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Abstract

Ant colony optimization (ACO) is nowadays one of the most promising metaheuristics, and an
increasing amount of research has been devoted to its empirical and theoretical analysis. Some
authors believe that the performance of ant colony optimization depends somehow on the scale
of the problem instance under analysis. The issue has been recently raised explicitly [1] and
the hyper-cube framework has been proposed to handle this supposed dependency of ACO on
the scale of the instances.

This paper shows that the ACO internal state—commonly referred to as the pheromone in
the literature—indeed depends on the scale of the problem at hand. Nonetheless, we formally
prove that this does not affect the external behavior of the algorithm. In other words, the
sequence of solutions produced by ACO does not depend on the scale of the problem instance
under analysis.

Moreover, the paper introduces three variations of the three most widely adopted algo-
rithms belonging to the ant colony optimization family. We formally show that the algorithms
we propose are functionally equivalent to the original ones, that is, for any given instance,
these algorithms produce the same sequence of solutions as the original ones. Nonetheless,
in these new algorithms, also the internal state is independent of the scale of the problem
instance at hand.

1 Introduction

Ant colony optimization (ACO) [2] is a successful metaheuristics inspired by the foraging behavior
of ants [3]: In order to find the shortest path from a nest to a food source, ant colonies exploit
a positive feedback mechanism by using a form of indirect communication called stigmergy [4],
based on the laying and detection of pheromone trails. In ant colony optimization, a generic
combinatorial optimization problem at hand is encoded into a constrained shortest path problem.
The search is an iterative process: A number of paths are generated in a Monte Carlo fashion
on the basis of a probabilistic model whose parameters are called artificial pheromone—or more
simply pheromone. The cost of these paths is used to modify the pheromone and therefore to bias
the generation of further paths towards promising regions of the search space [5].

The ant colony optimization framework has been explicitly defined by Dorigo et al. in 1999 [6],
and comprises a number of algorithms including the original ant system [7, 8, 9], ant colony system
[10], and MAX-MZN ant system [11, 12]. A vast literature exists on ant colony optimization and
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on its application to a large number of problems. We refer the reader to Dorigo and Stiitzle [2]
for a comprehensive account.

Recently, the hyper-cube framework [1] has been introduced with the aim of implementing ant
colony optimization algorithms that are invariant with respect to a linear rescaling of problem in-
stances. The need for the introduction of the hyper-cube framework has been explicitly motivated
by the observation that

in standard ACO algorithms the pheromone values and therefore the performance of
the algorithms, strongly depend on the scale of the problem. [1]

In this paper, we formally show that this statement is only partially correct: Indeed, in standard
ant colony optimization algorithms the pheromone values (and the heuristic information) depend
on the scale of the problem. Nonetheless, the sequence of solutions they find is independent of the
scaling.

For definiteness, the paper focuses on ant system, MAX-MIN ant system, and ant colony
system, which are the three most representative algorithms in the ant colony optimization family.
Further, we focus on the traveling salesman problem, which is the problem to which ant colony
optimization was first applied. Moreover, the traveling salesman problem is widely known and,
given its simplicity, is particularly suitable for this kind of analysis. The theorems we enunciate
are proved for this specific problem and then the conditions under which these results extend to
other problems are briefly discussed.

As a second main contribution, the paper proposes variants of ant system, MAX-MIN ant
system, and ant colony system. These new algorithms, called strongly-invariant ant system (siAS),
strongly-invariant MAX-MIN ant system (siMMAS), and strongly-invariant ant colony system
(siACS), are equivalent to their original counterparts but, beside being able to find the same
solutions irrespectively of the scaling, also have the property that the pheromone and the heuristic
values do not depend on the scaling itself. This property is desirable for at least two reasons: On
the one hand, it reduces numerical problems and makes the algorithm more robust; on the other
hand, it improves the readability of the solution process and makes the analysis of ACO algorithms
easier.

The rest of the paper is organized as follows. Section 2 introduces some preliminary concepts.
Sections 3, 4, and 5 deal with ant system, MAX-MZN ant system, and ant colony system,
respectively. In these sections the three algorithms are formally defined and then it is formally
proved that the sequence of solutions they produce does not depend on the scale of the problem
instance under analysis. Moreover, these sections propose the strongly-invariant versions of the
three algorithms and formally study their properties. As we will detail in the following, in order
to be invariant to the scale of the problem, siAS, siMMAS, and siACS need to perform some
extra processing and this could, in principle, slow down significantly the computation. Section 6
proposes an empirical analysis that shows that the difference in speed between the strongly-
invariant versions and the corresponding classical ones is negligible. Section 7 concludes the

paper.

2 Preliminary definitions
This section introduces a number of fundamental concepts that will be needed in the following.

Definition 1 (Linear transformation of a traveling salesman instance). With I = fI, f > 0, we
indicate that the instance I is a linear transformation of the instance I : The two instances have
the same number of cities and the cost ¢;; of traveling from city i to city j in I is f times the
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corresponding cost ¢;; in instance I. Formally:
Eij = fcij; for all <’L,_]> (1)

Remark 1. The cost C of a solution T' of instance I is f times the cost C' of the corresponding
solution T of instance I. Formally:

(I=fI) A (T=T) = C=fC. 2)

Remark 2. In the following, if x is a generic quantity that refers to an instance I, then Z is the
corresponding quantity for what concerns instance I, when I is a linear transformation of I.

Ant colony optimization algorithms are stochastic: Solutions are constructed incrementally on the
basis of stochastic decisions that are biased by the pheromone and by some heuristic information.
The following hypothesis will be used in the paper.

Hypothesis 1 (Pseudo-random number generator). When solving two instances I and I, the
stochastic decisions taken while constructing solutions are made on the basis of random experi-
ments based on pseudo-random numbers produced by the same pseudo-random number generator.
We assume that this generator is initialized in the same way (for example, with the same seed)
when solving the two instances so that the two sequences of pseudo-random numbers that are
generated are the same in the two cases.

Similarly, when two algorithms A and A solve a same instance I, we assume that the pseudo-
random number generators adopted by the two algorithms are the same and are initialized in the
same way.

Definition 2 (Invariance). An algorithm A is invariant to linear transformations if the sequence
of solutions S; generated when solving an instance I and the sequence of solutions Sy generated
when solving an instance I are the same, whenever I is a linear transformation of 1.

If A is a stochastic algorithm, it is said to be invariant if it is so under Hypothesis 1.

