSIONS:

1) Generalization to |Q| > 3 is conceptually easy, but very
laborious when solutions must be written down. Nothing
new comes out of it. In practice, computation will not
been based on the explicit equations, but on some Monte
Carlo method.

2) Generalization of the procedure can be achieved if one
has a non-degenerated belief function on [P if there are
only a finite number of subsets of P that receive
positive basic belief masses (more general cases are not
considered here). Let {Pj: i= 1, 2...n} be the set of focal
elements of belp , with their basic belief masses

m[pQ(Pi). For each focal element P;, we derive belyy(. |

POP; ) over W. The belief function belyy over Q induced
{(Pj, me(Pi)): i=1, 2..n}is:
n
OACSW  belw(A) =N baw(A | POP}) m[pQ(Pi)
=1

3) Suppose two pieces of evidence that say that POOPq
and POP», respectively. The combination of these two
pieces of evidence leads to the knowledge PCP1 n Po.

One could build bel1 on W as the belief function induced
by the knowledge that PCIP1. Identically, one could build
belo on W as the belief function induced by the
knowledge that POP>. One could then be tempted,
erroneously in fact, to combine bel; and bels into
bel1 Obelo by Dempster's rule of combination.

One could aso build bel12 on W as the belief function
induced by the knowledge that PCOP1nP>. In general
bel1o #bel1Obels. Only bel1o is correct. Indeed
Dempster's rule of combination is applicable iff both
pieces of evidence are distinct, and distinctness is not
satisfied in the present context because of the existence of
a unique underlying probability function on Q that create
alink between the two pieces of evidence.

4) In conclusion, the knowledge that the probability
function P over Q belongs to some subset P of P g
permits the construction of a belief function bel over [P o

x Q and over Q. It must be enhanced that in general the
belief function belg induced over Q by a lower

probability function P« will not satisfy belo = P« even if
Psx happens to be a belief function. By showing what is



the belief induced by a lower probability, we hope we
have been able to show the fundamental difference
between the upper and lower probabilities model and the
transferable belief model (see also Smets, 1987, Smets
and Kennes, 1994, Halpern and Fagin, 1990).
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