Definition 3 (Strong and weak invariance). An algorithm A is said to be strongly-invariant if,
beside generating the same solutions on any two linearly related instances I and I, it also enjoys
the property that the heuristic information and the pheromone at each iteration are the same
when solving I and I. Conversely, the algorithm A is weakly-invariant if it obtains the same
solutions on linearly related instances but the heuristic information and the pheromone assume
different values.

If A is stochastic, it is said to be strongly-invariant (or weakly-invariant) if it is so under
Hypothesis 1.

Definition 4 (Functional equivalence). Two algorithms A and A are functionally equivalent, or
simply equivalent, if for any instance I, the sequence of solutions S; generated by A and the
sequence of solutions S; generated by A are the same.

If A and A are stochastic, they are said to be equivalent if they are so under Hypothesis 1.

3 Ant system

Ant system is the original ant colony optimization algorithm proposed by Dorigo et al. [7, 8, 9].

Definition 5 (Random proportional rule). At the generic iteration h, suppose that ant k is in
node i. Let N} be the set of feasible nodes. The node j € N, to which ant k moves, is selected
with probability:
ph = (i) [135]° ,
" Dienr [l mal?
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where o and 3 are parameters, 7;;, is the pheromone value associated with arc (i, j) at iteration
h, and 7;; represents heuristic information on the desirability of visiting node j after node .

Definition 6 (Heuristic information). When solving the traveling salesman problem, the heuristic
information 7;; is the inverse of the cost of traveling from city ¢ to city j:

1
n;; = —, for all (7, j).
Cij
Definition 7 (Pheromone update rule). At the generic iteration h, suppose that m ants have
generated the solutions T}, T2, ..., T/ of cost C},C2?,...,C™, respectively. The pheromone on
each arc (i, j) is updated according to the following rule:

m
k
Tijnt1 = (1 - P)Tij,h + E Aij,h?
k=1

where p is a parameter called evaporation rate and

1/Ck, if (i, ) € TF;
Ak _{ / ny 1 <Z7J>E h (3)

iJ,h T .
0, otherwise.

Definition 8 (Ant system). Ant system is an ant colony optimization algorithm in which solutions
are constructed according to the random proportional rule given in Definition 5, and the pheromone
is updated according to the rule given in Definition 7. The evaporation rate p, the number of ants
m, and the exponents o and 3 are parameters of the algorithm.

When ant system is used for solving the traveling salesman problem, it is customary to initialize
the pheromone as follows.

Definition 9 (Nearest-neighbor pheromone initialization). At the first iteration h = 1, the
pheromone on all arcs is initialized to the value:

%, for all (i, j),

Tijar = Tinit —

where m is the number of ants considered at each iteration, and C™ is the cost of the solution
T™ obtained by the nearest-neighbor heuristic.

The following theorem holds true.

Lemma 1. The random proportional rule is invariant to concurrent linear transformations of the
pheromone and of the heuristic information. Formally, for any two positive constants g1 and g,

(Figin = 017i50) N (5 = gamig), for all (i,5) = pl;, = pi;,.. for all (i, ),
where f)ijh is obtained on the basis of T;;, and 75, according to Definition 5.

Proof. According to Definition 5:

o [Tl )° _ lomigal®lgemy)®  _ [g1]*(g2]P (i) [mis]”
P ek Fanl®mal®  Yienn [amanl®lganal® e nr [91]*1g2]P i) mal?
l911*[g2)’ [7ij,]* 55" _ [1ij.n]®[nig)”

T P el Siene Pl e e fal?
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Theorem 1. Ant system is weakly-invariant.!
Proof. Let us consider two generic instances I and I such that
I = fI, with f > 0.

The theorem is proved by induction: We show that if at the generic iteration h some set of
conditions C holds, then the solutions generated for the two instances I and I are the same and
the set of conditions C also holds for the following iteration A + 1. The proof is concluded by
showing that C holds for the very first iteration. With few minor modifications, this technique is
adopted in the following for proving all theorems enunciated in the paper.

According to Definition 6, and taking into account Equation 1, it results:
_ 1 .
My = s for all (i, j).
According to Lemma 1, if at the generic iteration h, 7j;, = %njyh, for all (i, 7), then ﬁfj)h, = pfj)h,,
for all (i, 7). Under Hypothesis 1,
TF=TF forallk=1,...,m,
and therefore, according to Equation 2,
C’f = fC,’f, forallk=1,...,m.

According to Equation 3:

ae _JUCE i) e T [1/FCk it () € TF = T
jsh 0/f, otherwise;

0, otherwise;

f Y N3

and therefore, for any arc (7, j) :

L fick i GpeTs 1,

0, otherwise; f

_ _ Nk 1 1

TG VRSP LIS SV
k=1 k=1

1 1 & 1 - 1
=(1- p)?Tij,h, + ? Z Ai‘gj,h = ? ((1 — P)Tijn + Z Afj,h) = ?Tij7h+1'
k=1 k=1

In order to provide a basis for the above defined induction and therefore to conclude the proof, it
is sufficient to observe that at the first iteration h = 1, the pheromone is initialized as:

m m 1 .
7_'ij,1 = ﬁ = fcnn = ?T'L'j,lv fOI' a,ll <'L,j>.

O

Remark 3. Theorem 1 holds true for any way of initializing the pheromone, provided that for any
two instances I and I such that I = fI, 7i;, = %Tij)l, for all (7, j).

Remark 4. Theorem 1 extends to the application of ant system to problems other than the traveling
salesman problem, provided that the initialization of the pheromone is performed as prescribed
in Remark 3 and for any two instances I and I such that I = fI, with f > 0, there exists a
coefficient g > 0 such that 7;; = gn;;, for all (i, 7). In particular, it is worth pointing out here that
one notable case in which this last condition is satisfied is when 7;; = n;; = 0, for all (i, j), that
is, when no heuristic information is used.

1As already made clear, we refer here to the application of ant system to the traveling salesman problem and
we consider the case in which the pheromone is initialized as prescribed by Definition 9.
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Strongly-invariant ant system

A strongly-invariant version of ant system (siAS) can be defined. For definiteness, we present here
a version of siAS for the traveling salesman problem.

Definition 10 (Strongly-invariant heuristic information). When solving the traveling salesman
problem, the heuristic information n;; is

Onn
i; = ——, for all (1, 7). 4
Mg = (i, ) (4)
where c;; is the cost of traveling from city ¢ to city j, n is the number of cities, and C"" is the
cost of the solution T™" obtained by the nearest-neighbor heuristic.

Definition 11 (Strongly-invariant pheromone update rule). The pheromone is updated using the

same rule given in Definition 7, with the only difference that A¥ ij.n 1s given by:

ij,h

v {C""/me, if (i, 7) € TF;

0, otherwise;

where C'™" is the cost of the solution T"" obtained by the nearest-neighbor heuristic and m is the
number of ants generated at each iteration.

Definition 12 (Strongly-invariant pheromone initialization). At the first iteration h = 1, the
pheromone on all arcs is initialized to the value: 7;;, = 7., = 1, for all (7, j).

Definition 13 (Strongly-invariant ant system). The strongly-invariant ant system (siAS) is a
variation of ant system. It shares with ant system the random proportional rule for the construction
of solutions, but in siAS the heuristic values are set as in Definition 10, the pheromone is initialized
according to Definition 12, and the update is performed according to Definition 11.

Theorem 2. Ant system and siAS are functionally equivalent.

Proof. In this proof, a tilde placed above a symbol indicates that it refers to siAS : For example, if
Tijn 1s the amount of pheromone on arc (i, j) at iteration h in ant system, then 7;; , is the amount
of pheromone on arc (i, j) at iteration h in siAS.

Let us consider a generic instance I. According to Definitions 6 and 10, 7;; = gam;, with
g2 = C™ /n. According to Lemma 1, if at the generic iteration h, 7, = g17i;,., for all (i, ),
then ﬁfj W= pfj ., for all (i, j) Under Hypothesis 1, Tk Tk, for all k =1,...,m and therefore,
Ck Ck forall k=1,.

Obviously, for What concerns the solution returned by the nearest-neighbor heuristic: T =
T and C™ = C™. Now, let g, = C™ /m. According to Definitions 7 and 11,

Ae O mCE i Gg) e Tl _ o VG i) €T |
= e — — 1
o 0, otherwise; m |0, otherwise; e
Therefore, for any arc (i, j) :
%ij,thl = Tz; nt Z AZJ h = 1 - )917'13 nt Z glA = 91Tij,ht1-

k=1

The proof is completed by observing that, according to Definitions 9 and 12, at the first iteration
h=1:

= g17i;,1, for all (i, j).
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Theorem 3. siAS is strongly-invariant.

Proof. The weak invariance of siAS follows trivially from Theorems 1 and 2: Since siAS is func-
tionally equivalent to ant system and the latter is weakly-invariant, also siAS is weakly-invariant.
To prove strong invariance, we need to show that the heuristic information and the pheromone
are invariant on all arcs.

Let us consider two instances I and I such that I = fI. According to Definition 10, and taking
into account Equation 1, it results: 7;; = C™ /né;; = fC™ /nfcij = C™ /neij = nij, for all (i, §).
Under Hypothesis 1, if 7;;, = 7., for all (i, j) at a generic iteration h, then 7; .1 = Tj.1, for
all (7,7). The proof is completed by observing that at the first iteration h = 1, 7y, = 745, = 1,
for all (i, 7). O

Remark 5. In the above definition of siAS, the nearest-neighbor heuristic has been adopted for
generating a reference solution, the cost of which is then used for normalizing the cost of the
solutions found by siAS. Any other algorithm could be used instead, provided that the solution
it returns does not depend on the scale of the problem.

Remark 6. It is worth noting here that the presence of the term n in the denominator of the left
hand side of Equation 4 is not needed for obtaining an invariant heuristic information. It has been
included for achieving another property. Indeed, 7;; as defined in Equation 4 assumes values that
do not depend on the size of the instance under analysis—that is, on the number n of cities. If
this term were not present, since the numerator C™" grows with n, n;; would have been relatively
larger in large instances and smaller in small ones.

Remark 7. Similarly, it should be noticed that by initializing the pheromone to 75, = 7, = 1/m,
for all (i, j), and by defining A, as:
An ek, it fig) e T
o 0, otherwise;
one would have obtained nonetheless an invariant algorithm. The advantage of the formulation
given in Definitions 11 and 12 is that the magnitude of the pheromone deposited on the arcs does
not depend on the number m of ants considered.

4 MAX-MIN ant system

The results given for ant system can be extended to MAX-MZN ant system [11, 12]. The charac-
terizing element of MAX-MZIN ant system is the fact that the pheromone values are constrained
between a minimum and a maximum, which possibly change iteration by iteration.

Definition 14 (Pheromone trail limits). At iteration h + 1, the pheromone value 7;;,,, on a
generic arc (z, j) is constrained:

min max
T, < Tij,h+1 < T, s

with 79 = 1/pCP* and 7" = a7/ where C?® is the best solution found up to and including

iteration h, and a is a parameter.

Remark 8. The following notation will be adopted:

min, if x < min;
mazx . .
[x} =L, if min <z < maz;
mn

maz, if x> maz.
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It can be easily shown that, if g > 0,

]g-max o [ ]max
- min

g

This property will be used in the following.

Definition 15 (Pheromone update rule). If 7;; , is the value of the pheromone on arc (i, j) at the
current iteration h, the value of the pheromone at iteration h + 1 is given by:

max

€S h
Tij,n+1 — [(1 - p)Tijﬂl + A?j”‘t}r ’ (5)

min
h

where p is the evaporation rate. The quantity Afjes,f might be given by two different equations
depending on which update mode is performed: either best-so-far update or iteration-best update.
In the best-so-far update:

Abest

ij,h

/Gy, if (i, j) € T
{ (6)

0, otherwise;

where T?* is the best solution found up to and including iteration h, and CP* is its cost. In the
iteration-best update:

(7)

17,h

0, otherwise;

where T is the best solution found in iteration h, and C}? is its cost.

Remark 9. Whether a best-so-far or an iteration-best update is to be performed at a given iteration
h is a design choice. In the typical implementation of MAX-MIN ant system, mostly the iteration-
best update is adopted in the initial iterations and the frequency with which the best-so-far update
is employed increases iteration after iteration.

Definition 16 (MAX-MZN ant system). MAX-MZN ant system is an ACO algorithm in which
solutions are constructed according to the random proportional rule given in Definition 5, and the
pheromone is updated according to Definition 15. The evaporation rate p, the number of ants m,
the exponents o and 3, and the factor a are parameters of the algorithm.

Definition 17 (Nearest-neighbor pheromone initialization). At the first iteration h = 1, the
pheromone on all arcs is initialized to the value:

for all (i, ),

Tij,l = Tinit = Wu
where C'™ is the cost of the solution T™" obtained by the nearest-neighbor heuristic.

Theorem 4. MAX-MIN ant system is weakly-invariant.?

Proof. The proof follows the one given for Theorem 1. Let us consider two generic instances I
and I such that I = fI, with f > 0. It results that 7;; = %771'3‘7 for all (i, 7). Let us assume that,
at the beginning of the generic iteration h, T, = T**, and 7;;,, = %Tij)h,, for all (4, j). According
to Lemma 1, Z_)fjm = pfjm, for all (i,). Under Hypothesis 1, TF = TF, for all k = 1,...,m, and
therefore, C¥ = fCF, for all k = 1,...,m. In particular, T = T/*, and C?® = fC?. Moreover,

whether or not an improvement is made on the best-so-far solution, T)** = T?*. Indeed, since

TYs, =TP  then CP* = fCPs . If C < CP*  then also CP* < O, and T} = T* = T =
TY*. On the other hand, if C?* > CP¢ .| then also C?* > CP¢ , and T)® = TS, = TP, =Tps.

h—17 h—17 h—1

2 Also in this case, for definiteness, we refer to the application of MAX-MZN ant system to the traveling salesman
problem and we consider the case in which the pheromone is initialized as prescribed by Definition 17.
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If at step h a best-so-far update is applied, according to Equation 6:

1/C, i (i g) € T J1/FCr, if (i j) € T = TP
0/f, otherwise;

Abest —
ot 0, otherwise;
- f 17,k *
Similarly, if an iteration-best update is applied, according to Equation 7:
/G, it G, g) € Ty J1/fCP, i (i g) € TP = T
0/f, otherwise;

L fer G €T 1
0, otherwise; f

A best
Aij,h - .
0, otherwise;

; -

_ l 1/C;Zlb7 if <Zvj> € T)fb; — 1Ab¢st'
0, otherwise; fon

In both cases,
—max 1 1 1 max

T = = _——— = 7%,

" pChs o fpChe o f"

and therefore,

7—_}':nin _ ai:nam _ %T}'Lmaa: _ %T}:nin
It follows that,
T 1 1] T
Tijnr = [(1 = P)Tijn + Aiﬁﬂ,m = {(1 —P)FTijn + —Aiﬁi}
Th f f %T;;Lm
1 _maz
1 | e
=17 ((1 = P)Tijn + Afﬁsnt) =7 [(1 — P)Tijn + Afﬁﬂ min ?Tij7h+1-

l,r;;n.zn Th
7

The proof is completed by observing that at the first iteration h = 1, the pheromone is initialized
as:

_ 1 1 1
Tijg = —=— = ——— = —Tij1,
P pCrn fpCme f
and the initial best-so-far solutions are T))® = T™" = T"" = T, O

Strongly-invariant MAX-MZN ant system

A strongly-invariant version of MAX-MZN ant system (siMMAS) can be defined. For definite-
ness, we present here a version of siMMAS for the traveling salesman problem.

Definition 18 (Strongly-invariant pheromone update rule). The pheromone is updated as in
Definition 15, with the difference that in the best-so-far update:

Abest _ pcnn/c}ljsv if <7’u7> € T}fjs; 8
i = . (8)
0, otherwise;

and in the iteration-best update:

best __
ij,h

cnn Cib, if ~7* ETib;
{p / h 1 <7’ ]> h (9)

0, otherwise;

where C'™" is the cost of the solution T™" obtained by the nearest-neighbor heuristic and p is the
evaporation rate.
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Definition 19 (Strongly-invariant pheromone initialization). At the first iteration h = 1, the
pheromone on all arcs is initialized to the value: 7;;, = 7., = 1, for all (7, j).

Definition 20 (Strongly-invariant pheromone trail limits). At iteration h + 1, the value 75 ,,,, of
the pheromone on a generic arc (i, j) is constrained: 77" < 7;;,,, < 7% with 7% = C™ /CPs
and 7" = q7"%® where C™ is the cost of the solution 7™ found by the nearest-neighbor
algorithm, C?* is the best solution found up to and including iteration h, and a is a parameter.

Definition 21 (Strongly-invariant MAX-MZN ant system). The strongly-invariant MAX-MIN
ant system (siMMAS) is a minor variation of MAX-MZN ant system. It shares with MAX-
MUIN ant system the random proportional rule given in Definition 5, the heuristic values are set
as in Definition 10, the pheromone is initialized according to Definition 19 and limited according
to Definition 20, and the update is performed according to Definition 18.

Theorem 5. MAX-MIN ant system and siMMAS are functionally equivalent.

Proof. As in the proof of Theorem 2, a tilde placed above a symbol indicates that the latter refers
to siMMAS. Let us consider a generic instance I. According to Definitions 6 and 10, 7;; = g27ij,

with go = C™ /n. According to Lemma 1, if at the generic iteration h, 7, = g17j,., for all (i, j),
then ﬁfj)h, = pfj)h,, for all (i,7). Under Hypothesis 1, TF = T, for all k = 1,...,m and therefore,
Ck = CF forall k =1,...,m. In particular, T?* = T and C?* = C%®. Moreover, whether or

not an improvement is made on the best-so-far solution, T,f’s = T’ —see the proof of Theorem 4.

For what concerns the solution returned by the nearest-neighbor heuristic: 7™" = T™" and
Cm™ = C™. Now, let g1 = pC™. If at step h a best-so-far update is applied, according to
Equation 8:

Abest _ {pcnn/cfzs? lf <Z,]> € T}f)s; — pcnn {1/0587 1f <Zvj> € T:s; — glAbest

i,k . . ij,h
’ 0, otherwise; 0, otherwise; ’

Similarly, if an iteration-best update is applied, according to Equation 9:

Abest _ ann/Czb7 if <Z,]> € T}fb; — o™ 1/C}Zzb7 if <Z7J> € /I’}fb; _ Abest
ijyh =p . = 91Rjn-
0, otherwise;

0, otherwise;

In both cases, according to Definitions 14 and 20, 7% = C™ /CP* = pC™ /pCP* = ;7% and

TN = qFMeT = qg, 7% = g 7", It follows that, for all (i, j) :
Fnar g1
~ _ (1 _ )~__ + Abest h _ (1 _ ) oy Abest _ =
Tij,h1 = P)Tij,n W | i P)91Tijn T G185 = 91Tij,h1-
Th ng;;rmL

The proof is completed by observing that at the first iteration h = 1, the pheromone is initialized
as Tij, = 1 = pC™ /pC™ = g17;;,, and the initial best-so-far solutions are Tobs =T =7T™" =
Tps. O

0

Theorem 6. siMMAS is strongly-invariant.

Proof. The weak invariance of siMMAS follows trivially from Theorems 4 and 5. In order to
show that the heuristic information and the pheromone are invariant on all arcs, let us consider
two instances I and I such that I = fI. According to Definition 10, and taking into account
Equation 1, it results: 7;; = C™ /né¢;; = fC™ /nfe;j = C™ /nci; = n;;. Under Hypothesis 1, if
Tijn = Tijn, for all (i, ) at a generic iteration h, and if )%, = T}
(i,7). The proof is completed by observing that at the first iteration h = 1, 73, = 7;, = 1, for
all (i, ), and the initial best-so-far solutions are T.?* = T™ = T = T)s. O

then 7_-ij,h+1 = Tij,h+15 for all
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Remark 10. Also in the case of siMMAS, the nearest-neighbor heuristic has been adopted for
generating a reference solution. Any other algorithm could be used instead, provided that the
solution it returns does not depend on the scale of the problem.

5 Ant colony system

The weak invariance property holds also for ant colony system [10]. In ant colony system, the
concept of local pheromone update is introduced: When an ant traverses an arc while constructing
a solution, the pheromone on that arc is reduced. In order to describe this feature, a slightly
modified notation is needed.

Definition 22 (Local pheromone update rule). At the generic iteration h, after ant k has built
the solution 77, the pheromone is modified according to:

(k) (1 - 5) Z(thl) + gTrmtu 1f <Z j> € ’11}{@
g .
s otherwise;

where £ is a parameter and 7, is the initial value of the pheromone—see Definition 26. Moreover,

T;Jk .V is the value of the pheromone on arc (i,j) at iteration h after the first k — 1 ants have
constructed their respective solution and before the transit of ant k. On the other hand, Z(; ) s

the value after ant k has transited.

Definition 23 (Global pheromone update rule). At each iteration h, after all m ants have built
their solution and performed the local pheromone update, the pheromone on the arcs belonging
to the best solution T’ found up to and including iteration h, are reinforced:

(L= p)rify + pAsE, i (i) € T

(0) z] h ij,h 0

ig,h41 (m)

ijon otherwise;

where A2t = 1/CP* being C* the cost of T?*. The quantity 7") is the value of the pheromone

ij,h ij,h
(0)

on arc (i, j) after all m ants have constructed their respective solution at iteration h, while 7,”, , is
the quantity of pheromone on arc (i, j) right before any ant starts building its solution at iteration

h+1.

Definition 24 (Pseudorandom proportional rule). At the generic iteration h, ant k which is in
node i and has N} as set of feasible nodes, selects the node to be visited next according to the
following rule: With a probability given by the parameter qo, the ant moves to the feasible node
that maximizes Tll N Y[na]?, where | € NF; with probability 1 — go a node is selected according to
the random proportlonal rule given in Definition 5 (with @ = 1). In the framework of this paper,
the following equivalent statement is more convenient:

FE=D

7 [771J]
+(1- a ,
@0 ( qO)z:le,/\/’C Til [nl]ﬁ

Tiin 1)[77 J]
(1 - qo) ZJ " - 3
ZZGN’“ T [771!]6

if j = arg max;e vk Til,n [ni]?;

ko _
pij,h, -

otherwise;

where 3 and gg are parameters, with 0 < go < 1.
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Lemma 2. The pseudorandom proportional rule is invariant to concurrent linear transformations
of the pheromone and of the heuristic information. Formally, for any two positive constants gy
and gz,

FO=1) o (1)

Tij_,h = 01T, ij,h A ﬁij = 92Mij, fO’f’ all <Z,]> - ﬁfj,h = pfj,hv fOT all <Zvj>

(k—1)

where pw , s obtained on the basis of 7;;, " and 1;;, according to Definition 24.

Proof. Indeed:

—(1C 1)[
)7 o o
qo + (1 —qo) i ” ek if j = argmax;e Tt 7] s
T Zle/\/k 7,[ h [mz]
P = 7 i)
(1—qo) Tigor ” ) otherwise;
Dienk Tity lal®
L (E=D)
o, [9277 17 .
qo+ (1 — qo) .0 il 3’ if j = arg max;c 917'1'1,;1[9277il]ﬁ;
Zle/\fk nT, u h [92%1] ‘
= (k—
(1 —qo) I [9277”] , otherwise;
Eze/\/f 917, iz,h, g2ma)?
g1lg2)’ 757" [mig)? .
qo + (1 —qo) i , if j = argmaxye v g1[92]° 7, 0]
1[92][5 ZZGN;C il’ihl)[nil]ﬁ eN/ [ [
o .18
(1—qo) & [92] ” - [771]] , otherwise;
91l92]? Y T mal®
L 1)[77”]
g0+ (1 —qo) Tigon . if j = argmax;e nk Tir,n 73]
Sienr Tity, [mal® SN et
- 7= 1>[
%] .
(1—qo) Tigor ) otherwise;
Sient Tity [mal®
k
= Dijn-

O

Definition 25 (Ant colony system). Ant colony system is an ACO algorithm in which solutions
are constructed according to the pseudorandom proportional rule given in Definition 24, and the
pheromone is updated according to Definitions 22 and 23. The local and global evaporation rates
¢ and p, the number of ants m, the exponent (3, and the probability gy are parameters of the
algorithm.

Definition 26 (Nearest-neighbor pheromone initialization). At the first iteration h = 1, the
pheromone on all (3, j) is initialized to the value:

1
nCnn ’

where n is the number of nodes in the traveling salesman instance and C™ is the cost of the
solution T™" obtained by the nearest-neighbor heuristic.

) _ —
Tij,l - TI’!L’IL' -

Theorem 7. Ant colony system is weakly-invariant.

3Also in this case, for definiteness, we refer to the application of ant colony system to the traveling salesman
problem and we consider the case in which the pheromone is initialized as prescribed by Definition 26.
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Proof. The proof follows those given for Theorems 1 and 4. Let us consider two generic instances
I and I such that I = fI, with f > 0. It results that 7;; = %771‘3‘7 for all (i,j). Moreover, from

Definition 26:

R S T |

o = G = g~ fT
Let us assume that, at the beginning of the generic iteration h, T)’$, = T’ and TZ(JO ) = f Z(JO o,
all (i, 7). Let us consider the first ant that builds a solution at iteration h. Accordlng to Lemma 2,

Z_)zljm = pllj)hy, for all (i, ). Under Hypothesis 1, T} = T'. On the basis of Definition 22:

for

7_'(1) - (1 - 5) z(;)h + ngn; lf <Z7.]> € T}zl?

ij,h _ .
7'1-(](4)7),1 , otherwise;

(1_5) Z(J())h+§j anit ) lf <’L ]> ET}},

% l(; . otherwise;
(0) el 1.
1 (1_5) z]h+§7-zmt7 if <Z)j>€Th7
f 7—1.2‘?)}” otherwise;
_lo
f 1],h

Under this condition, Lemma 2 applies also to the second ant of iteration h: It results f)%y W= pfm s

for all (i,5). Therefore, T? = T? and finally 7 Tith = f Tisn, for all (i,7). This procedure can be
repeated for all m ants acting at generation h with the net result that 7 Z(Jm ) = i 1(;” ) for all (4, j),

Tk = Tk, for all k = 1,...,m, and therefore, C¥ = fC¥, for all k = 1,...,m. In particular,
C® = fCi*. Moreover, whether or not an improvement is made on the best-so-far solution,
TY* = TP* and therefore C?* = fC?*—see the proof of Theorem 4.

The global pheromone update takes place on the basis of:

ij,h T C‘,’js - ngs - f ijyh)

- 1 1 1
Abest _ — —AbeSt if <7/,.]> € T’}?s

It results:

_(0) . (1 - ) fgm;z Af;it’ if <Zv.7> € Thbs;

1, h+1
=(m) foa
{Tij7 o otherwise;

(L= p)grijo +py Akt i (i, 5) € T
(m)

1 o
FTijns otherwise;

(1= p)r) + pAlest, if (i, ) € T

1 z_] h 1J,h 7
fl.-m T
Tiin otherwise;
_ lT(O)
- f 1J,h+1"

The proof is completed by the fact that at the first iteration h = 1, the pheromone is initialized

as: ) . .
=0 _ _ B ()
Tija = nCm  nfCm f Tijo for all (i, 7).

and the initial best-so-far solutions are T® = T™ = T"" = T>s. O
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Strongly-invariant ant colony system

A strongly-invariant version of ant colony system (siACS) can be defined. For definiteness, we
present here a version of siACS for the traveling salesman problem.

Definition 27 (Strongly-invariant global pheromone update rule). The global pheromone update
is performed as in Definition 23, with the difference that

nn

Abest C
ij,h YT s 0
Chys

where C™ and COP® are the costs of the nearest-neighbor solution 7™ and of the best-so-far
solution T)*, respectively, and n is the number of cities.

Definition 28 (Strongly-invariant pheromone initialization). At the first iteration h = 1, the
pheromone on all arcs is initialized to the value 7;;, = 7, = 1, for all (i, 5).

Definition 29 (Strongly-invariant ant colony system). The strongly-invariant ant colony system
(siACS) is a minor variation of ant colony system. It shares with ant colony system the pseu-
dorandom proportional rule for the construction of solutions, the heuristic values are set as in
Definition 10, the pheromone is initialized according to Definition 28 and the local and global
pheromone update are performed according to Definitions 22 and 27, respectively.

Theorem 8. Ant colony system and siACS are functionally equivalent.

Proof. As in the proof of Theorems 2 and 5, a tilde placed above a symbol indicates that the
latter refers to siACS. Let us consider a generic instance I. According to Definitions 6 and 10,
Nij = g2Nij, With go = C™ / n. According to Lemma 2 and under Hypothesis 1, if at the beginning

of the generic iteration h, 7,7, = g17;;),, for all (i, ), then, Bl = Pk, for all (i, ) and for all

k=1,...,m. Further, for all k = 1,...,m, 75, = g17),, TF = TF, and therefore C = CF—see
also the proof of Theorem 7. In partlcular (Jm ) =g fjm,f Moreover, T/? = T/ and C#* = .

Finally, whether or not an improvement is made on the best-so-far solution, T?* = T?*—sce the
proof of Theorem 4.

For what concerns the solution returned by the nearest-neighbor heuristic: T = T and
C™ = C™_ Now, let g1 = nC™ . The global pheromone update takes place on the basis of the
quantities:

Abest _ ?nn — nC"™ 1 _ glAbest if <’L ]> c Tbs
1J,h C}IL)S O}l:s 195k h
It results:
o (1= p) 7 + pAbest, i (i, 5) € TY*; | (L= p)gar{) + pgr ALESE,if (i, j) € T,
Tz’j ht1 -
' F(m) otherwise; T otherwise;
ij,h0 ) g1 ij,h )
(L= p)rif + pALSE it (i) € T o
=0 o ) = 91T hr-
T’L';lh , otherwise;

The proof is completed by the fact that at the first iteration A = 1, the pheromone is initialized
as:

~ nCnn
Tf?fl =1= G = 91T z; ), for all (4, j).
and the initial best-so-far solutions are Tobs =T =T = Tbs. (]

Theorem 9. siACS is strongly-invariant.
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Proof. The weak invariance of siACS follows trivially from Theorems 7 and 8. In order to show that
the heuristic information and the pheromone are invariant on all arcs, let us consider two instances
I and I such that I = fI. According to Definition 10, and taking into account Equation 1, it
results: 7;; = C"/né;; = fC™ /nfec;j = C™ /neij = n;j. Under Hypothesis 1, if 7,7, = 7.3, for

_ ij,h ij,h)
all (i, ) at a generic iteration h, and if T,?*, = T}, then Tiine1 = Tignis for all (i, 7). The proof
is completed by observing that at the first iteration h =1, ?1-(;7)1 = Tf}’fl =1, for all (z,7), and the
initial best-so-far solutions are T,?* = T™" = T™ = T, O

Remark 11. Also in the case of siACS, the nearest-neighbor heuristic has been adopted for gener-
ating a reference solution. Any other algorithm could be used instead, provided that the solution
this algorithm returns does not depend on the scale of the problem.

6 Empirical analysis

An analysis of the performance of the three strongly-invariant algorithms proposed in the paper—
namely siAS, siMMAS, and siACS—would be neither particularly novel nor interesting. Indeed,
we have formally proved in Sections 3, 4, and 5 that siAS, siMMAS, and siACS are functionally
equivalent, in the sense of Definition 4, to ant system, MAX-MZN ant system, and ant colony
system, respectively. Since the performance of the latter algorithms on the traveling salesman
problem (as well as on many other problems) has been thoroughly studied in a number of previously
published works, we refer the reader to the relevant literature such as, for example, Dorigo et al.
[9], Dorigo and Gambardella [10], and Stiitzle and Hoos [11].

Nonetheless, another important issue needs to be addressed. The strong invariance is achieved
in siAS, siMMAS, and siACS by normalizing the cost of each solution to be used for updating
the pheromone. This normalization is obtained by dividing the cost of each solution by the cost
of a reference solution. In this paper, we have adopted as a reference solution the one obtained by
the nearest-neighbor heuristic. In principle, the normalization of solutions might have an impact
on the speed of the algorithm and could therefore raise questions on the opportunity of adopting
the strongly-invariant version of an ant colony optimization algorithm rather than the classical
one.

The goal of this section is to show that the normalization has a negligible impact on the speed
of the ant colony optimization algorithms considered in this paper. To this aim, we consider the
ACOTSP program implemented by Thomas Stiitzle as a companion software for Dorigo and Stiitzle
[2]. ACOTSP comprises the most widely adopted algorithms belonging to the ant colony optimization
family, including ant system, MAX-MZN ant system, and ant colony system. ACOTSP has been
released in the public domain and it is available for free download.? Starting from the ACOTSP code,
we obtained a straightforward implementation of siAS, siMMAS, and siACS, by modifying the
heuristic information, the pheromone update rules, and the initialization, as defined in Sections 3,
4, and 5. Apart from these elements, the implementations of siAS, siMMAS, and siACS that we
consider here are identical to the original implementations of ant system, MAX-MZN ant system,
and ant colony system, respectively. Since the difference between the strongly-invariant versions
and their classical counterpart concerns only the heuristic information and the pheromone trail,
no local search is considered in our experiments. The parameters of the algorithms are fixed as
reported in Dorigo and Stiitzle [2]. See Table 1 for the details.

In our analysis, we consider 1000 instances of the traveling salesman problem generated through
portgen, the instance generator adopted in the DIMACS TSP Challenge. More specifically, the
instances we consider here consist each of 1000 integer-coordinate cities grouped in clusters and
distributed in a square of size 10e+06.

4nttp://aco-metaheuristic.org/downloads/ACOTSP.V1.0.tar.gz
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Table 1: Values of the parameters adopted for the algorithms under analysis.

siAS & AS SIMMAS & MMAS siACS & ACS
m 100 100 100
p 0.5 0.02 0.1
«@ 1 1 —
3 3 3
q0 - - 0.9

We measure the speed of the above implementations in terms of number of iterations per second.
In order to obtain an accurate measurement of the speed, we run the implementations under
analysis for 500 iterations, we discount the initialization time to obtain the number ¢ of seconds
needed for performing 500 iterations, and then we compute the speed by dividing 500 by ¢. The
index we consider in our analysis is the percent deviation of the speed of the strongly-invariant
version from the one of the corresponding original version. Formally, the percent deviation is
defined as:

%Dy = VX ZVX 00, (10)
Vx
where V' is the speed expressed in iterations per second, and X is the acronym of the specific
algorithm under analysis, that is, AS for ant system, MMAS for MAX-MZN ant system, and
ACS for ant colony system. For the sake of completeness, we mention here that all experiments
have been run on a cluster of 33 units, each featuring two processors AMD Opteron™ 244, 2GB
of memory, and running the Debian Sarge distribution of the Linux operating system.

The histograms in Figure 1(a) provide a representation of the observed percent deviation. For
the three algorithms considered, the histograms are bell-shaped and reasonably symmetric. At a
first visual analysis, the central tendency in the three histogram seems to be slightly to the left
hand side of the origin which suggests, as a priori expected, that the strongly-invariant versions
of the three algorithms are slightly slower than their corresponding original versions. Moreover,
it can be observed that the three histogram are visibly leptokurtic. It can be therefore concluded
that the distributions of the percent deviation depart from the normal one. This is confirmed by
the graphs given in Figure 1(b) in which the quantiles of the percent deviation are plotted against
those of the normal distribution.

After this preliminary visual analysis of the data, let us move to a quantitative analysis. In
the following, we will present a number of statistical tests on the available data. All the tests are
performed with a confidence level of 98%. We consider first a t-test [13] on the percent deviations
for what concerns the three comparisons siAS vs. AS, siMMAS vs. MMAS, and siACS vs.
ACS. In particular, we consider here a one-sided version since it can be a priori expected that
the strongly-invariant implementation of each algorithm is slower than the corresponding original
one. The results are reported in Table 2(a). As it can be observed, the mean values are very
small in absolute value and, in the case of the comparison siMMAS vs. MMAS, the mean value
is even in the positive. In none of the three cases the difference is significant. The last row of
Table 2(a) reports a one-sided 98% confidence bound on the mean percent deviation: It can be
stated with 98% confidence that siAS is not more than 0.29% slower than ant system. Similarly,
at a confidence level of 98%, we can state that the speed of siMMAS and siACS are within 0.09%
and 0.27% of the speed of MMAS and ACS, respectively.

As we have observed in our visual inspection of the data, and as it is confirmed by the results
of the Shapiro-Wilk normality test [14] reported in Table 2(b), the observations appear to depart
from the normal distribution. Indeed, this departure does not appear to be dramatic since the
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Figure 1: Percent deviation of the speed of the strongly-invariant version from the one of the
original version of ant system, MAX-MZIN ant system, and ant colony system. On the left hand
side, in Figure 1(a), the histograms of the percent deviation are reported. On the right hand
side, in Figure 1(b), the quantile-quantile plots against the normal distribution show that the
distributions of the percent deviation significantly depart from the normal distribution itself.
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Table 2: Statistical analysis of the percent deviation in speed of the strongly-invariant version
from the original version of ant system, MAX-MZN ant system, and ant colony system. Both
the t-test and the Wilcoxon test are one-sided with the alternative hypothesis that the percent
deviation given in Equation 10 is negative, that is, the strongly-invariant version of the algorithm
is slower than the classical one. The confidence level is 98%. The p-values typeset in bold are
those that fall below the threshold of 2.00e—02, under which the null hypothesis is rejected. In
the tables, all figures concerning percent deviations are reported with two digits after the decimal
point while all p-values are reported in scientific notation with 3 significant digits.

(a) Results of the t-test.
t-test siAS vs. AS SIMMAS vs. MMAS s5iACS vs. ACS

mean —-0.12 0.07 —0.03
p-value 7.37e—02 8.18e—01 4.00e—01
98% conf. bound —0.29 —0.09 —-0.27
(b) Results of the Shapiro-Wilk normality test.
Shapiro-Wilk test siAS vs. AS SIMMAS vs. MMAS siACS vs. ACS
p-value 9.42e—11 1.52e—11 5.19e—12
(c¢) Results of the Wilcoxon signed rank test.

Wilcoxon test siAS vs. AS SIMMAS vs. MMAS siACS vs. ACS
median —0.14 —0.00 —0.18
p-value 1.35e—02 4.98e—01 2.33e—02

98% conf. bound —0.28 —-0.12 —0.35

histograms reported in Figure 1(a) are nonetheless symmetric and unimodal. It is generally agreed
that the t-test is robust against mild violations of the normality assumption and that, in case, it
just loses power and fails gracefully. In any case, in order to avoid the risk that our analysis is
invalidated by the non normality of the data and in order to fully convince our reader of the validity
of the conclusions we draw, we resort to the Wilcoxon signed rank test [14]. This latter test does not
rely on any hypothesis of normality of the data. Also in this case, we consider a one-sided version
of the test and we work at a confidence level of 98%. The results of the Wilcoxon test are given in
Table 2(c). They substantially confirm what already pointed out by the t-test with the only notable
exception that in this case the difference between siAS and AS is statistically significant, albeit
extremely tiny in absolute value, that is, 0.14%. It should also be observed that the p-value of the
comparison siACS vs. ACS is very small but still above the threshold of significance. Moreover,
in this case, the median of the percent deviation in the comparison siMMAS vs. MMAS is zero
and is not anymore in the positive as in Table 2(a).> The 98% confidence bound are basically
unchanged with respect to those obtained through the t-test. Anyway, the fact that the Wilcoxon
test proved to be more powerful than the t-test being able to detect significance where the latter
failed—that is, in the comparison siAS vs. AS—somehow indicates that the distributions of the
percent deviation significantly departs from normality and that the t-test is possibly not the best
choice. For drawing some conclusions on the experimental analysis proposed in this section, we
will therefore refer to the results obtained through the Wilcoxon test.

We can conclude that for what concerns ant system, the strongly-invariant version is indeed
slightly slower than its classical counterpart. Nonetheless, with a confidence of 98%, we can state

5The number that we actually observed is negative but very small. Since in Table 2 all percent difference and
the relative bounds are reported up to the second digits after the decimal point, this number appear as —0.00.
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that the difference in speed is less than 0.28%. On the contrary, in our experimental setting
we were not able to gather sufficient evidence that siMMAS and siACS are slower than the
original MAX-MZN ant system and ant colony system, respectively: Although the medians of
the percent deviations are slightly in the negative, we are not able to reject the null hypothesis
with the confidence of 98% that we had fixed prior to running the experiments. In any case,
should siMMAS be actually slower than MAX-MZN ant system, we could nonetheless state,
with a confidence of 98%, that the difference in speed is less than 0.12%. Similarly, should siACS
be slower than ant colony system, we could state, with a confidence of 98%, that the difference in
speed is less than 0.35%.

Definitely, for ant system, MAX-MZN ant system, and ant colony system, the tiny difference
in speed between the original version and the strongly-invariant version cannot be adopted as an
argument against the latter.

7 Conclusions

Contrary to what previously believed [1], ant colony optimization appears to be invariant to
the rescaling of problem instances. In this paper, we have formally proved that the three most
successful and most widely adopted algorithms belonging to the ant colony optimization family—
namely, ant system, MAX-MZN ant system, and ant colony system—are indeed weekly-invariant.
In other words, the sequence of solutions they produce does not depend on the scale of the problem
instance at hand. The proofs are provided with reference to the traveling salesman problem and
are then extended to a generic problem. The technique adopted for proving the theorems is
basically the same for the three algorithms. In the three cases, the proof is of inductive nature:
We prove that if some conditions are fulfilled at the beginning of iteration h, then the solutions
produced at iteration h, while solving any two linearly-related instances, are the same. Moreover,
the same above conditions hold also at the following iteration h 4+ 1. The prove is concluded by
showing that the conditions are fulfilled at the beginning of the first iteration. This same proving
technique can be adopted for formally showing the invariance of other algorithms belonging to the
ant colony optimization family.

Moreover, the paper introduces three algorithms: siAS, siMMAS, and siACS. These algo-
rithms are functionally equivalent to ant system, MAX-MZN ant system, and ant colony system,
respectively, but they enjoy the further property of being strongly invariant. In other words, be-
side producing the same sequence of solutions irrespectively of any linear rescaling of the problem
instance, they are such that the pheromone and the heuristic information do not change with the
scale of the problem instance.

The attention on what in this paper we call strong invariance has been explicitly brought for
the first time by Blum and Dorigo [1]. This property is definitely desirable for at least two main
reasons: First, it reduces possible numerical problems in the implementations and contributes
therefore to enhance the stability of the algorithm. Second, it greatly improves the readability of
the solution process and provides the researcher, as well as the practitioner, with an important
tool for analyzing the behavior of the algorithm. In order to achieve the strong invariance, Blum
and Dorigo [1] have defined a new framework they named hyper-cube. An hyper-cube version of
ant system, MAX-MZIN ant system, or ant colony system is effectively a new algorithm which
shares with its originating (non-hyper-cube) version much of the underlying ideas but that is not
functionally equivalent to the latter. The main advantage of the strongly-invariant algorithms we
have proposed in the paper is indeed that they are proved to be functionally equivalent to their
respective original counterpart. The properties of these algorithms do not need therefore to be
studied from scratch: The results reported in the whole existing literature on ant colony optimiza-
tion, which starts nowadays to be rather substantial, directly apply to these new algorithms. In
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particular, ant system, MAX-MZIN ant system, and ant colony system have been successfully ap-
plied to a variety of problems which means that we have for free an assessment of the performance
of siAS, siMMAS, and siACS under a large number of experimental conditions.

By itself, the theorems proposed in Sections 3, 4, and 5, would not be sufficient for justifying the
extension to the strongly-invariant algorithms of the results previously obtained on their classical
counterparts. The full justification comes only from the combination of the above theorems with
the empirical analysis given in Section 6. Indeed, one could suspect that, although the original
and the strong-invariant versions obtain the same solutions, the strong-invariant could be slower
since some extra computation is needed for normalizing the solutions to be used for pheromone
update. The empirical analysis proposed in Section 6 shows that this is not the case: With 98%
confidence, we can state that the difference in speed of siAS vs. AS, siMMAS vs. MMAS, and
siACS vs. ACS, is less than 0.28%, 0.12%, and 0.35%, respectively. The differences are so tiny that
they do not justify any concern about the relative performance of the strongly-invariant versions
of the algorithms under analysis with respect to the classical versions.
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